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1. Overview

» Definition of closed quantum surfaces of any genus.
» Noncommutative CW complexes of dimension 2.

» Isomorphism clases: Quantization reduces degeneracy.
» BDF-Theory: Essentially normal generators.

» K-groups: 6-term exact sequence.

» K-Theory: Spectral sequences.
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2. Toeplitz algebra

€11

» Graph C*-algebra:
€12

U] %)

= C*-algebra generated by P;, P, S1, Sy with relations

PP=P, =P i=12 P P=PP, SiS=0,

S1S1 =P, 555 =P, 5157 + 5255 =Py
» Irreducible Hilbert space representation:

H = Cep @ l5(N) = £5(Ny) = span{eg, e1,...}

Id=Py® P, : Ceg @ l5(N) — Cey @ £2(N),

Si1eg =0, S1e; = €41, © >0, Syeg=-e€1, Soe; =0, 72> 0
> S:=5+5 = Se;=-¢€;11, Vi € Ny (single generator)
= Toeplitz algebra
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3. Quantization of the Unit Disk

» Notations:
e open unit disc D:={z € C: |z| <1} with closure D
o Ly(D) with respect to the Lebesgue measure
o Ay(D) :={f € La(D) : analytic in D} (Bergman space)
e Bp : Ly(D) — Ayx(D), B3 = Bp = Bj, (Bergman projection)

» Toeplitz operators:
Ty : A2(D) — A2(D), Ty(¥) := Bp(fv), VfeC(D)

» Toeplitz algebra: 7 := C*-alg{Ty: f € C(D) } C B(A2(D))
» Generators: {Id, 7., T: =T;} UK(A2(D)), =z(zx+iy):=z+1iy
» Commutators: [T, T,] € K(Ax(D)) =: K
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4. C*-algebra extension

» Toeplitz extension: [T}, 7, mod X = 0

= 0 K T —2=C(SY) —= 0

» Symbol map:
o: T — CO(Sh), o(Ty) = flst, f€ C(D)

» Classical picture:

st
—_—

0 —— Cy(D) —— C(D) oSy —— 0
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5. Closed Orientable Quantum Surfaces

» Classical closed orientable surface of genus g:
= C(T9) = {f e C(D): fla(t)) = f(a; ' (1)), te[0. 1], k=1,...,2¢}
Isomorphism by identify arcs a; and a,;l.

» Closed orientable quantum surface of genus g: o : 7 — C(S!)
C(T) :={f € T : o(f)ar(t)) = o(f)(a; (1)), te[0,1], k=1, ...,2¢}
Definition! (Family of C*-algebras.)
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6. C*-algebra extension
g

» Classical C*-algebra extension: C(T9) C C(D)
0 —— Cy(D) ——= C(T9) ﬁ C(Stv..vs§hH) —= 0
» Quantum case: C(T9) C T
0 — K(ly(N)) — C(T)) —Z= C(S'v..vSH) —= 0
» Topological motivation (K-groups):
K.(Co(D)) = K,(Co(R?)) = K,.(¥?C) =& K,.(C) = K.(K(f2(N)))
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7. Closed Non-Orientable Quantum Surfaces

» Classical closed non-orientable surface of genus n:
PP =D/~ = Pl #P] # Tl - #T' = PEyTO-R/2 = pp

k times (n—k)/2 times

» Closed non-orientable quantum surface of genus n:
.« . ~ _1 71
Divide dD into 2n arcs ay, ..., ag, b1, .oy by Qt1, ooy Qny Qg s s G

_ n
with n + k times the same orientation such that D/~ = Vv Sl.

k=1
CPry) = A{feT:a(f)la;(t)) = a(f)bi(t), j <k,
o(f)(a;(t) = o(f)(a; (1)), 7 >k, te[0,1]}

» Isomorphism classes: Cy(D,) := K simple C*-algebra
= No cut-and-paste technique.

= Brown-Douglas-Fillmore theory
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8. Busby Invariant

N _
> S/~ = VS ap(t) ~ a0, ap(t) ~bi(h), te0,1]
N
= pn:S' =8/~ OV S — 8!

= 0 ——= Cy(D,) — c®y,) —7 s C(k;\:/181) — 0,

N
» Busby invariant: 7y : C( A St — M(K)/K =B/K

™w(f) = U(TPTN(\f)) e T/KcCB/K

P (f)(re?) =71 f(e?)

Elmar Wagner Compact quantum surfaces



9. Noncommutative CW complexes

» Pullback C*-algebras:

B & C(V s

(o,7N)
pry pro 3
S e Y,
> 5K e

cd,) & (Vs
P owy) k=L

N = pry Pra ™=
T = C(Dq) C( k;\:/l Sl)
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10. Noncommutative CW complexes

» Classical interpretation:

_ N
c,) @ Cc( v st
®) & oY, s

~—pry Pro ™=
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11. Isomorphism classes: BDF theory
» Hawaiian Earing: = Xy CC, z(z+iy) =x+1iy

ON : ’;\ZS1 — Xy = ]L:JflS}cj(—%) = kgl{a: €C:|z+z| =51
= (n:=(pnopn)*z:S! = Xy C C separates the points of }j\;/flS1
= Tz, UK generate C(Tévﬂ) resp. C(Pﬁq), &\V(rew) =1y (el?)
> [TG,T&] ek
= T& is essentially normal operator with ess spec(TE]\V) =Xy

