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Kirchberg-Phillips Theorem

A a Kirchberg algebra i.e. a simple purely infinite unital, separable,
nuclear, UCT C ∗-algebra.

Theorem (Kirchberg-Phillips, [Phi00])

Let A, B be Kirchberg algebras. Assume there exist isomorphisms
ξi : Ki (A)

∼−→ Ki (B) (i = 0, 1). Then A ∼ B (Morita equivalence). If
furthermore ξ0([1A]) = [1B], then A ∼= B.

Algebraic Kirchberg-Phillips problem: Identify an algebraically defined class
C of SPI unital algebras over a field for which an analogue of KP holds.

Example

The Leavitt algebras Ln (2 ≤ n ≤ ∞), and more generally, the SPI
LPAs,should be in C.
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G. Cortiñas (Buenos Aires) Algebraic Kirchberg-Phillips and twisted Katsura algebras
Graph Algebras Bedlewo, July 5, 2023

2 / 18



Kirchberg-Phillips Theorem

A a Kirchberg algebra i.e. a simple purely infinite unital,

separable,
nuclear, UCT C ∗-algebra.

Theorem (Kirchberg-Phillips, [Phi00])

Let A, B be Kirchberg algebras. Assume there exist isomorphisms
ξi : Ki (A)

∼−→ Ki (B) (i = 0, 1). Then A ∼ B (Morita equivalence). If
furthermore ξ0([1A]) = [1B], then A ∼= B.

Algebraic Kirchberg-Phillips problem: Identify an algebraically defined class
C of SPI unital algebras over a field for which an analogue of KP holds.

Example

The Leavitt algebras Ln (2 ≤ n ≤ ∞), and more generally, the SPI
LPAs,should be in C.
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Key to the proof of KP

Theorem (Kirchberg, [KP00])

Let A be a Kirchberg algebra,
∼
⊗ the (e.g. min) C ∗-algebra tensor product.

Then
O∞

∼
⊗ A ∼= A, O2

∼
⊗ A ∼= O2.

Proposition (Ara-C)

Let p ̸= q ≥ 1, 2 ≤ n1, . . . , np,m1, . . . ,mq ≤ ∞. Then

p⊗
i=1

Lni ̸∼
q⊗

i=1

Lmi .
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Case of graph algebras

E finite graph, AE incidence matrix, ME = I − At
E , C

∗(E ) graph
C ∗-algebra, ℓ a field, L(E ) Leavitt path algebra over ℓ. Then

K0(C
∗(E )) = K0(L(E )) = BF(E ) = Coker(ME )

C ∗(E ) SPI ⇐⇒ L(E ) SPI ⇐⇒ E SPI .

Theorem (Cuntz-Rørdam, [Rør95])

E , F SPI,

i) BF(E ) ∼= BF(F ) ⇒ C ∗(E ) ∼ C ∗(F ),

ii) (BF(E ), [1E ]) ∼= (BF(F ), [1F ]) ⇒ C ∗(E ) ∼= C ∗(F ).
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Ingredients of proof of Cuntz-Rørdam

Recall BF(E ) = Coker(ME ).

Theorem (Franks, [Fra84])

E , F SPI. Then

(BF(E ) ∼= BF(F ) and sg(det(ME )) = sg(det(MF )))

⇐⇒ E
flow∼ F

E
flow∼ F iff E → · · · → F via sequence of standard graph moves.

Cuntz’ splice: E → E−, BF(E ) ∼= BF(E−), sg(detME ) = −sg(detMF ).

Proposition

The Morita class of C ∗(E ) is invariant under both standard graph moves
and Cuntz’ splice.

G. Cortiñas (Buenos Aires) Algebraic Kirchberg-Phillips and twisted Katsura algebras
Graph Algebras Bedlewo, July 5, 2023

5 / 18



Ingredients of proof of Cuntz-Rørdam

Recall

BF(E ) = Coker(ME ).

Theorem (Franks, [Fra84])

E , F SPI. Then

(BF(E ) ∼= BF(F ) and sg(det(ME )) = sg(det(MF )))

⇐⇒ E
flow∼ F

E
flow∼ F iff E → · · · → F via sequence of standard graph moves.

Cuntz’ splice: E → E−, BF(E ) ∼= BF(E−), sg(detME ) = −sg(detMF ).

