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What is risk? Portfolio risk? - historical approach

Si(t) the price of the i-th asset at time t (i =1,2,...,d)
static approach t = 0,1
random rate of return of the i-th asset

_Si(1) - 5(0) _ Si(1)

G -1
' 5i(0) 5i(0)
expected rate of return of the i-th asset u; := E(;
w=[p,..., ud]T vector of the expected rates of return,
¢:=[C,...,¢q]", vector of random rates of return

> covariance matrix
L= E{(C-m-mT}= ()
T stands for transponse
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What is risk? Portfolio risk? - historical approach (cont.)

0 :=1[61,...,04]" vector of portfolio strategies (at time 0):
portions of capital invested in assets: 6; the portion of capital
invested in i-th asset

random portfolio rate of return R(#) is equal to #7¢ since: if x is
an initial capital

SXTG(’J') is the number of i-th assets at time 0

SXTQ(;)S,-(I) is the value of the portfolio located in i-th asset at time

d 25, (1)—x

R(9) = =1 sOTE
S S 1= YL H (1) - 5H(0) = Yy 016
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Expected value of the portfolio

E{R(O)} =0T p (1)
variance of the portfolio rate of return
Var(R(6)) = 67 26. (2)
Explanation:
Var(R®) = £ { (S 06 - )} =
E{O0T(C—m)(C—m)T0)} =0TE{(C—m)(C—m)T}0

risk measure (historical approach) variance of the portfolio
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Harry Markowitz, born Chicago 1927, Nobel prize 1990

The basic concepts of portfolio theory came to me one afternoon in
the library while reading John Burr Williams's Theory of Investment
Value. Williams proposed that the value of a stock should equal the
present value of its future dividends. Since future dividends are
uncertain, | interpreted Williams's proposal to be to value a stock
by its expected future dividends. But if the investor were only
interested in expected values of securities, he or she would only be
interested in the expected value of the portfolio; and to maximize
the expected value of a portfolio one need invest only in a single
security. This, | knew, was not the way investors did or should act.
Investors diversify because they are concerned with risk as well as
return. Variance came to mind as a measure of risk. The fact that
portfolio variance depended on security covariances added to the
plausibility of the approach. Since there were two criteria, risk and
return, it was natural to assume that investors selected from the set

of Pareto optimal risk-return combinations.
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Markowitz theory - foundations

We maximize expected portfolio rate of return taking into account
the risk (minimizing it?)

What is risk?

portfolio risk function Risk(R(#))

in Markowitz theory Risk(R(6)) = Var(R(9))

two criterion (minimax) problem

Markowitz order .

the strategy 6 (portfolio rate of return R(6) is better than 6’ (rate
of return of R(#")), we write as 6 = 6" lub R(6) = R(¢'), if
E{R(0)} > E{R(¢)}, and Risk(R(0)) < Risk(R(0")).
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Markowitz theory - foundations (cont.)

the strategy 6 is better than ¢’ if the rate of return of 6 is greater
tan that of 6" and the risk corresponding to the strategy 6 is not
greater than the risk corresponding to ¢’

With each strategy one can associate a point on the plane R?,
(Risk(R(8)), E {R(0)})

The strategy 6 is maximal, if there are no strategy 6’ different than
0 such that 8’ = 60

The maximal strategies form on the plane R? the set called efficient
frontier
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Classical Markowitz theory - analytic approach

Convex analysis problem: to minimize

6750 (3)

under the constraints

0Tu=1,i 077 =1,

where 7 =11,..., l]T, while 11, is the fixed portfolio expected rate
of return. For fixed portfolio rate of return we minimize risk
understood as portfolio variance,

Markowitz, H., Portfolio Selection Efficient Diversification of
Investments, Wiley, 1959.

When the matrix X is nonsingular, the problem is solved using
Lagrange multipliers.
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Classical Markowitz theory - analytic approach (cont.)

