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l. MOTIVATION: WHY WE NEED A NEW APPROACH TO
NONLINEAR DYNAMICS

1l. COMBINATORIAL MODEL FOR DYNAMICS: THIS IS
WHAT IS COMPUTABLE

lI1l. DATABASES OF NONLINEAR DYNAMICS: A
GLOBAL APPROACH TO DYNAMICS

IV. CONLEY THEORY: THIS PROVIDES THE
THEORETICAL FOUNDATIONS AND THE TIE TO
CLASSICAL DYNAMICAL SYSTEMS



MOTIVATION
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DIFFERENTIAL EQUATIONS:
ANALYTIC SOLUTIONS



Restricted 3 Body Problem (Euler 1772) — = f(@)
d*z dy
—Q,
pacces dt? dt
d?y dx
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dt? dt Y

\\J/é”/

Primary /-' /// 1—=n Q(ij y) _ | | |

W.S. Koon, M. W. Lo, J. E. Marsden, S. D. Ross, Heteroclinic connections between
periodic orbits and resonance transitions in celestial mechanics, Chaos, 2000

Motivation: “the design of trajectories for space missions such as the
Genesis Discovery Mission.”

D. Wilczak, P. Zgliczynski, Comm. Math. Phys., 2003




DYNAMICAL SYSTEMS:
LJUALITATIVE THEORY
OF
DIFFERENTIAL EQUATIONS



The 3-body Problem =1890

Chaotic dynamics exists.

Understanding the solution of an
* single initial value problem is not

Jles Henri Poincare sufficient.
1854-1912
. . dx "
Need to consider all solutions: i g(z), zeR
Flow: ¢: R xR" — R" Map: f:R" = R"
(t,:lf) = gp(t, :I?) X f(.il?) = gO(T, $)
time/ T \ . -
initial value of solution T > O 1S a ﬁxed tlme-
condition at time t




f: X xA— X differentiable
(xv >‘) — fA(x)

The objects of interest:
A set S C X is invariant if f,(5) = S.

17 TR Examples: equilibria, periodic orbits,

Steven Smale heteroclinic orbits, strange attractors
1930-

The equivalence relation:

Two maps f: X — X and ¢g: Y — Y are topologically conjugate if
there exists a homeomorphism h: X — Y such that ho f = g o h.

The places of change:

Ao € A is a bifurcation point if for any neighborhood U of )\ there
exists A\; € U such that f,, is not conjugate to f,,

Given a family of dynamical systems (differential equations), what types
of dynamical structures does one expect to see typically?



THEORIE DE CATASTROPHES

What is the minimal parameter space A
which allows us to fully explain bifurca-

tions”?
Rene Thom
1923-2002 _—
Cusp
Catastrophe o

Limits to Theory: 1. Description of Fixed Points

2. Smooth theory with limits to finite classification

3. Local theory (to the best of my knowledge)



' . - dx
Dynamical systems approach to differential @

equations is incredibly fruitful.

1. Arnold Conjecture

Theorem: (Conley,Zehnder) Consider the 2n dimensional torus with
standard symplectic structure J, a 1 periodic exact Hamiltonian H : S*x
T'— R, and the resulting differential equation

t=JVH(t, ).

Then, there must be at least 2n + 1 periodic orbits of period 1.

Remark: A quintessential dynamical systems theorem: existence of
solutions with particular geometric properties, but almost no quantitative
information.



dx

2. An_alysis of nonlinear systems P
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/-Magnets—~
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ODE model: T+ yr — §(l—x Jx = f coswt

“First principles” derivation of model:

Verification of model by comparing
experimentally observed
2. Catastrophe theory used bifurcations with theoretical and

to identify nonlinearity numerical analysis of bifurcations of
model.

