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Outline of the talk

G. H. Hardy (1877-1947) G. G. Lorentz (1910-2006)

I have never done anything "useful”. No discovery of mine has made, or is
likely to make, directly or indirectly, for good or ill, the least difference to
the amenity of the world. (Hardy, A Mathematician's Apology, 1940)
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Kufner, Maligranda and Persson, The Prehistory of the Hardy

Inequality (2006)

Let QCR”, 0€Q, 1< p< n: then for any u € DVP(Q) j§
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Outline of the talk

Hardy inequality

Kufner, Maligranda and Persson, The Prehistory of the Hardy

Inequality (2006) Eﬁ

Let QCR", 0€Q, 1< p< n: then for any u € DLP(Q) & «’x
N

|ul? P/
< P P
/Q]x\PdX_ (nip) Q]Vu\ dx

Many generalization in several directions ( Adimurthi,Brezis, Chaudhuri, Cianchi,
del Pino, Davila, Dolbeault, Dupaigne, Ferone, Filippas, Ghoussoub, Kufner, Marcus,
Mitidieri, Mizel, Moradifam, Opic, Pinchover, Ramaswamy, Tarantello, Tertikas,

Tintarev, Trombetti, Vazquez and many others)
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Outline of the talk

We focus on improvements of Hardy inequality in  bounded s.t. 0 € Q.
The first result is due to Brezis and Vazquez (1997):

n—2)? u? 2
(4)/Q|X|2dx+H2(‘;2 ”/u </VU\2

The presence of remainder terms avoids the attainability of the best
constant on bounded domains.
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We focus on improvements of Hardy inequality in  bounded s.t. 0 € Q.
The first result is due to Brezis and Vazquez (1997):

n—2)? u? 2
(4)/Q|X|2dx+H2(‘;2 ”/u </VU\2

The presence of remainder terms avoids the attainability of the best
constant on bounded domains.
What about the whole R"?

@ there are no standard remainders known;

@ nonstandard remainder terms have been exhibited by Cianchi and
Ferone (2008);

@ some classes of remainders are excluded (Ghoussoub-Moradifam);

@ the best constant is not attained : the associated E-L equation is
solved by
which are not in Wl’p(R") (Brezis-Vazquez, (1997));
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Outline of the talk

Lorentz spaces
If 1 < g < oo we define

LP9(Q) = {u Q=R ‘

o= ([ (00 ) <)

whereas for g = oo

ul

1
|ullp,c0 := sup tP u*(t)
: t>0

the so-called Marcinkiewicz or weak-LP space.
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Lorentz spaces
If 1 < g < oo we define

LP9(Q) = {u Q=R ‘

o= ([ (00 ) <)

whereas for g = oo

ul

1
|ullp,c0 := sup tP u*(t)
: t>0

the so-called Marcinkiewicz or weak-LP space.
l|ul[p,q is @ quasi-norm which turns out to be equivalent to a real norm.

LPP — [P
Lorentz scale:

Pl [PaC[PRC PP if 1<q < g <00
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Outline of the talk

Optimal Sobolev Embeddings

The optimal Sobolev embedding
WLP(R") — LP (R")

can be refined in the context of r.i. spaces:

WLP(R") < LPP(RT) p* = —2

( Peetre (1966))
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WLP(R") < LPP(RT) p* = —2
n—p

( Peetre (1966)) and generalized to Sobolev Lorentz sp.
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Outline of the talk
Optimal Sobolev Embeddings
The optimal Sobolev embedding
WLP(R") — LP (R")
can be refined in the context of r.i. spaces:

Wl,p(Rn) N Lp*,p(Rn) P* _ np
n—p

( Peetre (1966)) and generalized to Sobolev Lorentz sp.
WLLPI(R™) — LP9(R"), 1<g<oo

( Edmunds, Kerman and Pick, (2000)). The same embedding holds for the
larger homogeneous space:

DLPI(R") < LP9(R") ]
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Outline of the talk

The corresponding  sharp inequality is known only for 1 < g < p (Alvino
(1977))

1
lullprq < 755 wn "IV ullpg,  ueCE

n
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lullpr.q < 755 wn "[IVullpq, uveCE

Ifg=p

[ullpep < 52 p ||VU||p, uecCxr

is equivalent to Hardy inequality.