G(6,%) = 070+ ra(07 i — pp) + 12(67T — 1)
necessary condition for optimality:
oG _ -
69 G — T@-Odlaj—l,Z
Hence
Theorem 1. If ;1 does not have the same coordinates and ¥ is

nonsingular then

inf Var(R(0)) = BTH !B, (4)

where H=ATS 1A A= [u,J], B = [ “1" }
Proof:

250 +Ax=0 AT =B (5)

where 1 = [k1, k2]

we solve the first equation with respect to 6:
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Classical Markowitz theory - analytic approach (cont.)

0= _TIZ’IAH

From the second equation from (5) we have

ATY 1Ak = —2B

i.e.

k=—-2(ATL1A)"1B:= —2H'B

Note that H is symmetric:

H = ATY 1A therefore HT = ATY1TA= H since X and ¥ ! sa
symmetric. We are now in position to calculate the portfolio
variance using the obtained formulae for 0 i k

0730 =0TEy 1Ak =09TAH 1B =(AT0)TH1B=BTH !B
which completes the proof, assuming that H is invertible.
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Classical Markowitz theory - analytic approach (cont.)

Let H= [ 2 b ] and v = detH.
b ¢

If matrix X is nonsingular and all coordinates of 1 are nonidentical
and p # 0 then v > 0.
From the definition of H we have
3= NTZ_I:LL’ b= MTZ_IJ — sz—IM' c = jTZ_lj
also v = ac — b?
since ¥ is positive definite (y "Xy > 0 when y # 0), the matrix
¥ 1 is also positive definite i.e. a > 0 whenever 1 # 0 and ¢ > 0
Furthermore
(bp —aJ) "1 (by — aJ) = bba — abb — abb — aac =
a(ac — b?) = av >0
whenever i does not have the same coordinates. The proof of
Theorem 1 is completed.
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Classical Markowitz theory - analytic approach (cont.)

(4) characterizes the efficient frontier for variance as a measure of
risk. This will be the upper part of the parabola in coordinate
system (Risk(R(0)), E{R(0)})

. : a b
Using matrix H = b | Ve have
. 1, 5
min Var(R(9)) = ;(cup — 2bpp + a) (6)

which give us formula for the above mentioned parabola. The
coordinates of the origin of the parabola are
my = g and Var(R(0,m)) = 1.

[
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Optimal strategy

-1
0 = 7:*1Aﬁ =y 'AH!B (7)

also
i ®
hence (since A= [u, J], B =

I
90pt = lzflA [ CHp — b ] =

— C"—‘

b
4
—bpp+a
;z (1(cpp — b) + T (—bup + a)) =
151 ((ag = bu) + (cp — bT )up)

wh|ch given the formula for an optimal strategy.
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Minimal variance portfolio

fope = 5 (2 — b) + (e — bT)ny) (9)

if now pp = g = lmy then

Gopt = 3T (a— £) 7 =T 171

is the strategy minimizing variance we denote 6,, for which we
have Var(R(0m,)) = 2.

c
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Sharpe coefficient - tangent portfolio

(William F. Sharpe, born Boston 1934, Nobel prize 1990)

Minimal variance strategy usually provides relatively small portfolio
rate of return. Hence it is quite natural to look for other portfolios
from the efficient frontier.

One opportunity is to maximize so called Sharp coefficient

M (10)
\/ Var(R(9))
We are looking for the greatest intersection coefficient of the line
starting from the origin with efficient frontier (upper part of
hiperbola) i.e. for linear part of the line tangent to efficient frontier
(upper part of hiperbola) starting from the origin (we tacitly
assume here that pi,, > 0)
In fact,
Var(R(0opt)) = L(cp? — 2bp, + a)
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Sharpe coefficient - tangent portfolio (cont.)
Hence /Var(R(Oopt)) = \/%(C,u,% — 2bup + a)
To find optimal tangent portfolio we calculate

dpip _( dy/Var(R(0opt)) *1:
dy/Var(R(0opt)) dup

vy H(cuB—2bupta)

~1
2 —2b =
<2\/ (cuz— 2b,up+a) ( CHp )> cup—b

d .
We would like to have e Hp i.e
would v dv/Var(R(0opt) \/Var(R (Oopt))

pp(cpp — b) = vVar(R(0opt)) = Cﬂp — 2bpp + a
which gives by, = a and

a
,Up = E = /-’Ltg (11)
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Sharpe coefficient - tangent portfolio (cont.)

