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Spectral Triples

• Prototype: Connes’ model for spin geometry: (𝐶∞ (𝑀), 𝐿2 (/𝑆), /𝐷)
• In general (A,H , 𝐷)

• 𝜋 : A → 𝐵(H) is a ∗-representation.
• 𝐷 is an unbounded self-adjoint operator on H ;
• ∀𝑎 ∈ A, [𝐷, 𝜋(𝑎)] is bounded;

• In applications, we often have more properties that allow us to
establish the analytic continuation of the spectral zeta functions

Z (𝑠) = Tr(𝑎 |𝐷 |−𝑠), 𝑎 ∈ A,<𝑠 � 1.
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Basic notations for 𝐶∞(𝕋2\ )

• Smooth structure:
𝐶∞ (𝕋2),
𝕋2 � R2/(2𝜋Z)2

• Generators: 𝑈 = 𝑒𝑖𝑥 ,
𝑉 = 𝑒𝑖𝑦

• Fourier series:∑︁
𝑛,𝑚∈Z

𝑎𝑛,𝑚𝑈
𝑛𝑉𝑚, 𝑎𝑛,𝑚 ∈ S(Z2)

• ∗-involution: 𝑎 ↦→ 𝑎;
• Partial derivatives:
𝛿1 = −𝑖𝜕𝑥 and 𝛿2 = −𝑖𝜕𝑦

• Smooth structure: 𝐶∞ (𝕋2
\ ),

• Generators: 𝑈,𝑉 , 𝑈∗𝑈 = 𝑈𝑈∗ = 1,
𝑉𝑉∗ = 𝑉∗𝑉 = 1 and 𝑈𝑉 = 𝑒2𝜋𝑖\𝑉𝑈 .

• Fourier series:∑︁
𝑛,𝑚∈Z

𝑎𝑛,𝑚𝑈
𝑛𝑉𝑚, 𝑎𝑛,𝑚 ∈ S(Z2)

• ∗-involution
• Basic derivations 𝛿1 and 𝛿2:

𝛿1 (𝑈) = 𝑈, 𝛿1 (𝑉) = 0.
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Basic notations for 𝐶∞(𝕋2\ )

• (Normalized) Lebesgue
measureˆ
𝕋2

∑︁
𝑛,𝑚∈Z

𝑎𝑛,𝑚𝑈
𝑛𝑉𝑚𝑑𝑡 = 𝑎0,0

• Inner product:
𝑎, 𝑏 ∈ 𝐶∞ (𝕋2):

〈𝑎, 𝑏〉 =
ˆ
𝕋2

𝑏𝑎𝑑𝑡

• Hilbert space
𝐿2 (𝕋2, 𝑑𝑡).

• Canonical trace: 𝜑0 : 𝐶∞ (𝕋2
\ ) → ℂ:

𝜑0

( ∑︁
𝑛,𝑚∈Z

𝑎𝑛,𝑚𝑈
𝑛𝑉𝑚

)
= 𝑎0,0

• Inner product: 𝑎, 𝑏 ∈ 𝐶∞ (𝕋2
\ ):

〈𝑎, 𝑏〉 = 𝜑0 (𝑏∗𝑎)

• Hilbert space completion:

H0 = 𝐿2 (𝐶∞ (𝕋2
\ ), 𝜑0)
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Hermitian Structure on (1, 0)-forms

• Choose 𝜏 ∈ ℂ with =𝜏 > 0, consider:

(𝑥, 𝑦) ∈ (R/2𝜋Z)2 ↦→ 𝑧 = (2𝜋)−1 (𝑥 + 𝜏𝑦) ∈ ℂ/(Z + 𝜏Z)

• Cauchy-Riemann operator:

𝛿 = 𝛿1 + 𝜏𝛿2, 𝛿∗ = 𝛿1 + 𝜏𝛿2
• (1, 0)-forms:

Ω(1,0) =

{∑︁
𝑎𝜕 (𝑏) | 𝑎, 𝑏 ∈ 𝐶∞ (𝕋2

\ )
}
.