Proposition

The Morita class of C ∗(E ) is invariant under both standard graph moves
and Cuntz’ splice.
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Algebraic Cuntz-Rørdam

Proposition (Abrams-Louly-Pardo-Smith, [ALPS11])

The Morita class of L(E ) is invariant under standard graph moves.

Question

Are L(E ) and L(E−) Morita equivalent?

Set Rn = one vertex and n loops. Ln = L(Rn), Ln− = L(R−
n ).

Are Ln and Ln− isomorphic/equivalent? Key: n = 2.

Theorem (Johansen-Sørensen, [JS16])

There is no ∗-algebra isomorphism L2(Z)→ L2−(Z).
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G. Cortiñas (Buenos Aires) Algebraic Kirchberg-Phillips and twisted Katsura algebras
Graph Algebras Bedlewo, July 5, 2023

6 / 18



Algebraic Cuntz-Rørdam

Proposition (Abrams-Louly-Pardo-Smith, [ALPS11])

The Morita class of L(E ) is invariant under standard graph moves.

Question

Are L(E ) and L(E−) Morita equivalent?

Set Rn = one vertex and n loops. Ln = L(Rn), Ln− = L(R−
n ).

Are Ln and Ln− isomorphic/equivalent? Key: n = 2.

Theorem (Johansen-Sørensen, [JS16])

There is no ∗-algebra isomorphism L2(Z)→ L2−(Z).
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Homogeneous homomorphisms Ln ↔ Ln−

Have a C∞ := Z-grading

L(E ) =
⊕
n∈Z

L(E )n

and thus also, for m ≥ 2, a Cm := Z/mZ-grading,

L(E ) =
m−1⊕
i=0

⊕
n≡i(m)

L(E )n.

Theorem (Arnone, C [AC23])

Let ℓ be a field or a PID, n ≥ 2 and 2 ≤ m ≤ ∞. Then there are no unital
Cm-homogeneous homomorphisms Ln → Ln− nor in the opposite direction.
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Cm-homogeneous homomorphisms Ln → Ln− nor in the opposite direction.
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G. Cortiñas (Buenos Aires) Algebraic Kirchberg-Phillips and twisted Katsura algebras
Graph Algebras Bedlewo, July 5, 2023

7 / 18



Homogeneous homomorphisms Ln ↔ Ln−

Have a C∞ := Z-grading

L(E ) =
⊕
n∈Z

L(E )n

and thus also, for m ≥ 2, a Cm := Z/mZ-grading,

L(E ) =
m−1⊕
i=0

⊕
n≡i(m)

L(E )n.

Theorem (Arnone, C [AC23])

Let ℓ be a field or a PID, n ≥ 2 and 2 ≤ m ≤ ∞. Then there are no unital
Cm-homogeneous homomorphisms Ln → Ln− nor in the opposite direction.
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Homotopy classification

ϕ, ψ : A→ B algebra homomorphisms. ϕ ∼ ψ if ∃ H0, . . . ,Hm : A→ B[t]
such that ev0 ◦H0 = ϕ, ev1 ◦Hm = ψ, ev1 ◦Hi = ev0 ◦Hi+1.

Theorem (C-Montero, [CM20])

E ,F spi, (BF(E ), [1E ]) ∼= (BF(F ), [1F ]) ⇒ ∃ ϕ : L(E )←→ L(F ) : ψ
unital, ψ ◦ ϕ ∼ idL(E), ϕ ◦ ψ ∼ idL(F ).

Here ∼ is algebraic homotopy; ≈: continuous C ∗-htpy.

Theorem (C, [Cor22])

E , F spi ξ : C ∗(E )→ C ∗(F ) unital. Then ∃ ϕ : LC(E )→ LC(F ) unital ∗,
ϕ̂ ≈ ξ : C ∗(E )→ C ∗(F ). Moreover ξ homotopy equivalence in C ∗ −Alg
⇐⇒ ϕ homotopy equivalence in AlgC.
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Katsura algebras

E finite, A = AE ∈ Nreg(E)×E0

0 , vE 1w = {e0, . . . , eAv,w−1}. Let
B ∈ Zreg(E)×E0

such that Av ,w = 0⇒ Bv ,w = 0.

σ : vE 1w → vE 1w , σ(ei ) = ei+Bv,w ,

ϕ : Z× vE 1w → Z, ϕ(n, e) = qAv,w (i + nBv ,w ).