If peg = 3 we have
Var(R(0g)) = L(c (2)* —2b2 +a) = L(F —a)= 2
Using (9)
-
b = =" (aT — bu)

ep— bj)%) - z—l% (12)

We looked for the line tangent to /Var(R(6opt)). One could look
for the line tangent to the graph of Var(R(6opt)).
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Maximization of the coefficient

Hp

_ 13

Var(R(6)) (13)
i.e. tangency coefficient to the upper part of efficient frontier
parabola
Cu% — 2bpp+a—vVar(R(Oopt)) =0
The upper part of the parabola is given by
hp = 2b+f
with A = 4b2 4c(a—vVar(R(bopt))) = 4v(cVar(R(fopt)) — 1)
the tangency coefficient should satisfy

dp 1 _
dVar(R(PG,,,;,,)) 2c2\ﬁ4vc ﬁ
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Maximization of the coefficient (cont.)

the tangent line is of the form pu = ﬁVar +z

it intersect the origin when z = 0. We look for i and Var from the
upper parabola part

i.e. 2cpu = 2b+ VA and pV/A = vVar, which gives

2cu? = 2bu + vVar. Therefore cp® + a — 2cu? = 0, and

= /2 = pst

Hence

Var(R(0st)) = L(c (2)® —2b2 + a) = 1(£ —2b2 4 5) =
Laa—2b+c)

and
f)st =T ((aJ bu) + (e — bJ)2) =
(a1 - 2)T + (a— b))
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The role of minimal variance and tangent portfolios

Oopt = £E 1 ((aT — bp) + (cpp — bT 1)

Org = 271%
emv = 2_1\7%
Hence

—b% + bc ac — bc
eopt - v al atg + v Kp Hmv (14)

which means that optimal strategy is a linear combination of
tangent and minimal variance strategies.
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Value functionals
replace two criterions problem by one criterion
we maximize

F(E{R(9)}, Risk(R(0))) (15)

over all admissible portfolio strategies . The choice of the point of
efficient frontier is replaced by the choice of risk parameter A

The function F should be increasing with respect to the first
coordinate and decreasing with respect to the second. The risk
aversion is measured by the parameter A > 0. The most natural
form of the function F is

F(x,y) =x— %)\y. (16)
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Value functionals (cont.)

We maximize

F(E{R(O)}, Var(R(6))) = E {R(6)} — 1AVar(R(9)) =

0T —IX0TZ0

with respect to such theta 6 that TT =1

Again we use Lagrange multipliers method. We form the function
G(0,k)=0Tp—IN0TZ0+ k(07T —1)

Necessary condition of optimality is:

G _ 0 9G _ 0

00; oK

hence we obtain

Theorem 2. If i does not have the same coordinates and matrix
Y is nonsingular then

1 A—b
Oope = T <M +J ) (17)

Cc
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Proof

from the necessary condition we get 4t — A\X0+ Tk =0 J'0=1
we solve the first equation with respect to 6
6=% (=" (u+Tk))
and substitute to the second equation
LT (it Tr) = 1
Hence (using nonsingularity of X)
o= ATy )\ b

JTY- 1J -
(recall that c= jTZ l7ib=g"c17)
Oopt = AZ (“+*7>\cb) - befg +(1- g)emv
since 0t = X put and O, = 171

b b
eopt = X‘gtg + (1 - X)Hmv (18)

which is an analogy (14) for Markowitz model.
When A = b (b= J "2 711) we have Oppr = 04y

and when A\ — oo we have 05t — Oy .
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Proof (cont.)