• Hermitian structure: ∀𝑎, 𝑎′, 𝑏, 𝑏′ ∈ 𝐶∞ (𝕋2
\ ):

〈𝑎𝜕 (𝑏), 𝑎′𝜕 (𝑏′)〉 := 𝜓 ((𝑎′)∗𝑎, 𝑏, (𝑏′)∗)

where 𝜓 is the positive Hochschild 2-cocycle (cf. [Con94, §VI. 2])
on 𝐶∞ (𝕋2

\ )

𝜓(𝑎, 𝑏, 𝑐) = −𝜑0 (𝑎𝛿(𝑏)𝛿∗ (𝑐))
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Hermitian Structure on (1, 0)-forms

𝜓(𝑎, 𝑏, 𝑐) = −𝜑0 (𝑎𝛿(𝑏)𝛿∗ (𝑐))

• 𝜓 comes from the Lelong’s positive current on Riemann surfaces.
• On ℂ/(Z + 𝜏Z), let 𝑧 = 𝑢 + 𝑖𝑣,

𝜓( 𝑓0, 𝑓1, 𝑓2) =
𝑖

𝜋

ˆ
ℂ/(Z+𝜏Z)

𝑓0𝜕 ( 𝑓1) ∧ 𝜕 ( 𝑓2)

=
𝑖

𝜋

ˆ
ℂ/(Z+𝜏Z)

𝑓0𝜕𝑧 ( 𝑓1)𝜕�̄� ( 𝑓2)𝑑𝑧 ∧ 𝑑�̄�

=
2

𝜋

ˆ
ℂ/(Z+𝜏Z)

𝑓0𝜕𝑧 ( 𝑓1)𝜕�̄� ( 𝑓2)𝑑𝑢 ∧ 𝑑𝑣.
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• Denote by H (1,0) the Hilbert space completion of Ω(1,0) .
• The map

𝜕 : 𝐶∞ (𝕋2
\ ) → Ω(1,0) : 𝑎 → 𝜕 (𝑎)

extends to a closed unbounded operator

𝑑 : H0 → H (1,0)

• Flat spectral triple(
𝐶∞ (𝕋2

\ ),H0 ⊕ H (1,0) , 𝐷
)
, 𝐷 =

[
0 𝑑∗

𝑑 0

]
.
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Conformal Change of Metrics 𝑔 = 𝑒−ℎ𝑔0

• Choose ℎ = ℎ∗ ∈ 𝐶∞ (𝕋2
\ ) and rescale the volume functional:

𝜑(𝑎) = 𝜑0 (𝑎𝑒−ℎ). Inner product and Hilbert space

〈𝑎, 𝑏〉𝜑 := 𝜑(𝑏∗𝑎), H𝜑 = 𝐿2 (𝐶∞ (𝕋2
\ ), 𝜑).

• KMS-property for 𝜑:

𝜑(𝑎𝑏) = 𝜑
(
𝑏𝑒−ℎ𝑎𝑒ℎ

)
.

• Right 𝐶∞ (𝕋2
\ )-module structure of (𝐶∞ (𝕋2

\ ), 〈·, ·〉𝜑):

𝑎op := 𝐽𝜑𝑎
∗𝐽𝜑 ∈ 𝐵(H𝜑)

where 𝐽𝜑 = 𝑒−ℎ/2 (·)∗𝑒ℎ/2 is the Tomita antilinear unitary of the
GNS representation associated to 𝜑.

• One has ∀b, 𝑎 ∈ 𝐶∞ (𝕋2
\ ):

b C 𝑎 = b𝑒−ℎ/2𝑎𝑒ℎ/2.
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Modular Spectral Triples

• Modular spectral triple(
𝐶∞ (𝕋2

\ )op,H𝜑 ⊕ H (1,0) , 𝐷𝜑

)
, 𝐷𝜑 =

[
0 𝑑∗𝜑
𝑑 0

]
,

where only the twisted commutator is bounded:

𝐷𝜑𝑎
op − (𝑒−ℎ/2𝑎𝑒ℎ)op𝐷𝜑 , ∀𝑎 ∈ 𝐶∞ (𝕋2

\ ).

