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In a financial market built on a filtered probability space (2,G,F,P), a

default occurs at some random time 7.

The filtration [F is called the reference filtration
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HAZARD FUNCTION APPROACH

e Model for single default

e Several Defaults



Model for single default



Definition and Properties of the Hazard Function
Set-up

e We assume that the only information available is the probability
distribution of default time.

e Hence we do not take into account the uncertainty of conditional
default probabilities.

e Formally, we assume that the reference filtration is trivial, or that
the default time is independent of the reference filtration.

e This approach can also be used in the multi-name set-up.



Random Time

Let 7 be a non-negative random variable on a probability space
(©,G,P), referred to as a random time.

We assume that P(7 =0) =0 and P(7 > ¢t) > 0 for any ¢t € R, so
that the c.d.f. F' satisfies, for every t € R,

F(it)=P(r <t) <.
This means that 7 is an unbounded random variable.
We introduce the associated default process
He = 1{-<yy
and we write H = (H;).er, to denote the filtration generated by H.

Of course, 7 is an H-stopping time, that is, the event {7 <t} is in
H; for any t € R.



Conditional Expectation

We shall assume throughout that all random variables and processes

satisfy suitable integrability conditions.

Lemma 1 For any G-measurable random variable Y we have

EP<H{T>t}Y>
P(r>t)

Ep(Y | He) = D Bp (Y [7) + Lrspy

For any 'Hi-measurable random wvariable Y we have

EP(H{T>1€}Y)
P(r >t)

Y = H{Tgt}Ep(Y | 7') —+ ]1{7->t}

that is, Y = h(t A't) for some function h : RT — R.



Hazard Function

e The notion of the hazard function of a random time 7 is closely
related to the cumulative distribution function F' of 7.

e Recall that the c.d.f. of 7 equals

e Let GG stand for the tail: G(t) =1 — F(t) for t € R,.

Definition 1 The function I' : Ry — Ry given by the formula
['(t)y=—In(1—-F(t)) = —-InG(t), VteR,,

s called the hazard function of a random time T.
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Intensity of Default

e If the distribution function F' is an absolutely continuous

function, that is,
P = [ sy
for some function f: R, — Ry t}(l)en we have
Fit)=1—e W =1 —¢" Jo v(u) du

where we denote
0
1—F(t)

v(t)

e v:R; — Ry is a non-negative function and [ v(u) du = cc.

e < is called the intensity function or the hazard rate of 7.
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Conditional Expectations
Corollary 1

e In terms of the hazard function I' of T, we have

Ep(Y |Hy) = Ui Bp(Y | 7) + Lragy et D Ep(l,0Y).

o IfY = h(1) for some function h : R,y — R then

Ep(h(r) | He) = Loy h(r) + Ly o / B(w)e" =T gL (w).
t

o [f, in addition, the random time T has intensity v then

Ep(h(T) | Hi) = Tr<iyh(7) + Nirsey / h(u)y(u)e™ I 72y,
t
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Conditional Survival Probabilities

e For any t < T, the last formula yields
Ep(Lsr | He) =P(1 > T|Hy) = Dppupg e e 700,

In particular
P(r>T|T>1t) = e~ Ji @) dv,

e We also have that
P(t <7 <T|H)=lira (1 e N 'y(v)dfu>

and thus
Pt<r<T|T>t)=1-— e~ Ji (@) dv,
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Interpretation of Intensity
e Let us observe that
P{r € [t,t + dt] | Hs} = Lgrapyy(t) dt
that is

|
}LI_)H%) ﬁP{T clt,t+h]|T>t}=~().

e Recall that
P{r e [t,t + dt]} = f(t)dt.

and

V(t) =
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Martingales
Martingale L

A first martingale can be associated with any random time, that is, the

c.d.f. F' may be discontinuous.

