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Let J be an abelian semi-group.

J denotes the abelian group :

J = J®J/ ~

&n) ~ () < 3 0eJ with
E+n+0=E&+n+0

Example N = {1,2,3,...}

N=27



Let A be a ring with unit 1.
M, (A) denotes the ring of all n x n matrices
[aij] with each aij € A. n=1,2,3,...

M, (A) is again a ring with unit.



GL(n,A) = { invertible elements of M, (A)}

P.(A) ={a e M,(A)|a®>=0a} n=1,2,3...

Definition

a, B € Py(A) are similar if 3y € GL(n, A) with yay~! = 8.

Set P(A) = Pi(A) UP(A)UP(A)U...

Impose an equivalence relation stable similarity on P(A).



Notation. If r is a non-negative integer [0,] is the 7 x r zero matrix.

Definition
a € P,(A) and g € P,,(A) are stably similar iff
there exist non-negative integers r,s withn +r=m+ s

and with
a @ [0,] is similar to 8 & [0]



J(A) = P(A)/(stable similarity)
J(A) is an abelian semi-group.

a+ 8=




Definition

a € P,(A) and 8 € P,,(A) are stably similar iff there exist

non-negative integers r, s with n +7 = m + s and with

—n
« 0
0 0
and

| R B
B 0
0 0

Set J(A) = P(A)/(stable similarity).

similar



J(A) = P(A)/(stable similarity)
J(A) is an abelian semi-group.

a+ =

«Q 0

0o | B

—

KoA = J(A)

This is the basic definition of K-theory.



A, Q rings with unit

@: A — Q ring homomorphism with p(15) = 1o
0y KgA — Ko

pxlais] = [p(aij)]

p: KgA — Ky is a homomorphism of abelian groups



Example

If Ais a field, then [a;;], [bg] in P(A) are stably similar iff
rank|a;;] = rank[by],

where the rank of an n x n matrix is the dimension (as a vector
space over A) of the sub vector space of A" =A@ --- DA

spanned by the rows of the matrix.

Hence if A is a field, J(A) ={0,1,2,3,...} and KoA = Z.



X compact Hausdorff topological space
C(X)={a: X = Cla is continuous}

C(X) is a ring with unit.

(a+ f)r = afz) + B(z)

(af)r = a(z)p(x) reX, o feC(X)

The unit is the constant function 1.

Definition (M. Atiyah - F. Hirzebruch)

Let X be a compact Hausdorff topological space.

K%X) = KoC(X)



5% = {(t1,ta,t3) ER3 | 2 + 12 + 12 =1}
x; €C(S%)  xjlti,ta,ts) =t; j=1,2.3
K C(SH =7ZaZ

1+ 23 T1 + 129
2 2
[1] Il — imz 1-— T3
2 2




A brief history of K-theory

Riemann K-theory in
A.Grothendieck algebraic
Roch
geometry
Atiyah
Jr
Hirzebruch
J F Adams Vector fields K-theory in
on spheres topology
‘N.C.Whitehead
A.Connes
D.Quillen
K-theory for Algebraic

C* algebras K-theory




HIRZEBRUCH-RIEMANN-ROCH

M non-singular projective algebraic variety / C

E an algebraic vector bundle on M

E = sheaf of germs of algebraic sections of £
HI(M, E) := j-th cohomology of M using E, j =0,1,2,3,...



Lemma

Forall j =0,1,2,... dim¢c HY (M, E) < oo.
For all j > dim¢(M), HI(M,E) =0.

X(M, E) := Y "(=1)! dim¢ H/ (M, E)
§=0
n = dime (M)

Theorem (HRR)

Let M be a non-singular projective algebraic variety / C and let E
be an algebraic vector bundle on M. Then

X(M, E) = (ch(E) UTd(M))[M]












Tangent Vector Fields on Spheres

S™~1 denotes the unit sphere of R™
Sl = {(t1,te, .. ty) ERY [+ 12+ + 12 =1}
A continuous tangent vector field V' on S"~! can be viewed as a

continuous function
V.8l 5 R

such that every p € S"~! has V(p) perpendicular to p.

Vip) Lp

Definition

Continuous tangent vector fields Vi, Va,...,V, on S~ ! are
linearly independent if for every p € S*~1, Vi(p), Va(p), ..., Vi (p)
are linearly independent in R™.




R" x R" -+ R

usual inner product

<(t1,t2, c ,tn), (81,82, .. .,Sn)> =1181 +taso + -+ Tpsn
peER" qeR"p Lg& (p,q) =0.

Sl cR”
A continuous tangent vector field V on S"~! an be viewed as a

continuous function
V.Sl SR

such that Vp € §7~!
pLV(p).



Problem

What is the maximum r such that S™~! admits 7 linearly
independent continuous tangent vector fields?

Example

For S2,5%,86, 8% ..., r=0.
If V' is a continuous tangent vector field on an even-dimensional
sphere, then for at least one point p in the sphere V(p) = 0.



Theorem (J. F. Adams)

Set
n = 26(”)16d(”)u, 0<e(n)<3, wodd.

