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The Evolution of Quantitative Risk Management Tools
1938 Bond duration
1952 Markowitz mean-variance framework
1963 Sharpe’s single-factor beta model
1966 Multiple-factor models
1973 Black-Scholes option-pricing model, ”greeks”
1983 RAROC, risk-adjusted return
1986 Limits on exposure by duration bucket
1988 Limits on ”greeks”, Basel I
1992 Stress testing
1993 Value-at-Risk (VAR)
1994 RiskMetrics
1996-2000 Basel I 1/2
1997 CreditMetrics
1998- Integration of credit and market risk
2000- Enterprisewide risk management
2000-2008 Basel II

(Jorion 2007)
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On Mathematics and Finance (1/3)

For several economics/finance problems:

• no-arbitrage theory

• pricing and hedging of derivatives (options, . . . )

• market information

• more realistic models

• . . .

mathematics provides the right tools/results:

• (semi-)martingale theory

• SDEs (Itô’s Lemma), PDEs, simulation

• filtrations of sigma-algebras

• from Brownian motion to more general Lévy processes

• . . .
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On Mathematics and Finance (2/3)

It is fair to say that

Thesis 1: Mathematics has had a strong influence on the development
of (applied) finance

Thesis 2: Finance has given mathematics (especially stochastics,
numerical analysis and operations research) several new areas
of interesting and demanding research

However:

Thesis 3: Over the recent years, the two fields ”Applied Finance” and
”Mathematical Finance” have started to diverge perhaps
mainly due to their own maturity

As a consequence: and due to events like LTCM (1998), subprime
crisis (2007/8), etc. . . .
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On Mathematics and Finance (3/3)

There are critical voices raised (from the press):

• Mathematicians collapse the world of financial institutions
(LTCM)

• The return of the eggheads and how the eggheads cracked
(LTCM)

• With their snappy name and flashy mathematical formulae,
”quants” were the stars of the finance show before the credit
crisis errupted (The Economist)

• And many more similar comments . . .
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But what about Statistics and QRM?

• For this talk:
{Statistics} ∪ {Computational Probability} \ {Econometrics}

• QRM is an emerging field

• Fix the fundamentals

• Concentrate on applied issues

- Interdependence and concentration
of risks

- Risk aggregation
- The problem of scale
- Extremes matter
- Interdisciplinarity

• RM is as much about human judgement
as about mathematical genius
(The Economist, 17/5/07)
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Let us look at some very concrete QRM issues

• The Basel Committee and Accords (I, Amendment (I 1/2), II):

- BC established in 1974 by the Central Bank Governors of the
Group of 10

- Formulates international capital adequacy standards for
financial institutions referred to as the Basel x Accords,
x ∈ {I, I 1/2, II} so far

- Its main aim: the avoidance of systemic risk

• Statistical quantities are hardwired into the law!

- Value-at-Risk at confidence α and holding period d

VaRα,d(X ) = inf{x ≥ 0 : P(X ≥ x) ≥ α}

X : a rv denoting the (minus -) value of a position at the end
of a time period [0, d ], 0 = today, d = horizon

Notation: often VaRα(X ), VaRα, VaR . . . (E)
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Statistically speaking:

VaR is just a quantile . . . (E)

However:

• Market Risk (MR): α = 0.99, d=10 days

• Trading desk limits (MR): α = 0.95, d=1 day

• Credit Risk (CR): α = 0.999, d=1 year

• Operational Risk (OR): α = 0.999, d=1 year

• Economic Capital (EC): α = 0.9997, d=1 year

Hence:

VaR typically is a (very) extreme quantile!

But:

What to do with it?
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Minimal Capital Adequacy: the Cook Ratio

Regulatory Capital

Risk Weighted Positions
= 8% (1)

The Quants (us!)
The Accountants, Management, Board
(them!)

Basel I, I 1/2: CR, MR
(crude)

Basel II: CR, MR, OR
(fine)

-

�
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�
�

��
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Important remark

Larger international banks use internal models, hence opening the
door for non-trivial mathematics and statistics
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An example from the denominator for MR at day t:

RC t
IM(MR) = max

{
VaRt

0.99, 10 ,
k

60

60∑

i=1

VaRt−i+1
0.99, 10

}
+RC t

SR (2)

where: RC = Risk Capital
IM = Internal Model
k ∈ [3, 5] Stress Factor
MR = Market Risk
SR = Specific Risk

Remarks:

• All the numbers are statistical estimates

• k depends on statistical backtesting and the quality of the
statistical methodology used

• A detailed explanation of (2) fills a whole course!

• The underlying rv X typically (and also dynamically) depends
on several hundred (or more) factors / time series
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So far for the global picture, now to some concrete

research themes:

• an axiomatic theory of risk measures and their estimation

• backtesting risk measure performance

• rare event estimation and (M)EVT

• a statistical theory of stress scenarios

• combining internal, external and expert opinion data (Bayes!)