Proposition 1 The process L given by the formula

11— H,

Ly = = (1— Hy)e TW
CST o E (L He

is an H-martingale: Ep(Lg | H;) = Ly for s > t.
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Martingale M

In the next result, the c.d.f. F' of a random time 7 is assumed to be

continuous.
Proposition 2

o Assume that F' (and thus also I') is a continuous function. Then

the process

dF'(s)
— F(s)

t
Mt:Ht—F(t/\T):Ht—/ (1—H3)1
0

15 an H-martingale.

o [f a random time T admits the intensity function v then the process

TNAL
M; = H; — / v(u) du
0

follows an H-martingale.
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Martingale M

In the general case, the process

tAT
M:m—/
0

is an H-martingale.
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Equivalent Probability Measure
Change of a Probability Measure

e Let P* be any probability measure on ({2, H ), which is equivalent
to P, that is: for any event A € H., we have P*(A) = 0 if and only
if P(A) = 0.

Then there exists a function h : R, — R, such that

Ep(h(r)) = /O " h(w) dF(u) = 1

and the Radon-Nikodym density of P* with respect to IP equals

dP*
= = h P-a.s.
N B (1) >0, a.s

e In the financial interpretation, IP is the real-world probability and
P* is a spot martingale measure (pricing probability).
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Assumptions and Notation

e Assume that P{7 =0} =0 and P{7 >t} >0 for t € Ry.

e Note that for every t € R,

P {r >t} =1 — F*(t) :/ h(w) dF(u) > 0

(t,00)

where F'* is the c.d.f. of 7 under P*. Equivalently

F*(t) =P {71 <t} = h(u) dF(u).
(0,]

o Let

g(t) = O Bp (1o gy (7)) = 5D / h(u) dF (u)

(t,00)

and let h* : Ry — R be given by h*(t) = h(t)g~1(¢).
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Hazard Function under P*

e If F' (and thus F'*) is continuous then the hazard function I'* of 7

under P* satisfies
dF™*(t)
dI'* (t) =
(t) 1 — F*(t)

and thus
dl™(t) = h™(t) dL'(1).

e Let us denote
k(t) = h*(t) —1=h(t)g ' (t) — 1> —1.

Proposition 3 Let P* and P be two equivalent probabilities on (2, H).
If the hazard function I' of T under P is continuous then the hazard

function I'* of T under P* is continuous and
dI'™(t) = (1 + k(t)) dI'(t)

In case where the intensity exists v*(t) = (1 + r(t))y(t).
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Valuation of Defaultable Claims

A defaultable claim consists of:

e the promised contingent claim X, representing the payoft
received by the owner of the claim at time 7', if there was no default

prior to or at time 7T,

e the process A representing the promised dividends — that is, the
stream of (continuous or discrete) cash flows received by the owner
of the claim prior to default; we assume that Ay = 0,

e the recovery process 7, representing the recovery payoff at time
of default, if default occurs prior to or at time T,

e the recovery claim X , which represents the recovery payoff at
time T’ if default occurs prior to or at the maturity date 7.
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Dividend Process
e A defaultable claim can be represented as (X, A, X, Z, T).
e The dividend process D of a defaultable claim (X, A, X, Z,T)

equals

D; = Xd(T)]l{tZT} —I—/

(1— H,)dA, + / Z, dH,
(0,1]

(0,2]

or equivalently
Dy = Xd(T)]l{tzT} + Arpe + Zr M <yy.
e The random variable
XUT) = XWprory + X1 remy

represents the payoff occurring at maturity 7.
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Ex-Dividend Price

Definition 2 The ex-dividend price S of a defaultable claim
(X, A, X, Z, 1) which settles at time T is given as

i)

where Q* 1s the spot martingale measure for our model and B

represents the savings account

B, :exp(/otr(u)du)

e This expression is known as the risk-neutral valuation formula.

S, = B, E@*(/ B-dD,
(&1

e Note that S7 = 0 and, in general, the value of S; depends only on
the future cash flows occurring after time t.

23



Defaultable Bonds

We assume that
e the default time admits the intensity function v* under Q*,
e the short-term interest rate r is deterministic.

