STUDIA MATHEMATICA

Online First version

Besov regularity of random wavelet series
by

ANDREAS HORST, THOMAS JAHN and FELIX VOIGTLAENDER

Abstract. We study the Besov regularity of wavelet series on R? with randomly
chosen coefficients. More precisely, each coefficient is a product of a random factor and a
parameterized deterministic factor that decays (or grows) with the scale j and the norm
of the shift m. Compared to the literature, we impose relatively mild conditions on the
moments of the random variables in order to characterize the almost sure convergence of
the wavelet series in Besov spaces Bj ,(R?) and the finiteness of the moments as well as of
the moment generating function of the Besov norm. In most cases, we achieve a complete
characterization, i.e., the conditions derived are both necessary and sufficient.

1. Introduction. We study the Besov regularity of functions f : R — R
(or tempered distributions f € S'(R%)) given by Karhunen-Loéve-type ex-
pansions of the form

(1.1) F= 220G+ D1+ [Imlloo/2) & 6mj ms
j7t7m

(1.2) F=" 20+ mlleo/2)° Nt mtmPtm
7t,m

with respect to a sufficiently “nice” compactly supported orthonormal wavelet
basis (¥; ¢.m)jt,m of L2 (R9). The functions given by and are deemed
random as the factors £t , are chosen to be independent and identically dis-
tributed random variables, and the factors \;;,, are Bernoulli-distributed
random variables with success probabilities depending on j and m. The
functions in ((1.2) can be seen as a model for random sparse wavelet series.
(A similar approach for periodic wavelet series has been investigated in [1].)
In addition to purely mathematical interest, studying such random wavelet
series is motivated by their use to define prior distributions in Bayesian
inversion [19] [8]; see also
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Our first main result is to show that under mild conditions on the mo-
ments of the random variables ;;,, and on the regularity of the wavelet
orthonormal basis ¥, the series almost surely belongs to the Besov
space B;Q(Rd) if and only if the parameters s, p, g of the Besov space and
the parameters «, 5, and 6 of the prior satisfy

(1.3) B<—d/p, s+d/2+a<0
or
(1.4) B<—d/p, s+d/2+a=0, 6<-1/g

see and (When p = oo, the condition 5 < —d/p has
to be replaced by 5 < 0. When ¢ = oo, the condition # < —1/q has to
be replaced by # < 0.) A similar analysis for the series in is given in
and Furthermore, given r > 0 and assuming that
or ({ . 1.4]) holds, we show that under (different) mild conditions on the common
distribution of the random variables &; ,, the moments E[|| f|’ . Rd)] and
the moment generating function E[exp(c||f H”; Rd))] are finite (for some

¢ > 0); see|Theorems 3.4 and. 51 Thus, somewhat surprisingly, the condition

that guarantees that || f|| B3, (re) s finite almost surely already implies the
finiteness of IE[HfHBS Rd)] or of ]E[exp(chHBs (Rd))]’ if only the common

distribution of the random variables & ¢, is sufﬁmently “nice”. A similar
analysis for the moments E[|| f||" Bs, Rd)] of the series in ([1.2)) is given in

Theorem 3.8
AS el fll, oy < ePelfI, (g the condition Blexp(el fl, (za)]

. . . . . . a.8.
< oo implies E[Hf“%}s)’q(u@d)] < 00, which in turn implies HfHBqu(Rd) < 00.

Therefore, necessary conditions for the latter are also necessary for the for-
mer. In other words, if f is of the form and the distribution of the
random variables £ ,, is sufficiently well concentrated, we achieve a com-
plete characterization in terms of the parameters d, s, p, ¢, and «, 3, 0 for
each of the following conditions:

- f€B) (Rd) almost surely,
° E[Hf”Bs (Rd)] < 00,
. E[exp(chHBs (Rd))] < oo for some ¢ > 0.

1.1. Motivation and related work. While our investigations in the
present paper are of theoretical nature, they are motivated by the Bayesian
approach to inverse problems, where random Fourier series and random
wavelet series are used as prior distributions for a stochastic interpretation
of inverse problems. There, the finiteness of the exponential moments plays
a role in the study of discretization invariance and well-posedness of the
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Bayesian inverse problems; see [19, 8] and in particular [I9, Theorem 1].
Lassas, Saksman, and Siltanen [19, Lemma 2] prove that for s € R and

€ [1,00), the series f(x) = 3202, £~ (/d+1/2=1/p) ¢, () almost surely be-
longs to B (']I‘d) iff E [exp(3 HfHBs () )] < > iff § < s —d/p. Here (¥;)en

denotes an enumeration (by i 1ncreasmg scale) of a compactly supported or-
thonormal wavelet basis of La(T?) on the torus T¢, and (¢;)jen denotes a
family of i.i.d. real-valued random variables with probability density func-
tion proportional to exp(—|z|?). The series f = .92, ¢~ (/d+1/2=1/p)¢ ),
induces a probability measure on Bg,p(’]l‘d) and is referred to as a Besov
prior in the inverse problem community.

The Besov prior has been extended in several works by introducing an ad-
ditional random coefficient into the wavelet expansion of f. For example, the
authors of [16] choose the indices of the nonzero coefficients in the wavelet ex-
pansion according to a proper random tree generated by a Galton—Watson
process, and in [18], time-dependent random coefficients from a so called
g-exponential process are investigated. In [16, Theorem 3.3] and [I8, Theo-
rem 4.2], these authors prove that their priors almost surely belong to some
Besov space depending on newly introduced parameters.

Apart from the applications in Bayesian inversion, wavelet series with
randomly chosen coefficients have been studied in the literature for more
than two decades now. Aubry and Jaffard [3] study the local Holder regu-
larity of random wavelet series. Because of the local nature of their analy-
sis, the authors focus on the one-dimensional 1-periodic case, i.e., functions
f: T — R defined on the torus.

Besov regularity enters the discussion in [3] through the scaling function

ng(p) = sup{s : f € BS&( T)}, a function which is shown in [3] to be
closely related to histograms of wavelet coefficients at all scales. Note that in
contrast to the setting of [19], the parameter p in [3] is an element of (0, co).

Abramovich, Sapatinas, and Silverman [I] investigate sparse random
wavelet expansions on the interval [0, 1]. Specifically, the wavelet coefficients
d;; are chosen at random according to d;x ~ (1 — m;)dy + TFJ'N(O,TJZ); see
[T, Eq. (6)]. Here, m; € [0,1] and 7; > 0 are numbers, N (g, 0?) is the nor-
mal distribution with mean p and variance o2, and dg is the Dirac measure
at 0. Special attention is paid to the case where m; = min {1,277°Cy} and
7'j2 = 277%(C for some absolute constants C and Cs, and parameters a and
B, which are then subject to the characterization of the almost sure mem-
bership of the corresponding wavelet series in the Besov space B;vq([O, 1));
see [I, Theorem 1 and Equation (9)]. Bochkina [6] extends this setting to
more general distributions of the random variables.