• scaling of risk measures, e.g. VaRα1,T1
→ VaRα2, T2

• risk aggregation, e.g. VaRMR
α1,T1

+ VaRCR
α2,T2

+ VaROR
α3,T3

(+?)

• understanding diversification and concentration of risk

• robust estimation of dependence

• high-dimensional covariance matrix estimation

• Fréchet-space problems

• . . .
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I. A Fréchet-type problem

d one-period risks:

rvs Xi : (Ω,F , P) → R, i = 1, . . . , d

a financial position in X = (X1, . . . ,Xd )T :

Ψ(X) where Ψ : R
d → R measurable

a risk measure R:

R : C → R, C ⊂ L◦(Ω,F , P) a cone, X ∈ Cd

Assume:

Xi ∼ Fi (or F̂i ) i = 1, . . . , d (A)

some idea of dependence

Task: Calculate R
(
Ψ(X)

)
under (A) (3)
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In general (3) is not well-defined (one, no or ∞-many solutions),
hence in the latter case calculate so-called Fréchet bounds:

Rinf ≤ R
(
Ψ(X)

)
≤ Rsup

where

Rinf = inf
{
R

(
Ψ(X)

)
under (A)

}

Rsup = sup
{
R

(
Ψ(X)

)
under (A)

}

Prove sharpness of these bounds and work out numerically

Remark:

Replace in (A) knowledge of {Fi : i = 1, . . . , d} by knowledge of
overlapping or non-overlapping sub-vectors {Fj : j = 1, . . . , `}
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For instance d = 3:

Scenario 1: (F1 = F1, F2 = F2, F3 = F3)

Scenario 2: (F1 = F12, F2 = F3) + dependence

Scenario 3: (F1 = F12, F2 = F23)

Theorem (Rüschendorf (1991))

inf
F(F12,F23)

P(X1+X2+X3 < s) =

∫
inf

F(F12|x2
,F23|x2

)
P(X1+X3 < s−x2)dF2(x2)
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Examples: Scenario 3
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II. Operational Risk

Basel II Definition

The risk of loss resulting from inadequate or failed internal
processes, people and systems or from external events. This
definition includes legal risk, but excludes strategic and
reputational risk.

Examples:

• Barings Bank (1995): $ 1.33 bn (however . . . )

• London Stock Exchange (1997): $ 630 m

• Bank of New York (9/11/2001): $ 242 m

• Société Générale (2008): $7.5 bn

How to measure:

• Value-at-Risk
• 1 year
• 99.9%



 Loss Distribution Approach (LDA)
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The data structure (1/2)
RT1 . . . RTr . . . RT7

BL1

...

BLb Lt
b,r

...

BL8

Lt

X =
{
X

t−i ,b,r
k : i = 1, . . . , T ; b = 1, . . . , 8; r = 1, . . . , 7; k = 1, . . . , N t−i

b,r

}

Lt =

8∑

b=1

7∑

r=1

Lt
b,r =

8∑

b=1

7∑

r=1

( N t
b,r∑

k=1

X
t,b,r
k

)
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The data structure (2/2)
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LDA in practice (internal data)

Step 1 Pool the data business-line wise

Step 2 Estimate V̂aR1, . . . , V̂aR8 (99.9%, 1 year)

Step 3 Add (comonotonicity): V̂aR+ =
∑8

b=1 V̂aRb

Step 4 Use diversification argument to report

VaRreported = (1 − δ)V̂aR+, 0 < δ < 1

(often δ ∈ [0.1, 0.3])

Question: What are the statistical issues?
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Step 1 Data inhomogeneity: estimation of V̂aRi

Step 2 Which method to use:

(M1) EVT, POT-method

(M2) Some specific parametric model

- lognormal, loggamma

- Tukey’s g -and-h

X = a + b
egZ

− 1

g
e

h
2
Z2

, Z ∼ N (0, 1)

Step 3 X

Step 4 - Justify δ > 0

- Possibly δ < 0: non-subadditivity of VaR!
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Rare event estimation: EVT is a canonical tool!

Data: X1, . . . ,Xn iid ∼ F continuous, Mn = max(X1, . . . ,Xn)

Excess df: Fu(x) = P(X − u ≤ x |X > u), x ≥ 0

EVT basics: {Hξ : ξ ∈ R} generalized extreme value dfs

F ∈ MDA(Hξ) ⇔ ∃cn > 0, dn ∈ R : ∀x ∈ R, lim
n→∞

P

(Mn − dn

cn

≤ x
)

= Hξ(x)

Basic Theorem (Pickands-Balkema-de Haan)

F ∈ MDA(Hξ)

⇔
lim

u→xF

sup
0≤x<xF−u

|Fu(x) − Gξ,β(u)(x)| = 0 (4)

for some measurable function β and (generalized Pareto) df Gξ,β.
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The Fréchet case, ξ > 0 (Gnedenko):

F ∈ MDA(Hξ) ⇔ F (x) = 1 − F (x) = x−1/ξL(x)

L (Karamata-) slowly varying:

∀t > 0 lim
x→∞

L(tx)

L(x)
= 1 (5)

• Remark: Contrary to the CLT, the rate of convergence in (4)
for u → xF = ∞ (ξ > 0) can be arbitrarily slow;
it all depends on L in (5)!

