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Courses
(1) Andrea Cianchi (University of Florence, Italy)

Orlicz-Sobolev spaces and applications to elliptic PDEs After introducing the Orlicz-Sobolev
spaces and presenting their basic definitions and properties, optimal embeddings of diverse
kinds will be presented. Embeddings into Orlicz spaces, into Orlicz-Lorentz spaces and into
spaces of continuous functions will be described. Trace embeddings will also be considered.
The second part of my lectures will be devoted to a few applications of Orlicz-Sobolev em-
beddings to the regularity theory of nonlinear elliptic partial differential equations and of the
calculus of variations under growth conditions of non-polynomial type. In particular, the clas-
sical question of the boundedness of solutions to boundary value problems for equations of
this sort will be discussed.

(2) Lars Diening (University of Bielefeld, Germany)
Maximal Regularity of Degenerate Elliptic Equations We study the maximal regularity of the
weighted Poisson and p-Poisson system (p-Laplacian). In particular, we examine how the
regularity of the data transfers to the one the gradient and the stress of the solution. We are
interested in the local as well as global results up to the boundary. The weights fall into the
class of Muckenhoupt weights with a certain notion of small oscillations. This includes some
degenerate weights. We put a strong focus in obtaining estimates that are optimal with re-
spect to the smallness parameters of the weights and the boundary. We will support this with
suitable examples.

This series of talks combines joint results with Balci, Breit, Byun, Cianchi, Lee, Maz’ya and
Weimar.

(3) Piotr Gwiazda (Institute of Mathematics, Polish Academy of Sciences, Warsaw, Poland)
PDEs in Anisotropic Musielak-Orlicz Spaces This lecture provides a detailed study of nonlin-
ear partial differential equations satisfying certain nonstandard growth conditions which si-
multaneously extend polynomial, inhomogeneous and fully anisotropic growth. The common
property of the many different kinds of equations considered is that the growth conditions of
the highest order operators lead to a formulation of the equations in Musielak–Orlicz spaces.
This high level of generality, understood as full anisotropy and inhomogeneity, requires new
proof concepts and a generalization of the formalism, calling for an extended functional ana-
lytic framework. This theory will be established in the first part of the lecture, which serves
as an introduction to the subject, but is also an important ingredient of the whole story. The
second part uses these theoretical tools for various types of PDEs, including abstract and par-
abolic equations but also PDEs arising from fluid and solid mechanics.

The lecture is based mainly on the recent monograph: Iwona Chlebicka, Piotr Gwiazda,
Agnieszka Świerczewska-Gwiazda, Aneta Wróblewska-Kamińska, Partial Differential Equa-
tions in Anisotropic Musielak-Orlicz Spaces, Springer Monographs in Mathematics. Springer,
Cham, 2021.
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(4) Juha Kinnunen (Aalto University, Helsinki, Finland)
Parabolic BMO with applications to PDEs We discuss parabolic bounded mean oscillation
(BMO) and Muckenhoupt weights and related to a doubly nonlinear parabolic partial dif-
ferential equation (PDE). In the natural geometry of the PDE, the time variable scales to
the power in the structural conditions for the PDE. Consequently, the Euclidean balls and
cubes are replaced by parabolic rectangles respecting this scaling in all estimates. The main
challenge is that the definition of parabolic BMO consists of two conditions on the mean os-
cillation of a function, one in the past and the other one in the future with a time lag between
the estimates.

The main results include a parabolic John-Nirenberg inequality, which gives exponential de-
cay estimates for the oscillation of a function, and a characterization of weak and strong
type weighted norm inequalities for parabolic forward in time maximal operators. In addi-
tion, we give a Jones type factorization result for the parabolic Muckenhoupt weights and a
Coifman-Rochberg type characterization of the parabolic BMO through parabolic Mucken-
houpt weights and maximal functions.

We also discuss connections and applications of the results to the regularity theory of non-
linear parabolic partial differential equations. Harnack’s inequality gives a scale and location
invariant pointwise bound for a positive solution at a given time in terms of its values at later
times. The argument is based on a successive application of Sobolev’s inequality and energy
estimates together with the fact that a logarithm of a positive weak solution belongs to the
parabolic BMO and the parabolic John–Nirenberg lemma.
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Contributed talks
Nonlinear nonlocal equations with nonstandard growth conditions
Minhyun Kim (Bielefeld University)
9:00-9:25
We study nonlinear nonlocal equations with nonstandard growth conditions, which correspond to
classical local equations, attempting to develop parallel or unified theory. We study local regularity
properties such as local boundedness, weak Harnack inequality, and local Hölder regularity of weak
solutions to these nonlocal equations.

Regularity for nonlocal problems with nonstandard growth
Marvin Weidner (Bielefeld University)
9:25-9:50
In this talk, we study robust regularity estimates for local minimizers of nonlocal functionals with
non-standard growth of (p, q)-type. Our main focus is on Hölder regularity estimates and full Harnack
inequalities. Moreover, our results apply to weak solutions to a related class of nonlocal equations.
This talk is based on joint work with Jamil Chaker and Minhyun Kim.

