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Directedgraphs give rise to

1 Dynamics

2 Groupoid

3 C algebras

Conjugacyand continuous orbit equivalence

Perspectives e localhomeomorphisms

Sofie shifts



A directed graph is E E r s where

r s E t Eo are range and source maps
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I Dynamics appear
as infinite path space

E eoe ez eitel rlei skit tie in

with the shift Eleoelez Gezi
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DE Edo finitepathsending in a singular vertex



The orbit of ne OE is
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2 the graph groupoid of CoE Te is
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Z The graph C algebra CLE is

the groupoid C algebra C Ge

a c completion of C Ge with
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A homomorphism h DE OF is a conjugacy

if

hot a Foh a for me OE

h torely Teoh ly for ye
OF

Example

A and are notconjugate

I and RE are not conjugate



A conjugacy h OE of induces

a groupoid isomorphism Y GE Ge
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th Matsumoto Matsumoto Mati Carlsen Eilers Ortega

RestorffBrownlove Carlsen Whittaker
CRSI

Let E and F be mice directed graphs

The following are equivalent

1 E and F are continuouslyorbitequivalent

2 Ge and Ge are isomorphic as topological
groupoid

3 CLE DCE and CF DCF are

diagonally k isomorphic



A homomorphism h DE OF is a

continuous orbit equivalence if there are

continuous cocycles lap le DE IN and ke le OF IN

s t
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Example

y
and dy are cont orb eg

R and 8,373 are not cont orbeg



j How do we characterise conjugacy



Barn
For a finite essential graph E there is

completely positive map ee CLE CLE

Te a

p
Ey Se

kSf

and CLE DCE ee determines Eire

up to conjugacy
Need new idea to generalise
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A conjugacy h OE of induces

a groupoid isomorphism Y GE Ge

Cn p g He hea p hey

st CeoX CE CE n p y P

a k isomorphism of CLE F sit
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The canonical cocycle CE GE t Z

CE G
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induces the canonical gauge
action TO CLE
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induces a gauge
action TA Cle weightedby f



Example B Carlsen
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Ging CE

Here E and F are not conjugate but

CLE DCE g
E

E CCF DCF JF
cangauge action



Theorem
Matsumoto Armstrong B Carlsen Eilers

The graphs E and F are conjugate iff

there is K isomorphism CLE CLF that

intertwines all gauge
actions weighted by

CLOER and ColdF Z

ft Colon

gel Ge y
t
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PERSPECTIVE 1

theorem Armstrong B Carlsen Eilers

Two local homeomorphisms
T Xe X and S Ye Y

are conjugate iff

there is K isomorphism CT cts that

intertwines all gauge
actions weighted by

Cf X R and ColY R



PERSPECTIVE 2

Sofie shifts are modelled by finite labelled

graphs and C algebras are graph algebras

En I odd
I dit
G

G
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B Carlsen

The even and oddshifts are continuously orbit equivalent



theorem B

Conjugacyof sofie shifts has
similar characterisation

Therein B Carlsen

Continuous orbit
eg of sofic shifts implies

diagonal t isomorphism

8 Is the converse true



Summary

Graphs define interesting dynamical systems
symbolicdynamics

Continuous orbitof
is diagonal isomorphism

Conjugacy is diagonal isomorphism thet
intertwines a family of gauge actions

Many results extend to generaldynamical systems