1. Magnetic forces

3. Continuum modeling to obtain PDEs

4. Galerkin projection

F C. Moon, P. J. Holmes, A Magnetoelastic Strange Attractor, J. Sound & Vibration, 1979
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3. Conceptual generation of models — =

A. Hubaud & O. Pourquié
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Nature Reviews | Molecular Cell Biology

formation results from a
periodic abrupt change (a
catastrophe) in cellular
properties triggered by a
travelling front of maturation
(the wavefront).”



WHAT’S LEFT TO WORRY ABOUT?



Number of individuals

1. Growth of population of Paramecium caudatum (G. Gause 1932)

dN (K _ N) r 1S the birth rate.

dat i K K represents carrying capacity of the environment.

Fact: Given an initial condition N(0) > 0 a solution satisfies

lim N(t) = K.

t— 00

4}* Mathematical prediction is not precise

- Is it enough to talk about a lattice of
attracting blocks?

Days

0 100 200 300 400 500
Number of Individuals

Experimental Data



2. Lac Operon

Glu
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CRP
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Pt HeRed

Network Model

R
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ODE Model

‘Ozbudak et al. Nature 2004‘

ODES are great modeling tools,
but should be handled with care.
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What does it mean to solve an ODE"?

Classical Qualitative
Representation
of Dynamics
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Dynamic
Signature
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—Z =97
3. Cancer o .

Deregulation of the RB—E2F pathway is implicated in most, if not all, human cancers.

A Growth signals B T
5}_ I v o | Goal: minimal NETWORK that
/%/f C,\;;d.i:"jf’_’f’, /-/, wo  exhibits resettable bistability
?| ,,{" BHS || | m X | Bistability:
LACN A=V L e e 5 T
amg\ \ et ) o | \ \ | Jo, iTWO equilibria:
\?‘ T|\\-_c),kz >§\ Q (A) Rb ON, E2F OFF = quiescence
N e ~_CJe  i(B) Rb OFF, E2F ON = proliferation
l |
|
i L / Ais stable if MD ON
Qunescence/\Prol'ferat»on B iS Stable if MD OFF
Resettable:
— MD: ON -> OFF
@( @ System moves from Ato B
TOgg |e SW|tCh Yao, et. al., Origin of bistability underlying

mammalian cell cycle entry, MSB, 2011




4. Malaria

P. falciparum

RED BLOOD
&« 9 CELL

o%b \*o

MEROZOITES /
& . RUPTURED
3“°:§ CELL

\ ERYTHROCYTIC l

RING
STAGE

SCHIZOGONY

| (
TROPHOZOITE
MATURE
SCHIZONT
ey

=" IMMATURE SCHIZONT

48 hour cycle

— =77
dt

Once a liver schizont has matured, it ruptures,
and the merozoites spill into the bloodstream.
Within 1-2 minutes, each merozoite has
invaded an erythrocyte. Once in the
erythrocyte, the merozoite consumes
hemoglobin to use for energy, at which point it
becomes known as a trophozoite. It uses this
energy to form schizonts and begin another
round of asexual amplification, producing up
to 36 merozoites per schizont. When this
schizont ruptures, the merozoites are released
into the bloodstream once again and infect
other red blood cells.

This cycle of infection, multiplication, and
bursting continues until it is brought under
control by the immune system or by
antimalarial drugs. These erythrocitic
merozoites are responsible for the clinical
manifestations of malaria.



Estimated number of malaria cases in 2010:; between 219 and 550 million
Estimated number of deaths due to malaria in 2010: 600,000 to 1,240,000

Malaria may have killed half of all the people that ever lived. And more
people are now infected than at any point in history. There are up to
half a billion cases every year, and about 2 million deaths - half of
those are children in sub-Saharan Africa.

J. Whitfield, Nature, 2002

Malaria is of great public health concern, and seems likely to be the
vector-norne disease most sensitive to long-term climate change.
World Health Organization

Resistance is now common against all classes of antimalarial drugs
apart from artemisinins. ... Malaria strains found on the Cambodia—
Thailand border are resistant to combination therapies that include
artemisinins, and may therefore be untreatable.