A=b

fiopt = 90p2tu = tp Ty 3T TE Ak = 2y BA
1t =5 T hm

sincea=p Xy, b=JTE p, zas pmy = %. Furthermore
(since ¢ = JTE 71T and Var(R(0my)) = 1)
Var(R(00pe)) = Ol Zbope = (7 + T AT TEAE s+
JAzh a+2b2=b 4 (Azby20) = L (54 BA2BREN_ObAEER )
7228 = (a2 () = ot
ﬁ(‘” ) =ete=cet Vaf(R(9 V)

>lo
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Form of the variance corresponding to the optimal strategy

We have Hopt = C%\ + Umv, Umv = bij Var(R( mv)) -

Var(R(0opt)) = Az+v.ar(R( ) = Ueptmtime)®e 4 Var(R(Hmv)) =
% (Cuopt - 2bNOPt + ? + ) = % (Cuopt 2bM0Pt + a)

This is an analogy to (6) (ming Var(R(0)) = %(cu% — 2bpp + a))
obtained for Markowitz model.

Summary:Using optimal strategies for F (E {R(0)}, Var(R(0))) =
E{R(0)} — AA\Var(R(0)) = 0T — 3A0T L0 for different \ we
obtain the whole part of the efficient frontier form the origin of the
parabola (minimal risk point) to the Sharpe point (tangency point
with the effective frontier hiperbola)
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Comments and remarks

1. the methodology considered (both Markowitz and one criterion
aim functional) does not impose any constraints on the portfolio
strategies (we admit both short selling and short borrowing).
Vector 6 can admit arbitrary values (both positive and negative but
67 J = 1); If we are looking for nonnegative strategies we have to
study (in a number of models) further part of efficient frontier
(using continuity of the aim functional)

2. Function

Fr(E{R(B)}, Var(R(9))) = E {R(8)} — 1AVar(R(6))

describes a constant risk aversion - the derivative of this function
with respect to A is constant. An alternative approach leads to
study risk sensitive functionals of the form

FA(R(0)) = 5t In E {exp {=AR(0)}}
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Risk sensitive functional - motivation:

Let g(A\) = In E{exp{—AX}} - using Taylor expansion we have
g(\) = g(0) + \g’(0) + %zg”(O) + remainder(\)
, E{—Xe=*X
e {'—1{6‘”}1 {e ) (E{-xe})”
" E{x2e X E{e X} —(E{-Xe?X
50" (E[¥)

;1 g(\) = i } )\Var( ) -+ remainder()), i.e.

FA(R(9)) = 5L In E {exp {-AR(0)}} =
E{R(0)} — 2A\Var(R(0)) + remainder(\)
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Risk sensitive stationary portfolio

FA(R(9)) = 5t In E {exp {~AR(0)}}

Fact 1. 8 — Fx(R(0)) is (strictly) concave (Holder inequality).
There is at most one maximum point of # — Fy\(R(#)) 67 J = 1.
Fact 2.(Jensen inequality) Fy(R(6)) < E{67(}.

Lagrange multiplier's method ?

G(0,k) =2 InE{exp {-AR(0)}} + k(07T — 1)

Necessary condition of optimality is:

0o =0 9 =0

00; Ok

We obtain _

—1 E{exp{-20T¢}H (=N} n
A E{exp{-X0T¢}}
Jo=1

How to find 6(k) satisfying the first equation? (is it possible?)

k=0
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Counterexample

d=2,60,=1-06

G €{a1, b},

G € {a, b}

—1<a; <0< by, =1 < a, <0< by (no arbitrage opportunity)
a < ap, b1 > b2

—)\01(b2 — 31) < F)\(R(e)) =< )\91([)1 — 32)

summary: supg FA(R(0)) = oo,

Lagrange multipliers method can not be used.

When we restrict ourselves to 6; > 0 everything is fine.

We have however to use approximate methods to find an optimal
(unique portfolio).
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Markowitz problem with semivariance

Risk(R(0)) = SVar(R(0)) = E { (Z?’:l 0:(¢i — M,-))_Z} — min

under 07y = pp and 077 = 1.
ri =G — pj, Erp=20

o=1-57,0

_2 _2
E { (27:1 9,’/’,‘) } =E { (rl + 27:2 (9,'([‘,‘ — rl)) } — min
under

d
> imo Oi(pi — 1) = pp —
Two cases: 1. p; = 1, for each i then 1 = pp, the problem
becomes

_2
min,....6,) E { (rl + Z?:z 0i(ri — rl)) } — min

— EMS School Risk Theory and Related Topics —



An auxiliary lemma

Problem (A): minyegm E {(A+ BTX)_}2

where B = (Bi,...,Bm)7, EEE,-2 < 00, EBj = 0 and EA? < 0.
Lemma. The problem (A) admits an optimal solution.

