
Computation of ( persistent ) homology result :

-
.

Computing homology : H.lk/=zp(kyBp( k )
° R= Di V is reduced ; unique pivots

- in  moneoo columns

zp , Bp : Zn - rector spaces
. ✓ is full rank

upper triangular
Up :

quotient space

Properties
Computing basis for quotient space

:
-

:

• EB = { R ; | Rito } : basis for babies
. Find basis for Bp

boundaries
)

°  °

o -2 z= { Vi | Ri  =D . Vito } : basis for cycles
. Extend to basis for Zp ( Mills )

But , -2
,

4- Ez  in general !
.

 new non -

boundary ban 's

cycles
generate quotient zp / Bp = Hp

→ exchange basis elements in Ez by Es

Notation :
tdaptedbas= for cycles

swap any Rj  e ZB
. D: boundary matrix

' Ri :
 in cot of matrix R

replacing Vi E Ez

' Pivot Ri : largest index  ynmtero aim

where  iepivotr ; f-pivot V;)

Aef
matrix seduction

,
~ Gamelin ) oEz = EB u { Vi  ←  

Ez I it pivots R }

R =D
,

✓ = I is  another b =
an 's for cycles

ze
while Fiaj with pivot Ri  

= pivot Rj ( proof : - Steinitz basis  exchange lemma )

add Ri to Rj ,
add Vi to Vj

[ Cohen - Steiner / Edels
. / Moro @~ zoojf

°

IE
Yields  a basis for homology



Filtrations Persistent homology
. -

Assumption for computation :

D :

bdry . matrix wrt . filtration - ordered basis

¢
= K

.
c- K

.
E .

. . E Kn = K

simphiial completes ,
K ; \ Kin = { ri 3 . Ips

,n
= {

Rye
23 | jck } : basis  of B*( KD

For  alpha  shapes ,
Vietor 's - Rips : • £z , a

=  

EB
,n

u { Rj e EB

|ke[
i

, j ) ,
i. pivot Rj }

;indexing by Rlinstead of IN ) u {

VieEelkeli
,

. ) }

simultaneous simphies =
ZH

,
k

Reindeximg function i : R → N

Thy The persistent homology of the
-

weakly order preserving ( Poet map )
filtration ( k;) ,

 is described up
to

.

right inverse of filtration rake :P
°  itidr

isomorphism by the persistence barcode

i- a -11-7
R :

,

. { [ i
, j ) 1 i= pivot Rj } u

:

¥l
.

" .\:"% .

Niall # pivonr }
.

' and generated by the cycles
v

-
' '

IB U 2-
E .

et K ! I e e

R eventually essential
boundaries cycles



Example Optimization : clearing [ Chen Kerber Zorn ]

=)
 4  5  6  7-

a
. exchanged Cycles

A ^
,

.

^ 1 i

3/+4 { Vi E Zz | I = pivot

Ri
for  some j }

D= | ^^¥34 IT"

 4
are not used ( R ;

 
= D .

Vi  = 0
,

since His  aide )

: .  in practice those are

7

-

many

- expensive to  compute

a- (
"

lift;uf"minftp.mail.arimii?Y:oi.imsinpeieesum
7

dim Ti  
= dim Tj

- ^

( here : all dims  in  one  matrix
i

=) after reducing bdry matrix for dimd
,

more efficient : dimensions  separately )
we know the cols to ship in dim d- 1

.  setting V ;
 

- Rj for  i - pivot Rj
still yields V full vk.n.tn ,

R =D . V reduced



Cohomology Computing homology vs cohomology

⇒Is
CP ( k ) = Cp(K)* = Homfplk ) , F) Observation [ desilva et d. 2am ] :

( dual rector space ) ( persistent ) cohomology is faster than homology
. Co boundary map Op : CP

"

→ C
P

;

-

Counting columns ( n vertices
,

k - skeleton of full simply
adjoint of Op : Cp → CP - ^

. homology :

op (
y ) ( c ) =

y ( Opc ) for cecr

hq(pn+. ) columns =§¢
"

f) + (II ) )
y

e (
P "

p
-

p=
- W

. JP o of
P

- ^

= 0 dim (
p

dim Bp . , dimzp

. co cycles : ZP = be dpt '
.  with clearing :

- a

.  cobdries : BP =
 in op [ (

"

j
'

) + ( II ) = PEE (
"

f )-

p=n

r  cow : ZP / BP
. cohomology:

lsomorphismofhomologylcohomoeogy § .

( pnm ) cols

=÷fl(fpI
) +

(
"I ))

#
. dim Hp1 k ) = dim HP ( K ) .

W ~
+  .

-

dim (
P

dim BP dim ZP

Proof
. dim Hp = dim Zp - dim Bp .  with clearing :

. dim HP = dime . dim B
.

