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The bilinear Hilbert transform

BHT(f , g)(x) := p. v.

∫
R

f (x − t)g(x + t)
t dt.

= −iπ
∫
R2

sgn(ξ1 − ξ2)f̂ (ξ1)ĝ(ξ2)e2πi(ξ1+ξ2)x dξ1dξ2.

Theorem (M. Lacey, C. Thiele, ’97, ’99)
BHT is bounded Lp1 × Lp2 → Lp for all p1, p2 ∈ (1,∞] and
p ∈ (2

3 ,∞). Here 1
p = 1

p1
+ 1

p2
.

• ‖fg‖p ≤ ‖f ‖p1‖g‖p2 holds for p1, p2 ∈ [1,∞], p ∈ [1
2 ,∞].

• Whether or not BHT is bounded for p ∈ (1
2 ,

2
3 ] is still open.

• Note: As opposed to the linear setting, for bilinear singular
integrals the cases pj = ∞, p < 1 need to be considered.
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Linear extrapolation

Theorem (J.L. Rubio de Francia, ’84)
Let q ∈ [1,∞] and suppose T is a (sub)linear operator bounded
Lq

w → Lq
w for all weights wq ∈ Aq.Then T is bounded Lp

w → Lp
w for all

p ∈ (1,∞) and all weights wp ∈ Ap .

• A weight is a measurable function w : Rn → (0,∞).
• For p ∈ [1,∞] we define Lp

w through ‖f ‖Lp
w
:= ‖fw‖p .

• Note: For p ∈ [1,∞) we have Lp
w = Lp(wp).

• Set 〈f 〉p,Q =
(

1
|Q|

∫
Q |f |

p dx
) 1

p , 〈f 〉∞,Q = ess supx∈Q |f (x)|.

• Definition: [w ]p := sup
Q⊆Rn a cube

〈w〉p,Q〈w−1〉p′,Q = [wp]
1
p
Ap

.

B. Nieraeth (TU Delft) Multilinear extrapolation May 20, 2019 4 / 10



Linear extrapolation

Theorem (J.L. Rubio de Francia, ’84)
Let q ∈ [1,∞] and suppose T is a (sub)linear operator bounded
Lq

w → Lq
w for all weights wq ∈ Aq.

Then T is bounded Lp
w → Lp

w for all
p ∈ (1,∞) and all weights wp ∈ Ap .

• A weight is a measurable function w : Rn → (0,∞).
• For p ∈ [1,∞] we define Lp

w through ‖f ‖Lp
w
:= ‖fw‖p .

• Note: For p ∈ [1,∞) we have Lp
w = Lp(wp).

• Set 〈f 〉p,Q =
(

1
|Q|

∫
Q |f |

p dx
) 1

p , 〈f 〉∞,Q = ess supx∈Q |f (x)|.

• Definition: [w ]p := sup
Q⊆Rn a cube

〈w〉p,Q〈w−1〉p′,Q = [wp]
1
p
Ap

.

B. Nieraeth (TU Delft) Multilinear extrapolation May 20, 2019 4 / 10



Linear extrapolation

Theorem (J.L. Rubio de Francia, ’84)
Let q ∈ [1,∞] and suppose T is a (sub)linear operator bounded
Lq

w → Lq
w for all weights wq ∈ Aq.Then T is bounded Lp

w → Lp
w for all

p ∈ (1,∞) and all weights wp ∈ Ap .

• A weight is a measurable function w : Rn → (0,∞).
• For p ∈ [1,∞] we define Lp

w through ‖f ‖Lp
w
:= ‖fw‖p .

• Note: For p ∈ [1,∞) we have Lp
w = Lp(wp).

• Set 〈f 〉p,Q =
(

1
|Q|

∫
Q |f |

p dx
) 1

p , 〈f 〉∞,Q = ess supx∈Q |f (x)|.

• Definition: [w ]p := sup
Q⊆Rn a cube

〈w〉p,Q〈w−1〉p′,Q = [wp]
1
p
Ap

.

B. Nieraeth (TU Delft) Multilinear extrapolation May 20, 2019 4 / 10



Linear extrapolation

Theorem (J.L. Rubio de Francia, ’84)
Let q ∈ [1,∞] and suppose T is a (sub)linear operator bounded
Lq

w → Lq
w for all weights wq ∈ Aq.Then T is bounded Lp

w → Lp
w for all

p ∈ (1,∞) and all weights wp ∈ Ap .

• A weight is a measurable function w : Rn → (0,∞).

• For p ∈ [1,∞] we define Lp
w through ‖f ‖Lp

w
:= ‖fw‖p .

• Note: For p ∈ [1,∞) we have Lp
w = Lp(wp).

