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Part I: introduction
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Definition (Compact quantum group) [Woronowicz]
Compact quantum group G consists of:
a unital C∗-algebra A,

a unital ⋆-homomorphism ∆: A→ A⊗ A

(comultiplication)

such
that:

(∆⊗ id)∆ = (id⊗∆)∆,
span∆(A)(1⊗ A) = span∆(A)(A⊗ 1) = A⊗ A.

[Woronowicz, Van Daele] There exisits a unique Haar integral: state
h ∈ A∗ which is invariant:

(h⊗ id)∆(x) = (id⊗ h)∆(x) = h(x)1 (x ∈ A).

Throughout the talk, I’ll assume that h faithful.

Let (L2(G), πh,Ωh) be the GNS representation for h.

We write C(G) = πh(A), L∞(G) = πh(A)′′, L1(G) = L∞(G)∗.
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Examples
Let G be a compact Hausdorff group with Haar measure µ. Define
C(G) = C(G) and ∆ via

∆(f)(x, y) = f(xy) (f ∈ C(G), x, y ∈ G).

Then L∞(G) = L∞(G), h =
∫
G ·dµ.

Let Γ be a discrete group. Define C(G) = C∗r(Γ) and

∆: L(Γ) ∋ λγ 7→ λγ ⊗ λγ ∈ L(Γ)⊗̄L(Γ).

Then h(λγ) = δe,γ and L∞(G) = L(Γ). We write G = Γ̂.
With any quantum group G we can associate its dual Ĝ and̂̂G ≃ G. If G is compact, Ĝ is discrete.
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Example: G = SUq(2) (0 < q < 1)
C(SUq(2)) is defined as the universal unital C∗-algebra generated
by α, γ ∈ C(SUq(2)) such that[

α −qγ∗
γ α∗

]
is unitary.

∆: C(SUq(2))→ C(SUq(2))⊗ C(SUq(2)) acts via

∆(α) = α⊗ α− qγ∗ ⊗ γ,
∆(γ) = γ ⊗ α+ α∗ ⊗ γ.

L∞(SUq(2)) = πh(C(SUq(2)))′′.

[Hong-Szymański] C(SUq(2)) is a graph C∗-algebra.

Jacek Krajczok 5 / 29



Example: G = SUq(2) (0 < q < 1)
C(SUq(2)) is defined as the universal unital C∗-algebra generated
by α, γ ∈ C(SUq(2)) such that[

α −qγ∗
γ α∗

]
is unitary.

∆: C(SUq(2))→ C(SUq(2))⊗ C(SUq(2)) acts via

∆(α) = α⊗ α− qγ∗ ⊗ γ,
∆(γ) = γ ⊗ α+ α∗ ⊗ γ.

L∞(SUq(2)) = πh(C(SUq(2)))′′.

[Hong-Szymański] C(SUq(2)) is a graph C∗-algebra.

Jacek Krajczok 5 / 29



Modular theory of G
There is a

point-w∗

continuous group of modular automorphisms
σht ∈ Aut(L∞(G)) (t ∈ R)

h(x y) = h(y σh−i(x)) (x, y ∈ L∞(G) nice).

There is a point-w∗ continuous group of scaling automorphisms
τt ∈ Aut(L∞(G)).
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Modular theory of G
Compact quantum groups have representation theory resembling
the classical one.
Irr(G) – set of (classes of) irreducible representations

α ∈ Irr(G) ⇝ Uα ∈ C(G)⊗ B(Hα), dimHα < +∞.

{ξαi }
dim(α)
i=1 orthonormal basis of Hα ⇝ Uαi,j = (id⊗ ωξαi ,ξαj )U

α ∈ C(G).
There is a family of positive, invertible operators ρα ∈ B(Hα).
Automorphisms σht , τt can be expressed using ρα.

σht (U
α
i,j) = (ρα,iρα,j)

itUαi,j τt(U
α
i,j) = (

ρα,i
ρα,j
)itUαi,j ,

where ρα = diag(ρα,1, . . . , ρα,dim(α)).

h is tracial ⇔ ∀t σht = id⇔ ∀α ρα = 1 ⇔ ∀t τt = id .
In this case G is of Kac type.
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Examples

If G = G then h =
∫
G · dµ hence σht = τt = id.

