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Universität Bielefeld Introduction

The main result of this work can be seen as a step forward towards the following
conjecture

Conjecture: Let K(t, x; s, y) denote the fundamental solution of the operator

u 7→ ∂tu− p. v.

∫
Rd

(
u(y)− u(x)

)
J(x, dy) , (1)

where J(x, dy) is symmetric and satisfies J(x, dy) � ν(x− dy) for some Lévy
measure ν. Then, K(t, x; s, y) is comparable to K̃(t− s, x− y), where K̃ is the
heat kernel of the Lévy process corresponding to ν.

Questions:

1 Does one need to restrict the class of admissible Lévy measures?

2 Do we know any counterexample?

3 How rich is the class of confirming examples?

Moritz Kassmann (joint with Kyung-Youn Kim and Takashi Kumagai) – Bucharest 2019 4 / 26



Universität Bielefeld Introduction

The main result of this work can be seen as a step forward towards the following
conjecture

Conjecture: Let K(t, x; s, y) denote the fundamental solution of the operator

u 7→ ∂tu− p. v.

∫
Rd

(
u(y)− u(x)

)
J(x, dy) , (1)

where J(x, dy) is symmetric and satisfies J(x, dy) � ν(x− dy) for some Lévy
measure ν. Then, K(t, x; s, y) is comparable to K̃(t− s, x− y), where K̃ is the
heat kernel of the Lévy process corresponding to ν.

Questions:

1 Does one need to restrict the class of admissible Lévy measures?

2 Do we know any counterexample?

3 How rich is the class of confirming examples?

Moritz Kassmann (joint with Kyung-Youn Kim and Takashi Kumagai) – Bucharest 2019 4 / 26



Universität Bielefeld Introduction

The main result of this work can be seen as a step forward towards the following
conjecture

Conjecture: Let K(t, x; s, y) denote the fundamental solution of the operator

u 7→ ∂tu− p. v.

∫
Rd

(
u(y)− u(x)

)
J(x, dy) , (1)

where J(x, dy) is symmetric and satisfies J(x, dy) � ν(x− dy) for some Lévy
measure ν. Then, K(t, x; s, y) is comparable to K̃(t− s, x− y), where K̃ is the
heat kernel of the Lévy process corresponding to ν.

Questions:

1 Does one need to restrict the class of admissible Lévy measures?

2 Do we know any counterexample?

3 How rich is the class of confirming examples?

Moritz Kassmann (joint with Kyung-Youn Kim and Takashi Kumagai) – Bucharest 2019 4 / 26



Universität Bielefeld Introduction

The main result of this work can be seen as a step forward towards the following
conjecture

Conjecture: Let K(t, x; s, y) denote the fundamental solution of the operator

u 7→ ∂tu− p. v.

∫
Rd

(
u(y)− u(x)

)
J(x, dy) , (1)

where J(x, dy) is symmetric and satisfies J(x, dy) � ν(x− dy) for some Lévy
measure ν. Then, K(t, x; s, y) is comparable to K̃(t− s, x− y), where K̃ is the
heat kernel of the Lévy process corresponding to ν.

Questions:

1 Does one need to restrict the class of admissible Lévy measures?

2 Do we know any counterexample?

3 How rich is the class of confirming examples?

Moritz Kassmann (joint with Kyung-Youn Kim and Takashi Kumagai) – Bucharest 2019 4 / 26



Universität Bielefeld Introduction

Heat kernel bounds/Aronson bounds:

Given uniformly elliptic coefficients (aij), it is shown in [Aronson 68] that the
fundamental solution Γ(t, x; s, y) of the operator u 7→ ∂tu− ∂i(aij∂ju) satisfies
for all t, s > 0 and x, y ∈ Rd the two-sided estimate holds:

g1(t− s, x− y) ≤ Γ(t, x; s, y) ≤ g2(t− s, x− y) , (2)

where gj(t, x) = ajt
−d/2 exp(−bj |x−y|

2

t ) and aj , bj are some positive constants.

No further regularity of (aij) as a function on Rd is required.