Hypothesis: desynchronization of erythrocytic cycle will allow for
the development of novel effective treatments of malaria.

Goals: 1. Identify the regulatory network in P. falciparum
that governs the synchronization.

C

2. ldentify variety of control mechanisms that
when applied to the regulatory network will disrupt
the synchronous behavior.

Remarks: To efficiently achieve 2 requires that we achieve 1.

Achieving 1, but not being able to attain 2 would be very
disappointing.



P. falciparum

All genes (5409) Putative TF genes (456) Short period genes (43)
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. dx
. —29
Summary of Dynamics: —

1. Gene expression is recurrent in nature.
2. Length of cycles appear to be approximately 20 or 40 hours.
3. Can identify a partial order of expression of genes. | o7 a0
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Goals: 1. Generate models that can be quantitatively matched to data.
2. ldentify essential parameters.
3. Help optimize future experiments.



COMBINATORIAL DYNAMICS

See Rob Vandervorst’s talk



State Transition Graph

Don’t know exact current state,
so don’t know exact next state
o)

N Simple decomposition

.« o of Dynamics:
L /\

Strongly connected

o
/' \ * path components

Nonrecurrent Morse Graph

Vertices: States . . .
(gradient-like) of state transition graph

Edges: Dynamics



What is observable! A C X is an attractor if F(A) = A

Birkhoff’s Theorem implies that
the Morse graph and the lattice
of Attractors are equivalent.

o ~ |
| g
RS L | A S
%@ T <40vver Sets O(V@@ v O
S/ZaNN d@) Z
vzl F B AW
o . o o E ‘
ANl
Morse Graph M




DATABASE OF NONLINEAR DYNAMICS

Dynamic Signatures Generated by Regulatory Networks
DSGRN



Regulatory networks are biological models.

@ Remark: For technical
<\ ) reasons we do not allow
repressive self loops
N Cee—=@k) p
v

Mathematical Definitions:

A regulatory network RN = (V, E, M) consists of vertices V = {1,..., N}
called network nodes, annotated directed edges £ C V x V x {—, -}
called interactions, and node logics M. foreach k € V.

The annotated edge — Is referred to as an activation and the anno-
tated edge - is called a repression.



The Nodes

To each node 53 € V in the regulatory network we assign a non-
negative real valued variable z;, e.g. concentration.

We assume the variable decays with decay rate ~; > 0.



The Edges

Assume regulation is observed to have a switch like behavior

dt 4 gj,z' If x; < (93'77;
U;Q’l_ .—.‘— O-,] Z(sz) — < .
()-(2) 3 * | (uji Txy > 05,
: We associate to each edge
R e — (¢, 7) three parameters
I » T
s 1 e Threshold 0; ;
drs e Lower Activation ¢, ;
dt .
el e P r— . .
2 : o Upper Activation v ;
(D—=(2) :
( if z; <6
o u o . a:‘. o .
I : ° 0'] Z(gpz) — { 752 | 7 752
’ A ’ \Kj,z' If x; > (9]'71;
I > X




The Logic

@ Ui2($2;91,27€1,2,u1,2)
+ << 0or

01 3(x3;01,3,01,3,u13)
@ - & and

@ (71_,4(5’34391,4761,4,101,4)

M, indicates how node 1 processes inputs from nodes 2, 3, and 4.

(Ui2($2) + Uis(%)) ‘ J1_,4(554:)
Uiz(@) + Uis(@) + (71_,4(374)

Uiz(@) ' UiS(CES) ' 01_,4($4)



The Dynamics (via an example)

The Toggle Switch Parameter space: Z ¢ Z C (0,00)8
(2) (v
f— dx _
d—tl = —71%1 + 01,2(1‘2; 01,2,01,2,u1,2)
FiIXxz e Z T T
)
decay rate  repression relation
— | |f —’71(92,1 —+ 0£2($2) > ()
+—|—

If —71021 + 0y 5(x2) <O

z IS a regular parameter value if

0 <7
" 0 <tij <uij

0 < 97;,]‘ + Hz',ka and
Phase space: X = (0, 00)2 0 # —vi0;,; + Ai(x)

021



The Toggle Switch (2); (1)

Constructing Combinatorial Dynamics F.: Y=V State Transition
Graph
Fixze€ Z

Vertices

VY corresponds to all rectangular do-
mains and faces defined by thresh-
olds

Edges

Faces pointing in map to their domain.