In view of the latter assumption, the price at time ¢ of the unit

default-free zero-coupon bond (ZCB) of maturity 7" equals
B(t,T)=¢e" [ r(w) du_

e A defaultable bond is an example of a defaultable claim with the

promised payoft X = L where L is the face value of a bond.
e We assume no coupons so that A = 0.

e Hence we only need to specity the recovery value of a bond.
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Zero Recovery Scheme

e A corporate ZCB with zero recovery at default can be represented
as a defaultable claim (L,0,0,0, 7).

o Let DY(t,T) be the price of a bond with zero recovery.
e It is easily seen that D°(¢,T) = ]1{T>t}l50(t,T) for any ¢ € [0, T].

Lemma 2 The pre-default value D°(t,T) of such a bond equals (per
unit of the face value L)

DO, T) = e~ [+ @) dv _ o= [ 7(w) dv

where v = r + v* is the default-risk-adjusted interest rate.

Equivalently
50 (t, T) — B(t, T)e_ ftT ’Y*('U) d’U.
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Fractional Recovery of Par Value — FRPV

Let Z; = 0L for some constant recovery rate 0 < 9 < 1, so that the
corporate bond is given as a defaultable claim (L,0,0,dL, 7).

Lemma 3 The pre-default value D°(t,T) of this bond equals (per unit
of the face value L)

T
Dé(t,T):((S/ e — [ 7(v) dv *( )du—l—e f ?(v)dv)
t

where ¥ = r + v*. Equivalently

DO, T) = / D(¢,u)y )du+D0(tT))
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Fractional Recovery of Treasury Value — FRTV

o Let Z; =6LB(t,T) so that the corporate bond is given as a
defaultable claim (L,0,0,0LB(t,T), 7).

e The price D°(t,T) can be expressed as follows

DO(t,T) = L,y B(t, T) (5 Q(t<7<T|H)+Q(r>T) Ht)).
Lemma 4 The pre-default value ﬁé(t, T) equals

D(t,T) / SB(t, T)e i7" ®dvar () dy + e~ I 7“<”>d“)

that 1s

ﬁé(t,T) — B(t,T) (5(1 — e ftT ~v* (v) dv) 4 e tT ~v* (v) dv>.
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Extensions

e Similar representations can be derived under the assumption that
the market risk and the credit risk are independent. Specifically, we

assume that
— the default time admits the F-intensity process v* under Q*,
— the short-term interest rate r follows a stochastic process

independent of the filtration .

e Another popular convention regarding recovery at default is the
fractional recovery of the market value scheme. Under this
convention, the value of a corporate bond at default is equal to a

fixed fraction of its pre-default value.
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Several Defaults
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General case
We assume that two default times are given: 7;,7 =1, 2
We introduce the joint survival process G(u,v): for every u,v € Ry,
G(u,v) =Q(my > u, 72 > 0)

We write

oG 0°G
G (u,v) = S (u,v), 0O12G(u,v) = R (u,v).

We assume that the joint density f(u,v) = 012G (u,v) exists. In other
words, we postulate that G(u,v) can be represented as follows

G(u,v) = /uoo (/OO f(x,v) dy) da.
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We compute conditional expectation in the filtration G = H' v H?:
Fort < T

P(T < 71 |H3?)
P(t < T1|H?)

P(T < i |H; VHE) = Tyer,

P(T < 7,t < 1) P(T<T1|T2)>

= 1 T 1 T T
t< 1( t< ‘Pt < ,t < To) + Lt P(t < m1|m2)

G(T,t) IP)(T<7'1’7'2))

= 1 T 1 To 471 N ]17'2
b< 1( <TG ) + At P(t < 71|72)
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e The computation of P(T < 7|m2) can be done as follows:

P(T < 7,7 €dv) 0G(T,v)

IP)(T< 7'1‘7'2 :’U) =

P(m € dv) -~ 0,G(0,v)
hence, on the set ™ < T,
82G<T, ’7'2)
P(T —
(T <mm) 0o G (0, 2)
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Value of credit derivatives

We introduce different credit derivatives

A defaultable zero-coupon related to the default time 7; delivers 1
monetary unit if 7; is greater that T: D'(¢,T) = Eg+ (L{r<-,3|H; V H)

We obtain

82G(T,7'2) G(Tvt)
DItT) = Lgnsy (“{Tﬁt} G(Lm) G
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A contract which pays R; is one default occurs before T' and Rs if the
two defaults occur before T

CDt — EQ* (Rl ]1{0<7'(1)§T} -+ R2H{O<T(2)§T} ‘H% V H?)