• Set 〈f 〉p,Q =
(

1
|Q|

∫
Q |f |

p dx
) 1

p , 〈f 〉∞,Q = ess supx∈Q |f (x)|.

• Definition: [w ]p := sup
Q⊆Rn a cube

〈w〉p,Q〈w−1〉p′,Q = [wp]
1
p
Ap

.

B. Nieraeth (TU Delft) Multilinear extrapolation May 20, 2019 4 / 10



Linear extrapolation

Theorem (J.L. Rubio de Francia, ’84)
Let q ∈ [1,∞] and suppose T is a (sub)linear operator bounded
Lq

w → Lq
w for all weights wq ∈ Aq.Then T is bounded Lp

w → Lp
w for all

p ∈ (1,∞) and all weights wp ∈ Ap .

• A weight is a measurable function w : Rn → (0,∞).
• For p ∈ [1,∞] we define Lp

w through ‖f ‖Lp
w
:= ‖fw‖p .

• Note: For p ∈ [1,∞) we have Lp
w = Lp(wp).

• Set 〈f 〉p,Q =
(

1
|Q|

∫
Q |f |

p dx
) 1

p , 〈f 〉∞,Q = ess supx∈Q |f (x)|.

• Definition: [w ]p := sup
Q⊆Rn a cube

〈w〉p,Q〈w−1〉p′,Q = [wp]
1
p
Ap

.

B. Nieraeth (TU Delft) Multilinear extrapolation May 20, 2019 4 / 10



Linear extrapolation

Theorem (J.L. Rubio de Francia, ’84)
Let q ∈ [1,∞] and suppose T is a (sub)linear operator bounded
Lq

w → Lq
w for all weights wq ∈ Aq.Then T is bounded Lp

w → Lp
w for all

p ∈ (1,∞) and all weights wp ∈ Ap .

• A weight is a measurable function w : Rn → (0,∞).
• For p ∈ [1,∞] we define Lp

w through ‖f ‖Lp
w
:= ‖fw‖p .

• Note: For p ∈ [1,∞) we have Lp
w = Lp(wp).

• Set 〈f 〉p,Q =
(

1
|Q|

∫
Q |f |

p dx
) 1

p , 〈f 〉∞,Q = ess supx∈Q |f (x)|.

• Definition: [w ]p := sup
Q⊆Rn a cube

〈w〉p,Q〈w−1〉p′,Q = [wp]
1
p
Ap

.

B. Nieraeth (TU Delft) Multilinear extrapolation May 20, 2019 4 / 10



Linear extrapolation

Theorem (J.L. Rubio de Francia, ’84)
Let q ∈ [1,∞] and suppose T is a (sub)linear operator bounded
Lq

w → Lq
w for all weights wq ∈ Aq.Then T is bounded Lp

w → Lp
w for all

p ∈ (1,∞) and all weights wp ∈ Ap .

• A weight is a measurable function w : Rn → (0,∞).
• For p ∈ [1,∞] we define Lp

w through ‖f ‖Lp
w
:= ‖fw‖p .

• Note: For p ∈ [1,∞) we have Lp
w = Lp(wp).

• Set 〈f 〉p,Q =
(

1
|Q|

∫
Q |f |

p dx
) 1

p ,

〈f 〉∞,Q = ess supx∈Q |f (x)|.

• Definition: [w ]p := sup
Q⊆Rn a cube

〈w〉p,Q〈w−1〉p′,Q = [wp]
1
p
Ap

.

B. Nieraeth (TU Delft) Multilinear extrapolation May 20, 2019 4 / 10



Linear extrapolation

Theorem (J.L. Rubio de Francia, ’84)
Let q ∈ [1,∞] and suppose T is a (sub)linear operator bounded
Lq

w → Lq
w for all weights wq ∈ Aq.Then T is bounded Lp

w → Lp
w for all

p ∈ (1,∞) and all weights wp ∈ Ap .

• A weight is a measurable function w : Rn → (0,∞).
• For p ∈ [1,∞] we define Lp

w through ‖f ‖Lp
w
:= ‖fw‖p .

• Note: For p ∈ [1,∞) we have Lp
w = Lp(wp).

• Set 〈f 〉p,Q =
(

1
|Q|

∫
Q |f |

p dx
) 1

p , 〈f 〉∞,Q = ess supx∈Q |f (x)|.

• Definition: [w ]p := sup
Q⊆Rn a cube

〈w〉p,Q〈w−1〉p′,Q = [wp]
1
p
Ap

.

B. Nieraeth (TU Delft) Multilinear extrapolation May 20, 2019 4 / 10



Linear extrapolation

Theorem (J.L. Rubio de Francia, ’84)
Let q ∈ [1,∞] and suppose T is a (sub)linear operator bounded
Lq

w → Lq
w for all weights wq ∈ Aq.Then T is bounded Lp

w → Lp
w for all

p ∈ (1,∞) and all weights wp ∈ Ap .

