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Motivation:Non-commutative topology. Undertand
the K-theory

of valsmen-sibelmen qps's through kk-theory.

Goal:constructan explicitlk-equivalence
between

<CP) and CCCPY)

① The VS Quantum proj, spaces (or graph algebrass

& ku-theory & rk-equivalences (split
externions & kk)

③ Construction of a splitting & proof of ke-equivalence



① VS aPS's CCCP) n=1

quantum homogeneous space structure

- U() ection on the US ood spheres

c(CD) =((82n+1)v(n)
ast seti
-

- Uq(m) wr SUgCh+1) (more or this later)

9-c(0,1) (54) is the universal
CIalgebra gel by

n+1 elements to...., an

z1z) =q
-

z,z; z1z =g2*zi i

z1 z,* =1
i=N (*3

↳

A

212 - Ziz,* + =(1
- q2)z,y*

-

y=i+1 (*)



<CAPE): =c(site,
UCL

z1re w.zitweb)

generated by elements pij =zi* zj t relations deduced

from (*)

pij ene entries of a (n+1) x (n+1) projection

2 pijpyr=Pik 2 pi=pji

n =1 <(xpi) =c(SE)

2002 Hong-Szymanskithe groutua spheres (Sin+1)
&

&

the frontire pro. Speces (CPE)
one graph cP-algebras.

Recall. Adegraph E =(EP,E', r,s)
-

EEl countable nets of vertices & edges

rs:E'+ E one the range & source mass
2

V
-> in

~(e) =w s(e) =v >-



Avertex ve EP is soleregular ifs-(r) =2 eeE' (s(e) =v3

is finite & non-empty

If s-(v) =b v is a sink

Is -(4)1 =0 v is an infinite emitter

DefE directed graph, CXCE) is
the mineral algebra

2 pv I ve E3 &
generated by projections

poutldisometries Se leeE3
sit

& PvPw
=0 v=w

② Se*81 =0 eff

③ Se* se=PrCeL

④SeSe* =Psie) I CK relations8 Pv
=

Z SeSe* for all vreguten
s(v)=2



Canonical W(n) ection (the GAUGE action) defined

PV Pr 2 Se n wSe wweS

ymanstei CS =c*( (2n+1)

Len + 1 has nt1 vertices & 1 edge from vito v;

We --- Un +1 i =j

I D b be -

l S - I

LE 6 -> -

-> -> ⑦

- -1
V2 V3 V4

wa 0
1 1min L

M
1
I

2

Incidence meteix

*all isomorphic ge (0, 1)



under (*(L2n +1) Acs?+)

gauge
action - v(n)-action described above

er

((kRY) =((Len+1) =c*(Fu)

FI
We (0) W2 (0) W3 COS

·

Wh-
E -> & - ·-

-(D)
Fre has n+1↳vertices

CD) 7

to many edges from
&

vi ->V; ic) In notlow-finite

all vertices one

singulan
Wnte is a sink

& wi's icn+1 is
-erswill



we can compute the K-theory ofCCCPY) is kernel

& cokennel of a certain up.

KE:Eres - IE

Ck=(v) = rie)) - v
eEE'
S(e)=V

KE:0 - [n+1

k)CCCP,) =0
agree

with

damica
ko((KPY)) =I

n+ 1

1 -theory groups
of

<[Cp")



nature given a hereditary & naturated

-
D

subset It we geta gage invariant
ideal IH

c*CE)/ In *c*(E/H)

Def H=EP is hereditary & saturated if
-

① Ve H, we if I path from vto w
=w -> H;

& WeE 0 < (s-(w) / 20 Feetwith

s(e) =w,r(e) =4 =>w
-H

for Fn 3Wn+= 3 = Fri is both teleditary &

saturated

Fr/3Wn+ 1 3 =Fn-1



0 ->k +CCCP) -> c(kp"- +09

11 12 12

IWn+1 C*(Fr) (*(Fn13Wn+13)

S
u =1 -

O -> k -(CPY) + 4 + 0

the sequence splits.