For Besov spaces Bj ,(Q) with parameters s € R and p,q € (0,00)
on bounded Lipschitz domains Q C R¢ which admit an orthonormal basis
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of compactly supported wavelets, the authors of [7], similar to [I], choose
products of Bernoulli variables (with success probabilities decaying expo-
nentially in j) and Gaussians for the coefficients of a wavelet series. In [7,
Theorem 5.7], a characterization of the almost sure membership of such a
wavelet series g in B;  (Q) is given in terms of inequalities involving d, s,
P, q, and the parameters governing the random variables. Furthermore, the
same inequalities are shown to be sufficient for E[||g]|% » (Q)] < 0.

Another account on random wavelet series on R? is given by Aziznejad
and Fageot [4, Proposition 3.4]. There it is shown that if the wavelet coeffi-
cients of f are i.i.d. standard Gaussian random variables (which corresponds
toa=p0=60=0and &m LLd- (0,1) in (L.1))) and p € (0,00], then f al-
most surely belongs to a weighted Besov space B ,, (RY, w,) if s < —d/2 and
o < —d/p, and almost surely does not belong to Bj (R%, wy) if s > —d/2
or o > —d/p; see for a definition of w,.

Esser, Jaffard, and Vedel [10] study regularity properties of wavelet
series through randomization. More precisely, for wavelet bases on the d-
dimensional torus T¢ and on R, they compare the Holder continuity and
boundedness properties of a wavelet series before and after multiplying every
coefficient with a member of a family of i.i.d. random variables. Their anal-
ysis shows that regarding the conditions on the random variables, there is
an essential distinction between bounded and unbounded random variables.

In the paper at hand, we also provide necessary and sufficient conditions
for random wavelet series to almost surely belong to a given Besov space
(or for its Besov quasi-norm to have finite moments and finite moment-
generating function.) But, different from the existing literature, we simul-
taneously allow the following conditions: (i) we allow much more general
distributions of the random coefficients, only imposing mild conditions such
as finiteness of certain moments or of the moment generating function of
certain powers of [§j ¢ m|, (ii) we allow Besov spaces By , with p # ¢, (iii) we
work on R? instead of T¢, and (iv) we consider the full range of exponents
p,q € (0, 00].

1.2. Structure of the paper. is a review of the necessary
preliminaries on Besov spaces and their characterization by wavelets. More-
over, it introduces the Besov priors in and more formally and
establishes a convenient terminology regarding conditions on the various
parameters.

In we show that under suitable conditions on the random
variables &; ¢, the conditions and are sufficient for having f €
Bs ,(R%) almost surely and EHUHE;H(W)] < 0o when f is of the form (L.1)).

Additionally, we show the sufficiency of an analog of ([1.3) and (1.4) for
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having E[|| f]|’ Bs, (Rd)] < oo for the series is concluded with

the proof of the sufﬁ(nency of (1.3)) and (|1.4)) for havmg Elexp(c HfHBS Rd))]
<oof0rcr>0whenf1softheform

In we show that . and . are necessary for the series in
to almost surely belong to the Besov space B, (RY), given a condition
on the moments of the random variables &, in . Additionally, we
show the necessity of an analog of and for the series in to
almost surely belong to the Besov space B, ,(R?).

In we discuss the necessity of the conditions on the random
variables in the theorems about the series .

Finally, contains auxiliary statements and technical proofs.

2. Preliminaries and notation

2.1. General notation. For two sequences (a,)nen and (by,),en of non-
negative real numbers, we write a,, < b, if there exists a constant C' > 0
such that a,, < Cb, for all n € N. We write a,, 2 b, if b, < a,, and a,, < b,
if both a,, < b, and b, < a,. Unless mentioned expllcltly, the symbol log
refers to the natural logarithm. We write logg () := max {0, logy(z)} for
z > 0.

For an at most countable set I # (), z € R, and p € (0, 0o, we write

HwH r — (Zie[’wi‘p)l/p if 0 < p < o0,
3 Sup; 7|l if p = oo.

We shall usually omit I from the notation, as it will be clear from the
context. When I = {1,...,d}, we write ||z, := ||z, (1)

For a (measurable) function f: R? — R, we write

(SRd]f( )P dx)'/Pif 0 < p < oo,
esssup,cpd|f(x)] if p = oo.

1/l

For v = (y1,...,74) € Nd and sufficiently smooth f : R? — R, we denote
the partial derivatives of f by D7 f = %

2.2. Wavelets and Besov spaces. Our discussion of wavelet series
and their Besov regularity relies on the wavelet characterization of Besov
spaces. We present a brief outline of this characterization here; we follow
[22) Chapter 1] for the definitions of the Fourier transform and (weighted)
Besov (sequence) spaces. We will not go into the minute details in what sense
the occurring integrals are well-defined, how the Schwartz space S(R?) and
its dual space S’(RY) are defined, and in which way the Fourier transform
is extended from S(R?) to S'(RY); see [20, Section 2.3] for these details.
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Instead, our aim is to set the notation and to avoid ambiguities regarding
different conventions in the literature.
The Fourier transform f of f € S(R?) is defined as

fl@) = (2m)=* § e v i(y) dy
Rd
for z € R?. Here 2"y denotes the standard inner product of z,y € R?. The
inverse of the Fourier transform shall be denoted by f or fV; it is given by

f(z) = f(~x).
DEFINITION 2.1. Let d € N, p,q € (0,00|, s € R. An admissible weight
[22, Definition 1.22] is a function w € C*°(R%,R) such that for every multi-

index v € N, there exists a constant ¢, > 0 such that the partial derivative
D7w of w satisfies

|DYw(z)| < cyw(z) for all x € RY,
and there exist ¢ > 0 and « > 0 such that
0 < w(z) < cwly)d+|z—y|2)*? forall z,y € R

Let w be an admissible weight as above. If (¢;);en, is a suitable reso-
lution of unity, cf. 22, (1.5), (1.6), (1.7)], then the (weighted) Besov space
B;q(]Rd, w) is defined as the collection of all f € &’(R?) such that

} A 1/q
1£11 33 , 2ty = (;N 2w (03 /)19 ) < 00,
J€lNo

with the usual modifications for ¢ = oo; see [22] Definition 1.22]. (This defi-
nition makes sense since ¢;f € S’ (R9) is a compactly supported distribution
so that (;f)Y € C*°(R?) is a (smooth) function by the Paley-Wiener the-
orem.)

Define Ty := {F}%, Tj := {F, M}¢\ T, for j € N,
J:={(j,t,m):j €N, t € T, m € Z%},
and for a sequence a = (a;¢.m)(j+m)es € R, following [22} Definition 1.24]
with a slight modification, we let

[EY H (27 +/2=4/P) | (11(2~ =120 ) 5.4 ]

)

£

mezZd Hep)jeNO,teTj
where ]]-j7£0 =1 lfj 75 0 and lj#O =0 lfj =0.

The (weighted) Besov sequence space bf,’q(]Rd, w) is defined as the collec-
tion of all sequences (aj¢m)(jt.myes € R’ such that HaHbzq(Rdw) < 00. We
write B;”q(Rd) = B;;’q(]Rd, w) and b;q(Rd) = b;q(]Rd, w) when w(z) = 1 for
all z € RY,
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It turns out that (B3 (R, w), [|- IBs., (Re.w)) and (b 4 (R, w), ||- lbs., (RYw))
are quasi-Banach spaces and different ch01ces of the resolution of unity
(pj)jen, lead to equivalent quasi-norms [14], Section 2.2].