G(t,t) — G(T,T)
= Lul{r,)>y < G(t,t) +Rollirg <oy + Rallgr <y

82G(T,’7'2) (91G(’7'17 )
+ R {T<2>>t}{ 0 >( 82G(t,72)>+ ! ’O)( 01G(1,1)

G(t,T)+ G(T,t) — G(T,T)
L,(0.0) (1 —
+1(0.0) ( G(t,t)
where by
Ii(1,1) = Lyr <t rp<ty 1:(0,0) = Lir, >t >t
-[t(170> — ]1{T1§t,72>t} ’ It(07 1) — I]‘{7'1>t,’7'2§t}
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More generally, some easy computation leads to

EQ* (h(Tl, 7-2)|Ht) = It(l, 1)h(7’1, 7'2)—|—It(1, O)\Ifl,o(Tl)‘FIt(O, 1)\110,1(7'2)4—[,5(0, O)\IJO,O

where
Vio(w) = 5 Giu,t) /t " o, )0, G (u, )

Voa(v) = 3 Gtt,v /t ", )99 G (du, )

Too — Gé,t) /t h /t " , 0)G(du, dv)
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Copula
Copula Function

The concept of a copula function allows to produce various
multidimensional probability distributions with the same univariate

marginal probability distributions.
Definition 3 A function C : [0,1]" — [0,1] is a copula function if:
e C(1,...,1L,u;,1,...,1) =wv; for any i and any v; € [0, 1],
e (' is an n-dimensional cumulative distribution function.
Examples of copulae:
e product copula: Il(vy,...,v,) = v;,

e Gumbel copula: for 0 € [1,00) we set

n 1/6
C(Ul, c ,Un) —exp | — [Z( lnvi)Hl

1=1
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Sklar’s Theorem

Theorem 1

o For any cumulative distribution function F' on R™ there exists a

copula function C such that
F(xy,...,2,) =C(Fi(x1),..., F,(xy))

where Fj is the i*" marginal cumulative distribution function.

If, in addition, F' is continuous then C is unique.

o Conwversely, if C is an n-dimensional copula and F1,Fs, ..., F, are

the distribution functions, then the function
F(xl,ajg, . ,xn) — C(F1(331)7 F2($2)a e 7Fn(37n))

1s a n-dimensional distribution function with marginals
L, Fy, ... F,.
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Survival Copula

e We can represent the joint survival function as some copula as well.

Since for standard uniform random variables Uq, UQ, ..., Uy, the
random variables U1 =1 Ul,UQ =1—-0U,,... U =1-—-U,, are

also uniform random variables.

e Hence we have

G(ZBl,ZIZQ,...,Q}n)

= P(Xl > xl,Xg Z Ly e vy Xn 2 xn)

— P(Fy(X1) > Fi(z1),...,F\(X,) > Fo(zn))
— P(l ( )Sl_Fl(xl)a"wl_Fn(Xn)Sl
= P(U1 < Gi(21),Uz < Ga(22),...,Un < Gr(xn))
— C( 1(z1), Ga(x2), ..., Gp(xn))
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Gaussian Copula

Gaussian copulae have become an industry standard for CDO and

credit portfolio modelling, despite of several drawbacks.

Assume that the marginal cumulative distribution functions

i, Fs, ..., F, of default times 71,7, ..., 7, are known.

The default times 7,7, ..., 7, are modelled from a (Gaussian
vector (X1, Xs,..., X,,) with zero means, unit variances, and

covariance matrix ..