@ attainability of the sharp constant, which is independent of g7

@ what about the case g > p?

Talenti (1992) proved an embedding inequality for 1 < g < oo, with a
direct and elegant proof...but explicit, not sharp constant.
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The corresponding  sharp inequality is known only for 1 < g < p (Alvino
(1977))

ullpr,q < n p Y HVUHpq, ueCr

Ifg=p

[ullpep < 52 p ||VU||p, uecCx

is equivalent to Hardy inequality.

@ attainability of the sharp constant, which is independent of g7

@ what about the case g > p?

Talenti (1992) proved an embedding inequality for 1 < g < oo, with a
direct and elegant proof...but explicit, not sharp constant.

There is an explicit relation between the boundedness of certain Hardy
operator and Sobolev type inequalities involving r.i. spaces (Kerman and
Pick (2006)).
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Hardy inequality
QCR"0eQ, 1<p<n

|ul?

p
W e < (2 P
s (H) /Q|Vu| dx
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< p p
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P (P)p/ |V ulPdx
alxlP T \TPS g

@ ) bounded: not attained,
due to remainder terms

@ R™ not attained but no
remainder terms known

@ Nonexistence of a class of
remainders

@ ghost solution of the
=P

EL-equation: ¢ = ]x\_np
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Outline of the talk

Hardy inequality VS Sobolev Lorentz embedding
QCR"0eQ, 1<p<n < Optimal emb. in rearr.
invariant sp.
/‘“‘pdx<( p )p/ |V ulPdx
alx|p — \r=p Q 'DLP(RH) SN Lp*,p(Rn)

. which is a particular case of
@ ) bounded: not attained,

due to remainder terms Dle’q(R”) SN Lp*,q(Rn)
@ R™ not attained but no
remainder terms known

@ Nonexistence of a class of
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EL-equation: ¢ = ]x\_np
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Hardy inequality

QCR"0eQ, 1<p<n

\u\p P/
i < P P
/Q\x]PdX < (nip) Q|Vu| dx

@ ) bounded: not attained,
due to remainder terms

@ R™ not attained but no
remainder terms known

@ Nonexistence of a class of
remainders

@ ghost solution of the
n—p

EL-equation: ¢ = |x| 7
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Sobolev Lorentz embedding

Optimal emb. in rearr.
invariant sp.

DHP(R™) — LPTP(R")
which is a particular case of

D'LPI(R") < LPI(R")

@ sharp inequality:

HUHP »q S n— p

HVUHpq
onlyif 1<qg<p

@ the sharp constant does
not depend on q
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Main results
Cassani, Ruf, T. (2017)

p p
/'“'pdxg(nfp) VulPdx 22 |y
Rn |X| R"

newﬂ ll new

pP*.p n— p

p<qg<oo

with sharp constants.
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Main results
Cassani, Ruf, T. (2017)

p p
/'“'pdxg(nfp) VulPdx 2 ||y
Rn |X| R"

newﬂ ll new

pP*.p n— p

p<qg<oo

with sharp constants.

Hardy ineq. is equivalent to a sharp weak-weak Sobolev type embedding:
Dy LP>® — [P
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Outline of the talk

Attainability:

Cassani, Ruf, T. (2017)
The sharp constant in the embedding

DYy LPI(R") < LP"9(R")

is attained if and only if g = oco.

A maximizer is
—P

B(x) = x| 77

The ghost maximizer of Hardy inequality,

¥(x)

is a true maximizer of its equivalent embedding!
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The framework

Lorentz-Sobolev spaces

(Cianchi, Costea, Edmunds, Kerman, Pick...)
WALP9(Q) = {u: |[Vullp.g + llullpq < o0}

Poincaré type inequality available for bounded domains.
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WLP9(Q) = {u: | Vul

pg + l[Ullpg < o0}

Poincaré type inequality available for bounded domains.
If :  Homogeneous Sobolev-Lorentz spaces

DP9 = cl{u € CP(R") : |Vullp,g < o0}

forl < p<+4o00,1<qg< +o0.
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Lorentz-Sobolev spaces

(Cianchi, Costea, Edmunds, Kerman, Pick...)