Domains map to their faces pointing
out.

L1
If no outpointing faces domain map
to itself.




The Toggle Switch (2); (1)

Fix z € Z

Assume:

l120 <7021 < uio
Y2012 <21

Constructing Combinatorial
Dynamics

F.: V==Y State Transition
Graph

2 IS a regular parameter value If

0 <

0<¥;; <uyj,
0<6;,;#0;r and
0 # —vi0;, + Ai()

Morse
Graph



DSGRN DATABASE FROM GENETIC TOGGLE SWITCH

/\/@ Output:
A DSGRN database

Input:
Regulatory Network

Parameter graph provides explicit partition of entire 8-D parameter space.

FP(0,1) FP(0,1) FP(0,0)
(1) u1,2 < Y1621 (2) u12 <1021 ——|(3) w12 <7b2:
Y2012 <21 o1 < v2012 <wu21 uz,1 < Y2012
FP(0,1) FP(0,1) FP(1,0) FP(1,0)
(4) l12 <mb21 <uip (5) l12 <mb21 <uip 6) l12 <mb21 <uip
Y2012 <l21 o1 < 72012 <wug; uz,1 < Y2012
FP(1,1) FP(1,0) FP(1,0)
(7) mb21 <li2 |——|(8) Tb21 <li2 |—[(9) V1021 <l1p2
Y2012 < l21 o1 < v2012 <wu2i U1 < Y2012

Observe that we can query this database for local or global dynamics.




FP(0,1) 7-D FP(0,1) FP(0,0)
(1) ure < v1ba1 [—[(2) w12 <7v1b2; ——1(3) w2 <7ba;
8-D7291,2 < 12,1 8_D 12’1 < ’)/2(91,2 < U2.1 Ug 1 < 72(91,2
7-D 6-p 7-D O |
FP(0,1) vl FP(0,1) FP(1,0) FP(1,0)
(4) la<mboy <uio’ —Qs) l12 <mb21 <wuiz |-](6) l12<7b21 <wuip
8'D Y2b1,2 <2 8-D12,1 < Yol 2 < ug U1 < Y201 2
FP(1,1) FP(1,0) FP(1,0)
(7) mb21 <li2 |——|(8) 11021 <l12 |—1[(9) 1021 <lip2
Y2012 <21 lo1 < v2012 <wu2;: uz,1 < Y201 2

Remark: Each node in parameter graph is a non-empty, connected region

Remark: This defines a complex, so in principle we can use this to
determine homology of regions of parameter space that express
dynamic phenotypes.



Recovering Classical Dynamics

Let o: Rx X — X be a flow with a compact global attrac-
tor S. A Morse decomposition of S under ¢ consists of a
finite poset (P, <) that labels a collection of mutually dis-
joint compact invariant sets M (p) called Morse sets with
the property that if x € S\ J _» M(p) then there exists
p,q € P such that

peP

a(r,) C M(p) and w(z,p) C M(q)

and q < p.



Recovering Classical Dynamics

dry T < urs Ifxg <019
We have a formal ODE dt T L e > 00,
model for DSGRN ) .

dxo up 1 Iy <621

— = —7Y2X2 —+ < ’ ; ’

At \l2,1 if 1 > 021

Remark: To move from this formal system to an appropriate set
of ordinary differential equations is problem/context specific.

Open problem: Develop a natural methodology for doing this.