Specifically, 7; = F, ' (®(X;)) for i = 1,...,n, where F,~! denotes
the generalized inverse of F; and ® is the standard Gaussian

distribution function, so that

P(r; <t) = P(®(X;) < Fi(t)) = Fi(t)
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Multivariate Gaussian Copula

Let R be an n X n symmetric, positive definite matrix with R;; = 1 for
1 =1,2,...,n, and let P be the standardized multivariate normal
distribution with correlation matrix R

1 1
xX) = _ xp | —=-x'R~'x ).
0= Gt iR p( 2 )

Definition 4 The multivariate Gaussian copula Cr s defined as:
Cr(ur,uz, ..., up) = Pr(® H(ur), @ H(uz),..., 2 H(uy))

where ®~1(u) represents the inverse of the normal cumulative
distribution function.
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One-Factor Gaussian Copula

e A one-factor Gaussian copula is the multivariate Gaussian

copula corresponding to the joint distribution of the vector
(Xl, XQ, c. ,Xn) where

Xi=piV+4/1-p}Y,

where V and Y7,Ys,...,Y,, are independent standard Gaussian
random variables and 0 < p;, <1 fori:=1,2,...,n.

e Then we can get (recall that 7, = Fi_l(q)(Xi)))

—piV + <1>-1<Fz-<t>>> |

IP(Ti<tV)<I><

e The case p1 = ... = p, = 0 corresponds to independent defaults,

whereas p; = ... = p, = 1 represents the co-monotonic case.
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Default Times

e We assume that a default has occurred by time ¢, in case a
non-decreasing function y; has crossed the trigger level X; prior
to or at t.

e Formally, the default times are given by
7, =inf{t e Ry : x;(t) > X5}, i=1,2,...,n,
where x;(t) = @ 1(F;(t)) (and P(1; < t) = F;(t)).

e This construction of dependent default times 71, 7,..., 7, is

referred to as the one-factor copula model.

e We shall now compare this approach with the intensity-based

approach to correlated defaults.
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Comparison with Intensity-Based Model

o If I'x, is a continuous function for every ¢ then

i =inf{t e Ry : Fx,(xi(t)) > Fx, (X))} =inf {t e Ry : G;(¢) < U;}

~

where (Uy,Us, ..., U,) with U; = 1 — Fx, (X;) are random variables
with uniform marginal distributions (not independent) and
Gi(t)=1— Fx,(xi(t) =1—-P{r; <t}.

e This representation of the one-factor copula model allows for easy

comparison with the intensity-based model in which
Ti:inf{tER_I_:Gi < U}

where (U1, Us,...,U,) are independent uniformly distributed
random variables and G*', G2, ..., G™ are non-increasing default
countdown processes (not independent, in general).
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Student ¢t Copula

Let us denote V; = vW X, and X; = p;V + /1 — p?Y; where
V.Y1,Ys,...,Y, are independent N (0, 1) random variables.
W is independent of X1, X5,...,X,, and has the inverse gamma

v

distribution with parameter 3.

Let t, denote the c.d.f. of the Student ¢ distribution with v degrees
of freedom.

We set 7; = F.(t,(V;)), so that

1

P(Tzét|V,W):(I)<

The default times 71, 7o, ..., 7, are thus modelled from the vector
(Vi,Va,...,V,) with marginal distributions governed by a Student ¢
distribution with v degrees of freedom.

The Gaussian copula can be seen as the limit of Student ¢ copulae
when v tends to infinity.
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Archimedean Copulae

e Let f be the density of a positive random variable V', which is
called the mixing variable, and let

we) = [ e

be the Laplace transform of f. Let Fj be the c.d.f. of 7;.

e We define the function D, as
Di(t) = exp (— o~ (F (1)),
e Then D, and Fj satisty
F(0) = v(-mDi() = [ (D(0)" f(w)dv

The function (D;)" is a c.d.f. for any v > 0.
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Archimedean Copulae

e The last formula shows that, conditionally on V = v, the

cumulative distribution function of 7; is (D;)".

e Now we can define the joint cumulative distribution function of
default times 71, 79,...,7, by

Fta,ta, ... 1) = P(r1 < t1,72 <o ™0 < bn) :/ TT(Do)" () (v) do
0 .

so that for any t1,%o,...,t,

n n

P(ry <t1,m2 <to,ooy T <t |V =0) = [[(D)"(t:) = [[P(m < t: |V =w).