WLP9(Q) = {u: | Vul

pg + l[Ullpg < o0}

Poincaré type inequality available for bounded domains.
If :  Homogeneous Sobolev-Lorentz spaces

DP9 = cl{u € CP(R") : |Vullp,g < o0}

forl < p<+4o00,1<qg< +o0.
Since DLLP"’ < [P"9, one may also consider the alternative definition

ID1WLP~,CI — {u c Lp*’q(R") NVullpq < OO}
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The framework

It turns out that

Non limiting case (Costea 2006)

D} LP9 = DLIPI :=DHPI if1<p,qg<oo
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whereas

Limiting case (Costea 2017)

DyLP> C Dy LP

A function belonging to DY, LP>°\ D} LP is given by

n—p

P(x) = Ix|" 7
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The framework
It turns out that
Non limiting case (Costea 2006)

D} LP9 = DLIPI :=DHPI if1<p,qg<oo

whereas

Limiting case (Costea 2017)

DyLP> C Dy LP

A function belonging to DY, LP>°\ D} LP is given by

n—p

P(x) = Ix|" 7

The framework

We will prove the equivalence between Hardy ineq. and Weak-Sobolev
Lorentz emb. in DIWL’*OO.
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Hardy implies Lorentz Sobolev scale emb.

Alvino’s proof is based on
* Polya-Szego type inequality (Talenti);
* Hardy-Littlewood inequality;

both strongly relying on the assumption 1 < g < p!
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Hardy implies Lorentz Sobolev scale emb.
Alvino’s proof is based on
* Polya-Szego type inequality (Talenti);
* Hardy-Littlewood inequality;

both strongly relying on the assumption 1 < g < p!

Lt [ <)

@ reduction to the radial case, mimicking Alvino-Lions-Trombetti
(1989): for any u € C2°(R") there exists u,g € DY LPI(R"):

[radllp+,q = Ilul

pP*,q and HvuradHPﬂ < ||VU||p,q
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Alvino’s proof is based on
* Polya-Szego type inequality (Talenti);
* Hardy-Littlewood inequality;

both strongly relying on the assumption 1 < g < p!

Lt [ <)

@ reduction to the radial case, mimicking Alvino-Lions-Trombetti
(1989): for any u € C2°(R") there exists u,g € DY LPI(R"):

[radllp+,q = Ilul

pP*,q and HvuradHPﬂ < ||VU||p,q

e scaling: for any u € DVILPY set

q

v(x) = [u(x19)] " = [0 (x| 7 wn)]

T @
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Then

Hardy implies Lorentz Sobolev scale emb

1
q p
Vllpep = {

3‘a
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Hardy implies Lorentz Sobolev scale emb.

Then

N
1Vlpep = (;) o

el P, a=p P p=q
IVv)| = lu(lx|a)] 7 [Vu(]x]4)[|x] @

P=q . :
p < q implies |x| @ is decreasing.

a=p P
vvlo < { [ [l (ettyva

(

a1 p 1/p
SO 2
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Hardy implies Lorentz Sobolev scale emb.

q\7 o
1Vlpep = <p) o

P, a=p P p=q
IVv)| = lu(lx|a)] 7 [Vu(]x]4)[|x] @

Then

and

P=q . :
p < q implies |x| ¢ is decreasing.

I9v], < {/R [0 (1x1%) )yx\”;"}”dx}””...

q % _ (r=p)(g=p) =
-.g(p) wn ™ |y [Vullog

Combining these two inequalities yields

p
[ullpr.q < fpwn HV“Hpq

Cristina Tarsi ( Universita di Milano) Hardy ineq. and Sobolev Lorentz emb. 22/06/2017, Bedlewo 14 / 22



Hardy implies Lorentz Sobolev scale emb.

e Sharpness: through an explicit maximizing sequence (see Alvino)

n—p
—TP4e
I~

|x , if [x] <1

ve(x) =

1—(H—5)(|x|—1), if 1< |x| <1+ oL

P =R
P
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e Sharpness: through an explicit maximizing sequence (see Alvino)

x| 77 T, if x| <1
Ve(x) =
1 (%_e)(w—l), if 1< x| <14 =
)
\Y% 1 -
M ~ Wt <n p> as € =0
IVellp.q P
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Hardy implies Lorentz Sobolev scale emb.

