
Fachbereich Mathematik und Informatik

THE K-THEORY OF
TWISTED MULTIPULLBACK

QUANTUM ODD SPHERES AND
COMPLEX PROJECTIVE SPACES

Piotr M. Hajac (IMPAN)

Gemeinsame Arbeit mit
R. Nest, D. Pask, A. Sims und B. Zieliński

Universität Münster, 2. Mai 2017

1/18



Dedekind’s problem
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A classical model of a FDA

Consider the family {Vi}i∈{0,...,N} of closed subsets of PN(C)

covering of PN(C):

Vi := {[x0 : . . . : xN ] | |xi| = max{|x0|, . . . , |xN |}}.

The distributive lattice generated by the subsets Vi ⊂ PN(C) is free.
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A noncommutative model of a FDA

Theorem (P.M.H., A. Kaygun, B. Zieliński)

Let C(PN (T )) ⊂
∏N
i=0 T ⊗N be the C*-algebra of the Toeplitz

quantum projective space, and let

πi : C(PN (T )) −→ T ⊗N , i ∈ {0, . . . , N},

be the family of restrictions of the canonical projections onto the
components. Then the family of ideals {kerπi}i∈{0,...,N} generates
a free distributive lattice.
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Odd-dimensional spheres from solid tori

S2N+1 :=
{

(z0, . . . , zN ) ∈ CN+1 | |z0|2 + · · ·+ |zN |2 = 1
}

Let Vi :=
{

(z0, . . . , zN ) ∈ S2N+1 | |zi| = max{|z0|, . . . , |zN |}
}
.

Then

S2N+1 :=

N⋃
i=0

Vi .

Homeomorphism implementing Vi ∼= D×
i × S1 ×D×N−i

φi : Vi 3 (z0, . . . , zN ) 7−→
( z0

|zi|
, . . . ,

zN
|zi|

)
∈ D×i × S1 ×D×N−i

,

φ−1
i : D×

i × S1 ×D×N−i 3 (d0, . . . , di−1, c, di+1, . . . , dN )

7−→ 1√
1 +

∑
j 6=i |dj |2

(d0, . . . , di−1, c, di+1, . . . , dN ) ∈ Vi .
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C(S2N+1) as a multi-pullback C*-algebra
Definition
The multi-pullback algebra Aπ of a finite family
{πij : Ai −→ Aij = Aji}i,j∈J, i6=j of algebra morphisms is defined as

Aπ :=

{
(ai)i∈J ∈

∏
i∈J

Ai

∣∣∣∣∣ πij(ai) = πji (aj), ∀ i, j ∈ J, i 6= j

}
.

C(S2N+1) is isomorphic as a C*-algebra to the subalgebra of∏
0≤i≤N

C(D)⊗i ⊗ C(S1)⊗ C(D)⊗N−i

defined by the compatibility conditions (0 ≤ i < j ≤ N ,
⊗ suppressed):

C(D)iC(S1)C(D)N−i

πi
j

(( ((

C(D)jC(S1)C(D)N−j

πj
i

vvvv
C(D)iC(S1)C(D)j−i−1C(S1)C(D)N−j .
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The Toeplitz algebra

Definition
The Toeplitz algebra T is the universal C*-algebra generated by z
and z∗ satisfying z∗z = 1.

We have a short exact sequence of U(1)-equivariant
C*-homomorphisms:

0 −→ K −→ T σ−→ C(S1) −→ 0.

Here u is the unitary generator of C(S1), K is the ideal of compact
operators, and σ is the symbol map (σ(z) := u). The action α of
U(1) on T is given by z 7→ λz.

We dualize this action to a coaction of C(U(1)) on T . Explicitly,
we have:

ρ : T −→ T ⊗ C(U(1)) = C(U(1), T ),

ρ(t)(λ) := αλ(t), ρ(z)(λ) = λz, ρ(z) = z ⊗ u.
We use the Heyneman-Sweedler notation ρ(t) =: t(0) ⊗ t(1).
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Quantum Dynamics, 2016–2019
Research and Innovation Staff Exchange network of:
IMPAN (Poland), University of Warsaw (Poland), University of
Łódź (Poland), University of Glasgow (G. Britain), University of
Aberdeen (G. Britain), University of Copenhagen (Denmark),
University of Münster (Germany), Free University of Brussels
(Belgium), SISSA (Italy), Penn State University (USA), University
of Colorado at Boulder (USA), University of Kansas at Lawrence
(USA), University of California at Berkeley (USA), University of
Denver (USA), Fields Institute (Canada), University of New
Brunswick at Fredericton (Canada), University of Wollongong
(Australia), Australian National University (Australia), University of
Otago (New Zealand), University Michoacana de San Nicolás de
Hidalgo (Mexico).
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Tentative plan of conferences