• Transposed modular spectral triple:(
𝐶∞ (𝕋2

\ ),H0 ⊕ H0, 𝐷𝜑

)
.

• The Laplacians:

𝐷
2

𝜑 =

[
Δ𝜑 0

0 Δ
(1,0)
𝜑

]
=

[
𝑒ℎ/2Δ𝑒ℎ/2 0

0 𝛿∗𝑒ℎ𝛿

]
where Δ = 𝛿∗𝛿 is the flat Dolbeault Laplacian.
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Spectral Geometry of Riemannian Manifolds

Let (𝑀, 𝑔) be a closed Riemannian manifold and 𝑃𝑔 be a Laplacian
type operator. Examples: 𝑃𝑔 = /𝐷2

𝑔 or 𝑃𝑔 = Δ.

• Small time asymptotic:

Tr( 𝑓 𝑒−𝑡𝑃𝑔 ) v𝑡↘0

∞∑︁
𝑗=0

𝑉 𝑗 ( 𝑓 , 𝑃𝑔)𝑡 ( 𝑗−𝑚)/2, ∀ 𝑓 ∈ 𝐶∞ (𝑀),

where 𝑚 = dim𝑀 .
• Local invariants:

𝑉 𝑗 ( 𝑓 , 𝑃) = 𝜑0
(
𝑓 𝑣 𝑗 (𝑃)

)
,

where 𝜑0 : 𝐶∞ (𝑀) → ℂ is the volume functional:

𝜑0 ( 𝑓 ) :=
ˆ
𝑀

𝑓 𝑑𝑔.

• Examples: for scalar Laplacian Δ, upto some constant:

𝑣0 (Δ) = 1, 𝑣2 (Δ) =
1

6
𝑆𝑔 .
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Modular Geometry

• Spectral zeta function

Z𝜑 (𝑠) = Tr(Δ−𝑠
𝜑 ), <𝑠 � 1.

It admits a meromorphic extension to ℂ.
• Gauss-Bonnet Theorem [FK12, CT11]: the functional

ℎ = ℎ∗ ∈ 𝐶∞ (𝕋2
\ ) ↦→ ZΔ𝜑

(0)

is constant in ℎ.
• OPS (Osgood-Phillips-Sarnak) functional

𝐹OPS (ℎ) = Z ′Δ𝜑
(0) + log 𝜑0 (𝑒−ℎ)
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Modular Gaussian Curvature

• For any functional 𝐹 (ℎ) on self-adjoint elements, we consider
the variational problem:

ℎ ↦→ ℎ + Y𝑎, 𝛿𝛿𝛿𝑎 =
𝑑

𝑑Y

���
Y=0
,

that is 𝛿𝛿𝛿𝑎 is the directional derivative along some self-adjoint
𝑎 ∈ 𝐶∞ (𝕋2

\ ).
• Define the functional gradient at ℎ w.r.t the inner product 〈·, ·〉𝜑0

to be the unique element in 𝐶∞ (𝕋2
\ ):

𝛿𝛿𝛿𝑎𝐹 (ℎ) = 𝜑0 (𝑎 gradℎ 𝐹) , ∀𝑎 = 𝑎∗ ∈ 𝐶∞ (𝕋2
\ ).

Modular Gaussian Curvature [CM14]
We define the analog of the Gaussian curvature of the curvature
metric Δ𝜑 to be

𝐾𝜑 := gradℎ 𝐹OPS.
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Why called “modular”

• Modular operator and modular derivation

/4 := 𝑒−ℎ (·)𝑒ℎ = 𝑒 /5, /5 := [·, ℎ]

with respect to the weight 𝜑(·) = 𝜑0 ((·)𝑒−ℎ).
• Set /5 (1)

= /5 ⊗ 1 and /5 (2)
= 1 ⊗ /5,

𝐾𝜑 = K( /5) (Δℎ) + H
(
/5 (1)