1=1 =1

e The last equality shows that the default times are conditionally

independent given V = wv.
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Archimedean Copulae

e Since

we conclude that

F(ty,ta, ... t / v)dv = (Zw

e The copula of default times 71,7, ..., 7, defined above is given by
C(ula U2, - - - 7un) — w(w_l(ul) + w—l(u2) T 7+w_1(un))-

e The function C is called an Archimedean copula with generator

o=
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Archimedean Copulae: Examples

e A standard example of an Archimedean copula is the Clayton
copula, where the mixing variable V' has a Gamma distribution
with parameter 1/60, where 6 > 0.

e Hence we have

_ Y a-ey
f(x)_l“(l/é)e xl 9)/6

and 1~ (s) = s7? — 1 so that ¥(s) = (1 +s)~ /7,
e Now we can find
Clur, U, .. Uy) = (ul_9+u2_9+...+u2—9_n+1)—1/9
and D;(t) = exp(1 — F;(t)™").

e Another classic example of an Archimedean copula is the Gumbel
copula, which is generated by 1)(s) = exp(—s'/9).
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Lévy Copulae
Let X, Y be independent Lévy processes with same law and such that
E(Xl) = O,V&I’(Xl) =1

We set X; = X, + Yl@p.

By properties of Lévy processes, X; has the same law as X; and

COI'(XQ;,XJ') = pP
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HAZARD PROCESS APPROACH

e Model for single default
e Intensity approach

e Several Defaults
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Model for single default
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Properties of the Hazard Process
Hazard Process of a Random Time

e Let 7 be a non-negative random variable on a probability space
(©,G,P). We set G, = H; V F; for some reference filtration F.

e We shall write G = H V I to denote the full filtration.
e We denote F; = P(r < t|F;), so that
Gi=1—F,=P(r >t|F)
is the conditional survival probability.

e It is easily seen that F' is a bounded, non-negative, F-submartingale.

Definition 5 Assume that Fy < 1 for everyt € Ry. Then the

F-hazard process I of T is defined through the equality 1 — F, = e~ ¢,
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Properties of the Hazard Process

o Let F; = m; + A; be the Doob-Meyer decomposition of the
sub-martingale Fj}.

e Assuming that F' is continuous, the process

dA
u - li - 1& T

S

t
Mt:Ht_/ (I—HS)

0 1 —
is a G-martingale.

e If F' (hence I') is continuous and increasing, the process
M, = H; — I';o, is a G-martingale.

e The multiplicative decomposition of the supermartingale G is

G, = nge M
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Conditional Expectations

e For any G-measurable random variable Y we have

EP(H{T>7€}Y ‘ ft)
]P)(T > | Ft)

Ep(Liron Y [Ge) = Lirnpy

e If in addition, Y is Fs-measurable for s > ¢ then then

Ep(Lir01Y |Ge) = Lprap Ep(Ye't s

Fi).

e Let I' be a continuous process and let Z be an F-predictable

process. Then for any ¢ < s we have

Ep(Z: 1 frer<sy |Gt) = Nirspy E]P’(/ Zye e dry,

t

]—"t).
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Interpretation of the Hazard Process

e We now restrict our attention to the case where I' is an [F-adapted,

increasing, continuous process.
o If I, = f(f Yo du then ~ represents the F-intensity of 7.
e Intuitively
P{r € [t,t +dt] | Fi VHi} = Ny dt

that is
P{r e [t,t+dt] | Fr V{T > t}} =y dt.
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Canonical Construction

Let I' be an F-adapted, increasing, continuous processes, defined on
a probability space (€2,F,IP). We assume that I'o = 0 and ', = oo.

Let (Q, F, Iﬁ) be an auxiliary probability space with a random
variable U uniformly distributed on [0, 1]. Hence ( = —In U has the
unit exponential probability distribution

We set, on (Q,F, P) = (Ox,F @ F,P x P)
r=inf{t eRy : TW(®w) > —-InU(w) }
The random variable U is independent of the hazard process I'.

Then
P(r > t|F) = exp(—T'}) = P(7 > t|F)

In that model, any F-martingale in a G-martingale.
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Valuation of Defaultable Claims

e In order to value a defaultable claim we need also to specify a

discount factor (for instance, the savings account).
e Here we have assumed that B = 1, that is, » = 0.
Valuation of the Terminal Payoff
To value the terminal payoff we shall use the following result.