The Katsura=Exel-Pardo [EP17,HPSS21]

C ∗
A,B = C ∗(E , σ, ϕ), OA,B = L(E , σ, ϕ).

(A,B) as above is KSPI if E 0 = reg(E ), A irreducible, Av ,v ≥ 2 and
Bv ,v = 1 for all v ∈ E 0.

Theorem (Katsura, [Kat08])

i) C ∗
A,B is separable, unital, nuclear and UCT.

ii) K0(C
∗
A,B) = Coker(I − At)⊕Ker(I − Bt),

K1(C
∗
A,B) = Coker(I − Bt)⊕Ker(I − At).

iii) (A,B) KSPI ⇒ C ∗
A,B SPI.

iv) A Kirchberg, K∗(A) f.g. then A ∼= C ∗
A,B with (A,B) KSPI.
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G. Cortiñas (Buenos Aires) Algebraic Kirchberg-Phillips and twisted Katsura algebras
Graph Algebras Bedlewo, July 5, 2023

9 / 18



Katsura algebras

E finite, A = AE ∈ Nreg(E)×E0

0 , vE 1w = {e0, . . . , eAv,w−1}. Let
B ∈ Zreg(E)×E0

such that Av ,w = 0⇒ Bv ,w = 0.

σ : vE 1w → vE 1w , σ(ei ) = ei+Bv,w ,

ϕ : Z× vE 1w → Z, ϕ(n, e) = qAv,w (i + nBv ,w ).

The Katsura=Exel-Pardo [EP17,HPSS21]

C ∗
A,B = C ∗(E , σ, ϕ), OA,B = L(E , σ, ϕ).

(A,B) as above is KSPI if E 0 = reg(E ), A irreducible, Av ,v ≥ 2 and
Bv ,v = 1 for all v ∈ E 0.

Theorem (Katsura, [Kat08])

i) C ∗
A,B is separable, unital, nuclear and UCT.

ii) K0(C
∗
A,B) = Coker(I − At)⊕Ker(I − Bt),

K1(C
∗
A,B) = Coker(I − Bt)⊕Ker(I − At).

iii) (A,B) KSPI ⇒ C ∗
A,B SPI.

iv) A Kirchberg, K∗(A) f.g. then A ∼= C ∗
A,B with (A,B) KSPI.
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G. Cortiñas (Buenos Aires) Algebraic Kirchberg-Phillips and twisted Katsura algebras
Graph Algebras Bedlewo, July 5, 2023

9 / 18



Katsura algebras

E finite, A = AE ∈ Nreg(E)×E0

0 , vE 1w = {e0, . . . , eAv,w−1}. Let
B ∈ Zreg(E)×E0

such that Av ,w = 0⇒ Bv ,w = 0.

σ : vE 1w → vE 1w , σ(ei ) = ei+Bv,w ,

ϕ : Z× vE 1w → Z, ϕ(n, e) = qAv,w (i + nBv ,w ).

The Katsura=Exel-Pardo [EP17,HPSS21]

C ∗
A,B = C ∗(E , σ, ϕ), OA,B = L(E , σ, ϕ).

(A,B) as above is KSPI if E 0 = reg(E ), A irreducible, Av ,v ≥ 2 and
Bv ,v = 1 for all v ∈ E 0.

Theorem (Katsura, [Kat08])

i) C ∗
A,B is separable, unital, nuclear and UCT.

ii) K0(C
∗
A,B) = Coker(I − At)⊕Ker(I − Bt),

K1(C
∗
A,B) = Coker(I − Bt)⊕Ker(I − At).

iii) (A,B) KSPI

⇒ C ∗
A,B SPI.

iv) A Kirchberg, K∗(A) f.g. then A ∼= C ∗
A,B with (A,B) KSPI.
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C ∗
A,B in KK

C[−1] := C(0, 1) ∼−→ Ker(ev1 : C (S1)→ C). C (S1) ∼= C⊕ C[−1].
Toeplitz extension: C ∗

A,B = TA,B/KA,B .
Katsura shows KK-isos

KA,B

∼=
��

// TA,B
∼=
����

// C ∗
A,B

(C⊕ C[−1])reg(E) f // (C⊕ C[−1])E0

Recall KK (C[−1],C[−1]) = KK (C,C) = K0(C) = Z.

f =

[
I − At 0

0 I − Bt

]

G. Cortiñas (Buenos Aires) Algebraic Kirchberg-Phillips and twisted Katsura algebras
Graph Algebras Bedlewo, July 5, 2023

10 / 18



C ∗
A,B in KK

C[−1] := C(0, 1) ∼−→ Ker(ev1 : C (S1)→ C).