, /5 (2)
)
(𝛿ℎ ⊗ 𝛿ℎ)

where

𝐾 (𝑠) = 8
∞∑︁
1

𝐵2𝑛

(2𝑛)! 𝑠
2𝑛−2.

and there is a simple functional relation for being an
Euler-Langrange equation

−𝐻 (𝑠1, 𝑠2) =
𝐾 (𝑠2) − 𝐾 (−𝑠1)

𝑠1 + 𝑠2
+ 𝐾 (𝑠1 + 𝑠2) − 𝐾 (𝑠2)

𝑠1
− 𝐾 (𝑠1 + 𝑠2) − 𝐾 (𝑠1)

𝑠2
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Modular Curvature for Toric Noncommutative Manifolds

• Connes-Landi deformation: 𝑀 admits a 𝕋𝑛-action as
dieomorphisms, and \ is a 𝑛 × 𝑛 skew-symmetric matrix,
choose a metric which is 𝕋𝑛-invariant:(

𝐶∞ (𝑀)\ , 𝐿2 (/𝑆), /𝐷
)

• Conformal change of metric: choose 𝑒ℎ with ℎ = ℎ∗ ∈ 𝐶∞ (𝑀)\ ,

/𝐷 ↦→ 𝐷𝑔 = 𝑒ℎ /𝐷𝑒ℎ

• [Liu18]: construction of a pseudodierential calculus for 𝑀\

• [Liu17]: computation of the 𝑉2-term

Tr( 𝑓 𝑒−𝑡𝐷2
𝑔 ) v𝑡↘0

∞∑︁
𝑗=0

𝑉 𝑗 ( 𝑓 , 𝐷𝑔)𝑡 ( 𝑗−𝑚)/2
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What’s Next?

• What is the next class of noncommutative manifolds on which
one can set up similar problems?

• Potential applications of such notion of curvature?
• More examples involving both geometry and modular theory?
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Outline of the Construction by Cipriani, Franz, Wysoczańska-
Kula [CFK14]

Ingredients:

• Compact quantum group: (A,Δ), where A ⊂ A is a Hopf
∗-subalgebra.

• For any linear functional 𝜙 : A → ℂ, denote by 𝐿𝜙 : A → A the
(left) convolution operator:

𝐿𝜙 (𝑎) = (𝜙 ⊗ 1) (Δ(𝑎)) =
∑︁

𝜙
(
𝑎 (1)

)
𝑎 (2) .

• ℎ : A→ ℂ Haar measure, H0 = 𝐿2 (A, ℎ), the GNS-representation.
• (H𝜋 , [, 𝜙): a Schürmann triple, where 𝜋 : A → 𝐵(H𝜋) is a
representation of A
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The spectral triple (A,H𝜙, 𝐷)

• the Hilbert space: H𝜙 = H0 ⊕ H1, with representation

𝜋𝐿 : _𝐿 ⊗ 𝜌𝐿 : A → 𝐵(H𝜙).

where _𝐿 is the left multiplication representation and

𝜌𝐿 (𝑎) (𝑏 ⊗ 𝑣) = (_𝐿 ⊗ 𝜋)Δ(𝑎) (𝑏 ⊗ 𝑣) =
∑︁

𝑎 (1)𝑏 ⊗ 𝜋(𝑎 (2) ) (𝑣).

• Dirac operator

𝐷 =

[
0 𝑑∗

𝑑 0

]
: H𝜙 → H𝜙

Theorem (Cipriani, Franz, Wysoczańska-Kula)
We have bounded commutators for any 𝑎 ∈ A:

‖ [𝐷, 𝜋𝐿 (𝑎)] ‖ ≤ ‖𝜕𝑎‖H1
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Schürmann Triples

For a pre-Hilbert space (E, 〈·, ·〉), we denote by L(E) the set of all
linear operators with a well-defined adjoint.