Special Case: Hill functions.




du
dt
dv
dt

03]
—Uu +

2

Recovering Classical Dynamics

1+ vf

1+ u”

Gardner, et. al., Construction of a genetic
toggle switch in E. coli, Nature, 2000

dxl

dt

d.CI?Q

dt

dx 1
dt

dx 2
dt

General Hill Functions

—v121 + 12 +

—Y2Tg + la1 +

(u1,2 —11,2)07 5

n n
07 o + 5

(u2,1 — 12,1)05 4

n — oo

= —71T1 Tt

= —Y2&2 + «

mn mn
21 1T Ty

If To < (91,2
if 2o > (91’2

If T < (9271
if x1 > (92,1

: dufdt =0
\vd

dwdl=0  Slate2

Figure 2 Geometric structure of the toggle equatiors. a, A bistable toggle network with
balancad promoter strengths. b, A monostable toggle network with imbalanced promoter
strengths. ¢, The bistable region. The lines mark the transition (bifurcation) between
bistzbility and monostability. The siopes of the bifurcation lines are determined by the
exponents 8 and + for ‘arge &, and . d, Raducing the cooperativity of repression (G and
~) reduces the size of the bistable region. Bifurcation lines are illustrated for three different
values of 8 and . The bistable region lies inside of each pair of curves.



du a1
a - ' + vP
dv o
dt = v 1+ u”
Y1 =72 =1
li19=1"¥21=0
(u1,2 —11,2)07 5
% = —y21 + 10+ T
(u2,1 — l2,1)05 4
% = —yox2 +l2 1 + 07, + a3

FP(0,1) FP(1,0)

(5) l12 <l <wuip
lo.1 < y2012 < ug
FP(0,1) FP(1,0)

(5) 1 <o

1 < U2 1

2-
. u




d£E1 2 ©

a I 1+ 23 / \
dxo | 2 » o
dt - 1+ o}
Poset for a
Morse
decomposition
for the flow

1.25

91’2 =3

0.75

FP(0,1) FP(1,0)

(5) l1,2 <mb21 <wuip

075 125
0o =1 lo.1 < 72012 <ug;

For n > 4.5 vector field is transverse to blue regions.
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Putative TF genes (456)
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Can any of the following networks support the time series data?




REsSULTS(I])

— 93 PF3D7_0518200
= . — 188 PF3D7_0907200
( 93 + RN VAN ' 395 PF3D7_1359200
.' .;.;" \ l‘ 184 PF3D7 0904700
/ 0.8 - \ Inl,”. Y "\‘ 3
—X \ a ;\' \ TN
< 184 ) (N
06 /A S T T A =————
). \ ! (\ | | \ 7 — =
‘ ’ \ N i ———a—
\ ! | Ly —_—— —
NS =_—
0.0 - —— L L L Em—— T — ==
. C 10 . 20 3U. 40 . 50 &0 ;; =
Cyclic feedback system well Experimental time series for ==
understood using classical associated genes )

dynamical systems.

Under the assumption of monotone switches if parameter values are chosen
such that there exists a stable periodic orbit, then the maxima in the network
must occur in the order: (188,93,184, 395) (green, blue, ,red)

—_,—

h Conclusion: This network does not generate observed dynamics |

i




DSGRN ANALYSIS (1) EXISTENEC OF OSCILLATIONS

1.0 o R '/\'\ f
IR AR AN
\ ‘.‘. ',_,- \\, -\.\
oslh \'\' "\ "I '}‘ 's\
VoL ! N \
Yy
asl N A ;" \ v o
’ A‘:};L:',‘ ',i 'I‘ \'\ ‘.\ ‘r
\\\ ,i" f \ Voo \
adt SV VA LN
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'l A "'
her ' AN/ é‘
; [ /\ e -\‘
- '/ o Abg - -
0":'0‘—- .115 — 2;3 3;3 410 50 60
No mathematical theory Time series for associated genes
DSGRN computation produces a SQL Query: A stable cycle involving
parameter graph with oscillations in all genes
approximately 45,000 nodes.
Computal—ion time on |aptop 96 parameter graph nOdes W|th
approximately 1 second. Morse graph that has a minimal
node consisting of a Full Cycle (FC).




