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1. Overview

I Definition of closed quantum surfaces of any genus.

I Noncommutative CW complexes of dimension 2.

I Isomorphism clases: Quantization reduces degeneracy.

I BDF-Theory: Essentially normal generators.

I K-groups: 6-term exact sequence.

I K-Theory: Spectral sequences.
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2. Toeplitz algebra

I Graph C*-algebra:

⇒ C*-algebra generated by P1, P2, S1, S2 with relations

P 2
i = Pi = P ∗i , i = 1, 2, P1P2 = P2P1, S∗1S2 = 0,

S∗1S1 = P1, S∗2S2 = P2, S1S
∗
1 + S2S

∗
2 = P1

I Irreducible Hilbert space representation:

H = Ce0 ⊕ `2(N) ∼= `2(N0) = span{e0, e1, . . .}
Id = P2 ⊕ P1 : Ce0 ⊕ `2(N) −→ Ce0 ⊕ `2(N),

S1e0 = 0, S1ei = ei+1, i > 0, S2e0 = e1, S2ei = 0, i > 0

I S := S1 + S2 ⇒ Sei = ei+1, ∀i ∈ N0 (single generator)

⇒ Toeplitz algebra
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3. Quantization of the Unit Disk

I Notations:

open unit disc D := {z ∈ C : |z| < 1} with closure D̄
L2(D) with respect to the Lebesgue measure

A2(D) := {f ∈ L2(D) : analytic in D} (Bergman space)

BD : L2(D) � A2(D), B2
D = BD = B∗D (Bergman projection)

I Toeplitz operators:

Tf : A2(D)→ A2(D), Tf (ψ) := BD(f ψ), ∀f ∈ C(D̄)

I Toeplitz algebra: T := C*-alg{Tf : f ∈ C(D̄) } ⊂ B(A2(D))

I Generators: {Id, Tz, Tz̄ = T ∗z } ∪ K(A2(D)), z(x+ iy) := x+ iy

I Commutators: [Tf , Tg] ∈ K(A2(D)) =: K
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4. C*-algebra extension

I Toeplitz extension: [Tf , Tg] mod K = 0

⇒ 0 // K // T σ // C(S1) // 0

I Symbol map:

σ : T −→ C(S1), σ(Tf ) = f�S1 , f ∈ C(D̄)

I Classical picture:

0 // C0(D) // C(D̄)
�S1 // C(S1) // 0
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5. Closed Orientable Quantum Surfaces

I Classical closed orientable surface of genus g:

⇒ C(Tg) ∼= {f ∈ C(D̄) : f(ak(t)) = f(a−1
k (t)), t∈ [0, 1], k=1, ... , 2g}

Isomorphism by identify arcs ak and a−1
k .

I Closed orientable quantum surface of genus g: σ : T −→ C(S1)

C(Tgq) := {f ∈ T : σ(f)(ak(t)) = σ(f)(a−1
k (t)), t∈ [0, 1], k=1, ... , 2g}

Definition! (Family of C*-algebras.)
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6. C*-algebra extension

I Classical C*-algebra extension: C(Tg) ⊂ C(D̄)

0 // C0(D) // C(Tg)
�S1 // C(S1 ∨ ... ∨ S1) // 0

I Quantum case: C(Tgq) ⊂ T

0 // K(`2(N)) // C(Tgq) σ // C(S1 ∨ ... ∨ S1) // 0

I Topological motivation (K-groups):

K∗(C0(D)) ∼= K∗(C0(R2)) ∼= K∗(Σ
2C) ∼= K∗(C) ∼= K∗(K(`2(N)))
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7. Closed Non-Orientable Quantum Surfaces

I Classical closed non-orientable surface of genus n:

Pn = D̄ /∼ ∼= P1
1# · · ·#P1

1︸ ︷︷ ︸
k times

# T1# · · ·#T1︸ ︷︷ ︸
(n−k)/2 times

∼= Pkk #T(n−k)/2 =: Pnk

I Closed non-orientable quantum surface of genus n:

Divide ∂D̄ into 2n arcs a1, ... , ak, b1, ... , bk, ak+1, ... , an, a
−1
k+1, ... , a

−1
n

with n+ k times the same orientation such that D̄ /∼ ∼=
n
∨
k=1

S1.

C(Pnk,q) := { f ∈ T : σ(f)(aj(t)) = σ(f)(bj(t)), j ≤ k,
σ(f)(aj(t)) = σ(f)(a−1

j (t)), j > k, t∈ [0, 1] }

I Isomorphism classes: C0(Dq) := K simple C*-algebra

⇒ No cut-and-paste technique.