New Geometry of Quantum Dynamics conferences
pending approval:

The Banach Center, Warsaw, 15 January – 19 January 2018

The Fields Institute, Toronto, mid-July – mid-August 2019
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Multi-pullback quantum spheres S2N+1
H

C(S2N+1
H ) is the C*-subalgebra of

∏N
i=0 T ⊗i ⊗ C(S1)⊗ T ⊗N−i

defined by the compatibility conditions prescribed by the following
diagrams (0 ≤ i < j ≤ N , ⊗-supressed):

T iC(S1)T N−i
σj

**

T jC(S1)T N−j
σi

tt
T iC(S1)T j−i−1C(S1)T N−j .

Here σk := idk ⊗ σ ⊗ idN−k with domains and codomains
determined by the context.

We equip all C*-algebras in the diagrams with the diagonal actions
of U(1). Since all morphisms in the diagrams are U(1)-equivariant,
we obtain the diagonal U(1)-action on C(S2N+1

H ).
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Gauging coactions
Let α : G→ Aut(A) be an action of a compact Hausdorff group G
on a unital C*-algebra A. As with U(1) acting on T , we encode
the G-action on A through the C(G)-coaction on A:

ρ : A 3 a 7−→ a(0)⊗a(1) ∈ A⊗C(G) = C(G,A), ρ(a)(g) := αg(a).

(A⊗ C(G))D is the C*-algebra A⊗ C(G) equipped with the
diagonal coaction a⊗ h 7−→ a(0) ⊗ h(1) ⊗ a(1)h(2).

(A⊗ C(G))R is the C*-algebra A⊗ C(G) equipped with the
coaction on the rightmost factor a⊗ h 7−→ a⊗ h(1) ⊗ h(2).

G-equivariant C*-algebra isomorphisms:

F : (A⊗ C(G))D → (A⊗ C(G))R, a⊗ h 7→ a(0) ⊗ a(1)h,

F−1 : (A⊗ C(G))R → (A⊗ C(G))D, a⊗ h 7→ a(0) ⊗ S(a(1))h.

Here S(h)(g) := h(g−1).
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C(S2N+1
H ) as a gauged multi-pullback

C*-algebraThe following diagrams (0 ≤ i < j ≤ N , ⊗ suppressed) are
U(1)-equivariant with respect to the U(1)-actions on the rightmost
factors.

i T NC(S1)

σj−1

��

T NC(S1) j

σi
��

T j−1C(S1)T N−jC(S1) T iC(S1)T N−i−1C(S1),
Ψ̃ijoo

Ψ̃ij :

i−1⊗
k=0

tk ⊗ v ⊗
N⊗

l=i+1
l6=j

tl ⊗ w

7−→
j−1⊗
k=0
k 6=i

tk(0) ⊗ S

 N∏
m=0
m 6=i,j

tm(1)

S(v)w(1) ⊗
N⊗

l=j+1

tl(0) ⊗ w(2).

C(S2N+1
H ) is isomorphic as a U(1)-C*-algebra to the multi-pullback

U(1)-C*-algebra of the above diagrams.
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Quantum complex projective spaces PN(T )

C(PN (T )) is the C*-subalgebra of
∏N
i=0 T ⊗N defined by the

compatibility conditions prescribed by the diagrams
(0 ≤ i < j ≤ N):

i T ⊗N

σj
��

T ⊗N j

σi+1
��

T ⊗j−1 ⊗ C(S1)⊗ T ⊗N−j T ⊗i ⊗ C(S1)⊗ T ⊗N−i−1,
Ψijoo

Ψij :

i−1⊗
k=0

tk ⊗ v ⊗
N−1⊗
l=i+1

tl 7→
j−1⊗
k=0
k 6=i

tk(0) ⊗ S

(N−1∏
m=0
m 6=i

tm(1)

)
v

⊗ N−1⊗
l=j

tl(0).