In probabilistic language: The heat kernel of a non-degenerate diffusion is
controlled from above and below by the heat kernel of the Brownian Motion.

Question: For which class of Markov processes/operators does such a
universality result hold true?

Moritz Kassmann (joint with Kyung-Youn Kim and Takashi Kumagai) – Bucharest 2019 5 / 26
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Isotropic α-stable processes: [Bass/Levin 2002], [Chen/Kumagai 2003]

Let K(t, x; s, y) denote the fundamental solution of the operator

u 7→ ∂tu− p. v.

∫
Rd

(
u(y)− u(x)

)
J(x, y) dy , (3)

where J(x, y) is symmetric and satisfies J(x, y) � |x− y|−d−α for some
α ∈ (0, 2). Then, for all t, s > 0 and x, y ∈ Rd the two-sided estimate holds:

k1(t− s, x− y) ≤ K(t, x; s, y) ≤ k2(t− s, x− y) , (4)

where kj(t, x) = cjt
−d/α(1 ∧ |x|αt )−d−αα and cj > 0.

Theorem (Chen/Kumagai): For 0 < α ≤ 2, the fundamental solution of the
(fractional) Laplacian (−∆)α/2 bounds the fundamental solution of
corresponding non-degenerate differential resp. integro-differential operator.

Aim of this talk: Show that this theorem extends to other jump processes.

Moritz Kassmann (joint with Kyung-Youn Kim and Takashi Kumagai) – Bucharest 2019 6 / 26
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Conjecture: Let K(t, x; s, y) denote the fundamental solution of the operator

u 7→ ∂tu− p. v.

∫
Rd

(
u(y)− u(x)

)
J(x, dy) , (5)

where J(x, dy) is symmetric and satisfies J(x, dy) � ν(x− dy) for some Lévy
measure ν. Then, K(t, x; s, y) is comparable to K̃(t− s, x− y), where K̃ is the
heat kernel of the Lévy process corresponding to ν.

The conjecture has been confirmed for several isotropic cases of fixed order in
the last 15 years and extended to cases with isotropic variable order. Some
recent works in this direction.

Bae/Kang/Kim/Lee:Heat kernel estimates for symmetric jump processes with mixed
polynomial growths, arXiv

Bae/Kang/Kim/Lee:Heat kernel estimates and their stabilities for symmetric jump
processes with general mixed polynomial growths on metric measure spaces, arXiv

Chen/Chen/Wang:Heat kernel for non-local operators with variable order, arXiv

Present project: We consider an α-stable measure ν, which is not isotropic

Theorem (Kim/MK/Kumagai): For 0 < α ≤ 2, the fundamental solution of the

(fractional) Laplacian
d∑
k=1

(−∂kk)α/2 bounds the fundamental solution of the

corresponding non-degenerate differential resp. integro-differential operator.
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Let α ∈ (0, 2). Let να be the classical isotropic α-stable measure. Let ν be a
measure on the Borel sets of Rd defined by

ν(dh) = cd,α

d∑
i=1

[
|hi|−1−αdhi

∏
j 6=i

δ{0}(dh
j)
]

Both measures να and ν are non-degenerate α-stable measures. They are limit
cases in the family of non-degenerate α-stable measures.

Recall that a measure ν on B(Rd) is a non-degenerate α-stable measure, if
for some α ∈ (0, 2)

ν(E) = (2− α)

∫
Sd−1

∫ ∞
0

1E(rθ)r−1−α dr π(dθ) (E ∈ B(Rd)), (6)

where π is some finite measure on Sd−1 and lin(suppπ) = Rd. The measure π
is sometimes called spectral measure.

Moritz Kassmann (joint with Kyung-Youn Kim and Takashi Kumagai) – Bucharest 2019 9 / 26
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[
|hi|−1−αdhi

∏
j 6=i

δ{0}(dh
j)
]

Both measures να and ν are non-degenerate α-stable measures. They are limit
cases in the family of non-degenerate α-stable measures.

The Lévy process corresponding to ν is the process (Zt). ν charges only sets
that have a nonempty intersection with one of the coordinate axes.