Proposition 4

If v* is the default intensity under Q* then

Eg: (Lr51Y |Gr) = Lrsgy Boe (Ve e 1t | 7).
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Valuation of Recovery Process

The following result appears to be useful in the valuation of the
recovery payoft Z. which occurs at time 7.

Proposition 5 If v* is the default intensity under Q* then

Eo«(Z: 1 fter<sy |Gt) = Lirsny E@*(/ Zye~ I o dv dU|ft)-

t
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Valuation of Promised Dividends

To value the promised dividends A that are paid prior to 7 we shall
make use of the following result.

Proposition 6 Assume that I'* is a continuous process and let A be an

F-predictable bounded process of finite variation. Then for every t < s

Eo- /(t,s](l—Hu)dAu G,) = Loy Bor /t T aa, | 7).

(,s]
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Intensity approach
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In intensity based models, the default time 7 is a stopping time in a
given filtration G, representing the full information of the market.
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Definition of the intensity process

e The process (H; = 1.<;, t > 0) is a G-adapted increasing cadlag
process, hence a GG-submartingale, and there exists a unique
G-predictable increasing process A%, called the G-compensator,
such that the process

M, = H, — A}

is a G-martingale.
e The compensator satisfies AF = A%, .

e The process A® is continuous if and only if 7 is a G-totally

inaccessible stopping time.
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e In intensity based models, it is generally assumed that A® is
absolutely continuous with respect to Lebesgue measure, i.e., that
there exists a non-negative G-adapted process (A\¥,¢ > 0) such that

t
Mt :Ht —/ )\(SGCZS
0

is a G-martingale.

e This process A\® is called the G-intensity rate and vanishes after

time 7, i.e.,
tAT t
M, = H, — / ACds = H, — / (1 — H)A\Sds.
0 0

e One gets, under some regularity assumption,

.1 .1
P %12%) EP(t <7<t+h|G) = }lblil% Eﬂ{t<T}P(T <t+ h|G),

when the limit (a.s.) exists.

63



Pricing rule for conditional claims

For X € Gp, integrable,
EQ* (X]1T<T‘gt) — ]1{t<7-} (Vt - E@* (AVT]]'{TST}‘gt))
where the process V' is defined by:
Vi = N Eg (XeTM(G) = M Ege (Xem M0 |Gy).

and where AV, denotes the jump of V at 7,ie., AV, =V, —V__.

Using the intensity rate, the pricing rule becomes:

Eg- (XTr<r|Gi) = TLsr)Boe ( Xe™ 1 200

gt) _EQ* (]1{75<T§T} AVT ‘gt)
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Proof: Apply the integration by parts formula to the product U = V' L
(remark Ur = Lyp o X), with L, =1 — H,

dUt — (AVT) st + (Lt_dmt — %_th) )

(where dm; = e*tdY;, for Y; = e=*¢V}), which yields to
Ui = Eg-(Li<r<7 AV + Ur|Gy).

65



For example, whereas the price of a zero-coupon bond writes (if

Br = exp (— fg rsds) denotes the savings account):

gt) = Eg- (e‘ I reds Qt) |

the price of a defaultable zero-coupon bond with no recovery and
. 11T <T
D (tv T) — 575EQ*

Br gt>
(e T000) B4 prem 39710

where VP = Eg-(exp — fT/\T)\ ds|Gy).

B(1,T) = fEq- (ﬁi

T

notional 1 is:

= i<y Eq-
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Several Defaults
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Conditionally Independent Defaults
Canonical Construction

o Let I, i =1,...,n be a given family of F-adapted, increasing,
continuous processes, defined on a probability space (2, F,P), with
'y =0and I = co.

o Let (Q, F, IF’) be an auxiliary probability space with U;, i =1,...,n

mutually independent r.v’s uniformly distributed on [0, 1].

o We set
o =inf{t e Ry : TY@) > —InU;(@) }

on the product space
(2,6,0) = (2% Q, Foo @ F,P R P).
e We endow the space (2,G,Q) with the full filtration G given as