The limiting case g =

Given u € ’DIW’:LPW(R”), define | v(r) = r"/P"ub(r)|.
Then

00 > [|ullpr00 = Wi’ [V]leo = [IV]loo = lim ||Vl
p T">C n % OO ,"”,%OC 7
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The limiting case g =

Given u € DIW’:LPW(R”), define | v(r) = r"/P"ub(r)|.
Then

00 > [|ullpr00 = Wi’ [V]leo = [IV]loo = lim ||Vl
p TX n % OO ",r"%:)(: 7

But

emb.ineq.

fo1—1 5 _1/ml” .
”V’m <... < [nwz/p :| [I‘lfﬁwn /n HVUH[,),”/
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Hardy implies Lorentz Sobolev scale emb.

The limiting case g =

Given u € ’DIW’:LPW(R”), define | v(r) = r"/P"ub(r)|.

Then
1/p* .

00 > |upr 00 = W/ [Vljoe = [IV]loo = lim v},
But

emb.ineq. =x7—1 o] _ v .

HV!WS”-S {nwg/p} [Pwnl/n} HVUH;%A Q_erf
n—p b

and

1/p* .. 1/p*—1 . —1/p*+1/p P
lllp oo = wh® - lim vily < wi/® 7Y lim wp MR B gy,

Y—+00 y——+00 n—

S Ly | v
n—p ’
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Hardy implies Lorentz Sobolev scale emb.

We have then proved

1
P wn "|Vull, Yue DY

lullprp < 355
_1

lullprq < 725wn"[IVullpg YueD'PY p<q<oo
_1

lullproo < 7E5wn " Vullpoo ¥Vu € Dy LP>

that is,

Hardy ineq. = Dy P> — [P

with sharp constant.
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Weak Lorentz Sobolev emb. implies Hardy ineq.

Let us now prove the reverse implication:

we assume

_1
VI pe o0 < ﬁ‘“" "|Vvlpoo Vv EDYLPPR)

Let u € DLP(R™):

we want to prove Hardy inequality

|ul? p/
dx < P Pd.
/R" |x|" = ("_p> Rr [VulPdx
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Weak Lorentz Sobolev emb. implies Hardy ineq.

Let us now prove the reverse implication:

we assume

p _1
V]| p* 00 < el "VVlpoo ¥ vEDYLPR")

Let u € DLP(R™):

we want to prove Hardy inequality

|ul? ”/
dx < (= Pd
/Rn |7 x < (75) | [VulPax

By symmetrization + density + dilation invariance of the norms, we may
assume

uec 'Dl,p,ﬁ(Bl) .
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Weak Lorentz Sobolev emb. implies Hardy ineq.

The proof relies upon an auxiliary function

v(r)

1 1
[ o [opetdeds
r P
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Weak Lorentz Sobolev emb. implies Hardy ineq.

The proof relies upon an auxiliary function

1 1
)= [ 575 [ 1Wpeidedy
r P

whose gradient is

1
V/(r) = —rp/ |/ (t)|Pt"dt
r
so that

1 1ol 1,
IVVllpoo = w2 sup |V/|rF = wh / Pdp = wE Va2 < oo
0<r<1 0
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Weak Lorentz Sobolev emb. implies Hardy ineq.

The proof relies upon an auxiliary function

1 1
)= [ 575 [ 1Wpeidedy
r P

whose gradient is

1
V/(r) = —rp/ |/ (t)|Pt"dt
r
so that
1 " 1 rl 1
IVVllpoo = wE sup |V|rF = wk / W Pdp = wf
' 0<r<1 0
Moreover, one can verify that

p_ sl P
[Vl 00 < PR IVull5 < oo

-1
[Vullf < oo
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Weak Lorentz Sobolev emb. implies Hardy ineq.