If G = Γ̂ with Γ discrete (so L∞(G) = L(Γ)) then h(λγ) = δγ,e
hence also σht = τt = id.

If G = SUq(2) then the Haar integral h is not tracial and

σht (α) = q
−2itα, σht (γ) = γ,

τt(α) = α, τt(γ) = q2itγ.
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Modular invariants – motivation
Fix 0 < λ < 1. With Piotr we’ve constructed a family of CQGs
{Kj}j∈J such that L∞(Kj) is the injective type IIIλ factor.
How can we show that that Kj ̸= Kj′?

{1, αj}j∈J – basis of R over Q, Γj = αj 2πlog(λ)Z,

Kj = Γj ▷◁ G via Γj × L∞(G) ∋ (γ, x) 7→ τγ(x) ∈ L∞(G).

τt ∈ Inn(L∞(Kj)) if and only if

t ∈ Γj + 2π
log(λ)Z ⇒ Kj ̸= Kj′ (j ̸= j′).
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Let G be a compact quantum group.

Modular invariants
Define subgroups of R:

T τ (G) = {t ∈ R | τt = id},

T τInn(G) = {t ∈ R | τt ∈ Inn(L∞(G))},

T τ
Inn
(G) = {t ∈ R | τt ∈ Inn(L∞(G))}.

And similarly Tσ(G) = {t ∈ R |σht = id}, TσInn(G), TσInn(G).

TσInn(G) = T (L
∞(G)) is the Connes’ T -invariant.
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Let G be a locally compact quantum group.

Modular invariants
Define subgroups of R:

T τ (G) = {t ∈ R | τt = id},
T τInn(G) = {t ∈ R | τt ∈ Inn(L∞(G))},
T τ
Inn
(G) = {t ∈ R | τt ∈ Inn(L∞(G))}.

And similarly Tσ(G) = {t ∈ R |σϕt = id}, TσInn(G), TσInn(G). And

Mod(G) = {t ∈ R | δit = 1} where δη L∞(G) is the modular element.

TσInn(G) = T (L
∞(G)) is the Connes’ T -invariant.

All these sets depends only on the isomorphism class of G.
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Let G be a locally compact quantum group.

Modular invariants

A priori we obtain 14 subgroups of R:

T τ , T τInn, T
τ
Inn
, Tσ, TσInn, T

σ
Inn
and Mod for G, Ĝ.

There are easy reductions:

T τ (G) = T τ (Ĝ), Tσ(G) = T τ (G) ∩Mod(Ĝ)

so we have 11 subgroups. It follows from

(τt ⊗ τ̂t)WG = WG,
∇itψ = δ̂−itP−it (P it implements τt and τ̂t).
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T τ (G) = T τ (Ĝ), Tσ(G) = T τ (G) ∩Mod(Ĝ)
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Modular invariants

If G is compact then δ = 1, ℓ∞(Ĝ) =
∏
α∈Irr(G) B(Hα) so we are left with

6 invariants

T τ (G), T τInn(G), T τInn(G), T
σ
Inn(G), TσInn(G),Mod(Ĝ).

If additionally L∞(G) is semifinite, then TσInn(G) = TσInn(G) = R and
there are 4 possibly non-trivial invariants. This is the case for Gq.
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Question
Let G be a second countable compact quantum group. Assume
T τInn(G) = R. Is G of Kac type?

Equivalently: G second countable, not of Kac type. Do we have
T τInn(G) ̸= R?
[K., Sołtan] The answer is affirmative in special cases:
there is a unitary representation U with 2 = dim(U) < dimq(U),
Cu(G) is type I, in particular G = Gq,
G = U+F ,
Ĝ satisfies an ICC-type condition.
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Part II: q-deformations
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Lie group G and companions
Let G be a simply connected, semisimple, compact Lie group with:

complexified Lie algebra g,
maximal torus Tr ≃ T ⊆ G with complexified Lie algebra h
root system Φ ⊆ h∗, positive roots Φ+, simple roots
α1, . . . , αr ∈ Φ+,
Weyl group W and W -invariant inner product on h such that
⟨α|α⟩ = 2 for short roots α.
fundamental dominant weights ϖ1, . . . , ϖr

∈ P+

: 2 ⟨αi|ϖj⟩⟨αi|αi⟩ = δi,j ,

Weyl vector ρ =
∑r
i=1ϖi =

1
2

∑
α∈Φ+ α

∈ P+

,
root and weight lattice Q ⊆ P ⊆ h∗,
positive cone P+ ⊆ P.