Define p(n) by p(n) = 26 + 8d(n).
Then S™~! admits p(n) — 1 linearly independent continuous

tangent vector fields and S™~! does not admit p(n) linearly
independent continuous tangent vector fields.

Reference. J. F. Adams “Vector fields on spheres” Ann. of Math.
75 (1962), 603-632







Topic 2: C* algebras
Definition

A Banach algebra is an algebra A over C with a given norm || ||
||:A—={teR|t=0}

such that A is a complete normed algebra:
IAal| = |A||la]] AeC, a€ A

la+ 0|l <llall + [l a,b€ A

[ladl| < llal|o] a,be A

la]| =0<=a=0

Every Cauchy sequence is convergent in A (with respect to the
metric ||a — bl]).



C* algebras

A C* algebra x: A— A
A= (A1) ar a*
(A, ]| ]]) is a Banach algebra

(Aa)* = Xa* a,bc A, XeC
laa*|| = l|al|* = [la*|?

A x-homomorphism is an algebra homomorphism ¢: A — B such
that p(a*) = (¢(a))* Va € A.

Lemma

If o: A — B is a *-homomorphism, then ||p(a)| < |la| Va € A.



EXAMPLES OF C* ALGEBRAS

Example

X topological space, Hausdorff, locally compact

X' = one-point compactification of X

=XU {poo}
Co(X) = {a: X" — C | a continuous, a(ps) = 0}

a*(p) = a(p)
(a+B)(p) =alp) +B(p) peX
(aB)(p) = a(p)B(p)
(Aa(p) = da(p) reC

If X is compact Hausdorff, then

Co(X)=C(X) ={a: X — C| « continuous}



Example

H separable Hilbert space
separable = H admits a countable (or finite) orthonormal basis.

L(H) = {bounded operators T: H — H}
|T|| = sup ||Tu|  operator norm
T =) /2
ull=

T* = adjoint of T’ (Tu,v) = (u, T*v)
u,veEH

(T+ S)u=Tu+ Su
(T'S)u =T(Su)
(AT)u = A(Tw) AeC



G topological group

locally compact

Hausdorff

second countable

(second countable = The topology of G has a
base.)

Examples

Lie groups (mo(G) finite)
p-adic groups

adelic groups

discrete groups

countable

)
SL(n,Qp)
)
)



G topological group
locally compact
Hausdorff

second countable

Example

CG the reduced C* algebra of G

Fix a left-invariant Haar measure dg for G
“left-invariant” = whenever f: G — C is continuous and
compactly supported

/f(vg)dgz/f(g)dg Vye G
G G

L?G Hilbert space
L2G {u: G—>(C | fG lu(g)?dg < oo}
fG u,v € L?G



L(L?G) = C* algebra of all bounded operators T': L?G — L*G
C.G={f: G— C| fis continuous and f has compact support}
C.G is an algebra

(Af)g=Afg) AreC geG

(f +h)g=fg+hg

Multiplication in C.G is convolution

*hgo—/f h(g*g0)d g €G



0— C.G — L(L2G)

Injection of algebras
f —> Tf

Tr(u) = fxu u € L*G

(f*u)go = Jo f(@ulg~'g0)dg  go€G
C:G C L(L2G)

C!G = C.G = closure of C.G in the operator norm
C’G is a sub C* algebra of L(L?G)



A C* algebra (or a Banach algebra) with unit 14.
Define abelian groups K1 A, K2 A, K3A, ... as follows :
GL(n, A) is a topological group.

The norm || || of A topologizes GL(n, A).

GL(n, A) embeds into GL(n + 1, A).

GL(n, A) = GL(n + 1, A)

ail ... a 0
Q11 .. Gin 11 1n
|: . . :| — . : .
) : a e @
anl ... Ann 81 Bn 1(1]4

GLA= 1i_>m GL(n,A) = U,2, GL(n, A)



GLA= li_}m GL(n, A) = U2, GL(n, A)
Give GL A the direct limit topology.

This is the topology in which a set U C GL A is open if and only if
U N GL(n, A) is open in GL(n, A) for alln=1,2,3, ...



A C* algebra (or a Banach algebra) with unit 14
KA, KA K3A, ...

Definition

K;A:=7mj_1(GLA) j=1,2,3,...
O?GLA~GLA Bott Periodicity
KA~ K 5A i=0,1,2,...

KoA KA



A C* algebra (or a Banach algebra) with unit 14
KoA = KA = J(A)

A= (A%

For KoA forget || || and x. View A as a ring with unit.
Define KyA as above using idempotent matrices.

For K1 A cannot forget || || and .

KyA KA



A C* algebra (or a Banach algebra) with unit 14
The Bott periodicity isomorphism

—

K()A = J(A) — KQA = 7T1GLA
assigns to a € P, (A) the loop of n x n invertible matrices
tes I+ (¥ — 1)a t€10,1]

I = the n X n identity matrix



A C* algebra (or a Banach algebra)
If A is not unital, adjoin a unit.
0—A—A-—C-—0

Define: K;A = K;A

K;A = Kernel(K;A — K;C)
K;A=Kj A

KyA KA

i=1,3,5,...
i=0,2,4,...
i=0,1,2,...