A1-1

-1

1

1

B3-1

-1

1

1
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How does the corresponding process Z move?
Z1
t , . . . , Z

d
t independent one-dimensional α-stable Lévy processes, α ∈ (0, 2)
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The Dirichlet form corresponding to ν

For u ∈ C∞c (Rd), the corresponding generator L evaluates as follows

Lu(x) = p. v.

∫
Rd

(
u(x+ h)− u(x)

)
ν(dh) (x ∈ Rd)

F(−Lu)(ξ) =
( d∑
i=1

|ξi|α
)
F(u)(ξ) = cαF

(
(−∂11)α/2 + . . .+ (−∂dd)α/2

)
(ξ) .

The corresponding Dirichlet form on L2(Rd) is given by (Eα, Dα), where

Dα = {u ∈ L2(Rd)| Eα(u, u) <∞}

Eα(u, v) =
∫
Rd

( d∑
i=1

∫
R

(
u(x+eiτ)− u(x)

)(
v(x+eiτ)−v(x)

) dτ

|τ |1+α
)
dx

=

∫
Rd

( d∑
i=1

∫
R

(
u(x+eiτ)−u(x)

)(
v(x+eiτ)−v(x)

)
Jα(x, x+eiτ)dτ

)
dx .

Here, Jα(x, y) = |yi − xi|−1−α if, for some i, xi 6= yi and xj = yj for every
j 6= i. There is no need to specify values Jα(x, y) for (x, y) ∈ Rd × Rd \ diag.
For simplicity, we set Jα(x, y) = 0 if xi 6= yi for more than one index i.
Moritz Kassmann (joint with Kyung-Youn Kim and Takashi Kumagai) – Bucharest 2019 11 / 26



Universität Bielefeld Setup of the problem

The Dirichlet form corresponding to ν

For u ∈ C∞c (Rd), the corresponding generator L evaluates as follows

Lu(x) = p. v.

∫
Rd

(
u(x+ h)− u(x)

)
ν(dh) (x ∈ Rd)

F(−Lu)(ξ) =
( d∑
i=1

|ξi|α
)
F(u)(ξ) = cαF

(
(−∂11)α/2 + . . .+ (−∂dd)α/2

)
(ξ) .

The corresponding Dirichlet form on L2(Rd) is given by (Eα, Dα), where

Dα = {u ∈ L2(Rd)| Eα(u, u) <∞}

Eα(u, v) =
∫
Rd

( d∑
i=1

∫
R

(
u(x+eiτ)− u(x)

)(
v(x+eiτ)−v(x)

) dτ

|τ |1+α
)
dx

=

∫
Rd
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∫
R

(
u(x+eiτ)−u(x)

)(
v(x+eiτ)−v(x)

)
Jα(x, x+eiτ)dτ

)
dx .

(Eα, Dα) is a regular (symmetric) Dirichlet form on L2(Rd). For the heat kernel

pαt one has pαt (x, y) � t−d/α∏d
i=1

(
1 ∧ t1/α

|xi−yi|

)1+α
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Probabilistic interpretation of the theorem

Consider a Markov jump process Z in Rd defined by Zt = (Z1
t , . . . , Z

d
t ), where

the coordinate processes Z1
t , . . . , Z

d
t are independent one-dimensional

symmetric stable processes of index α ∈ (0, 2).

The infinitesimal generator of the corresponding semigroup of the process Z is
the integro-differential operator L = (−∂11)α/2 + (−∂22)α/2 + . . .+ (−∂dd)α/2,

whose symbol resp. multiplier is given by
d∑
i=1

|ξi|α.

The stated theorem shows the following: If X is a d-dimensional pure jump
Markov process in Rd whose jump kernel is comparable to that one of the
process Z, then the heat kernels of Z and X satisfy the same sharp two-sided
estimates.

Within the framework of quadratic forms we can set up the result.