For SU(n+ 1): r = n,W = Sn+1,

P = {(λ1, . . . , λn+1) |λi − λj ∈ Z}/R(1, . . . , 1) ≃ Zn,
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Fix 0 < q < 1.

q-deformed enveloping algebra of g

Uqg is the unital algebra generated by Ei, Fi,Ki,K−1i (1 ¬ i ¬ r)
satisfying certain relations.

Uqg has structure of a Hopf ⋆-algebra.

If π : Uqg→ B(H ) is a
⋆-representation, then ξ ∈H has weight wt(ξ) ∈ P if

∀1¬i¬r π(Ki)ξ = q⟨wt(ξ)|αi⟩ξ.

P+ ↔ (Finite-dimensional representations which are direct sums
of weight spaces): ϖ 7→ (Hϖ, πϖ)
Pol(Gq) = {matrix coefficients of πϖ as above} ⊆ (Uqg)∗.
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Compact quantum group Gq
We complete Pol(Gq) to a C∗-algebra C(Gq) and Gq is a CQG.

Irr(Gq) = P+, Pol(Gq) is spanned by

Uϖ(ξ, η)
(
ϖ ∈ P+, ξ, η ∈Hϖ,

wt(ξ),wt(η) ∈ P

)
.

Pairing Uqg× Pol(Gq)→ C is given by

⟨x, Uϖ(ξ, η)⟩ = ⟨ξ|πϖ(x)η⟩.

[Giselsson] C(SUq(3)) is a higher-rank graph C∗-algebra.
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Automorphisms for Gq

σht (U
ϖ(ξ, η)) = q⟨2ρ|wt(ξ)+wt(η)⟩it Uϖ(ξ, η),

τt(Uϖ(ξ, η)) = q⟨2ρ|wt(ξ)−wt(η)⟩it Uϖ(ξ, η).

where ρ ∈ P+ is the Weyl vector and ⟨·|·⟩ is W -invariant scalar product
on h∗.
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C∗-algebra C(Gq)

[Soibelman] Irreducible representations of C(Gq) are (up to equivalence)
precisely

πλ,w = πλ⋆πw = (πλ⊗πw)∆

: C(Gq)→ B(ℓ2(Z+)⊗ℓ(w))

((λ,w) ∈ T×W )

where

πλ : C(Gq) ∋ Uϖ(ξ, η) 7→ ⟨ξ|η⟩⟨wt(ξ), λ⟩ ∈ C

are characters and

πw : C(Gq)→ B(ℓ2(Z+)⊗ℓ(w))

are built using C(Gq)→ C(SUqi(2))→ B(ℓ2(Z+)).

C(Gq) is type I.
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Haar integral on Gq
[Reshetikhin-Yakimov] Haar integral on Gq can be calculated as

h(x) =

( ∏
α∈Φ+
(1− q2⟨ρ|α⟩)

)

∫
T
Tr
(
πλ,w◦(x|bρ|2)

)
dλ (x ∈ C(Gq))

where

dλ is normalised Lebesgue measure on T , w◦ is the longest
element in W .

bρ = Uρ(ξρ, ηw◦ρ) ∈ Pol(Gq)
Desmedt’s theorem: we obtain:
unitary QL : L2(Gq)→

∫ ⊕
T
HS(Hλ) dλ such that

QL L∞(Gq)Q∗L =
∫ ⊕
T
B(Hλ)⊗ 1Hλ

dλ.
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bρ = Uρ(ξρ, ηw◦ρ) ∈ Pol(Gq)
Desmedt’s theorem: we obtain:
unitary QL : L2(Gq)→

∫ ⊕
T
HS(Hλ) dλ such that

QL L∞(Gq)Q∗L =
∫ ⊕
T
B(Hλ)⊗ 1Hλ

dλ.
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Scaling group

[K., Sołtan] For t ∈ R, x =
∫⊕
T xλ ⊗ 1Hλ

dλ ∈ L∞(Gq) we have

τt(x) =

∫ ⊕
T
πw◦(|bρ|−2it)xλλ2tπw◦(|bρ|2it)⊗ 1Hλ

dλ

where R ∋ t 7→ λt ∈ T is given by ⟨ϖ,λt⟩ = q⟨2ρ|ϖ⟩it (ϖ ∈ P ≃ T̂ ).