• A weight is a measurable function w : Rn → (0,∞).
• For p ∈ [1,∞] we define Lp

w through ‖f ‖Lp
w
:= ‖fw‖p .

• Note: For p ∈ [1,∞) we have Lp
w = Lp(wp).

• Set 〈f 〉p,Q =
(

1
|Q|

∫
Q |f |

p dx
) 1

p , 〈f 〉∞,Q = ess supx∈Q |f (x)|.

• Definition: [w ]p := sup
Q⊆Rn a cube

〈w〉p,Q〈w−1〉p′,Q

= [wp]
1
p
Ap

.

B. Nieraeth (TU Delft) Multilinear extrapolation May 20, 2019 4 / 10



Linear extrapolation

Theorem (J.L. Rubio de Francia, ’84)
Let q ∈ [1,∞] and suppose T is a (sub)linear operator bounded
Lq

w → Lq
w for all weights wq ∈ Aq.Then T is bounded Lp

w → Lp
w for all

p ∈ (1,∞) and all weights wp ∈ Ap .

• A weight is a measurable function w : Rn → (0,∞).
• For p ∈ [1,∞] we define Lp

w through ‖f ‖Lp
w
:= ‖fw‖p .

• Note: For p ∈ [1,∞) we have Lp
w = Lp(wp).

• Set 〈f 〉p,Q =
(

1
|Q|

∫
Q |f |

p dx
) 1

p , 〈f 〉∞,Q = ess supx∈Q |f (x)|.

• Definition: [w ]p := sup
Q⊆Rn a cube

〈w〉p,Q〈w−1〉p′,Q = [wp]
1
p
Ap

.

B. Nieraeth (TU Delft) Multilinear extrapolation May 20, 2019 4 / 10



Weight classes

Mf (x) := sup
Q⊆Rn a cube

〈f 〉1,QχQ(x).

• M is bounded M : Lp → Lp for p ∈ (1,∞] with ‖Mf ‖∞ = ‖f ‖∞.
• [Muckenhoupt, 1972] For p ∈ (1,∞] we have [w ]p < ∞ iff
‖M‖Lp

w→Lp
w
< ∞.

• [Buckley, 1993] ‖M‖Lp
w→Lp

w
. [w ]p

′
p .

The case p = ∞:
• Consider ‖Mf ‖L∞

w ≤ c‖f ‖L∞
w .

• Choosing f = w−1 yields M(w−1) ≤ cw−1. (Thus, w−1 ∈ A1).
• We have [w ]∞ ≤ c iff M(w−1) ≤ cw−1. ([w ]∞ = [w−1]A1).
• Warning: The condition [w ]∞ does not characterize

A∞ =
⋃

p∈[1,∞) Ap .
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Proof: The Rubio de Francia algorithm

• Suppose ‖g‖L∞
W

. [W ]2019
∞ ‖f ‖L∞

W
for all W , [W ]∞ < ∞.

• Given p, w , [w ]p < ∞, we want to show that ‖g‖Lp
w
.w ‖f ‖Lp

w
.

• Recall: [W ]∞ ≤ c iff M(W−1) ≤ cW−1.
• Define W−1 = |f |+ Mf

2‖M‖Lp
w→Lp

w
+ M(Mf )

(2‖M‖Lp
w→Lp

w
)2 + · · ·=: Rf .

1 M(W−1) ≤ 2‖M‖Lp
w→Lp

w
W−1. Thus [W ]∞ ≤ 2‖M‖Lp

w→Lp
w
.

2 ‖W−1‖Lp
w
≤

∑∞
k=0

‖f ‖Lp
w

2k = 2‖f ‖Lp
w
.

3 |f | ≤ W−1. Thus, ‖f ‖L∞
W

= ‖fW ‖∞≤ 1.

‖g‖Lp
w
= ‖gWW−1w‖p ≤ ‖g‖L∞
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‖W−1‖Lp

w
. [W ]2019

∞ ‖f ‖L∞
W
‖f ‖Lp

w

. ‖M‖2019
Lp

w→Lp
w
‖f ‖Lp

w
. [w ]2019p′

p ‖f ‖Lp
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Weight classes part 2: the bilinear case

M1,1(f , g)(x) := sup
Q

〈f 〉1,Q〈g〉1,QχQ(x)

• [Lerner, Ombrosi, Pérez, Torres, Trujillo-González, 2009] For
p1, p2 ∈ (1,∞], w = w1w2, ‖M1,1‖Lp1w1×Lp2w2→Lp

w
< ∞ iff

[w1,w2]p1,p2 := sup
Q

〈w〉p,Q〈w−1
1 〉p′

1,Q〈w
−1
2 〉p′

2,Q < ∞.