Stability of nonlocal nonlinear Dirichlet and Neumann problems driven by integrodifferential p-Lévy
operators.
Guy Foghem (TU-Dresden)
9:50-10:15
We will study the well-posedness of nonlocal nonlinear Dirichlet and Neumann complement value
problems on bounded domains driven by symmetric integrodifferential p-Lévy operators. A prototyp-
ical example of integrodifferential p-Lévy operators is the well-known fractional p-Laplace operator.
Asymptotically, the local nonlinear Dirichlet and Neumann boundary value problems associated with
p-Laplacian on bounded domains can be viewed as limit of the nonlocal ones. We reach this conclu-
sion by establishing important results like robust Poincaré type inequalities and Gamma convergence
of the nonlocal nonlinear energies forms involved to the local ones.

Embeddings of Fractional Orlicz-Sobolev Spaces into Campanato type Spaces
Angela Alberico (National Research Council (CNR), Institute for Applied Computing “M. Picone”(IAC),
Via P. Castellino 111, I-80131, Napoli, Italy)
10:15-10:40
An optimal embedding theorem for fractional Orlicz-Sobolev spaces into Orlicz spaces will be sur-
veyed. A new embedding for the same fractional spaces into generalized Campanato spaces will
be also presented. This is a joint work, in progress, with Andrea Cianchi, Luboš Pick and Lenka
Slavíková.
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Non-separably vector valued Orlicz spaces
Thomas Ruf (University of Augsburg)
11:15-11:40
Motivated by applications to abstract doubly non-linear evolution equations on a Banach space having
the formal structure

(0.1) Dφ (u′(t)) = −DE (u(t)) for t > 0,

we extend for a measure space Ω the theory of Orlicz spaces generated by an even convex integrand
φ : Ω × X → [0,∞] to the case when the range Banach space X is arbitrary. After pointing out
the crucial problems arising if X is not separable or if the dual space X ′ does not have the Radon-
Nikodym property, we explain what may be done to overcome theses problems and present funda-
mental structural results such as characterizations of separability and reflexivity or a representation
of the dual space. We stress the role of weak topologies that subspaces of the Orlicz space Lφ(µ)
and of its dual induce on each other, as compactness in these may serve as a substitute in absence
of reflexivity. We present a characterization of the relatively sequentially compact sets for a class of
such topologies, obtaining in particular a condition guaranteeing that the function component of the
dual space has a sequentially compact ball. Time permitting, we show how these results may be used
to represent the Fenchel-Moreau subdifferential of a general integral functional on Lφ(µ) and briefly
discuss the type of new existence result that an application of our function space framework allows
to achieve for (0.1).

The bounded slope condition for parabolic equations with time dependent integrands
Leah Schätzler (University of Salzburg)
11:40-12:05
In this talk, I will be concerned with an existence result for the Cauchy-Dirichlet problem to parabolic
partial differential equations of the type

∂tu− div
(
Dξf(t,Du)

)
= 0

in a space-time cylinder ΩT := Ω×(0, T ) ⊂ Rn+1. Here, the so-called integrand f : [0, T ]×Rn → R
is integrable with respect to the time variable and the partial map ξ 7→ f(t, ξ) is convex for a.e. t ∈
[0, T ]. However, assuming that the time-independent initial and boundary datum fulfills the classical
bounded slope condition, it is not necessary to impose any growth condition on f . The talk is based
on joint work with Jarkko Siltakoski.

Supercaloric functions for the parabolic p-Laplace equation in the fast diffusion case
Kristian Moring (Aalto University)
12:05-12:30
We discuss a generalized class of supersolutions, so-called p-supercaloric functions, to the parabolic
p-Laplace equation. Functions in this class are defined to be lower semicontinuous and finite in a
dense set. Furthermore, they are connected to the PDE via a parabolic comparison principle. Our
main result divides p-supercaloric functions into two mutually exclusive classes.

Existence of parabolic minimizers to the total variation flow on metric measure spaces.
Cintia Pacchiano (Aalto University)
12:30-12:55
In this project we discuss some fine properties and existence of the variational solutions to the Total
Variation Flow. Instead of the classical Euclidean setting, we intend to work mostly in the general
setting of metric measure spaces. During the past two decades, a theory of Sobolev functions and
BV functions has been developed in this abstract setting. A central motivation for developing such a
theory has been the desire to unify the assumptions and methods employed in various specific spaces,
such as weighted Euclidean spaces, Riemannian manifolds, Heisenberg groups, graphs, etc.

The total variation flow can be understood as a process diminishing the total variation using the
gradient descent method. This idea can be reformulated using parabolic minimizers, and it gives rise
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to a definition of variational solutions. The advantages of the approach using a minimization formu-
lation include much better convergence and stability properties. This is a very essential advantage as
the solutions naturally lie only in the space of BV functions.