G=FVH'V...vH".
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Conditional Independence

e Default times 74, ..., 7, defined in this way are conditionally
independent with respect to IF under Q.

e This means that we have, for any t > 0 and any t1,...,t, € [0,1],

Q{r >t1,....ma >t | R} = ][ Qfn > t: | R}
1=1

e The process I'* is the F-hazard process of 7;, for any s > t,

Q{Ti > S ‘ Fi V H;} — 11{7‘@'>t} E@(eri_ri

Fi).

e We have Q{7; = 7;} = 0 for every ¢« # j (no simultaneous defaults).
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Interpretation of Conditional Independence

e Intuitive meaning of conditional independence:

— the reference credits (credit names) are subject to common risk
factors that may trigger credit (default) events,

— in addition, each credit name is subject to idiosyncratic risks

that are specific for this name.

e Conditional independence of default times means that once the
common risk factors are fixed then the idiosyncratic risk factors are

independent of each other.

e Conditional independence is not invariant with respect to an
equivalent change of a probability measure.
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Correlated Stochastic Intensities

e Let the process for the default intensity of name ¢ be given by

v, = pi ho(t) + h;(t)

where
ho(t) = hO(X?)
and for:=1,2,....n
hy(t) = hi(X})
e The processes X 0. X L ,)Af " are independent components of the

factor process X = ()A(:O,)A(:l, . ,)A(:”)

e Then the process hg is referred to as the common intensity factor,
and the processes h; are called idiosyncratic intensity factors, since

they only affect the credit worthiness of a single obligor.
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Examples of Stochastic Intensities

e We can postulate that
vt = Pi ho(t) + ha(t)
— where h; follows Vasicek’s dynamics
dhi(t) = k;i(0; — hi(t)) dt + o; AW}
— or better, the CIR dynamics
dhi(t) = k;(0; — hi(t)) dt + oiv/hi(t) AW}

e Note that we do not assume that p; belongs to [—1, 1].
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Combined Approach

We adopt the intensity-based approach, but we no longer assume
that the random variables Uy, ..., U, are independent.

Assume that the c.d.f. of (Uy,...,U,) is an n-dimensional copula C.

Then the univariate marginal laws are uniform on [0, 1], but the
random variables Uy, ..., U, are not necessarily mutually

independent.

We still postulate that they are independent of IF, and we set
o =inf{t e Ry : TY(@) > —InU;(@) }.

If we drop independence condition, then immersion property does

not hold and I' is not increasing

73



Combined Approach

e The case of default times conditionally independent with respect to
IF corresponds to the choice of the product copula II.

e In this case, for t1,...,t,, < T we have
Q{r >t1,....,Tn >ty | Fr}t = H(G,}l,...,G?ﬂ)
where we set Gt = eIt

e In general, for ¢1,...,t, <1 we obtain
Qi >t1,..., T >tn | Fr} = C’(G%l,...,G?n)

where C is the copula function that was used in the construction of

T1yeeesTn-
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Survival Intensities

e Schonbucher and Schubert (2001) show that for arbitrary s < ¢, on
the event {m > s,...,7, > s},

C(GL,...,Gi,...,GT) ’f
C(GL,...,Gn) )

S

Q" {ri >1t|Gs} = Eq~ (

e Consequently, the i intensity of survival equals, on
{r1 >t,...,7 > 1},

i i i O
A= G

=" InC(Gy,...,G?).

Here )\! is understood as the limit

Ai:lg%h”@*{t<n§t+h|]—},n >t ..., T >t}
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Double Correlation

e We can postulate that
Y = pi ho(t) + hi(t)
where h; are governed by Vasicek’s dynamics
dh;(t) = ki(0; — hi (1)) dt + o; AW,
or by CIR dynamics

dhz(t) == lﬁ)z((gz — hz(t)) dt + O;\/ hz(t) thZ

e We can combine this with the one-factor Gaussian copula for
Ui,...,U,.

e The first case was studied by Van der Voort (2004) in the context
of basket CDSs and CDOs. The effect of intensity correlation is
much smaller then the effect of the default correlation.
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