The proof relies upon an auxiliary function

1 1
)= [ 575 [ 1Wpeidedy
r P

whose gradient is

Lol

V/(r) = —rp/ |/ (t)|Pt"dt
r
so that
1 " 1ol 13
IVV]poo =wh sup |V/|reP =wf / |u'|Pdp = wi, [Vullf < oo
0<r<1 0

Moreover, one can verify that

p_ sl P
[Vl 00 < PR IVull5 < oo
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Weak Lorentz Sobolev emb. implies Hardy ineq.

Towards Hardy inequality

p _%H
Then, [|[Vullh =wn®  [|[VV|pco-
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Weak Lorentz Sobolev emb. implies Hardy ineq.

Towards Hardy inequality

p _%H
Then, [Vullf =wn? ||V V]|pce-

|ulP
What about ——dx| ?
Jrn [x]P
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Weak Lorentz Sobolev emb. implies Hardy ineq.

Towards Hardy inequality

p _%H
Then, [|[Vullh =wn®  [|[VV|pco-

|ulP
What about ——dx| ?
Jrn [x]P

A trick: via de I'Hopital rule, one can verify that

> 1 _-2 -1 —p—1
B . p n—p=14,d
/ Ul e PP i Jrz 7 [, uP(p)p pdz

Jre [X[P p o0t o

IA
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Weak Lorentz Sobolev emb. implies Hardy ineq.

Towards Hardy inequality

p _%H
Then, [Vullf =wn? ||V V]|pce-
|ulP
What about x| 7
Jrn [x]P

A trick: via de I'Hopital rule, one can verify that

- | <
JRRn ‘X‘ p r—0+ r_T

> 1 _-2 -1 —p—1
/ llp o _n=p o Sz uP(p)p" P dpdz

writing u as integral of its derivatives v’ and applying Fubini's Thm

p-1 " weak emb. 1-1 p
( : ) wn 7Vl oo < wn ( g ) 19vllpc0
n—p n—p

p
_ P p
—(25) vl

Hardy ineq. and Sobolev Lorentz emb. 22/06/2017, Bedlewo
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Attainability

q =+ q <o

Sharp constant attained: Sharp constant never attained:
'model’ extremal: Let u € DILP9 any (radial)

np maximizer. Then,
=|x|7 7 €DylL"™
w

q

v(x) = [u(x1%))’

is a maximizer for Hardy ineq.:
a contradiction.
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Attainability

q =+ q <o

Sharp constant attained:

Sharp constant never attained:
'model’ extremal:

Let u € DLP9 any (radial)

np maximizer. Then,
=|x|7 7 €DylL"™
w

q

v(x) = [u(x1%))’

is a maximizer for Hardy ineq.:
a contradiction.

..to be continued..

@ Is it possible to obtain, via equivalent weak embedding, a proof of
nonexistence of remainders?
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Attainability

q =+ q <o

Sharp constant attained:

Sharp constant never attained:
'model’ extremal:

Let u € DLP9 any (radial)

np maximizer. Then,
=|x|7 7 €DylL"™
w

q

v(x) = [u(x1%))’

is a maximizer for Hardy ineq.:
a contradiction.

..to be continued..

@ Is it possible to obtain, via equivalent weak embedding, a proof of
nonexistence of remainders?

@ Limiting cases p = n?
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Attainability

q = +oo

g <o

Sharp constant attained:
'model’ extremal:

n—

— |x|”% € DY, LP
w

Sharp constant never attained:
Let u € DLP9 any (radial)
maximizer. Then,

q

v(x) = [u(x1%))’

is a maximizer for Hardy ineq.:
a contradiction.

..to be continued..

@ Is it possible to obtain, via equivalent weak embedding, a proof of

nonexistence of remainders?

@ Limiting cases p = n?

@ Higher order case (Rellich inequality)?
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Thank you

memegensrator.net

Cristina Tarsi ( Universita di Milano)
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