The characterization of Besov spaces in terms of wavelet series is usu-
ally done using compactly supported wavelets. We cite the existence result

for such “nice” compactly supported wavelets (which originally is due to
Daubechies [9]) from [13, Theorem 10].

THEOREM 2.2. For each k € N, there exist functions ¥p, ¥y € La(R),
called scaling function and wavelet function, respectively, such that

(1) Y and Yy are real-valued and compactly supported,
i) ¢Yr, Y € CH(R),
(i) ¥r(0) = (2m) 712,
)
)

e~
|p
| —py

(iv) §ga“r(z)dz =0 for all € € {0,... Kk},
(v) The one-dimensional mhomogeneous wavelet system (1jm);jeNo, mez

defined by
Yo = Vp(-—m),  Yim(z) =207 2 (27 e —m) forjeN

is an orthonormal basis of La(R).

The (one-dimensional) scaling function 1 and wavelet function s from

Theorem 2.2/ are then used to define an orthonormal basis (¥ tm)(j,t,m)es
of La(R?) via

(2.1)

[Ti=1 (e — my) if j =0,

9(j—1)d/2 szl U, (27 Yoy —my) if j €N,

for (j,¢,m) € J [21, Proposition 1.53].

It turns out that mapping the coefficient sequence to the correspond-
ing wavelet expansion constitutes an isomorphism between the Besov se-
quence space and the corresponding Besov function space. This is the above-
mentioned wavelet characterization of Besov spaces. The following theorem
makes this precise; it is taken from [22, Theorem 1.26]. We note that unlike
Triebel [22], we use the Lo-normalized wavelet system (¥ ;) (jt,m)es in-

ipm:RT =R, {

stead of the Loo-bounded wavelet system (2‘jd/2%-’t7m)(j,t7m)e‘] used in [22].
This is compensated by the factor 2/¢/2 in the definition of b;q(Rd) which

does not occur in [22]; see also |[Remark 2.4

THEOREM 2.3. Letd € N, p,q € (0, oo] s € R. Denote by (W) t,m) (j,t,m)et
the orthonormal basis of Lo(RY) given in (2-1).
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Assume that k > max{s,d(1/p—1) — s} if p € (0,1) and k > |s| else.
Let f € S'(R?). Then f € B;’q(Rd, w) if and only if it can be represented as
(2.2) f= 2 @Gm¥im

(J.tm)ed
with a = (ajtm)(jmyes € b;vq(Rd,w). The convergence is unconditional
in S'(RY). Furthermore, the representation is unique, i.e., for given f €
Bs (R w), the unique element (aj.m)jtmes € b (R, w) such that (2.2)
holds is given by ajim = (f,¥jtm), where the duality pairing is suitably
defined. The map
I: f = (<f7 wj7t7m>>(j,t,m)€J

defines an isomorphism of quasi-Banach spaces B;yq(]Rd,w) — b;q(Rd,w),
and the map

S (ajem)Gmes = Y. itmm
(Gt.;m)ed

defines an isomorphism of quasi-Banach spaces b§7q(Rd, w) — B;Q(Rd, w).

REMARK 2.4. Let us comment on the notational differences to [22].
Triebel [22), (1.89) and (1.90)] uses different index sets for the wavelet sys-
tem, namely G := {F, M}?, G; := {F,M}¢\ {F}?. The wavelet system
[22, (1.91)] then takes the form

d
T 4. () = 2792 T v (272 — my).
k=1

If we let J := {(j,t,m) : j € No, t € Gj, m € Z}, we note that Triebel’s
definition
o » a/p\1/q
Ha”’z?;,,q(Rd,w) _ (Z oia(s—d/p) Z ( Z w(2 Jm)p|aj7t’m‘p> )
j€Ng tEGj mezad

of the Besov' sequence quasi-norm of a = (a;¢m) Gitm)ed does not involve
a factor of 27%/2 (see [22, (1.119)]), but the wavelet characterization in [22,
Theorem 1.26] does:

- id/2/ ¢ . e
||f”B§7q(Rd,w) = [[(277=(f, y?]ytym»(j?t’m)e‘]Hbqu(ﬂg{w)'
But note that we also have
(2742 (£, Vitan)) G amyeTlTs  ew) = NS Tt ) Gemye s log (e w)-

2.3. Besov priors and Besov sequence priors. Once we fix the or-
thonormal basis (¥ t.m) (jm)es of L2(RY), we may consider random wavelet
series f as in . In view of the application in Bayesian inverse problems
as a prior distribution, we then say that f follows a Besov prior. Note that
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the following definition is slightly more general than ((1.1)), since we allow
the additional parameter ~.

DEFINITION 2.5. Let d,k € N, «, 3,7,0 € R, pu,v € (—00,0], and let X
be a (real-valued) random variable.

(a) We say that f follows a Besov prior with parameters (c, 3,7,0,k) and
template random variable X if the orthonormal basis (¥ ¢m)(jt,m)e.s Of
L2(R%) is the one from (with g, ¥ € CF(R) and vy having k
vanishing moments as in [Theorem 221 iv)) and there are i.i.d. random
variables &, ~ X for (j,t,m) € Ng x {F, M}? x Z¢ such that

(23)  f= D PG H DA+ mlleo/27) OO0 Ty,
(j,t,m)ed

with almost sure unconditional convergence of the series in the sense of
tempered distributions.

(b) We shall say that f follows a Besov—Bernoulli prior with parameters
(a0, By, p, vy k) and template random variable X if the orthonormal ba-
sis (¥j,t.m) (jt,m)es of Lo (R9) is the one from (2.1)) (with ¢ r, ¥ € CF(R)
and 1y having k vanishing moments), there are i.i.d. random vari-
ables &4 ~ X for (j,t,m) € Ny x {F, M} x Z%, and Bernoulli(g;)-
distributed random variables \; ¢, for (j,t,m) € Ng x {F, M}? x Z4,
independent among each other and from all the ;¢ ,,, with

0jm = 2M(1 + ||ml|oo/27)"
such that
(2.4) F= 3 20+ |mllee/20) O N &t
(j7t7m)eJ
with almost sure unconditional convergence of the series (2.4) in the
sense of tempered distributions.

Here 1;—¢ := 11if j = 0, and 1,—9 := 0 else. Furthermore, if j = 0 for

a summand in the expansion (2.3]), then also t = (F,..., F) is fixed, and

in that case we shorten notation by omitting both indices j,¢ and only

keeping the relevant index m € Z<, i.e., we write &, = So,(F.....F);m and

Am 1= AO,(F,...,F),m-

The analysis for the functions/distributions and for their coefficient se-
quences is not entirely the same; see the discussion in [Remark 4.2] Therefore

it is appropriate to introduce analogous notions for the coefficient sequences.
The notational conventions from [Definition 2.5| apply.

DEFINITION 2.6. Let d € N, a, 8,7,0 € R, p,v € (—00,0], and let X be
a (real-valued) random variable.
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(a) We say that a = (a;jm)(jtmyes € R’ follows a Besov sequence prior
with parameters (a, 8,7,0) and template random variable X if there are
i.i.d. random variables &; 1, ~ X for (j,¢,m) € Ng x {F, M}¢ x Z? such
that

(2.5) ajem = 2°(j + 1) (1 + [[ml|oc/27) O Dhim0g; .