Eph ( EI ) + fo
"

) = ¥1 ( y
'

)
. dim Zpt dim BP

= dim Cp
- - a

example ( k =3
,

n - 192 )dim her dp
dim  in sp

.

.

dimimdp
54.8 nnio ( homology )

a dim C
P

= dim Z
"

+ dim Bp .
D ^.^ mio ( cohomology )



Persistence modules structure
-

.

Filtration ;

A Pers . mod
.

is indcomposab_ if

can't be  written as wontriv
. direct  sum

.

K
.

-7kV
-

.  .

.

-  ' Kn = K

Diagram
of topological spaces ,

indeed by IN

The
( KMU - Schmidt - Remak ( for N →  neat )

;

( or R i e.
g

. alpha shapes ,
Victim's - Rips ) Crawley Boewen 2015 ( for R → vec4 )

( R → ) N → Top ( diagram  
=

pmctor ) buy persistence module  is a direct sum

of interval modules

Apply
homology :

-

v , 0 →  0  → IF  → .  . .  → IF  → 0 →
.  . .

4*1 K
.

) → H
* ( Kr ) →

.

 .
.

-

Diagram of vector spaces
( in an essentially unique way ) .

(r→)N→ wet :persistence= , the intervals defining ( the support of )

mortem of persistence modules f:V→W: the internal modules describe the isomorphism

natural transformation : family of type ( → persistence barcode )
-

linear maps suchthatthe

anagram
Vn + V

,
→ .

. .  → Note : persistence modules N →  vech

ffn ff .
⇐ > fin . gen modules over poly .

 ring # It ]

W
,

+ W ,

-1 .

'

 - → ( index ⇐ 7 poly . degree )

Commutes .



Stability of persistence Stability step by dep ;

. -

function
X → R

@ f sublevel ret

µµµ
Ht@toPge.nsoeaau.g;

l filtration ,
r → top

f
rector spaces

( persistence  module ) R → vect

�3� d persistence diagram lbwcode

The [ Cohen - St
.

,
Edels .

,
Here 2005 ] collection of intervals R → Mch

Let Hf
-

GH
.

= or
.

Then F  matching between

Intervals of barcodes B ( f )
, Bcg ) s .

t
. �1�

(

�2�
(
�3� are

.  matched interval have d- close  endpoints 1 - Lipchitz !

. unnamed intervals have length ± 2r ( which metric ?

my Interleaving

info
→ Bottleneck distance -

)
mnthnings

B (f) ← '

Bcg )



Into leavings Structure of persistence submodules /
- -

Let Ji Hf
- glls

.

write quotients
Fe= f-

 '

( -

as it )
, Gt =

. . .

Then
,

Let M
,

N persistence modules
Then

Timf
: M → N an injection ( swjt

Ft F F
( i.e.

, ft
: Me  

→ N¢ injective ttl
,

a # IIXI :
"

a
=

=
BCM )

F
, G : R -1 Top are of - interleaved - Bln )

-

'

f interval in DCM )Define interleavingdistance :

zl
.

interval in Blm )

dttfiakinof: F J -

interleaving
F * A

with large or same left ( right )

Apply homology ( fnnchor ) → preserves and same right end 1 left )

comment , H*lF ) ,
H * (G) : R→Vect Proof ( sketch )

are

Final
. = .

But
of BCM / is

mapped to

f
lin .  comb

. of bars of BCN )

= . Natnrality : I overlaps all

¥ those bars to the right ( at both ends )

- ! . lnjechinty : one of then ends to g. a. I



Induced matching [ B
,

Lesnick 2or5] stability from into
leanings. -

For a general morphism f : L → N
consider interleaving :

file
'

Neerigt
:

NIH
.io

consider epi-monofL :

L
+

=p
'

Ltto
L -  '  ' in f -7 N

Nt
gµ ( Vitek )

N
Note : Then

+

in lt . r

,t+o↳imgt4Lt+r
(4

• injection M ⇒N induces

injection of intervals BLMK ' BCN ) MMOW

Ne → in
ge (2)

. swjection L→M induces

Hence

injection BLM ) ↳ B

(2) :-B( L )I#I
B ( in

lio
, +  to ) ( erode but )

i
"

:
:

:
.  compose to a matching B (c) → B ( N) ( ^ ) #,

, Bling )i='

,

I B (

L+
. ) Cshiftbftbnr )

-

BK ) ;
,

.

,
. I

= Band Eta' ¥ .

( y i
: =BIN ): 1

,

. Bar in �1� ( 4 overlaps matched . Matched bars of L
,

N have 5- close

bar  in BCN ) to the right left endpoints ! ( Dnally : right ends )

Apply this to interleaving . .

.

.

If a bar  of L has length > 20

then it must be matched

=) unmatched bars have length EZJ