Moritz Kassmann (joint with Kyung-Youn Kim and Takashi Kumagai) – Bucharest 2019 12 / 26
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Assumptions and main result

Assume J : Rd × Rd \ diag→ [0,∞] satisfies for all x 6= y

Λ−1Jα(x, y) ≤ J(x, y) ≤ ΛJα(x, y) (6)

Set

D = {u ∈ L2(Rd)| E(u, u) <∞}

E(u, v) =
∫
Rd

( d∑
i=1

∫
R

(
u(x+eiτ)−u(x)

)(
v(x+eiτ)−v(x)

)
J(x, x+eiτ)dτ

)
dx ,

(E ,F) is a regular (symmetric) Dirichlet form on L2(Rd) where F = C1
c (Rd)

E1
.

Let pt be transition density of the corresponding conservative Hunt process X.

Theorem (Kim/MK/Kumagai): There exists C ≥ 1 such that for any
t > 0, x, y ∈ Rd

C−1t−d/α
d∏
i=1

(
1 ∧ t1/α

|xi − yi|

)1+α

≤ pt(x, y) ≤ Ct−d/α
d∏
i=1

(
1 ∧ t1/α

|xi − yi|

)1+α

.

Moritz Kassmann (joint with Kyung-Youn Kim and Takashi Kumagai) – Bucharest 2019 13 / 26
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Some results on the cylindrical stable process Z and related processes

Theorem (Bass/Chen, 2006): The system

dY it =

d∑
j=1

Aij(Yt−)dZjt

admits a unique weak solution if A is continuous and non-degenerate.

Theorem (Bass/Chen, 2010):
(1) The process Z resp. its generator does not satisfy a Harnack inequality.
(2) Bounded functions that are harmonic with respect to Y are Hölder continuous.

Theorem (Kulczycki/Ryznar/Sztonyk, 2018): The semigroup corresponding to Y
is strong Feller if A is non-degenerate, bounded and Lipschitz continuous.

Remark: Existence of weak solutions has been extended by Jamil Chaker (arxiv)
to the case, where the coordinate processes Zit are stable processes of index
αi ∈ (0, 2). Regularity of harmonic functions is proved separately if A is diagonal.

Moritz Kassmann (joint with Kyung-Youn Kim and Takashi Kumagai) – Bucharest 2019 15 / 26
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Some results on the nonlocal Dirichlet form generating X

Theorem (Dyda/MK, to appear in Anal. & PDE):
Assume

E(u, v) =

∫∫ (
u(y)− u(x)

)(
v(y)− v(x)

)
µ(x, dy)dx ,

and µ(x, dy) is uniformly (w.r.t. the variable x) comparable on small scales to
ν̂(dy − {x}) for some non-degenerate α-stable measure ν̂, α ∈ (0, 2). Then
solutions u : Rd → R to

E(u, φ) = 0 (φ ∈ C∞c (B1)),

satisfy uniform Hölder regularity estimates in the interior of B1.

Remark: This theorem has been extended by Jamil Chaker/MK (arxiv) to the
case, where µ is singular and comparable to a Lévy measure corresponding to a
process consisting of coordinate processes Zit that are stable processes of index
αi ∈ (0, 2).

Moritz Kassmann (joint with Kyung-Youn Kim and Takashi Kumagai) – Bucharest 2019 16 / 26
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Some results on the process X generated by our nonlocal Dirichlet form

What is known about the heat kernel for X ?

Theorem (Xu, 2013):
(1) The corresponding Hunt process X is conservative and X has a Hölder
continuous transition density p(t, x, y) on (0,∞)× Rd × Rd.
(2) There exists C ≥ 1 such that for any t > 0, x, y ∈ Rd

pt(x, y) ≥ C−1t−d/α
d∏
i=1

(
1 ∧ t1/α

|xi − yi|

)1+α

.

(3) There exists C ≥ 1 such that for any t > 0, x, y ∈ Rd

pt(x, y) ≤ Ct−d/α
d∏
i=1

(
1 ∧ t1/α

|xi − yi|

)α/3
.

Remark: The exponent α/3 appears in this result because the Davies’ method
does not seem to allow for a better exponent.

Remark: It remains to prove the sharp upper bound.