(b) We say that a = (ajtm)(jtmyes € R follows a Besov-Bernoulli se-
quence prior with parameters (o, 8,7, u,v) and template random vari-
able X if there are ii.d. random variables &, ~ X for (j,t,m) €
No x {F,M}% x Z¢ and Bernoulli(gj,)-distributed random variables
Njtm for (j,t,m) € Ng x {F, M}¢ x Z¢, independent of each other and
of all the &; ¢, with

0jm = 2M(1+ [mllo/27)"
such that
(2.6) Qjem =291 + |moo/27)PTOAN=0 N, €t

Note that in and [2.0] we assume to have random variables
Eitm and N for (j,t,m) € Ny x {F,M}? x 74, although only those
for (j,t,m) € J are “used” in (2.3)(2.6). This is done for convenience in
the proofs. In our analysis, expectations E and variances V are taken with
respect to these random variables & ¢, and Aj; .

[Remark 2.7|and [Figure 2]show samples of the two priors defined in[Defini]
for different sets of parameters. (A Python implementation for gen-
erating these samples can be found at https://github.com/AndreasHorst/
RWS.) In both figures, we used standard normal variables for &;;,, and
Daubechies-10 wavelets for ¥;;,,. We truncated the basis expansions at
j = 10. Note that Daubechies shows in [9, p. 226] that this wavelet system
has its scaling and wavelet function in C* for all k& < 2.406 and, more gen-
erally, that the Daubechies-IN wavelet system has its scaling and wavelet
function in C*N with p ~ 0.2075 for sufficiently large N € N.

REMARK 2.7. In the sequel, we will work with unweighted Besov spaces
B;’q(Rd) and b;q(Rd). However, the entire analysis can be readily transferred

to weighted Besov spaces with weight function w, : R? — R, wy(x) :=
(1 + ||z)|3)7/2. (For its admissibility, see [Lemma A.1l) To this end, observe
that for j € Ny and m € Z%, we have

wo (27071200 m) < (14 [m2/2~570)7
= (14 mlloo/2)"

Now, if f follows a Besov prior with parameters (o, 3,7, 0, k) and template

random variable X, yields
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y=B=-la=-1 y=B=-20a=-1 y=B=-4,0=-1
T T T

Fig. 1. Samples of our Besov prior for different sets of parameters. The parameters § and
~ impact the spatial decay of the function, whereas the smoothness changes with «. In all
panels, we set 6§ = 0.

27)  fllBs, ®w)
=[2G+ 1’1+ HmH00/2j)ﬁ+(775)]1j:0£j7t7m)(j,t,m)EJ
= (127G + D (1 + [[mlloo/27)P ot O Grollizog )

b (R%,we)
(Gt m)ed ”b;,q(Rd)
= |lgll ;. (ray.

where g follows a Besov prior with parameters («, + 0,7 + 0,60, k) and
template random variable X. This holds true under the assumption that

(2.7) is finite; see also [Remark 4.2

2.4. Terminology for assumptions on the parameters. The ter-
minology introduced in the following definitions will greatly simplify the
statements and proofs of our main results.
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v=-1,pu=0 v=-2,u=0
T

= O = N W A O
T
|

—3 |

Fig. 2. Samples of our Besov—Bernoulli prior for different sets of parameters. The param-
eter v impacts the spatial decay, whereas the smoothness changes with u. In all panels,
we set a =y = = —0.5.

DEFINITION 2.8. Let d € N, s € R, p,q € (0,00], o, 3,7,0 € R, p,v €
(—00,0], and r € (0,00). We say that Property A is satisfied if

y<—d/p, B<-—-d/p, s+d/24+a<0
or
v<—=d/p, p<—-d/p, s+d/24+a=0, 0<-1/q.

When p = oo, the conditions v < —d/p, 8 < —d/p have to be replaced by
v <0, 8 <0. When g = oo, the condition # < —1/q has to be replaced by
0 <0.

We say that Property A’ is satisfied if one of the following sets of condi-
tions is satisfied:

(a) pyéoo,q;éoo,’y+d%”<0,,6’+d%”<0,s+d/2+a+ﬂ/p<0;
(b) p# 00, g =00, v+ ¥ <0, 4+ HL <0, 5+d/2+a+p/p<0;
(¢c) p=o00,qg#00,7<0,8<0,s+d/2+a<0;
(d) p=o00,¢g=00,7<0,8<0,s+d/24+a<0.
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We say that Property A” is satisfied if one of the following sets of conditions
is satisfied:

(a) p#oo’,y—}_d/p—f_ﬁ{r,p}<07ﬁ+d/p+m<0,8+d/2+a+
I ———
max {r,p} ’

(b) p=00,¢<00,7<0,8<0,s+d/24a<0;

() p=qg=00,7<0,8<0,s+d/2+a<0.

DEFINITION 2.9. Let d,k € N, s,a € R, and p € (0,00]. We say that
Property B is satisfied if one of the following sets of conditions is satisfied:

(a) pe (0,1), k> max{s,d(1/p—1) — s},
(b) p e [l,00], k> |s].

We say that Property B’ is satisfied if one of the following sets of conditions
is satisfied:

(a) pe (0,1), k>d(1/p—1)+d/2 +a,
(b) pel,o0], k>d/2+ a.

Note that Properties B and B’ are always satisfied if k is large enough,
depending on d, p, s, and .

REMARK 2.10. In view of our assumptions on the wavelet system (see
and ), Property B can be seen as a compatibility condition
between the Besov space B;q(Rd) and the regularity of the wavelet system.
Property B’ is similar, but also incorporates the parameter o that governs
the decay/growth of the random wavelet coefficients.

In the results establishing sufficient conditions to
and , Property B is used, but only to guarantee that the wavelet
system gives rise to a characterization of the Besov space and of the Besov
(quasi-)norm; see

Thus, in principle, our sufficient conditions immediately extend to other
wavelet systems beyond the setting of compactly supported C* (Daubechies)
wavelets, as long as the wavelet system considered yields a wavelet charac-
terization of Besov spaces similarly to An important example
is the Meyer wavelet system [23, Chapter 3.2], in which the wavelets ¢)r and
¥ belong to S(R). According to [2I, Theorem 3.12], this system in fact
provides a wavelet characterization of all Besov spaces Bf,’q(Rd) for arbitrary
p,q € (0,00] and s € R. Thus, one could say that this wavelet system always
satisfies Property B, for arbitrary choices of the parameters.

In the results establishing necessary conditions and ,
both Properties B and B" are used. Here, Property B is again used to guar-
antee that the wavelet system gives rise to a characterization of the Besov
space B;vq(Rd). Property B’, on the other hand, is used to guarantee that
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there exist s < s and ¢ < 0 such that the wavelet system used also char-
acterizes the weighted Besov space Bj (R, w,) for we(z) = (1+ |[|3)°/2,
which is important for the proof, in view of the fact that the wavelet ex-
pansion is not necessarily unique if one does not impose any a priori decay
assumptions on the coefficients; see

Thus, our necessity results again extend to essentially arbitrary (not
necessarily compactly supported) wavelet systems, as long as they give rise
to wavelet characterizations as described in the paragraph above.