C (S1) ∼= C⊕ C[−1].
Toeplitz extension: C ∗

A,B = TA,B/KA,B .
Katsura shows KK-isos

KA,B

∼=
��

// TA,B
∼=
����

// C ∗
A,B

(C⊕ C[−1])reg(E) f // (C⊕ C[−1])E0

Recall KK (C[−1],C[−1]) = KK (C,C) = K0(C) = Z.

f =

[
I − At 0

0 I − Bt

]
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C ∗
A,B in KK , continued

We have a KK -triangle

(C⊕ C[−1])reg(E)I − At 0
0 I − Bt


// (C⊕ C[−1])E0 // C ∗

A,B .

Since KK (C[−1],C) = KK (C,C[−1]) = 0, in every KK triangle

(C⊕ C[−1])m g−→ (C⊕ C[−1])n → A

g must have diagonal block form.

Katsura: if n = m, may choose N ≥ n, (A,B) KSPI,s.t. there is a triangle

(C⊕ C[−1])N f−→ (C⊕ C[−1])N → A

So A ∼= C ∗
A,B in KK and if A Kirchberg, also in C ∗ −Alg, by KP Thm.
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G. Cortiñas (Buenos Aires) Algebraic Kirchberg-Phillips and twisted Katsura algebras
Graph Algebras Bedlewo, July 5, 2023

11 / 18



C ∗
A,B in KK , continued

We have a KK -triangle

(C⊕ C[−1])reg(E)I − At 0
0 I − Bt


// (C⊕ C[−1])E0 // C ∗

A,B .

Since KK (C[−1],C) = KK (C,C[−1]) = 0,

in every KK triangle

(C⊕ C[−1])m g−→ (C⊕ C[−1])n → A

g must have diagonal block form.

Katsura: if n = m, may choose N ≥ n, (A,B) KSPI,s.t. there is a triangle

(C⊕ C[−1])N f−→ (C⊕ C[−1])N → A

So A ∼= C ∗
A,B in KK and if A Kirchberg, also in C ∗ −Alg, by KP Thm.
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(C⊕ C[−1])m g−→ (C⊕ C[−1])n → A

g must have diagonal block form.

Katsura: if n = m, may choose N ≥ n, (A,B) KSPI,s.t. there is a triangle

(C⊕ C[−1])N f−→ (C⊕ C[−1])N → A

So A ∼= C ∗
A,B in KK and if A Kirchberg, also in C ∗ −Alg, by KP Thm.
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OA,B in kk

Let ℓ be any field, OA,B = OA,B(ℓ).

Proposition

There is a kk-triangle

(ℓ⊕ ℓ[−1])reg(E) f // (ℓ⊕ ℓ[−1])E0 // OA,B

f =

[
I − At 0

0 I − Bt

]
Remark

kk(ℓ, ℓ) = kk(ℓ[−1], ℓ[−1]) = K0(ℓ) = Z, kk(ℓ[−1], ℓ) = K1(ℓ) = ℓ∗,
kk(ℓ, ℓ[−1]) = K−1(ℓ) = 0. Hence any g ∈ kk((ℓ⊕ ℓ[−1])m, (ℓ⊕ ℓ[−1])n)
has the form

g =

[
M P
0 N

]
with M,N ∈ Zn×m and P ∈ (ℓ∗)n×m.
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Twisted Katsura algebras
Let E be a finite graph,

A = AE , B ∈ Zreg(E)×E0
, C ∈ (ℓ∗)reg(E)×E0

such
that Av ,w = 0 ⇒ Bv ,w = 0,Cv ,w = 1. Using C define cocycle
c : Z× E 1 → ℓ∗; set

ψ : Z× E 1 → ℓ[Z] = ℓ[t, t−1], ψ(n, e) = c(n, e)tϕ(n,e).