⇒ Brown-Douglas-Fillmore theory
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8. Busby Invariant

I S1/∼ ∼=
N
∨
k=1

S1 , aj(t) ∼ a−1
j (t), aj(t) ∼ bj(t), t ∈ [0, 1]

⇒ ρN : S1 −→ S1 /∼ , ρ∗N : C
( N
∨
k=1

S1
)
−→ S1

I C*-algebra extensions: C0(Dq) := K, ∂D̄ = S1

⇒ 0 // C0(Dq)
ι // C(Tgq) σ // C

( 2g
∨
k=1

S1
)

// 0 ,

⇒ 0 // C0(Dq)
ι // C(Pnk,q)

σ // C
( n
∨
k=1

S1
)

// 0 ,

I Busby invariant: τN : C
( N
∨
k=1

S1
)
−→M(K)/K = B/K

τN (f) := σ(T
ρ̂∗N (f)

) ∈ T /K ⊂ B/K

ρ̂∗N (f)(reiθ) := rf(eiθ)
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9. Noncommutative CW complexes

I Pullback C*-algebras:

B ⊕
(σ,τN )

C
( N
∨
k=1

S1
)

pr1ww
pr2 )) ))

B
σ )) ))

C
( N
∨
k=1

S1
)

τNttB/K

C(D̄q) ⊕
(σ,ρ∗N )

C
( N
∨
k=1

S1
)

pr1uu pr2 )) ))
T = C(D̄q)

σ ++ ++

C
( N
∨
k=1

S1
)

ρ∗Nss
C(S1)
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10. Noncommutative CW complexes

I Classical interpretation:

C(D̄q) ⊕
(σ,ρ∗N )

C
( N
∨
k=1

S1
)

pr1uu pr2 )) ))
T = C(D̄q)

σ ++ ++

C
( N
∨
k=1

S1
)

ρ∗Nss
C(S1)

Tg

D̄

==
2g
∨
k=1

S1

dd

S1
0 Pι

``
ρ2g
::

Pn

D̄

<<
n
∨
k=1

S1

ee

S1
0 Pι

aa
ρn
99
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11. Isomorphism classes: BDF theory

I Hawaiian Earing: =: XN ⊂ C, z(x+ iy) = x+ iy

ϕN :
N
∨
k=1

S1
∼=−→ XN :=

N
∪
k=1

S1
k+1
k

(− 1
k ) =

N
∪
k=1
{x ∈ C : |x+ 1

k | =
k+1
k }.

⇒ ζN := (ϕN ◦ ρN )∗z : S1 → XN ⊂ C separates the points of
N
∨
k=1

S1

⇒ T
ζ̂N
∪ K generate C(TN/2q ) resp. C(PNk,q), ζ̂N (reiθ) := rζN (eiθ)

I [T
ζ̂N
, T ∗

ζ̂N
] ∈ K

⇒ T
ζ̂N

is essentially normal operator with ess spec(T
ζ̂N

) = XN

⇒ BDF-Theory: Group of equivalence classes of C*-algebra extensions

⇒ Classification by KK1(C(XN ),C) ∼= K1(C(XN )) ∼= K1(C(XN ))
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12. Isomorphism classes

Ismorphism: α : C(Mq)→ C(M′q), Mq,M′q ∈ {T
g
q ,Pnk,q : g, n, k ∈ N}

⇒ α : K −→ K isomorphism

⇒ ∃Uα ∈ B, U∗αUα = Id = UαU
∗
α such that α(t) = UαtU

∗
α

⇒ T
ζ̂N

and UαTζ̂N
U∗α have the same essential spectrum 0 /∈ Xn ⊂ C

⇒ Classification by K1(XN ) = K1(C(XN )) ∼= ZN (BDF Theory)

⇒ Classification by ind(T
ζ̂N
− λId) = wind(ζN − λ)

I D̄ /∼ ∼= Tg ⇒ wind(ζN − λ) = (0, . . . , 0) ∈ Z2g

I D̄ /∼ ∼= Pnk ⇒ wind(ζN − λ) = (2, . . . , 2, 0, . . . , 0) ∈ Zk ⊕Zn−k
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13. Classification and description of generators

Theorem: Let a1, ... , a2g, a
−1
1 , ... , a−1

2g be an assignment of arcs such that

D̄ /∼ ∼= Tg. Then C(Tgq) is isomorphic to the C*-algebra generated by

Tg :=
2g
⊕
j=1

( j+1
j U − 1

j ) on H :=
2g
⊕
j=1

`2(Z), Uek = ek+1

Let a1, ... , ak, b1, ... , bk, ak+1, ... , an, a
−1
k+1, ... , a

−1
n be an assignment of arcs

such that D̄ /∼ ∼= Pnk . Then C(Pnk,q) is isomorphic to the C*-algebra

generated by

Tn,k :=
k
⊕
j=1

( j+1
j S2− 1

j )⊕
n
⊕

j=k+1
( j+1
j U − 1

j ) on H :=
k
⊕
j=1

`2(N)⊕
n
⊕

j=k+1
`2(Z).