It follows from the gauged presentation of C(S2N+1
H ) that

C(PN (T )) ∼= C(S2N+1
H )U(1).
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Universal presentation of C(S2N+1
H, θ )

Let us define the following elements of C(S2N+1
H ):

ai :=
(
(σ⊗id⊗N )(1⊗i⊗z⊗1⊗N−i), . . . , (id⊗N⊗σ)(1⊗i⊗z⊗1⊗N−i)

)
.

It straightforward to check that ∀ i, j ∈ {0, . . . , N}, i 6= j :

aiaj = ajai, aia
∗
j = a∗jai, a∗i ai = 1,

N∏
i=0

(1− aia∗i ) = 0.

Lemma (Key Lemma)

C(S2N+1
H ) is isomorphic as a U(1)-C*-algebra with the universal

C*-algebra generated by ai’s satisfying the above relations. The
U(1)-action on the latter is given by rephasing the generators.

Corollary

C(S2N+1
H ) ∼= T ⊗N+1/K⊗N+1, K0(C(S2N+1

H, θ ))=Z[C(S2N+1
H, θ )]=Z,

K1(C(S2N+1
H, θ )) = Z.
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A key exact sequence

Lemma
With respect to the diagonal U(1)-action, for any positive integer k,
there exists a U(1)-equivariant short exact sequence of C∗-algebras

0 // C(S2k−1
H )⊗K // C(S2k+1

H ) // T ⊗k ⊗ C(S1) // 0.

Proof.

0 // T ⊗k ⊗K // T ⊗k ⊗ T id⊗σ // T ⊗k ⊗ C(S1) // 0 ,(
T ⊗k ⊗K

)
/K⊗k+1 ∼= C(S2k−1

H )⊗K,(
T ⊗k ⊗ T

)
/K⊗k+1 ∼= C(S2k+1

H ).

�
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Invariant subalgebras

For all k ∈ {1, . . . , N}, we have

0 // C(S2k−1
H )⊗K⊗N−k+1 // C(S2k+1

H )⊗K⊗N−k

// T ⊗k ⊗ C(S1)⊗K⊗N−k // 0.

Next, let

Sk :=
(
C(S2k+1

H )⊗K⊗N−k
)U(1)

, k ∈ {0, . . . , N}.

Using this notation we can write

0 // Sk−1
// Sk // T ⊗k ⊗K⊗N−k // 0,

where k ∈ {1, . . . , N}.
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, k ∈ {0, . . . , N}.

Using this notation we can write

0 // Sk−1
// Sk // T ⊗k ⊗K⊗N−k // 0,

where k ∈ {1, . . . , N}.
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K-groups

Theorem

∀ N ∈ N \ {0} : K0(C(PNθ (T ))) = ZN+1 and K1(C(PNθ (T ))) = 0.

Proof. We prove by induction that K0(Sk) = Zk+1 and
K1(Sk) = 0 for all k ∈ {0, . . . , N}. The first step follows from
S0 = K, the induction step follows from

K0(Sk−1) // K0(Sk) // K0(T ⊗k)

��
K1(T ⊗k)

OO

K1(Sk)oo K1(Sk−1),oo

and the conclusion follows from SN = C(PN (T )). �
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Noncommutative line bundles
Theorem

Let L2N+1
k := {a ∈ C(S2N+1

H ) | ∀ λ ∈ U(1) : αλ(a) = λka}. Then
∀ N ∈ N \ {0} : [L2N+1

m ] = [L2N+1
n ] =⇒ m = n.

Proof outline:
1 By Key Lemma, the assignments ak 7→ bk when k < 2 and
ak 7→ b0 when k ≥ 2 define a U(1)-equivariant
C*-homomorphism f : C(S2N+1

H )→ C(S3
H). Here a0, . . . , aN

are isometries generating C(S2N+1
H ) and b0, b1 are isometries

generating C(S3
H).

2 Taking advantage of Chern-Galois theory [Brzeziński, P.M.H.],
we conclude that the induced map

f∗ : K0(C(PN (T ))) −→ K0(C(P1(T )))

satisfies f∗([L2N+1
m ]) = [L3

m] for any m ∈ Z.
3 Finally, as an index pairing computation proves that

[L3
m] = [L3

n]⇒ m = n [P.M.H., R. Matthes, W. Szymański],
the conclusion follows.
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