Definition
A Schürmann triple (𝜋, [, 𝜙) on a unital ∗-bialgebra (A,Δ, 𝜖)
consists of:

• a ∗-representation 𝜋 : A → L(E) on a pre-Hilbert space E.
• a 𝜋-𝜖 1-cocycle [ : A → E

[(𝑎𝑏) = 𝜋(𝑎)[(𝑏) + [(𝑎)𝜖 (𝑏).

• The bilinear form 𝑎 ⊗ 𝑏 → − 〈[(𝑎∗), [(𝑏)〉 is a 𝜖-𝜖 2-coboundary

− 〈[(𝑎∗), [(𝑏)〉 = 𝜕𝜙(𝑎, 𝑏) := 𝜖 (𝑎)𝜙(𝑏) − 𝜙(𝑎𝑏) + 𝜙(𝑎)𝜖 (𝑏)
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A Remark on the 2-coboundary Condition

Consider the scalar Laplacian 4 = −∇2 : 𝐶∞ (𝑀) → 𝐶∞ (𝑀) on some
manifold 𝑀 , the Carré du Champ operator
Γ : 𝐶∞ (𝑀) × 𝐶∞ (𝑀) → 𝐶∞ (𝑀) looks like

Γ(𝑎, 𝑏) := 4(𝑎𝑏) − 𝑎4(𝑏) − 4(𝑎)𝑏 = (∇𝑎) (∇𝑏)

At the level of Dirichlet form

〈𝑎, 4𝑏〉 =
ˆ
𝑀

𝑎(−∇2𝑏) =
ˆ
𝑀

(∇𝑎) (∇𝑏) = 〈∇𝑎,∇𝑏〉 ,

provided that 𝑀 has no boundary.
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Conditionally Positive Linear Functionals

A linear functional 𝜙 : A → ℂ is called

• Hermitian: 𝜙(𝑎∗) = 𝜙(𝑎) for 𝑎 ∈ A
• Conditionally positive:

𝜙 (𝑎∗𝑎) ≥ 0, ∀𝑎 ∈ 𝐾1 = ker 𝜖,

where 𝜖 : A → ℂ is the counit.

To recover a Schürmann triple (𝜋, [, 𝜙):

• Define a positive sequilinear form on A

〈𝑎, 𝑏〉𝜙 = 𝜙 ((𝑎 − 𝜖 (𝑎))∗ (𝑏 − 𝜖 (𝑏)))

• E := A/N𝜙 , where N𝜙 is the null space of 〈·, ·〉𝜙 , 𝜋 : A → L(E)
is induced by the left multiplication.

• [ : A → E is induced by the quotient map 𝑎 ↦→ [𝑎].
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The Dirac Operator

• Assume we have a Schürmann triple (𝐻𝜋 , [, 𝜙) such that the
convolution operator

𝐿𝜙 : H0 → H0, 𝐻0 = 𝐿2 (A, ℎ)

is symmetric.
• Recall that H1 = H0 ⊗ H𝜙

𝜕 : A → H1 : 𝑎 ↦→ 𝜕 (𝑎) = (1 ⊗ [) (Δ(𝑎)) = 𝑎 (1) ⊗ [(𝑎 (2) )

• One can check the derivation property

𝜕 (𝑎𝑏) = (𝜕𝑎) · 𝑏 + 𝑎 · (𝜕𝑏)

• 𝑑 : H0 → H1 is the closed extension of 𝜕.
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The derivation property above requires the following bimodule
structure of H1 = H0 ⊗ H𝜋 :

𝜌𝐿 (𝑎) (𝑏 ⊗ 𝑣) = (_𝐿 ⊗ 𝜋)Δ(𝑎) (𝑏 ⊗ 𝑣) =
∑︁

𝑎 (1)𝑏 ⊗ 𝜋(𝑎 (2) ) (𝑣)

where 𝑏 ⊗ 𝑣 ∈ H0 ⊗ H𝜋 and

𝜌𝑅 (𝑎) (𝑏 ⊗ 𝑣) = (_𝑅 ⊗ 𝜋) (𝑏 ⊗ 𝑣) = 𝑏𝑎 ⊗ 𝑣,

where _𝐿 and _𝑅 are the left and right GNS-representations.
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