3. Sufficiency of Properties A and A”. In this section, we show that
Properties A or A" are sufficient conditions for having E[|| f[|;. (]Rd)] < 00
p,q

for some r € (0,00) if f follows a Besov prior or a Besov—Bernoulli prior,
respectively. (The number 7 only depends on the concentration properties of
the template random variable X.) In case of the Besov prior, we also show
the sufficiency of Property A for having E[exp(c|| fHTBf,,q (Rd))] < oo for some

€ (0,00), where r € (0,00) is again given by the concentration properties of
the template random variable X. The assumptions on the template random
variable X in that we will impose when p # oo concern the
finiteness of its moments. On the other hand, our standing assumption on
X (mentioned explicitly in the various theorems) is essential boundedness
when p = oo, i.e., there exists a real number R > 0 such that |X| < R
almost surely. This assumption makes the analysis relatively easy but also it
cannot be neglected if we want to keep Property A as it is; cf. [Proposition 5.4]
and [Remark 5.5
The main observations for the proof are the following lemmas which
show for p # oo that under Property A, the norm ||fHBz7q(Rd) of a function
f following a Besov prior is bounded above by a random quantity = that
does not depend on the parameters («, 3,7, 6, k) but only on the template
variable X and on the parameters p and d governing the Besov space.

LEMMA 3.1. Let d € N, p € (0,00), and § € R such that 5 < —d/p. Let
further (§5.6,m) ¢ t.m)enox {F,Myaxze be a family of random variables. Then
for all j € Ng and t € {F, M}?, we have

B Zye =1+ Imlloo/2) 1€ 0m0) pegall,, S 297 - Z17,

where the implied constant only depends on d, B, and p. Here

1 My
= = sup ( €5, P4 sup — 1€+, ‘p)
jeNo ] ; J ¢ > Nf T:%;—H J ¢(T)

fort € {F,M}?, and

(3.2) Z = max I,
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where ¢ : N — Z% is a bijection such that 7 + ||¢(7)||s is nondecreasing,
and for j € Ny, we set

Nj :=#{m ¢ 7422 < ||mlo < 27F1Y,
and
M; = #{m € Z%: |m||oo < 29} = (27! + 1)<
Proof. We have M; =< 274 and also
Nj =M1 — Mj = (2772 + 1) — (27 4 1)¢
=d -y (22 +1) — (2T +1)) < 2@ Digi = 9id

for some y € (27+! +1,2/72 4 1), due to the mean value theorem applied to
x — x%. Next note that

Z5 = D (L4 [Imlloe/2)P 1€ tml”

meZa
= > AHlmle/2)Pleml”+ D0 (LA mlloo/2) I ml”
mez? ) mez? )
[[m]|oo <27 l[mlloo>27
= > &m0 (Imlleo/27) 1 e mlP
mezZd mezd
Hmlloo<2] lIm] oo >27
Moiq A
- Z ‘gj t,0( 7')’ =+ Z Z ||¢ /2])5p|£j,t,¢(’r) |p
(>4 T=My+1
Mj s tdep 1 Mpyq
= 2 NGnom "+ 27 2T Y (G kel
=1 >j Cr=My+1
— M; S + 27900 oldtling, < ( M; 4279 % 2€(d+6p)) 5,
> 25
<odz, < ol
since d + Bp < 0, where
1 Moy
Z [0’ = Z¢ and - Sy = o > e lP < 5
j =1 ¢ T=My+1

for{>j. m

LEMMA 3.2. Let d € N, s,a,3,7,0 € R, p € (0,00), and q € (0,00].
Let further (&.t,m) (jt.m)eNox {F,M}dxzd be a family of random variables. Set
a= (a/j7t7m)(j’t’m)€], where

ajam =2+ 1)°(1+ [Im oo /27) OO =08,
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for (j,t,m) € J. If Property A is satisfied, then for = as in (3.2), we have
Ha||b§q(Rd) < EVP, where the implied constant only depends on d, p, q, s,
a, 0, B, and ~.

Proof. Note that Property A implies v < —d/p and § < —d/p, since
p < 0. Recall that &y, := & (r,... F),m for m € 74, and let

= 11+ [mloe) € ones ey

ng = || (2754 2=d/pre) (5 4 l)er,t)jeN,teTjHEq
with Zj, as in (B.1). Utilize (B.I) from with  replacing 5, and
j =0, to conclude that 7; < Z%/?. Furthermore, we have

g = ||(20(sHd/2=d/pta) (5 4 1)GZj,t)jeN,t6Tj lleg

S INE@ICHZH G4+ 1) ZVP) s, e e,

S NG + 1)) jenlle, VP S SV,
thanks to Property A. If ¢ # oo, then HaHbi J(RY) = (n? +ndt/e < VP, On
the other hand, if ¢ = oo, then ||a||bgq(Rd) =max {n,n} < EVP. u
Now we are ready to prove the sufficiency of Property A for our three

target conditions when f follows a Besov prior. We start with the almost
sure membership of f in B;q(Rd).

THEOREM 3.3. Letd,k € N, s,c,3,7,0 € R, and p,q € (0,00]. Assume
that a follows a Besov sequence prior and f follows a Besov prior, both with
parameters («, 8,7, 0, k) and template random variable X, satisfying

{35 >0: E[|X]|1+P) < o if p € (0,00),

(3.3) as.
dR>0:|X| <R if p=oo.

If Property A holds, then a almost surely belongs to b;q(Rd). Moreover, if
Properties A and B are satisfied, then f belongs almost surely to B;’q(Rd).

Proof. STEP 1: p # co. From [Lemma 3.2;.:\76 obtain HaHbg,q(Rd) < zip
with = as in (3.2). Next we show that = < oo. To this end, for fixed
t € {F, M}, apply to Xj. = [§14(n|F and o := 1, where
again ¢ : N — Z% is a bijection such that 7 + ||¢(7)||oo is nondecreasing.

a.s.
We obtain E[Z}] < oo, which implies that =; < oo, whence also = =
., as.
maX,c(p pf}d =t < ©o0.

a.s.
STEP 2: p = oco. Note that [£;¢,,| < R and thus

. a.s.
Zie = (L + mlloo/27)71€jtm Dmezalle, < R
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by 5 < 0 (which follows from Property A), and moreover

a.s.
m = [((L+ Imllec)”€mmezalle, < R
by v < 0 (which follows from Property A). Finally,

o = |72 (5 4 1075 1) sen, ey e,

LRI (1)) jen ey e, < o0,
thanks to the conditions on s, d, «, 6, and g from Property A. This easily
implies ||a||b§7q(Rd) ag' R < 0.
STEP 3. If Properties A and B are satisfied, then shows
that [|f[|ps ey = [5(a)llBs ey = llallys  (rey and hence ||f]|ps (ra)y < o0
almost surely. =

Next we show the sufficiency of Property A for the finiteness of the
moments of || f]| B, (rd) When f follows a Besov prior.