96 parameter graph nodes with
Morse graph that has a minimal
node consisting of a Full Cycle (FC).

phase space dynamics (domain graph)



DSGRN ANALYSIS (I11): MAX-MIN MATCHING

1.0 p<- 1 ' . 5
N"'\ \ l’I "\
| '.v ¢ \ )
— - \l h ] |
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i s
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0.0 — . ) e
0 10 ( 30 40 50 60

M~ — — M — Mm
Have developed polynomial time algorithm that take paths in state transition
graph and identifies sequences of possible maxima and minima.

Tested all max-min sequences from state transition graphs from all 96
parameter graph nodes against 17,280 experimental patterns. No Match

“ Conclusion: This network does not generate observed dynamics l




< >\wnber of regions in parameter space: 17,280,000 (20 min)
Number of regions for which Morse graph exhibits

() —(m)—@)

/ stable FC (cycle all elements oscillate): 342,800
Experimentally possible Max-Min ordering (2880)
72m
zggﬂm UStlii
> 77M > 177m
177M .
204M S

Number of regions where state transition graph produces experimentally
possible Max-Min ordering: 100,346 (1 min) [/

Choose a parameter point from one of In
these regions. Numerically simulate an f

ODE with Hill function nonlinearities
at the parameter value with Hill AT
exponent n=10. RVAY




Current Favorite Model

PFID7 0317200
PEINT M1 =

N

FF307_0934400 FED) 0525000

[ i |

FEIDT_1237100

[

PFIDZ 1308700

PRDT_143100 }—

PFI0Y 205500

/ M3DT_2511200 FEIDJ 1139300
1 —

PR W™

1.0 —

0.6

0.4}

0.2

0.0

10

20

30

40

50

60

NN

248 PF3D7_1037600
17 PF3D7_0110700

154 PF3D7_0726300
176 PF3D7_0818500
14 PF3D7_0109600

118 PF3D7_0614800
171 PF3D7_0816800
406 PF3D7_1406200
366 PF3D7_1323300
345 PF3D7_1303100
340 PF3D7_1244600
111 PF3D7_0607100
100 PF3D7_0526300
288 PF3D7_1138800
411 PF3D7_1415200

Network dynamics matches experimental data for 49.7% of

9,069,926,400" parameter regions.

Parameter space is a subset of (0, c0)>?.

*Essential Network:

Only consider parameter values such that each node talks to and is

talked to by another node.




Summary

Lecture 1: Why we need a new paradigm for dynamics.

Lecture 2: DSGRN, an instantiation of a new approach to dynamics.

Used the toggle switch as an example.

Dynamics were formulated in language of posets (Morse
graphs).

Did not need to use concepts of flows, invariant sets,
etc.

Used Malaria data to show that DSGRN can perform nontrivial
computations efficiently.

Lecture 3: Mathematical challenges.



4 FUNDAMENTAL CHALLENGES

. RELATION TO CLASSICAL DYNAMICS: HOW DO WE
TRANSLATE DS GRN RESULTS INTO THE LANGUAGE OF
DYNAMICAL SYSTEMS

ll. PARAMETER SPACE: HOwW DO WE UNDERSTAND
GEOMETRY ASSOCIATED WITH PARAMETER GRAPH?

. REFINEMENTS: HOwW DO WE DO FINER
APPROXIMATIONS?

V. S1ZzE OF PARAMETER GRAPH: HOW TO REDUCE
STORED DATA?Y



l. RELATION TO CLASSICAL DYNAMICS:

For each parameter value z € Z we produce a state transition
graph F: V=2 V.

The associated Morse graph is the Hasse diagram for the poset P
of recurrent components of 7: V =X V.