Moritz Kassmann (joint with Kyung-Youn Kim and Takashi Kumagai) – Bucharest 2019 17 / 26
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The main idea is to use

(A) ... self-improving properties of upper heat kernel bounds and to apply them
in the right order

Technically, the proof consists of ...

(B) ... several reduction tricks due to symmetry and on-diagonal bounds

(C) ... tracing the process when it leaves a ball

(D) ... smart upper bounds on (Ptf, g) for non-negative localized functions f, g

Moritz Kassmann (joint with Kyung-Youn Kim and Takashi Kumagai) – Bucharest 2019 19 / 26
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(A) Self-improving properties of upper heat kernel bounds

For any q > 0 and l ∈ {1, . . . , d− 1}, consider the following conditions.(
H0
q

)
There exists C0(q) > 0 such that for all t > 0, x, y ∈ Rd,

pt(x, y) ≤ C0t
−d/α

d∏
i=1

(
t

|xi − yi|α ∧ 1

)q
. (7)

(
Hl
q

)
There exists Cl(q) > 0 such that for all t > 0 and all x, y ∈ Rd and every

permutation σ satisfying |xσ(1) − yσ(1)| ≤ . . . ≤ |xσ(d) − yσ(d)|:

pt(x, y) ≤ Clt−d/α
d−l∏
i=1

(
t

|xσ(i) − yσ(i)|α
∧ 1

)q d∏
i=d−l+1

(
t

|xσ(i) − yσ(i)|α
∧ 1

)1+α−1

(8)

Lemma: Condition
(
Hl
q

)
implies the following condition:(

Hl
q

)′ There exists Cl(q) > 0 such that for all t > 0 and all x, y ∈ Rd

pt(x, y) ≤ Clt−d/α
d−l∏
i=1

(
t

|xi − yi|α ∧ 1

)q d∏
i=d−l+1

(
t

|xi − yi|α ∧ 1

)1+α−1

(9)

Moritz Kassmann (joint with Kyung-Youn Kim and Takashi Kumagai) – Bucharest 2019 20 / 26
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Set

λl :=
1

2

( d−l−1∑
i=1

(1 + α−1)i
)−1

for l ∈ {0, 1, . . . , d− 2}, and λd−1 := 1.

Note (α/3)d−l−1 ≤ λl ≤ α
2(1+α) for l ∈ {0, 1, . . . , d− 2}. Our aim is to prove

assertion
(
Hd−1

1+α−1

)
. It will be the last assertion in a sequence of assertions

which are proved subsequently in the followings order:

(
H0

0

)
↪→
(
H0
λ0

)
↪→
(
H0

2λ0

)
. . . ↪→

(
H0
N0λ0

)
↪→
(
H1

0

)
↪→
(
H1
λ1

)
↪→ . . . . . . . . . ↪→

(
H1
N1λ1

)
...

...

↪→
(
Hd−1

0

)
↪→
(
Hd−1

1

)
↪→ . . . . . . . . . ↪→

(
Hd−1
Nd−1

)
where Nl := b1 + α−1

λl
c for l ∈ {0, . . . , d− 1}. Note Nd−2 > 2

α + 2
α2 >

3
2 and

N0 >
2
α

∑d−1
i=1 (1 + α−1)i > 2

(
( 3
2 )d−1 − 1

)
.

The above scheme will be established with the help of several implications.
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Lemma 1:
Assume

(
H l
q

)
holds for some l ∈ {0, . . . , d− 2}, q < α−1. Then

(
H l
q+λl

)
holds.

Lemma 2:
Assume

(
H l
q

)
holds for some l ∈ {0, . . . , d− 2}, q > α−1. Then

(
H l+1

0

)
holds.

Lemma 3:
(i) Assume

(
Hd−1
q

)
holds for some q < α−1. Then

(
Hd−1
q+λd−1

)
holds true.

(ii) Assume
(
Hd−1
q

)
holds for some q > α−1. Then

(
Hd−1

1+α−1

)
holds true.

Note that assertion (i) of Lemma 3 and assertion of Lemma 1 can be seen as
one implication

(
H l
q

)
⇒
(
H l
q+λl

)
being true for every l ∈ {0, . . . , d− 1}.