Corollary: T τInn(Gq) = T
τ
Inn
(Gq).
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Lemma
{⟨2ρ|α⟩ |α ∈ Q} = 2Z,

{⟨2ρ|ϖ⟩ |ϖ ∈ P}

= ΥwZ

is a nontrivial subgroup of Z

(Υw ∈ N)

.

Theorem [K., Sołtan]
Modular invariants for Gq are given by

T τ (Gq) = π
log(q)Z, T

τ
Inn(Gq) = T

τ
Inn(Gq) = Mod(Ĝq) =

π
Υw log(q)

Z.
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Irreducible root systems
Every root system Φ decomposes as Φ1 ⊕ · · · ⊕ Φl for Φi
irreducible.

Υw = gcd(Υ
(1)
w , . . . ,Υ

(l)
w ).

Irreducible root systems are classifed:
type An (n ­ 1), G = SU(n+ 1),
type Bn (n ­ 2), G = Spin(2n+ 1),
type Cn (n ­ 3), G = Sp(2n),
type Dn (n ­ 4), G = Spin(2n),
exceptional: types E6, E7, E8, F4, G2.
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T τ (Gq) = π
log(q)Z, T

τ
Inn(Gq) =

π
Υw log(q)

Z.

[K., Sołtan] Invariants in simple case

An(n ­ 1), Gq = SUq(n+ 1): Υw = 1 (n odd),Υw = 2 (n even).
In particular Υw = 2 for SUq(3).

Bn(n ­ 2): Υw = 1 (n odd),Υw = 2 (n even).

Cn(n ­ 3): Υw = 2.

Dn(n ­ 4): Υw = 2 (n ∈ 4N+ {0, 1}),Υw = 1 (n ∈ 4N+ {2, 3}).

For E6, E7, E8, F4, G2 number Υw is equal to 2, 1, 2, 2, 2.

dim(ϖ) ­ 2 for non-trivial ϖ ∈ P+.

Corollary
If Υw ­ 2, then Gq has non-trivial, inner scaling automorphisms not
implemented by a group-like unitary.
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Inner scaling automorphism
For SUq(3) we obtain t0 = π

2 log(q) such that τt0 ∈ Aut(L
∞(SUq(3)))

is inner, non-trivial, not implemented by any group-like unitary.

Is it the case that τt0 ̸= Ad(u) for any u ∈ C(SUq(3))?
Grasp on πλ,w◦(bρ) ∈ B(ℓ2(Z+)ℓ(w◦)) – work in progress.
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Theorem [K., Sołtan]
Let G be a second countable compact quantum group, assume:
there is a finite dimensional unitary representation U with
2 = dim(U) < dimq(U).

Then T τInn(G) ̸= R.
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Assume by contradiction T τInn(G) = R. Then τt = Ad(ait) for strictly
positive a η L∞(G).

There is a family of irreducible representations (Un)n∈N such that:

U1 = U ,

γ(Un) = γ(U)n,Γ(Un) = Γ(U)n, γ(Un) = Γ(Un)−1

where γ(Un),Γ(Un) is the smallest (largest) eigenvalue of ρUn .

infn∈N
Γ(Un)
dimq(Un)

> 0.
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Set H = G×G, write ∥x∥2 = hH(x∗x)1/2.
Set εt = ∥ait ⊗ ait − 1⊗ 1∥2 for t ∈ R and
Xn = Un1,dimU ⊗ UndimUn,1.

We have σhHt (Xn) = Xn, τ
H
t (Xn) = Γ(U

n)−4itXn and

∥Xn∥2 = Γ(Un)
dimq(Un)

­ inf
m∈N

Γ(Um)
dimq(Um)

= c > 0.

Using τHt = Ad(a
it ⊗ ait) we obtain∣∣Γ(Un)−4it − 1∣∣c ¬ ∣∣Γ(Un)−4it − 1∣∣∥Xn∥2 = ∥τHt (Xn)−Xn∥2

= ∥(ait ⊗ ait)Xn(a−it ⊗ a−it)−Xn∥2
¬ · · · ¬ 4εt.

εt −−−→
t→0+

0, Γ(Un) −−−→
n→∞

+∞ ⇝ contradiction.
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