The lattice of downsets O(P) is isomorphic to the lattice of attrac-
tors of F: V= V.

Let A be a finite lattice of attracting blocks for a dynamical system
o: RT x X — X.

Then P := J(A) is a poset order for a Morse decomposition of X
under o.

DSGRN

Classical



Multigraph

(CL21,"“21)

alcj@ @;‘) s Ay(x) = Mi(o(2))

(0/1,2,7"1,2)

For fixed z € Z we have a rectangular decomposition of phase space.

Define state transition graph 7: V=V
T2 o | as before. O

oy | .................. ....... .................. ............ oo

Oy |-rrremen .................. ....... .................. ............ Morse Graph

I O T T A Question: For what differen-

| : P : tial equations © = f(z), = €
r1 (0,00)%, is this Morse graph
Oa,1 0,1 Oc1 0,1 information relevant?




Define:
p = min pi(r)
Out Opr o 041 o p = max p(r)
v:min{%,%}
Aj(x;) : Y2 M1

Y2
)

/ 04 1= min < AL Ay
T ' V2(2A +3p)" V32

threshold




Theorem: (T. Gedeon, S. Harker, H. Kokubu, K.M., H. Oka) There exists
a Morse decomposition (invariant sets associated with a filtration of phase
space indexed by a poset P) for

tj = —vz; + fi(x), j=12

such that there is an order preserving injection MG — P.

0ii —0s 0,4+ 0 Q d
e @ ©® N }//2]
O

C

1



ldea of proof: Consider four regions.

Define five types of tiles.

Given an attractor A of 7: V==V, for each set of four regions, one
applied 6 rules that indicate which tiles should be used.

This defines a map N: Att(F) — P(X)

Prop: N: Att(F) — ANbhd is a join semi-lattice morphism.

N(A() A Al) — N(A()) fa N(Al) & ANDbhd

Birkhoff N

(P(F), <pm)) ~ Att(F) ~ L(N(Att(F)))

.............. Birkhoff

|

(JV(L(N(Att(F)))), <) —— MD(yp)



ll. PARAMETER SPACE (PARAMETER GRAPHS)

Given a regulatory network RN = (V, E) the associated parameter
space is Z C [0,00)” where D = #(V) + 3 - #(F) and a parameter
2= (l,u,0,v) € Z satisfies the following constraints:

0 <0, 0<4{;; <uj, 0 < ;.

The set of reqular parameter values Z C Z is defined to be the
complement of the set of parameter values that satisfy the follow-
Ing equalities:

1. Ozei,j,ozgi,jgO:ui,jsozvi! _
A parameter value z € Z

2. 0=wu;; — ¥, is k-deficient if exactly k
of the equalities are sat-
3. 0= (97;73' — Hk,z's isfied ;

4. 0 =;0;; — Nj(r),

where x C (0,00)7 (V) is a #(V)-dimensional rectangular domain
defined by the thresholds 6 and 6, ; defines a face of «.



Mathematically we view the DSGRN database as a map.

The nodes of the parameter graph, denoted by Z, are regions of pa-
rameter space and the edges indicate geometric relations between the
regions.

Themap is
DB: Z— AMG

where AM G denotes the collection of annotated Morse graphs.

There are (at least) two reasonable ways to define Z.



The Geometric Parameter Graph GPG is defined as follows. Let Z
denote the set of connected components of Z. Given (y, (4 € Z, the
parameter graph has an edge ({y, (1) if there exists z € cl({y) Ncl((y)
such that & is 1-deficient.

Prop: The GPG is connected.

The definition of the Combinatorial Parameter Graph CPG is techni-
cal. Heuristically, Z denotes the set of algebraic relations defined by
the complement that lead to non-empty sets of parameters. Given
(o, (1 € Z, the parameter graph has an edge ((y, (1) if exactly one of
the algebraic constraints differ.