THEOREM 3.4. Let d,k € N, s,,8,7,0 € R, p,q € (0,00], and r €
(0,00). Assume that a follows a Besov sequence prior and f follows a Besov
prior, both with parameters («, 3,7, 60, k) and template random variable X,
satisfying
(3.4 Je > 0: B[| X |0+ max{rpl] <« o0 if p € (0, 00),

' JR>0:|X| <R if p= oo
If Property A holds, then E[||a\|bs (Rd)] < 00. Moreover, if Properties A and
B are satisfied, then E[HfHBS Rd)] < 00.

Proof. STEP 1: p # co. From [I 2] and the monotonicity of the

expectation, we conclude E[HaHbs Rd)] < E[”T/P] with = as in (3.2]). Next

we show that E[Z7/P] < oo,

To this end, fix t € {F, M}? and apply to Xjr = | 1,0(r)"
and o := max{l,r/p}, where again ¢ : N — Z% is a bijection such that
T+ ||¢(7)]| 0o is nondecreasing. This lemma is applicable because

1+e)o max € e)r €) max {p,r
E[X %) = ElJgp0n " (H9P04] = B[] ) mex 7] < oo

Hence, shows that E[Z7] < oo and thus also E[Etr/p] < o0 by

Jensen’s inequality. It follows that also
E[z/7) =E| max Z?P|<E[ > = Y EEF"<
te{ M} te{F,M}d te{F,M}d
STEP 2: p = oo. Similar to Step 2 of the proof of [Theorem 3.3 we have
.S.
||a||£§‘q(Rd) < R < 0.

® -
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STEP 3. If Properties A and B are satisfied, then shows
that | f]lgs ey = 15(a)ll s ra) = llallys  (re) and hence

B/ 1, o) = ELIS@ o) = Ellalfy ) < -

Next we show the sufficiency of Property A for the finiteness of the
moment generating function Elexp(c|| f || B;, (Rd))] for small ¢ when f follows a
Besov prior. If ¢ € (—o0, 0], then exp(chHBs Rd)) (0, 1] is bounded, which
implies that E[exp(c| f||" : Rd))] < 0. The followmg theorem is about the
nontrivial case where c is posmve

THEOREM 3.5. Let d,k € N, s,c,3,7,0 € R, p,q € (0,00], and r €

(0,00). Assume that f follows a Besov prior with parameters (o, 3,7,0, k)
and template random variable X with

3C > 0 : Elexp(C|X|™x{rPH)] < 0o if p € (0,00),
{3R>0:\X|a.§S.R if p=o0.

If Properties A and B are satisfied, then there exists a constant ¢ > 0 with

Efexp(c] £, )] < oo.

max {r,p}

Proof. STEP 1: p # oco. For = as in ,We have E7/P <145~ »
gives the existence of a constant k1 = k1(d, s, @, 5,7,6,p,q) >0
such that Ha”b;,q(Rd) < k1 ZYP where a is as in (2.5). Moreover, [Theo-
yields the existence of a constant ke = ka(d, s,p, q, k) > 0 such that
1f1lBs ,&ay = 15(@)]I 55 (ra) < R2llallys (ra) < k1k2 5P whenever = < oo.
Thus, for ¢ > 0 and k := K1k2, we have

max {r,p}
r < T‘E?"/p < U
xp(ell Il sn) < exp (e 577P) < exp (en” 27
The monotonicity of the expectation yields
max {r,p}

E[eXp(CHfHTBZS)’q(Rd))] S E[exp (CI‘QTET):I .

x{r,p}

Next we show that E[exp(ck" = =5 )] < oo for sufficiently small ¢ > 0.
To this end, fix t € {F, M}¢ and apply to Xjr = 1€ 6(n)l?
and o := max {r,p}/p, where again ¢ : N — Z? is a bijection such that
T+ ||¢(7)]|co is nondecreasing. This lemma is applicable by choosing ¢ =
for some € > 0 and noting

o
20+t (14¢e)k"
Elexp(CX7 )] = E[exp(0|€j’t7¢(7_)|max{r,p}>]

= Elexp(C|X |2 {"Ph)] < oo,

Lemma A.8 now yields Elexp(ck”Z7)] = E[exp(w%(lﬁ)Ef)] < 0. Note
that since the &, are jointly independent, the random variables =,
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t € {F,M}¢, are independent. It follows that

Elexp(ck"=Z7)]| = ]E{exp (cnr max =y )} < E[exp (cm Z Ef)}

te{i M} te{F,M}?
= E{ H exp(chEf)} = H Elexp(ck"=ZY)] < o0.

te{F,M}d te{F,M}d
STEP 2: p = co. Similar to Step 2 of the proof of [Theorem 3.3, we have
S.
lallps  ray < R here a is as in . By [Theorem 2.3} it follows again

®

that HfHBS JRY) S R i.e., there exists a constant k£ > 0 with HfHBS J(E
< kR" almost surely. Then the monotonicity of the expectation dlrectly
gives E[exp(c||f||B§ q(Rd))] < Elexp(ckR")] < 00. m

We conclude this section by establishing the sufficiency of Property A”
for the finiteness of the moments of || f|| B3, (RY) (and thus for the almost sure

membership of f in B;ﬂq(]Rd)) when [ follows a Besov—Bernoulli prior. Let
us start with the counterpart of

LEMMA 3.6. Let d € N, p,r € (0,00), B € R, p,v € (—00,0], and § €
(0,1) such that fp+d+ — {rp}(l —6) < 0. Let (&t.m) (j,t,m)eNo x {F,M}4x 24
and (Njtm)(jm)eNox {F.M}dxzd be two families of random variables with
Etm €ER and Njim € {0,1} for (4,t,m) € Ng x {F, M}¢ x Z2. Finally, set

0jm = 2M(1 + [Jm]|0o/27)"
for j € Ng and m € Z%. Then for all j € Ny and t € {F, M}?, we have
(3.5)
Zya = (U + Imlloo/2) Ngtaml€stammezalle, S 247 mtran 120 21/,

~

where the implied constant only depends on d, p, B, pu, v, v, and §. Here

M

gt — Sup( 1 Qmax?rp}(ail)A,tqs( )’€t¢( )’p
jeNy \ M TZ 7,0(7) MJH T)1S5,t,0(T
1 A —E— T
max {r,p} p
+ sup — 0. ; £ )
Z>] Ne %l;+l ,¢( ) ]7t=¢(7—)| ]7t7¢(7—)|
fort e {F,M}* and
3.6 Z:= max :;,
( ) te{F,M}d ¢

where ¢ : N — 79 is a bijection such that T + ||¢(7)||eo is nondecreasing,
and for j € Np,

Nji=#{mecZ: 2 < |m| < 2971},

Mj = #{m € Z%: |m|lo < 27} = (2771 + 1)%,



20 A. Horst, T. Jahn and F. Voigtlaender

Proof. Let j € No. If 1 < 7 < M, then 0 < ||¢(7)]|oc < 27, i€, 1 <
1+ [[¢(7)]loc/27 < 2. Tt follows that o; ;) = 27%. If, on the other hand,
T > Mj, then there exists a unique number ¢ € Ny with ¢ > j such that
My +1<7< My Then 2° < ||¢(7)]leo < 24! and

27 <1427 <1+ | o(7) [|oo/2F < 14204170 < 3207
Le., 0j4(r) = 27k . 2U=3)V For j € Ny and t € T}, we thus obtain