However, we decide to split the assertion into two cases. The proof of Lemma 3
is much simpler than the one of Lemma 1. However, both rely on our main
technical result.
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(B) Reduction tricks due to symmetry and on-diagonal bounds

Definition: Let x0, y0 ∈ Rd and t > 0. Let σ : {1, . . . , d} → {1, . . . , d} denote a
permutation such that |xσ(i)0 − yσ(i)0 | ≤ |xσ(i+1)

0 − yσ(i+1)
0 | for every

i ∈ {1, . . . , d− 1}. Set ρ := t1/α. For i ∈ {1, . . . , d} define θi ∈ Z and Ri ∈ R
such that

5
42θiρ ≤ |xσ(i)0 − yσ(i)0 | < 10

4 2θiρ and Ri = 2θiρ . (10)

Then θi ≤ θi+1 and Ri ≤ Ri+1. We say that a condition R(i0) holds if

θ1 ≤ . . . ≤ θi0−1 ≤ 0 < 1 ≤ θi0 ≤ . . . ≤ θd . (R(i0))

We say that condition R(d+ 1) holds if θ1 ≤ . . . ≤ θd ≤ 0 < 1.

Lemma: Let t > 0 and x0, y0 be such that condition R(i0) holds for some
i0 ∈ {d− l + 1, . . . , d+ 1}. Assume (8) holds for some l ∈ {0, . . . , d− 1} and
q ≥ 0. Then

pt(x0, y0) ≤ Ct−d/α
d∏
i=1

(
t

|xi0 − yi0|α
∧ 1

)1+α−1

(11)

for some constant C > 0 independent of t and x0, y0.
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(C) Tracing the process when it leaves a ball
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Figure: The sets Ak and Dm
k
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(D) Upper bounds on (Ptf, g) for non-negative localized functions f, g

For f, g ≥ 0 on Rd, set (f, g) =
∫
Rd f(x)g(x)dx. For any non-negative Borel

functions f on Rd and for any t > 0, x ∈ Rd, let {Pt}{t≥0} be the transition
semigroup of X defined by

Ptf(x) = Ex [f(Xt)] =

∫
Rd
f(y)p(t, x, y)dy.

Lemma (Barlow/Grigoryan/Kumagai, 2009): Let U ⊂ Rd and V ⊂ Rd be disjoint,
non-empty and open. Let f, g be non-negative Borel functions on Rd. Let τ = τU
and τ

′
= τV be the first exit times from U and V , respectively. Then, for all

a, b, t > 0 with a+ b = t, we have(
Ptf, g

)
≤
(
Ex
[
1{τ≤a}Pt−τf(Xτ )

]
, g
)

+
(
Ex
[
1{τ ′≤b}Pt−τg(Xτ ′ )

]
, f
)
.

(12)
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Proposition: Let α ∈ (0, 2) and t > 0. Assume that
(
H l
q

)
holds true for some

l ∈ {0, 1, . . . , d− 1} and q ∈ [0, 1 + α−1]. Let x0, y0 ∈ Rd satisfy the condition
R(i0) for some i0 ∈ {1, . . . , d− l}. Set ρ = t1/α and Rj = 2θjρ as defined
above. For each j0 ∈ {i0, . . . , d− l}, let τ := τB(x0,Rj0/8)

. Then there exists
C > 0 independent of x0, y0 and t such that for every x ∈ B(x0, ρ/8),

Ex
[
1{τ≤t/2}Pt−τf(Xτ )

]
≤ Ct−d/α‖f‖1

d−l∏
j=j0+1

(
t

|xσ(j)0 −yσ(j)0 |α
∧ 1

)q d∏
j=d−l+1

(
t

|xσ(j)0 −yσ(j)0 |α
∧ 1

)1+α−1

×


(

t

|xσ(j0)
0 −yσ(j0)

0 |α
∧ 1

)1+q

if q < α−1(
t

|xσ(j0)
0 −yσ(j0)

0 |α
∧ 1

)1+α−1

if q > α−1.

(13)
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