For each i € V the nodes of the geometric factor graph GPG; is
defined to be the connected components of the complement of the
set of parameter values that satisfy the following equalities:

1. 0=0,;,0="0;;0=1u;: 0=,
2. 0 =wu;; — ¥,

3. 0=0,, — Op,

4. 0 =7i0;; — Ai(r),

where 0, ; defines a face of . Two nodes share an edge if they
admit a 1-deficient point in their common boundary.

Prop: GPG = |],., GPG;

Same result for CPG.



Thm: GPG and CPG are isomorphic in the following cases.

#Sources(i) | # Targets() M; # PG, /#Targets(i)!
‘ 1 x 3
2 x 6
3 x 10
2 1 x+y 6
2 1 Y 6
2 2 T+ 20
2 2 Y 20
2 3 T+ vy 50
2 3 Y 50
3 ‘ x+y+ 2z 20
3 xYZz 20
3 z(y + 2) 20
3 2 r+y+z 150
3 2 XYz 150
3 2 x(y + 2) 155
3 3 r+y+ =z 707
3 3 TYZz 707
3 3 z(y + 2) 756




Open Question: How can one can one compute the homology of
regions of parameter space defined by unions of nodes of
parameter graph?

Conjecture: It has a CW type structure that leads to a computable
cell complex.

/7-D

8-D  FP(0,1) 8-D FP(0,1)

(1) ue <11 |—|(2) u12 <7v1b2;
Y2012 <l21 lo1 < 712012 <ug;

7-D 6-D 7-D

8-D  FP(0,1) 8-D FP(0,1) FP(1,0)

(4) l12 <viba1 <uig |—[(5) l12<mb21 <wuip
Y2012 < l21 o1 < v2012 <wu2i

7-D



. REFINEMENTS: HOwW DO WE DO FINER
APPROXIMATIONS?



. REFINEMENTS: BISECTION

The Toggle Switch Parameter space: Z ¢ Z C (0,00)8

2

|f —’)/1(92’1 -+ 0'1_72(5132) <0

Oo | S 6, , 1. Number of parameter
2 : | nodes increases rapidly
0. - *1 2. | don’t think we get rapid
% | convergence of approximation

of dynamics



Ill. REFINEMENTS: DIAGONALIZATION

A finer resolution of
F: V=Y

®(r) :=T"TA(k)

Parameter graph is
no longer a product
graph.

o f Ne
0\4150 0/:;,0
2
X % y
o::/% e 11 H o —.;o
{ﬁ,
0‘%(0 ? o \%} o
o\£ S
J \_ J

POSSIBLE LOCAL GRAPHS



Ill. REFINEMENTS: NUMERICAL METHOD

dx




V. S1ZzZE OF PARAMETER GRAPH: HOW TO REDUCGCE

STORED DATA?Y

Cusp
Catastrophe

BEHAVIOR
SURFACE

CONTROL
SURFACE

Parameter
Space

Dynamics




DSGRN DATABASE FROM GENETIC TOGGLE SWITCH

FP(0,1) FP(0,1) ; FP(0,0)
(1) ure <11 |—|(2) ui2 <71b2; —E (38) w12 <71b2;
Y2012 <l21 lo1 < 72012 <ug; i U1 < Y201 2
R T e —
FP(0,1) . FP(0,1) FP(1,0) FP(1,0)
(4) li2<vb21 <uiz |+|(B) li2<mba1 <uiz |- (6) l1,2<7b21 <uip
Y2012 < l21 : o1 < v2012 <wu2i U1 < Y2012
..................... .’ | ‘
| |
FP(1,1) E FP(1,0) FP(1,0)
(7) mb2,1 <l —E— (8) Y121 <li2 |—[(9) 1021 <l12
Y2012 <21 E o1 < v2012 <wu21 uz,1 < Y2012

Observe: We can capture the
structure in parameter space by
giving two codimension 2 points
and four codimension 1 edges.
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http://www.math.rutgers.edu/~vidit/perseus.html