• Relevance for practice (operational risk)

- Industry discussion: EVT-POT versus g -and-h
- Based on QISs:

F Basel committee (47 000 observations)
F Fed-Boston (53 000 observations)
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• Typical (g,h)-values for OR: g ≈ 2.4, h ≈ 0.2

Theorem (Degen-Embrechts-Lambrigger)

For g , h > 0, F g ,h(x) = x−1/hLg ,h(x)

Lg ,h(x) ∝ e
√

log x

√
log x

rate of convergence in (4) = O
(
(log u)−1/2

)

• Conclusion: in a g -and-h world (h > 0), statistical estimators
may converge very slowly

• However: be aware of ”taking models out of thin air”!

Paul Embrechts (ETH Zurich) Statistics and QRM 27 / 37



Some comments on diversification

X1,X2 iid , g -and-h, δg ,h(α) = VaRα(X1)+VaRα(X2)−VaRα(X1+X2)

Recall that

δg ,h(α)





> 0 diversification potential
= 0 comonotonicity
< 0 non-coherence

α = 0.99 α = 0.999
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III. Multivariate Extreme Value Theory

• Recall the Rickands-Balkema-de Haan Theorem (d = 1)

• Question: How to generalize to d ≥ 2?
- componentwise approach involving multivariate regular

variation, spectral decomposition and EV-copulas
- geometric approach
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MEVT: Geometric approach

• X = (X1, . . . ,Xd )

• H: a hyperspace in R
d

• XH : vector with conditional df given {X ∈ H}
• βH : affine transformations

• Study:

WH = β−1
H (XH)

d→ W for P(X ∈ H) → 0

Basic questions:

• determine all non-degenerate limits W

• given W, determine βH

• characterize the domains of attraction of all possible limits
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MEVT: Geometric approach

Characterization of the limit laws (d = h + 1, τ = τ(λ, h)):

g0(u, v) = e−(v+uT u/2) w = (u, v) ∈ R
h+1 (6)

gτ (w) = 1/‖w‖d+λ w 6= 0 (7)

gτ (u, v) = (−v − uTu/2)λ−1
+ v < −uTu/2 (8)

Examples in the domains of attraction:

• multivariate normal distribution for (6)

• multivariate t distribution for (7)

• uniform distribution on a ball for (8)

• and distributions in a ”neighbourhood” of these
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Relevant research topics are:

• concrete examples
e.g. meta distributions, skew-symmetric
distributions,. . . (Balkema, Lysenko, Roy)

• statistical estimation of multivariate rare events
(widely open in this context, e.g. Fougères, Soulier,. . . )

• stochastic simulation of such events (McLeish)

Change of paradigm:

• look at densitites rather than distribution functions; here
geometry enters

• new terminology: bland data, rotund level sets, . . .
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IV. Two classical results from mathematics

Theorem 1

In the spaces Lp , 0 < p < 1, there exist no convex open sets other
than ∅ and Lp.

Theorem 2 (Banach-Tarski paradox)

Given any bounded subsets A, B ⊂ R
n, n ≥ 3, int(A) 6= ∅ and

int(B) 6= ∅, then there exist partitions A = A1 ∪ . . . ∪ Ak ,
B = B1 ∪ . . . ∪ Bk such that for all 1 ≤ i ≤ k , Ai and Bi are
congruent.
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And their consequences

• (Theorem 1) On any space with infinite-mean risks there
exists no non-trivial risk measure with (mild) continuity
properties

(beware: Operational Risk: joint work with Valérie
Chavez-Demoulin and Johanna Nešlehová)

• (Theorem 2) Mathematics presents an idealized view of the
real world; for applications, always understand the conditions

(beware: CDOs; mark-to-market, mark-to-model,
mark-to-myth!)
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Conclusions

• QRM yields an exciting field of applications with numerous
interesting open problems

• Applicability well beyond the financial industry

• I expect the years to come will see an increasing importance
of statistics within finance in general and QRM in particular

• Key words: extremes/ rare events/ stress testing,
multidimensionality, complex data structures, large data sets,
dynamic/multiperiod risk measurement

• (Teaching of/ research on/ communication of) these
techniques and results will be very challenging

• As a scientist: always be humble in the face of real
applications
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By the way, if you want to see how some of the outside world of
economics views the future use of statistics, you may google:

• Super Crunchers

It is all related to the analysis of

• Large data sets

• Kryder’s Law

But also google at the same time

• George Orwell, 1984
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Many Thanks!
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