Consider twisted Kastura algebra (twisted Steinberg [ACC+22])

OC
A,B = L(E , σ, ψ)

Theorem

There is a kk triangle

(ℓ⊕ ℓ[−1])reg(E) f // (ℓ⊕ ℓ[−1])E0 // OC
A,B

where for C ∗
v ,w = C−1

w ,v , we have

f =

[
I − At C ∗

0 I − Bt

]
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G. Cortiñas (Buenos Aires) Algebraic Kirchberg-Phillips and twisted Katsura algebras
Graph Algebras Bedlewo, July 5, 2023

13 / 18



Twisted Katsura algebras
Let E be a finite graph, A = AE , B ∈ Zreg(E)×E0

, C ∈ (ℓ∗)reg(E)×E0
such

that Av ,w = 0 ⇒ Bv ,w = 0,Cv ,w = 1.

Using C define cocycle
c : Z× E 1 → ℓ∗; set

ψ : Z× E 1 → ℓ[Z] = ℓ[t, t−1], ψ(n, e) = c(n, e)tϕ(n,e).

Consider twisted Kastura algebra (twisted Steinberg [ACC+22])

OC
A,B = L(E , σ, ψ)

Theorem

There is a kk triangle

(ℓ⊕ ℓ[−1])reg(E) f // (ℓ⊕ ℓ[−1])E0 // OC
A,B

where for C ∗
v ,w = C−1

w ,v , we have

f =

[
I − At C ∗

0 I − Bt

]
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Let E be a finite graph, A = AE , B ∈ Zreg(E)×E0

, C ∈ (ℓ∗)reg(E)×E0
such

that Av ,w = 0 ⇒ Bv ,w = 0,Cv ,w = 1. Using C define cocycle
c : Z× E 1 → ℓ∗; set

ψ : Z× E 1 → ℓ[Z] = ℓ[t, t−1], ψ(n, e) = c(n, e)tϕ(n,e).

Consider twisted Kastura algebra (twisted Steinberg [ACC+22])

OC
A,B = L(E , σ, ψ)

Theorem

There is a kk triangle

(ℓ⊕ ℓ[−1])reg(E) f // (ℓ⊕ ℓ[−1])E0 // OC
A,B

where for C ∗
v ,w = C−1

w ,v , we have

f =

[
I − At C ∗

0 I − Bt

]
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G. Cortiñas (Buenos Aires) Algebraic Kirchberg-Phillips and twisted Katsura algebras
Graph Algebras Bedlewo, July 5, 2023

13 / 18



Twisted Katsura algebras
Let E be a finite graph, A = AE , B ∈ Zreg(E)×E0

, C ∈ (ℓ∗)reg(E)×E0
such

that Av ,w = 0 ⇒ Bv ,w = 0,Cv ,w = 1. Using C define cocycle
c : Z× E 1 → ℓ∗; set

ψ : Z× E 1 → ℓ[Z] = ℓ[t, t−1], ψ(n, e) = c(n, e)tϕ(n,e).

Consider twisted Kastura algebra (twisted Steinberg [ACC+22])

OC
A,B = L(E , σ, ψ)

Theorem

There is a kk triangle

(ℓ⊕ ℓ[−1])reg(E) f // (ℓ⊕ ℓ[−1])E0 // OC
A,B

where for C ∗
v ,w = C−1

w ,v , we have

f =

[
I − At C ∗

0 I − Bt

]
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Twisted Katsura algebras, continued

Theorem

i) If ℓ ⊂ C and (A,B) is KSPI, then OC
A,B is SPI.(Use [ACC+22,CEP+]).

ii) If n ≥ 1 and R is an algebra such that there is a kk-triangle

(ℓ⊕ ℓ[−1])n g // (ℓ⊕ ℓ[−1])n // R

then there exist N ≥ n, A,B ∈ MN(Z), A ≥ 0, C ∈ MN(ℓ
∗) such that

(A,B) is KSPI and OC
A,B
∼= R in kk.

G. Cortiñas (Buenos Aires) Algebraic Kirchberg-Phillips and twisted Katsura algebras
Graph Algebras Bedlewo, July 5, 2023

14 / 18



Twisted Katsura algebras, continued

Theorem

i) If ℓ ⊂ C and (A,B) is KSPI, then OC
A,B is SPI.

(Use [ACC+22,CEP+]).

ii) If n ≥ 1 and R is an algebra such that there is a kk-triangle

(ℓ⊕ ℓ[−1])n g // (ℓ⊕ ℓ[−1])n // R

then there exist N ≥ n, A,B ∈ MN(Z), A ≥ 0, C ∈ MN(ℓ
∗) such that

(A,B) is KSPI and OC
A,B
∼= R in kk.
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Thank you!
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