Proof of Lemma.

Assume first that By, ..., By, are linearly independent
P(>-T,aiBi=0)=1impliesa; = ... =an, =0.

Let S = {(k,y) € R™1 ke [0,1],[ly| =1}

c =inf(xy)es E[(kA+ BTy)™]?

(k,y) — E[(kA+ BTy)~]? is continuous so there is (k*, y*) such
that ¢ = E[(k*A+ BTy*)7]?. If c = 0 we have k* > 0 since
otherwise E[(BTy*)"]?=0and P(BTy* >0)=1, EBTy* =0
and finally P(BTy* = 0) =1, y* = 0 but ||y*|| = 1 a contradiction.
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Proof of Lemma cont.

c=0=k*>0

then {—* is an optimal solution to the Problem (A).
When ¢ > 0 then for HXH > 1

E[(A+BTx)]* = |xIPEl(;&
have coercivity of

x— E{(A+ BTX)_}Z, and since it is a continuous function it
admits a minimizer x*.

Assume now that {Bj,..., By} are not independent. If

P(B =0)=1and x € R™ is a minimizer. If P(B # 0) > 0 there is
a subset D of {Bi,..., By} whose elements are linearly
independent and every element in this set is a linear combination of
D. Suppose that such subset is {Bi, ..., Bx} and let
B=(Bi,....B)7

By the the proof there is a minimizer X* for

x— E {(A + BTX)*}2 and x* = (%*,0,...,0)7 is a minimizer.
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Semivariance main result

Theorem There is a minimizer to

E { (Zf-jzl 9ifi)7 } =E { (rl +3°90i(ri — f1)>2} — min

under

d
Zi:z Oi(pi — p1) = Hp — 1
Case 1. pj = p1 (continuation) by Lemma we have a minimizer to

_2
min(ez,-~~79d) E { (rl + Zf-jzz 0i(ri — rl))
Case 2. There is i such that r; # r;. For simplicity let i = 2. We

have ( :
_ Hp—p d pi—p
= = i — 2i=3 0 u2*/111 ]
and therefore the problem is reduced to min over (63, ...,604) of
_2
E { (rl + (e —n)+ S, 0i(ri— ) — (2 — rl)i(ﬁ;’;llU }

and by Lemma there is a minimizer.
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Semivariance result generalizations

H. Jin, H. Markowitz, XY Zhou, A note on semivariance, Math.
Fin. 16 (2006), 53-61

general downside risk function: f(x) =0 for x >0, and f(x) >0
for x <0

example: f(x) = (x7)P with p >0

e{r((SLaotG-n) )} - min
Assumptions: f |.s.c, f(kx) > g(k)f(x) and limy_. g(x) = 0.
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Monetary Measures of Risk

financial position X : Q — R net worth position at maturity

X the class of financial positions

p: X — R is monetary measure of risk when:

- if X <Y we have p(X) > p(Y) (monotonicity)

- if m € R then p(X 4+ m) = p(X) — m (translation invariance)
properties:

p(X +p(X)) =0

(p(0) = 0 (normalization))

p(X) = oY) < X — V]

monetary measure of risk is convex measure whenever
PAX 4+ (1 =N)Y) < Ap(X) + (1 = A)p(Y) for X € [0,1]
(diversification does not increase the risk)
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Coherent measures of risk

convex measure of risk is called a coherent measure of risk when
if A > 0 we have p(AX) = Ap(X) (positive homogeneity)
properties of the coherent measures of risk:

p(0) =0

p(X + ¥) < p(X) + (V)
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Acceptance sets

p - monetary measure of risk A, := {X € X|p(X) < 0} -
acceptance set

p convex iff A, is convex

p homogeneous iff A, is a cone.