• [Li, Moen, Sun, 2014] ‖M1,1‖Lp1w1×Lp2w2→Lp
w
. [w1,w2]

max(p′
1,p′

2)p1,p2 .
• By Hölder’s inequality, [w1,w2]p1,p2 ≤ [w1]p1 [w2]p2 .
• We can have [w1,w2]p1,p2 < ∞ but [w1]p1 [w2]p2 = ∞.
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Bilinear Rubio de Francia algorithm

• Note that [W1,W2]∞,∞ ≤ c iff M1,1(W−1
1 ,W−1

2 ) ≤ cW−1
1 W−1

2 .
• To construct such weights, we cannot simply iterate M1,1...
• Since M1,1(f1, f2) ≤ (Mf1)(Mf2), one might try

Rj fj =
∑∞

k=0
Mk fj

(2‖M‖
L

pj
wj →L

pj
wj

)k .

• Since ‖M‖L
pj
wj →L

pj
wj

< ∞ iff [wj ]pj < ∞, this won’t work under the
weaker assumption [w1,w2]p1,p2 < ∞.

• Now what? /
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Bilinear Rubio de Francia: a solution

• [Li, Moen, Sun, 2014] ‖M1,1‖Lp1w1×Lp2w2→Lp
w
. [w1,w2]

max(p′
1,p′

2)p1,p2 .
• Their proof relies on sparse domination techniques.
• [N., 2018] There are operators Nj : Lpj

wj → Lpj
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Multilinear extrapolation

Theorem (N. 2018)
Let (f1, . . . , fm, h) be an m + 1-tuple of measurable functions.
Suppose that for some q1, . . . , qm ∈ [1,∞], there is an increasing
function φ~q such that for all ~w = (w1, . . . ,wm) ∈ A~q, w =

∏m
j=1 wj ,

‖h‖Lq
w
≤ φ~q([~w ]~q)

m∏
j=1

‖fj‖L
qj
wj
.

Then for all p1 . . . , pm ∈ (1,∞] with p < ∞ and all ~w ∈ A~p

‖h‖Lp
w
≤ 2m3

φ~q

(
C~p,~q[~w ]

1
m max

(
p′1
q′1

,...,
p′m
q′m

, p
q

)
~p

)m m∏
j=1

‖fj‖L
pj
wj
.
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Multilinear extrapolation: a short overview

• [Grafakos, Martell, 2004] Multilinear extrapolation for estimates
Lp1(w1)× · · · × Lpm(wm) → Lp(w) with individual weight
conditions wj ∈ Apj and pj < ∞.

• [Lerner, Ombrosi, Pérez, Torres, Trujillo-González, 2009] The
appropriate multilinear weight classes adapted to multilinear
singular operators were found.

• [Cruz-Uribe, Martell, 2017] Multilinear limited range extrapolation
for rescaled individual weight conditions, pj < ∞.

• [Li, Martell, Ombrosi, 2018] Multilinear limited range
extrapolation for rescaled multilinear weight classes, pj < ∞.
[Li, Martell, Martikainen, Ombrosi, Vuorinen, 2019] pj = ∞.

• [N., 2018] Quantitative multilinear limited range extrapolation for
rescaled multilinear weight classes, pj = ∞.
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Applications

• Suppose a bilinear operator T satisfies the sparse domination

|〈T (f1, f2), g〉| . ‖M1,1,1(f1, f2, g)‖L1 .

• Then for p1, p2 ∈ (1,∞], p ∈ [1,∞)

‖T‖Lp1w1×Lp2w2→Lp
w
. [~w ]

max(p′
1,p′

2,p)p1,p2 .

• By my extrapolation result, this same bound also holds for
p ∈ (1

2 , 1).
• Moreover, extrapolation yields vector-valued extensions

T : Lp1
w1(`

q1)× Lp2
w2(`

q2) → Lp
w (`

q)

for p1, p2, q1, q2 ∈ (1,∞], p, q ∈ (1
2 ,∞).
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Applications: The bilinear Hilbert transform

• [Culiuc, Di Plinio, Ou, 2018] For r1, r2, s ∈ (1,∞) we have

|〈BHT(f1, f2), g〉| . ‖Mr1,r2,s′(f1, f2, g)‖L1 (1)

whenever max( 1
r1
, 1

2) + max( 1
r2
, 1

2) + max( 1
s′ ,

1
2) < 2.

• [Benea, Muscalu, 2016] For pj , qj ∈ (rj ,∞], p, q < s,

BHT : Lp1(`q1)× Lp2(`q2) → Lp(`q). (2)

• The fact that they allow `∞ served as a motivation to consider
the endpoints pj = ∞ in the extrapolation theorem.

• Using the weighted estimates obtained from (1), multilinear
limited range extrapolation completely recovers (2).
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