We give an existence proof for variational solutions u associated to the total variation flow. Here,
the functions being considered are defined on a metric measure space (X, d, µ). For such para-
bolic minimizers that coincide with a time-independent Cauchy–Dirichlet datum u0, on the parabolic
boundary of a spacetime-cylinder Ω× (0, T ) with Ω ⊂ X an open set and T > 0, we prove existence
in the weak parabolic function space L1

w(0, T ;BV (Ω)). In this paper, we generalize results from
a previous work by Bögelein, Duzaar and Marcellini and argue completely on a variational level.
This is a join project with Vito Buffa and Michael Collins, from Friedrich-Alexander-Universität
Erlangen-Nürnberg.

Global second order Sobolev-regularity of p-harmonic functions
Saara Sarsa (University of Helsinki)
14:40-14:55
A classical second order regularity result for p-harmonic functions by Manfredi and Weitsman (1988)
states that p-harmonic functions belong to the Sobolev space W 2,2

loc for 1 < p < 3 + 2
n−2

. In this talk
I discuss on a global version of this result. The proof of the global result relies on Cordes’ matrix
inequalities (1961) and techniques from the recent work of Cianchi and Maz’ya (2018, 2019). The
talk is based on joint work with Akseli Haarala.

The asymptotic behavior of a class of φ-harmonic functions in Orlicz-Sobolev spaces
Denisa Stancu-Dumitru (University Politehnica of Bucharest)
14:55-15:20
The asymptotic behavior of the sequence {un} of solutions for a class of inhomogeneous problems
with prescribed Dirichlet data on the boundary is studied in the setting of Orlicz-Sobolev spaces.
We prove that {un} converges uniformly in Ω as n → ∞ to an ∞-harmonic function satisfying the
prescribed Dirichlet data on the boundary.

This presentation is partially supported by CNCS-UEFISCDI Grant No. PN-III-P1-1.1-TE-2019-
0456.

Isolated singularities for nonlinear elliptic equations with Hardy potential
Maria Fărcăşeanu (University Politehnica of Bucharest)
15:20-15:45
We reveal the structure and asymptotic behaviour near zero of all positive solutions for some nonlin-
ear elliptic equations with Hardy potential. This is joint work with Florica Cîrstea. The presentation
is partially supported by CNCS-UEFISCDI Grant No. PN-III-P1-1.1-TE-2019-0456.

Normalized ground states of the nonlinear Schrödinger equation with at least mass critical growth
Bartosz Bieganowski (Nicolaus Copernicus University, Torun)
16:15-16:40
We propose a simple minimization method to show the existence of least energy solutions to the
normalized problem  −∆u+ λu = g(u) in RN , N ⩾ 3,

u ∈ H1(RN),�
RN |u|2 dx = ϱ > 0,

where ϱ is prescribed and (λ, u) ∈ R × H1(RN) is to be determined. The new approach based on
the direct minimization of the energy functional on the linear combination of Nehari and Pohozaev
constraints intersected with the closed ball in L2(RN) of radius ϱ is demonstrated, which allows to
provide general growth assumptions imposed on g. We cover the most known physical examples and
nonlinearities with growth considered in the literature so far as well as we admit the mass critical
growth at 0.
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Higher regularity of weak solutions on low-dimensional structures
Łukasz Chomienia (University of Warsaw)
16:40-17:05
The talk is devoted to a regularity of weak solutions of elliptic PDEs on irregular, low-dimensional
subsets of the Euclidean space. Due to the singular nature of considered structures and technicalities
related to functional spaces, it is not possible to apply standard regularity theorems in a straight-
forward way. We construct specific, well-behaved approximations of solutions that play the role
analogous to difference quotients. This key result is a source of numerous significant implications
connected with various aspects of the regularity of solutions. By combining the mentioned result with
a detailed analysis of properties of the second derivative operator, we establish the correspondence
between weak solutions and higher-order functional spaces introduced by Bouchitté. Another con-
sequence of the proposed approximation theorem is that by applying certain facts from the capacity
theory, we establish the characterization of a global continuity of solutions. The presented results are
based on the joint work with M. Fabisiak.

Third order, uniform in low to high oscillatory coefficients, exponential integrators for Klein-Gordon
equations
Karolina Lademann (University of Gdańsk)
17:05-17:30
In this talk we will introduce an efficient numerical scheme for the linear Klein– Gordon equation

∂2

∂t2
u(x, t) = ∆u(x, t)− f(x, t)u(x, t)

with possibly highly oscillatory input term under the form

f(x, t) =
∑
n

an(x, t)e
iωnt,

with frequencies ωn ∈ R.
Construction of the method is based on the well-known Duhamel formula. The main advantage of

this method is embedding of the oscillatory phases in our numerical discretization, which allows us to
apply the Filon method. The result is a scheme that is effective for any class of frequencies ωn without
requiring any restriction on the size of the time step or the use of the filter function. Moreover, we
show that the error constant of the proposed method does not depend on the possibly high oscillations
of the function f(x, t).

Several numerical experiments highlight our theoretical findings and underline the efficiency of
the new schemes.

Results are obtained in collaboration with Karolina Kropielnicka (IM PAN).