p(X)=inf{me Rim+ X € A}

worst case measure pmax

Pmax(X) = —inf, X(w)

is a coherent measure of risk

for every monetary measure of risk p we have

p(X) < plinf X()) = pmax(X)

p(X) = —EX is also a coherent measure of risk.

p(X) = supgeco {Eq {—X}} is also a coherent measure of risk
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Value at Risk

VaRy(X) =inf{me RIP{m+ X <0} < a}

o quantiles: upper

gi(X):=inf{xe R: P{X < x} >a}

lower quantile

g, (X):=inf{xe R: P{X <x} > a}

« quantiles interval [g;, (X), gt (X)]

P{-X<m}>1-«

hence: VaR,(X) = q;_,(—X)

for continuous r.v. X

inf{m: P{m+ X <0} <a}=sup{m: P{m+ X <0} > a}
so that VaR,(X) = —gF(X) and P{X < —VaR.(X)} = «
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Properties of the value at risk

VaR,(X) =inf{me RIP{m+ X <0} < a}
1. X >0 then VaR,(X) <0,

2. X > Y then VaR,(X) < VaR,(Y)

3. VaR,(AX) = AVaR,(X) for A >0

4. VaR,(m+ X) = VaRy(X) — m

VaR, is a monetary measure of risk

a € [0,0.05]

VaR,, in general is not a convex measure of risk
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Conditional value at risk

X continuous integrable r.v.

(expected shortfall, average value at risk)

CVaR,(X) = E{—X|X + VaR,(X) < 0}

properties of CVaR,,

1. CVaR,(AX) = ACVaRy(X) for A > 0

2. CVaR,(m+ X) = CVaR,(X) — m

Lemma: If X € L1, x € Rs.t. P{X < x} > 0 then for any A s.t.
P(A) > P{X < x} we have

E{X|A} > E{X|X < x}

Proof.

1 1
m /A ufx(u)du > PIX < X5} Jxe ufx(u)dy

hint: approximate X by discrete r.v.
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Conditional value at risk (cont.)

3. X > Y implies that CVaR,(X) < CVaR,(Y)

since P(X 4+ VaR,(X) <0) =a = P(Y + VaR,(Y) <0)
hence CVaR,(Y) > —E{Y|X + VaR,(X) <0} >
—E{X|X 4 VaR,(X) < 0} = CVaR,(X)

4. CVaR,(X + Y) < CVaRy(X) + CVaRy(Y)

since

CVaR,(X +Y)=E{-X|X+ Y+ VaR,(X+Y) <0} +
E{-YIX+ Y+ VaR,(X+Y) <0} <

E{~X|X + VaR(X) < 0} + E {—Y|Y + VaRa(Y) < 0}
CVaR is a coherent measure of risk

5. CVaR,(X) = éfoa VaR,(X)

CVaR,, is a continuous function of the parameter «

6. limy—o CVaR,(X) = —essinfX

lima_.1 CVaR,(X) = —EX
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Measures of dispersion (deviation)

X =12

D: X — [0,00] is a measure of dispersion iff

D(X +c) = D(X) forany c € R

D(0) =0, D(aX) = aD(X) for a > 0

D(X +Y)<D(X)+ D(Y)

D(X) >0, and D(X) > 0 for X # const

Examples: standard deviation, negative semi standard deviation
o_(X) = /E(max(EX — X,0))?

positive semi standard deviation

o4 (X) = /E(max(X — EX,0))?
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Elliptic distributions

random vector X = (Xq,...,Xy)" has elliptic law, if there is a
vector u, a positive definite symmetric matrix 2, a nonnegative
function gy such that, [;° nglgd(x)dx < 00, and a norming
constant ¢y such that the density fx of the vector X is of the form
f(x) = cglQ 7 2ga(3(x — ) T (x — ),

where || is the determinant of Q2. One can show that

r(g o0 _ -1
ca = i (Jo x> Lgg(x)dx) .
where ['(z) = [° x*tedx and for positive integer d we have

[(d) = d!, while [(d + 1) = 222840 /mird) = /7
Douglas Kelker 1970 Department of Statistics and Applied
Probability, University of Alberta
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Properties of elliptic distributions (1)

characteristic function of the vector X is given by

ox(t) = E (e™X) = et mp(3tTQr)

for a function 1 (t) called characteristic generator.