Proof: D̄ /∼ ∼= Tg ⇒ wind(ζ2g) = (0, . . . , 0) ∈ Z2g

D̄ /∼ ∼= Pnk ⇒ wind(ζn) = (2, . . . , 2, 0, . . . , 0) ∈ Zk ⊕ Zn−k

up to orden and orientation of circles. 2

Elmar Wagner Compact quantum surfaces



14. K-groups of closed quantum surfaces

I C*-algebra extensions:

0 // K(`2(N)) // C(Tgq) σ // C(S1 ∨ ... ∨ S1) // 0

I Six-term exact sequence:

K0(K(`2(N))) // K0(C(Tgq)) // K0(C(
2g
∨
k=1

S1))

exp

��
K1(C(

2g
∨
k=1

S1))

ind

OO

K1(C(Tgq))oo K1(K(`2(N)))oo

K∗(C(S1 ∨ ... ∨ S1)) = K∗(C0((0, 1))⊕ ...⊕ C0((0, 1))
.
+ C1)

⇒ K0(C(
2g
∨
k=1

S1)) = Z, K1(C(
2g
∨
k=1

S1)) = Z2g

I Index map: ind : K1(C(
2g
∨
k=1

S1)) ⊂ BK −→ Z ∼= K0(K)

K1(C(
2g
∨
k=1

S1)) 3 [v] 7→Trv ∈ C(Tgq) 7→ ind(Trv) = −wind(v) = 0∈Z
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15. K-groups of closed orientable quantum surfaces

I Six-term exact sequence:

Z �
� // K0(C(Tgq))

[1]7→[1] // // Z

0

��
Z2g

0

OO

K1(C(Tgq))
∼=oo 0oo

⇒ K0(C(Tgq)) ∼= Z2 ∼= K0(C(Tg)), K1(C(Tgq)) ∼= Z2g ∼= K1(C(Tg))

I Generalized Bott projections: u ∈ C(S1) unitary generator, n ∈ Z

Pn :=

(
|T ∗run |2 Trun

√
1−|Trun |2√

1−|Trun |2 T ∗run 1−|Trun |2

)

⇒ [Pn]−
[(

1 0
0 0

)]
∈ K0(K) ↪→ K0(C(Tgq))

Elmar Wagner Compact quantum surfaces



16. K-groups of closed non-orientable quantum surfaces

I Six-term exact sequence:

2j1 + · · ·+ 2jk ∈ Z // K0(C(Tgq))
[1] 7→[1] // // Z

0

��
(j1, ..., jk, jk+1, ..., jn) ∈ Zn

ind 6= 0

OO

K1(C(Tgq))? _oo 0oo

⇒ K0(C(Pnk,q))∼=Z2⊕Z∼=K0(C(Pn)), K1(C(Pnk,q))∼=Zn−1∼=K1(C(Pn))

I Generalized Bott projections:

P2 :=

(
|T ∗ru2 |

2 Tru2
√

1−|Tru2 |2√
1−|Tru2 |2 T ∗ru2 1−|Tru2 |2

)

⇒ [P2]−
[(

1 0
0 0

)]
= 2
(

[P1]−
[(

1 0
0 0

)])
= 0 ∈ K0(K)
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17. Spectral Sequences: Glueing maps

C(X1) ∼=
N1

⊕
k=1

C([0, 1]) ⊕
(σ1,ρ1)

C(X0)

pr11tt pr12
++ ++N1

⊕
k=1

C([0, 1])

σ1(f)=f�∂[0,1]
++ ++

C(X0) ∼= C({pt})

ρ1(α)=(α, ... ,α)
ss

N1

⊕
k=1

(
C{0} ⊕ C{1}

)
C(X2

q ) ∼=
N2

⊕
k=1

C(D̄q) ⊕
(σ2,ρ2)

C(X1)

pr21tt pr22
++ ++

N2

⊕
k=1

C(D̄q)

σ2=σ
** **

C(X1) ∼= C
( N2∨
k=1

S1
)

ρ2
ss

N2

⊕
k=1

C(∂D̄q) ∼= C(S1)

C(X2
q )

pr22
� C(X1

q )
pr12
� C(X0

q )
pr02
� 0
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18. Spectral Sequences: Filtration

C(X2
q )

pr22
� C(X1

q )
pr12
� C(X0

q )
pr02
� 0

I Filtration: An−k := ker(prk2◦ ...◦ prn2 ), A−1 := {0}

⇒ {0} = A−1 ⊂ A0 ⊂ A1 ⊂ A2 = C(X2).

⇒ {0} = C0(X2
q \X2

q ) ⊂ C0(X2
q \X1

q ) ⊂ C0(X2
q \X0

q ) ⊂ C(X2
q )

⇒ A0
A−1

=
n2

⊕
j=1

C0(D2), A1
A0

=
n1

⊕
j=1

C0((0, 1)), A2
A1

=
n0

⊕
j=1

C({ptj})

⇒ K1( A0
A−1

) = 0, K0(A1
A0

) = 0, K1(A2
A1

) = 0

K0( A0
A−1

) = Zn2 , K1(A1
A0

) = Zn1 , K0(A2
A1

) = Zn0

⇒ Schochet Spectral Sequence with E2
pq stationary and d1 = π ◦∂ ∼= ρ2∗
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