28 = > (Lt lImloo/2) P Nt ml &t ”

meZd

M;
Z (L + 11T lloo/2)P A 1.5 € 0 P

My
+> 0 > (UHEMoo/2) PN 1000 €t o [P
{>5 7= M[+l
Z )\] t, (T |£] t, (T |
] =1
1 M1 .
+ ZNfﬁ > 2( ﬁmp)\j,t,qb(r)‘fj,t@(f)‘p'
> Cr=Mp+1
Next, we note
| M
M; Mj TZI Ao &ieem P
M;
_ gidgitmgy (-6 L ™ et 1)
~ i ol s gy i DT e e

=1

§2jd2jﬂmax?hp}(l 8 = =

Finally, recall from the proof of [Lemma 3.1} m 1| that Ng = 2% and from the
assumptions of the present lemma that 8p + d + (1—-9) <0, and

max{rp}
hence
1 My -
DN 2 2N el
>j Cr=My+1
it , Mepr  ps-1)
~ —Jj +4d ] —J max {7 R max{r }
= 3 ot gingt =) T “ - 2 % Mo el
> r=M;+1

1-6)

< ZQ(K J ﬁp+€d<2]#2(e ]) )m'x(x{rp}
>3
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i P (1-§)— 200 p(1=8) ~
=92 jﬁp+]umax {r,p} (1 5) Jymax{r,p} Z 2€ﬁp+€d+eumax {r,p} Et

0>

. p(1-9) (1 =
< 9 IBrHi gy (1=0)—iv iy ol (Br+dtvaliny) 2,

I L€ el B
— 2.7d2]umax{7',p} Et'

_ o, o o, o
Overall, we conclude Z7, < o/ it 10 5, < o itamar (170 2

Next, we show an analog of

LEMMA 3.7. Letd € N, s,a, 8,7 € R, p,r € (0,00), q € (0,00], and p, v €
(—00,0]. Let (fj,um)(j,t,m)eNox{F,M}ded and ()‘jiam)(j,t,m)eNg><{F,M}4><Zd be
two families of random variables with &¢m € R and Xjtm € {0,1} for
(4,t,m) € Ng x {F, M} x Z¢. Set

0jm = 2M(1 + [|m]|0o /27)"
and a = (aj7t7m)(j7t7m)ej, where
@jtm = 21+ [[mloo/27)PFOAG=0N; 5 1m
for (j,t,m) € J. If Property A" is satisfied, then for Z asin (3.6), we have
||a||bls)q(Rd) < EYP, where the implied constant only depends on s, o, u, v
By p,q, d, andr.

Proof. Recall that Ap, := Ao (F,... F),m and & = o (F,....F),m for m € Ze,
and let

i 1= 1L+ o) Al Dimezs e
T i= |[( A 7

with Z]t as in
By Property A” there exists 0 € (0, 1) such that Bp+d+l/m(1 J)

<0,7p+d+l/m(1—6)<Oands+d/2+a+m(l 5)<0
with « replacing 5 and with j = 0 directly gives 71 < =i,
Furthermore, again by [Cemma 3.6 we have

= (27 (s+d/2—d/p+a) 7

jEN,tET]’ ||Zq

Zjt)jeneT;le,
< ||(2] (s+d/2+at+ —H—r ey (1- 6))51/p)

~

< ||t ER T 0y

since s + d/2 + a + max{rp}(l —0) < 0. If ¢ # oo, then ||a||bg,q(Rd)
(7 + 7d)1/e < ZV/P. On the other hand, if ¢ = oo, then Ha”b;q(Rd) =

jenet lle,
Zl/p < Zl/p
~Y

max {1, 2} < ElUpr o
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Now we are ready to show, analogously to[Theorem 3.4} that Property A”
is sufficient to guarantee E[|| f||';. (Rd)] < oo if f follows a Besov-Bernoulli
p,q

prior.
THEOREM 3.8. Letd,k € N, s,a, 3,7 € R, p,q € (0,00], r € (0,00), and
W, v € (—00,0]. Assume that a follows a Besov—Bernoulli sequence prior and

f follows a Besov—Bernoulli prior, both with parameters (o, 3,7, u, v, k) and
template random variable X, satisfying

. {35 >0: E[|XJS+5) max{rp}] < o0 if p € (0, 00),
dJR>0:|X| <R if p= oc.

If Property A" is satisfied, then E[||a\|g§7q(Rd)] < o0o. If Properties A” and B

are satisfied, then IE[Hngqu(Rd)] < oo. In particular, f belongs to Bs  (R?)

almost surely.

Proof. STEP 1: p#00. Let 9> 0 be such that E[| X |(1+0) max{rp}] <oo
By Property A”, there exists 6 € (0,1) such that 6p+d—|—um(1 5) <
7p+d+um(l—5) < 0, and s+d/2+a+m(1—6) < 0. Next,
choose ¢ € (0,g9) such that 6 + de — e > 0. From and the
monotonicity of the expectation, we obtain E[al|}, (Rd)] < E[="/?] with

p,q
Z as in (3.6). Next we show that E[Z7/7] 2 0. To this end, for fixed
t € {F,M}", apply b0 Xjr = [&j0m[" and Ajr = X g(r)
and o := max {1,7/p}, where again ¢ : N — Z? is a bijection such that
T+ ||¢(7)]| 0o is nondecreasing. This lemma is applicable because

E[Xj(717_+5)0] _ EHX|(1+€) max{p,r}] S 1 +E[|X|(1+eo)max{p,r}] < 0.

Hence, shows that E[Z7] < oo and thus also E[:::/p] < o0 by

Jensen’s inequality. It follows that also

E[Z7/P] = E[ max ::’tr/p}

te{F,M}?
<E[ ¥ EF= Y EEF7<
te{F,M}d te{F,M}4

STEP 2: p = oo. Recall that we write A\, = Ao (p,...p)m and &, =
€o.(F - NOte that A pm[€jm| < R and thus

Zio = (1 + Imlloo/27) Xt & tm| Y mezelle, < R
by 8 < 0 (which holds by Property A”),

= 11+ Imlloo) Xnlémmezealle, < R
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by v < 0 (which holds by Property A”), and

. ~ a.s. .

M = (|7 Z ) jenvery e, < RIQICTY2)en vemylle, S R,
since Property A” implies s+d/2+a < 0 in case ¢ < oo and s+d/24+a <0
in case ¢ = oo. As in the proof of [Lemma 3.7, we then get

lallps ey S +72 S R
almost surely, which easily implies E[||al|}, pay] < 00.
b5.q(R)

STEP 3. If Properties A” and B are satisfied, [Theorem 2.3|shows that

||f||B;7q(Rd) = ||5(a)||B;,q(Rd) = ||a||b§7q(Rd)

and hence E[Hqulni‘;,q(Rd)} = E[HaH%’q(Rd)] <00 m

4. Necessity of Properties A and A’. The weakest condition we
consider is that f € B;q(]Rd) almost surely. In this section, we show that
Property A is necessary for this when f follows a Besov prior, and that
Property A’ is necessary if f follows a Besov—Bernoulli prior. For both priors,
we start with the necessity for the finiteness of the Besov sequence norm of
the wavelet coefficients of f, and then proceed with the necessity for the
finiteness of the Besov norm of f itself.