= BDF-Theory: Group of equivalence classes of C*-algebra extensions

= Classification by KK (C(Xy),C) = K'(C(Xy)) = K1(C(Xn))
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12. Isomorphism classes

Ismorphism: o : C(M,) — C(My), My, M € {Tq, P} :g,n k€ N}
= «a: K — K isomorphism

= JU, € B, UiU, =1d = UU such that a(t) = UstU}

= TCAN and UQTCANU; have the same essential spectrum 0 ¢ X,, C C
= Classification by K1(Xy) = K'(C(Xy)) = Z" (BDF Theory)

= Classification by ind(TC/\N — Md) = wind({y — \)

» D/~ =2 T9 = wind({y —\) = (0,...,0) € Z%

» D/~ = PP = wind((y— ) =(2,...,2,0,...,0) € ZxpzZ"*
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13. Classification and description of generators

Theorem: Let ay, ..., agg, al_l, ...,aQ_g1 be an assignment of arcs such that

D/~ = T9. Then C(TJ) is isomorphic to the C*-algebra generated by

29 . 2
T, = @ (HLy—1y on H = 6552(2). Uep = eg41
j=1 J J j=1

Let ay,...,ak, b1, ..., bk, aps1, ...,an,alzj_l,. .,a;! be an assignment of arcs

such that D/~ = P7. Then C(Py ) is isomorphic to the C*-algebra
generated by

Tog =0 (H152-H e & (FHU-LyonH =0 LMo b l(Z)
R j=k+1" 7 J j=1 j=k+1

Proof: D/~ = TY9 = wind({y,) = (0,...,0) € Z%
D/~ 2= P! = wind(¢,) = (2,...,2,0,...,0) € ZFx@zZ"*

up to orden and orientation of circles. O
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14. K-groups of closed quantum surfaces

» C*-algebra extensions:
0 —= K(£3(N)) —= C(Td) —Z= C(S'vV..VS) —= 0

» Six-term exact sequence:

Ko(K(E(N))) Ko(C(T9) Ko(C( ¥ 8Y)
indT \Lexp
Ky (e sh) Ky(C(T9)) Ky (K(t(N)))

K (C(S'V ...V SY) = K. (Co((0,1)) & ... & Co((0,1)) + C1)

2g 2g
= KO(C(k\Z/ISI)) =7, Kl(c(k\:/1sl)) — 72

2
» Index map: ind : Kl(C(k\iSl)) C % — Z = Ky(K)
Kl(C(kv SY) 3 ]+ Ty € C(TY) = ind(T}y) = —wind(v) =0€Z
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15. K-groups of closed orientable quantum surfaces

» Six-term exact sequence:

1 1
z—— Kooy 22 7

729 K;(C(T9))

= Ko(C(T])) = Z° = Ko(C(T7)), Ki(C(T7)) = 2% = Ky (C(T))

» Generalized Bott projections: u € C(S') unitary generator, n € Z

|T:u" |2 TTU" 1— |Tru” |2 )

P, =
K <\/1—|TW|2T:M 1—| Ty |2

= 2= (5 )] € mote) = Koy
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16. K-groups of closed non-orientable quantum surfaces

» Six-term exact sequence:
ind;éOT

(jlu"'ajkajk+17"'7jn) € /i (—)Kl(C(Tg)> ~—0

o

= Ko(C(P} ) =22 ©Z= Ko(C(P)), K1(C(P,))=Z" " = K (C(P™))

» Generalized Bott projections:

Py = ‘T:1ﬁ|2 T2 V 1_|Tru2|2
V 1_|Tru2|2T:u2 1_|Tru2|2

- [ ][ ) -0 e

Elmar Wagner Compact quantum surfaces



17. Spectral Sequences: Glueing maps

N1
C(Xl)gkejlc([o, 1) & C(XY)

(o1,p1)
N pr1 pr1
ke_.SIC([m ) © (X% =c({pt})
o1(f)=f1. , N- (@)=(a...,®)
1( 9[0,1] ke_Bll(C{O}EB(C{l}) Pr1
No _
C(X2)= @ C(D) ® C(X1)
k=1 (o2,p2)
N o 2 2> N.
Bowy ™ "oy =o( Vs
_1 g
b\ Ny _ P2
& C(@D,) = O(8")
=1
I'2 I'l rO
c(x2) %o o) o
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18. Spectral Sequences: Filtration

-2
pra [“ >

C(X5) = 0(&) - ('(Y ) =

» Filtration: A, j := ker(pr§o...opr}), A_;:= {0}
= {0} =A_ 1 CAyC A C Ay = C(XZ).
= {0} = Ch(X2\ X2) € Co(X2\ X}) € Co(X2\ XD) € C(x)

na n1 79
> A7 GO0 = SO0 & = See)

= Ki(3%) =0, Ko(3) =0, Ki(3)=0
Ao

Ko(4%) =22, K\(§) =2Z™, Ko(42) =Z"™
= Schochet Spectral Sequence with qu stationary and dy =700 = po,
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