Notation: X ~ E4(u, Q,v), X ~ Eq(p, Q, g4)-

If [o° g1(x)dx < oo there exists EX and EX = p. If furthermore
[¢/(0)] < o0

or equivalently fooo Vxg1(x)dx < oo then

Cov(X) := E{(X — EX)(X — EX)T} = —¢/(0)Q
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Properties of elliptic distributions (I1)

If X ~ Eg(1,,84), Ais mx d matrix (m < d) and b- m dim.
vector then

AX + b ~ En(Au+ b, AQAT  g1)

linear combination of elliptic distributions with the same generator
1 is elliptic with generator .

marginal law of X ~ E4(u, X, g4) is elliptic

Xy ~ Ex(pu, wi, 81)

where wﬁ is the k-th element of the diagonal of 2, the density of
X is of the form

= ge (4 (2))
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Properties of elliptic distributions (IlI)

Main property

If X ~ Ey(u, 2, gg) then for

Y =01X1 +0:X0+ ...+ 04Xy = 67X we have
Y ~ El(QT;L, HTQH,gl)

Examples

Multidimensional normal X ~ Ng(u, X)

the density is of the form (we identify Q = X)

() = o0 (SHx=mTE )

with ¢y = (27) 2 =+ the characteristic function
ox(t) =exp{it"p— 5tT5t} so that g(u) = e™“ and ¢(t) = e ¢
(since ¢'(0) = =1 ¥ = Cov(X)).
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Examples of elliptic distributions

multidimensional Student X ~ tg(u, Q; p) with p > %

the density is of the form:
x—p)TQ 1 (x— il
fx(x) = \/C“%' [1_|_( ©) o ( M)]

where ¢4y = r(:)(p)d)(27rkp)77d, and k, is a constant dependent on p,
3
we have here gg(u) = (1 + k—‘;)*"

in particular cases when p = d;” i kp = 5 we have
multidimensional t-Student with v degrees of freedom and then
Q=-5Y

v—2
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Examples of elliptic distributions cont.

in particular case when p = "JFT'" for positive integer mi d and

k, = 5 we have
IGS) o) TR )] T2
fX X) = 2 1
) (wm)i’r(";)m{ ]
in general case for k, = ? with p > 2 we have Cov(X) = Q
d+m
2

d+m

then in particular for p =
r(d m) (x=)TQ Y (x—p) _HTm

f; 1+

X(X) (7r(d+m 3 )ZF( )\/ﬁ |: d+m-3 :|

with Cov(X) = Q.
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Examples of elliptic distributions cont.

_ (X—#)Tﬂ‘l(x—u)] P
fx(x) = N [1 + 2kp
when % <p< % there are no variance (heavy tails)
when 5 < p <1 we have that EX does not exist. For p =1 we

have a multidimensional Cauchy distribution
_d+1

felo) = T (L (x = )T )]

multidimensional logistic g(u) = ﬁ, multidimensional

exponential g(u) = e™™".
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Portfolio analysis with elliptic rate of return

principal assumption: random rate of return ¢ is Ey(y, 2, )
portfolio rate of return R(0)) (for a strategy 6 = (61,...,04)) is of
the law

E1 (07 11,07Q0,)

furthermore Var(R(6)) = —'(0)w?, where w? = 07Q#, and
RO E(0,1,4)

This procedure allows standardization of the elliptic r. v.
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Risk measures for elliptic rate of returns

Cis Eq(u,Q,%) and consequently R(6) is E1(67 11,07 Q0,))
probability of the shortfall

Risk(R(0)) = P{R(0) < q} .