How aboutn>1?
-



⑧⑫,kl-equivalences & splitextensions

Kaspaov's bivariantk-theory
-

for any pain ofsep. Cey.
ARB, B8 maital

Kasponor (80):22 granded group KK (A, B) s.t*

· KK4,BL =Kx(B):

· KK*(A,K) = KYA);

·Iassociative +bilineon product

kK:(A,BxKK;(B, c) -> KK its (A.C
i,j =0,

Crecovers the index pairing)

· Ang x-> kko)+1B) kiCA) -- ki(B)
· KK(B, B) is a ring, k*(B), R*(B)

modes and

this viny



Det two co-elgebras A.B ane kk-equivalent
Cork-equivalent)

12 = (x) = kk (A,B), [BT = kR(B,A)

[C]*-[B) =1 kx(A,e)

[B]x() =1 kx(B,B)

2 chey, thatare re-equire
annot be distinguished

by ku-theory,

lesof KK-equivdence

· Ki 6(RY one keke-equivalent (Bottperiodicity)

·
E -X complex v.b. over loc.cmpat X

G(X)eG(E) ae kk-eg. (Thomiso)



· Monite equivalent C2_algebras are k-eqwirdence

·The& ks - equivaence

↓

class of C*-algebras that satisfy the universal efficient
theorem of Rosenberg & Schocket

·all thecommutative Edgebras.

· K one in the US can

· stable under extensions

The (RS 87). Let find
is separable in the 0dam.

Suppose ki(A) 1Ki(B)
i=0.1, then A&B

are RK-equivalent.



1som. In K-theory can be lifted to ki-equivalences.

This applies to CCCPM) because of

0 ->k +CCCP) -> CCKP) +0

by induction on u <CCPY) is in the UG abe

=aentra
-
known by work of Nashreyer -

to set

(2011)

C0,1779t C (Ga/ka) cont. field of Chely
&

sugintl/ne(u)



sectsequences and lek - theory

Let us consider an exterior

0
-

6 - 3 -> E
<
-> B -> 0

thatsplits
I 9

5xhom. :B -E s.t gos=idB

Fact :the element [1] @Ts] -> kr(zeB,E)
--

a I

-kK(2,E) ↳x(B,E)

IS a kk-equivalence.

explicit inverse [x]=KK(E, J&B)

One ingredient is [9] clK (E, B)
the other class is [TTs) -kk (E,0) splitting

homon.



Apictureof the

↳ kkh (A, B) cycles is a pain (4+,p-) of a

hor. A+r(1exB) st

d +(a) - b - (a) =kxB
ta =A

In our case ep:E + KRE

e lp ee prankpros.

IGE

5Savonad map (:M(k*E)
+M(ke2)

(ep, j-ep. s-9) w(1,509)with

grading

[H, *[G) = kk(E, JaB) is the inverse



③ The splitting and kk-equivalences

our strategy is indeed tocontracta splitting for the

exact sequence
----

0 + k + ((kpe) -> cap) - 0

deation:the splitting exists because
of wate home

agebre argument.

-

OLea A reponable in UCI, kA) free Abelia
&

K.(A) =0 ->

day 0 +kem -g
E +A + 0 splits

↓UC ①

RR. (A,k*M) =8KK,(A,K) = Hom(kn2) am

- & Hom (ko(A),8
Ex(k0(1),2) =0 - ↑
=



the graph algebra is crucial in the construction of
vertices Vi
i=..n

s:ce) +((CPY)
Fr- 1

U i

* *
E - Un-1

·

Un
-

0 ...
S -

⑳ m<[Fn-1) -> ((Fr) e,z ⑧EVe vz
↳ -

I - edyth- -

gen by Pri 2
poi

E
E

C

Seni,=1... n Sfi"1)
=1...n+1

eg er m=0...

ME IN
& for Fr n +1 vertices Wi

u

D
~ me IN

- Prit I wi i
=1. . . ,- 1 fix

ii) =1 . . .n+1

- Pun to Dun + PWn+ 1

- Sei te Ste y =n

- Sein HSfir + Sfnt



Thee (A. Mikelsen '21)
-

the wep Si CCIDY"( -> <<CPY)
defined as

above is a splitting for the s.e.S
Su

----

0 -> k + ((4p?) -> Cap- -0
Ju qu
-
-

IJnC 0[sn) - KR(RRCCKRY", CCKRY)

is a re-equindence

es KK ey. between CCKDY) & 9"+
1

up
to m.e

Thank you!



kk, (k*M,A) =0

prove KK, (D. A) =0 A=ColX

any ext

0 -> k - E +A +X

↑