FUNCTORIALITY OF K-THEORY

A B C* algebras

p:A— B *- homomorphism
vyt KjA — K;B 71=0,1

K-theory can be applied to classification problems for C* algebras.
See results of G. Elliott and others.



SIX TERM EXACT SEQUENCE
Let
0—I—A—B—0

be a short exact sequence of C* algebras.

Then there is a six-term exact sequence of abelian groups

Kol

KoA

KoB

KB KA

Ki1



G topological group

locally compact

Hausdorff

second countable

(second countable = topology of G has a countable base )
C:G the reduced C* algebra of GG

K;C;G=? j=0,1

I KJG(EG) — K;CG is an isomorphism. j =0,1




G compact or G abelian

4

Conjecture true



Corollaries of BC

Novikov conjecture

Stable Gromov Lawson Rosenberg conjecture (Hanke + Schick)
Idempotent conjecture

Kadison Kaplansky conjecture

Mackey analogy (Higson)

Construction of the discrete series via Dirac induction
(Parthasarathy, Atiyah + Schmid, V. Lafforgue)

Homotopy invariance of p-invariants
(Keswani, Piazza + Schick)



G topological group
locally compact
Hausdorff
second countable

(second countable = The topology of G has a countable

base.)

Examples

Lie groups (mo(G) finite)
p-adic groups

adelic groups

discrete groups

SL(n,R) OKv
SL(n,Q,)0KV
SL(n, A)OKv
SL(n,Z)









Theorem (N. Higson + G. Kasparov)

Let T' be a discrete (countable) group which is amenable or
a-t-menable. Then

p: Kj (ET) — K;C;T

is an isomorphism. j = 0,1



Theorem (G. Yu + I. Mineyev, V. Lafforgue)

Let T be a discrete (countable) group which is hyperbolic (in
Gromov's sense). Then

p: Kj (ET) — K;C;T

is an isomorphism. j = 0,1



SL(3,7) 2727777












' group (not topologized = discrete group)
triangulable topological space
connected
m(BT) =T
mj(Bl') =0 forallj>1

F5 = Free group on two generators

BT

BF, =

7)27

B(Z/2Z) = RP® = lim RP"

n—oo



Algebraic K Theory

A ring with unit 15
KoA

GLA = lim GL(n,A)

n—oo

KA = GLA/[GLA,GLA]

[GLA,GLA] is perfect.

BGLA
(BGLA)+ + -construction D. Quillen



BGLA — (BGLA),

m(BGLA), = GLA/[GLA, GLA]

H;BGLA = H;(BGLA); j=0,1,2,3,...

Definition
K;ZQA = 1;(BGLA) 4 j=1,2,3,...

Extend to the case when A does not have a unit
0A—>A>7Z 0

KA = Kernel (K;.”QT\ N Kjlgz)



Lichtenbaum Conjecture: Special Case

Conjecture

Let F' be a totally real algebraic number field. Then for
n=24,06,...
[ Kon—2(OF)|
l—-n)=+—"—"-—"=
ril=n) [ Kon—1(OF)|

up to powers of 2.



Let I’ be an algebraic number field (F' is a finite extension of Q)

OF denotes the ring of integers in F'

Lichtenbaum Conjecture For n > 2

|K2n—2(OF)|
|K2n—1(OF)tors|

(r(l—n)==+ - RJ(F)

up to powers of 2.






K theory for C* algebras
A C* algebra
trivial move = stabilizing A

My (A) = M,41(A)

a1l ... Gin a1 ... ainp O
[ : : ]'—> : Do
anl --- Ann a’(!)Ll (lgn 8

This is a one-to-one *-homomorphism .. This is norm preserving

= ’; Almost all a;; =0
A=)

Ais the stabilization of A
K;(A) = K;(A)  j=0,1



Karoubi Conjecture
Let A be a C* algebra, then

Kj(A) = K"9(A)

C*-algebra K theory | Algebraic K-theory

The Karoubi conjecture was proved by A. Suslin and M. Wodzicki




Theorem (A. Suslin and M. Wodzicki)
Let A be a C* algebra. Then

KA=KMA  j=0,1,23,. ..
A is the stabilization of A.

This theorem is the unity of K-theory. It says that C* algebra
K-theory is a pleasant subdiscipline of algebraic K-theory in which
Bott periodicity is valid and certain basic examples are easy to
calculate.



Example

Let H be a separable (but not finite dimensional) Hilbert space.
i.e. H has a countable (but not finite) orthonormal basis

C=Kc L(H)

K = The compact operators on H

K;C = KjC C* algebra K theory

alg Z j even .
K(C) = , algebraic K theory
J 0 jodd



C* algebras

Commutative Locally compact Hausdorff »
topological spaces

Co(X) — X
Co(X) :={a: XT — C| ais continuous and a(ps) = 0}
XT = X U{ps} is the one point compactification of X

f: Xt =sY"

f(Poo) = @0

Co(X) < Co(Y)
aof—aeCyY)