Using standardization we obtain

Risk(R(8)) = Fy (=211),

w

where Fy is the distribution of E;(0,1,1)).
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Value at Risk - VaR,

restriction on the portfolio rate of return of the form

P{R() <q} <a

which leads to the following lower bound for the expected portfolio
rate of return

QTM + Koqw > q,

where Kk, is a quantile of E£1(0, 1, )

Value at Risk (VaR,):

VaR,(R(0)) = inf {x: P{R(0) + x <0} < a}

is the minimal value added to the portfolio rate of return which
guarantees nonpositive rate of return with probability at most a.
We have

VaR,(R(0)) = —kaw — 0T 1

where Kk, is a quantile of £1(0,1,).
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Conditional VaR,, or CVaR,

conditional VaR, (CVaR,), called also shortfall (expected shortfall)
CVaR,(R(0)) = E{—R(9)|R(F) + VaR, < 0},

which is the expected value of —R(6) given nonpositive

R(6) + VaR,.

One can show that (Féllmer Schied)

CVaRo(R(0)) = L [;' VaRgdB = —wl [ kpdB — 07 pu.

We see that if we had no w, where w? = 07Q0, for a given « both
VaR,(R(0)) and CVaR,(R(#)) would be a linear function of the
investment strategy 6 or in other words they would depend on the

expected portfolio rate of return 67 ;1 only.
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Risk functions for elliptic rate of return

Since CVaR, is a coherent measure of risk we consider the
following optimization problem

Fx(E(R(0), CVaR.(R(6)) = E(R(9)) — %)\CVaRa(R(O)).

Notice that

FA(E(R(6), CVaR.(R())) = (1+ 3A)0 T+ 3AVOTQIL [ kpdp.
the second term is negative since for small « (usually below 0.05)
the value of foa xgd[3 is negative; We are not able to solve the
problem explicitly. On can find the maximum of

FA(E(R(0), CVaRu(R(6)))

using approximate methods

In fact, consider Lagrange multiplier's method to the function
FA(E(R(9), CVaR,(R(6)))

We form

G(0,k) = (L+2N0Tp+ IAW0TQ0L [MkgdB+ k(07T —1)
Necessary condition for optimality is

3G_0 86:0

80; — Ok
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Risk functions for elliptic rate of return (cont.)

(14 3N+ %)\\/ﬁ%wz(a) +Jk=0
with 776 = 1.

We are not able to solve 6 from the first equation, which earlier
together with the send equation gave us k.

The difficulties come because of the existence of the term with
square root. Since y/x < x for x > 1 one can optimize the modified
risk function for elliptic rates of return

F(0) = (L4 3A)0Tu+ 2X0TQoL [ ksdp,

which is diminished the term with 87 Q4.

We use to this new problem the Lagrange multiplier's method and
have

G(0,5) = (1+2N)0Tp+ IA0TQOL [ rpdB+k(OTT — 1)
Necessary condition for optimality is then of the form

(14 3N+ 322Q0z(0) + Tk =0

: Tp _
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Risk functions for elliptic rate of return (cont.)

From the first equation
0= )\z%a)Qil (_(1 + %/\):U' - j/f)
substituting this to the second equation we obtain
jTAz%a)Q_l (—1+3INp—JTk) =1
or
oy (CAHENT Q=TT k) = 1
K= ((—(1 + %)\)jTQ_lu) — Az(a)) 7j"'91*1j
o)
k= jTS':Zlflj (7(1 + %)‘)jTQ_IH) - ji\';(gzj
and finally
. —(1+iIx A A+inu™Q 1ty A 1 _
0= Az(of) Qlu+ )\z(;)JTQ*1J QT + Fra-173 L7
with z(a) = L [" kpdB.

T a
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Further alternatives

One can consider also a function

Risk(R(8)) = (CVaR,(R(0)) + ER())>.

which corresponds to the square of the CVaR (an analogy to the
variance considered as a square of the standard deviation).

Then

Fr=0Tp—1007Q0(2())?

the only difference is that z(a) = éfoa kgd[3 in the aim function
has been replaced by (z (a)) The optimal strategy is of the form

s (4N 1 . (4IN) JTolg g L oot
0= Syt H ey rrast T+ g T
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