THEOREM 4.1. Let d € N, s,c,3,7,0 € R, and p,q € (0,00]. Assume
that a follows a Besov sequence prior with parameters («, 3,7,0) and tem-
plate random variable X satisfying

(4.1) P(X #0) > 0.
Ifa € b;q(Rd) almost surely, then also Property A is satisfied.
Proof. For j € Ng and t € T}, we define the following (random) quanti-

ties:
Zjg = 1L+ mlloo/2)° 1€ 4.m ) mezall ey
(4.2) m = (L + [[mflee)[€m ) mezalle,

ng o= |20 (G 4 1) Z; ) jenvey e, -

We have ||a||b;’q(Rd) 2 0 if and only if m 2 50 and M2 2 .

Since P(X # 0) > 0, there exists R > 1 such that P(1/R < |X| < R)
> 0. For (j,t,m) € J, define X, := Lig; o mi>1/R- We write Xy i= X4 m
when j = 0 (and consequently t = (F,... , F

STEP la: When p # oo, we show that necessarily v < —d/p. Note that
|Em [P > R7PX,,,. We thus deduce from

00 T >R Y (14 [Imllo) P Xom
mezZd
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and [Cemmas A2 and [A.3] that
o> 3 Efmin {1, (1 4+ [mfloe) X))

meZa

= Y E[X,)min {1, (1 + [Jm]ls) "}
meZzZa

= E[Xo] Y min {1, (1+ |m|ls)?}.

meZd

Because of E[X] > 0, this implies first of all that min {1, (1 + ||m|/s)"?}
— 0 as ||m|/cc — 00, and hence yp < 0, so that min {1, (1 + ||m||«)"?} =

(1++ [[m]loc). Then vields v < —d/p.

STEP 1b: When p = oo, we show that necessarily v < 0. If we assume
~v > 0, then

o L m >R sup (14 [|ms)” Xom
meZd

implies that almost surely, X,, = 1 only holds for finitely many m € Z.
Since the X, are independent, the Borel-Cantelli lemma gives

> P(Xpm=1) < oo,
meZd
which yields the desired contradiction since P(X,, = 1) = P(|{,]| > 1/R) >0
is independent of m.

STEP 2a: When p # oo, we show the remaining part of Property A. Let
Sem = &itmli/Rr<ie;, i< for (4,t,m) € J be the truncation of & .
Then the random variables 7, ,, for (j,t,m) € J are independent and iden-
tically distributed, with E[|¢], ,,|"] < oo for all r € (0, 00), and
a.s. ; _ . 1
(43) oo B 2 @G )Y e e e,

where, for j € N and ¢ € T}, we set

Yie = 1((1 + 1mlloo/2)° €54 ) mezally, -

In particular, we see that almost surely, for t* = (M, ..., M) we have
00> Yip = > (L4 [mllo/2)™IE] 4 pul?s
meZd

so that [Cemmas A2 and [A.3| show for Xitm = Ly /R<|¢; 4.m|<R that

00> > Emin {1, (14 [|m]e/2)|& 1+ o lP}]
meZ4

>R > E[X] e min {1, (14 m]]se)}]
mezZd
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2 > min {1, (1+ [Imllec)}.
mezZa
Using a similar argument to Step la, we obtain 8 < —d/p.
Now, the fact that the random variables ; ; ,, are identically distributed

and Bp < —d implies with that
(4.4) ElYjel= D (L4 [mlloo/2)PE[E] 1 ml”]

mezZd
=E[I&F] D (14 [mlleo/27) = 277,
mezZ?
uniformly with respect to j €N and t €T}. Here, we wrote {j := 56‘7(F7. )0
and used P(|¢5]>0) =P(1/R < |X| < R) > 0, so that E[|£[P] > 0.
Now let 7 € (1,00) and let 7/ = 5, the conjugate exponent of 7. Since

E[|&5|P7] < oo, and Holder’s inequality give

(4.5)
BV =E[( 3 1+ Imlo/2)1€ 1ml?) |
- mezd
r - Bp . @ « T
=E[( X (1 +Imlloo/2) 7 (1 + [mlloo/2) 7 [€50ml”) ]
- mezd
r . . - . /7
<E[(Y (1 + [mloo/2) 1€ 0l ) (0 (1 + [Imllo/2)?) " |
"~ mezd meZa
r . . - . /7
=E[ Y (14 [1mlloo/2) P16 0mlPT | (D0 (14 [[mloo/27)%)
‘mezd meZa
= 3 (L4 [Imlloo/20) P[5 |PT]27/™ < 2392547/ = 9707,
meZa

Now use (4.4) and (4.5)) with 7 = 2 and invoke (Paley—Zygmund
inequality) with X =Yj; and 0 = 1/2. We obtain

1 E[Y;4]?
P(Yj: > LE[Y;4]) > - ==L~ > 1,
( J;t 2 ]7t) 4 ]E[}/j?t]

which means that there exists a constant « € (0, 1] such that
P(Yy0 > LE[Y) =
for all j € Nand t € Tj.
The random variables x;; := ]l{Yj,tZ%lE[Yj,t]} with j € N and t € T} are

independent and Bernoulli(p;;)-distributed for some p;; > k. Using (4.4)
and (4.3)), we obtain
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o0 > (27 Hd/2=dlrre) (5 4 1)y, ]t )]GN tet; e,
0

+1
S — @ 1
> ||(2j( +d/2—d/p+a) G+1) ( E[Y;]) /pX]t)]eN et Héq
+

> [|(20etd/2dlrre) (j 4 1)0(204) Py Y jen, ey e,

|
> |9 GF2R (5 4 1Y% 1) jen, tet; lle,-
Let t* = (M,...,M). If ¢ = oo, note that the events E; := {x;+ = 1}
for j € N are mdependent and we have >>..nP(E;) > ZJGNH = o0o. The
Borel-Cantelli lemma thus shows that almost surely, the (random) set I :=
{j € N: x = 1} is infinite and

. a.>s. H(2j(5+d/2+a) (] T 1)9Xj,t*)j€N||fq Z sup 2j(8+d/2+a) (] —+ 1)0
jel

This shows that s +d/2+ «a < 0 and in case s+ d/2+a =0 also § < 0. On
the other hand, if ¢ # oo, it follows from [Lemmas A.2| and [A.3| that

00> 37 3 Efmin {1, 2040+4/2¢0) (j 4 1)0ay ;1]
JENtET)

=2 D Elxjmin {1, 27044250 (j 4 1)00)
JENtET)
> k) min {1, 209065424 (5 4 1)00),
JEN
ie.,s+d/2+a <0 and moreover g < —1if s+d/2+a =0.

STEP 2b: When p = oo, we show the remaining part of Property A.
Suppose 8 > 0. Since 1 Z oo, we have
a.s. S p-l ﬂX
0" Zupe = R sup (14 [mlloe/2)° X1
meZd

But then, almost surely, Xj ., = 1 for only finitely many m € Z?. The
Borel-Cantelli lemma shows that >, c7a P(Xi 4+ m,m = 1) < oo, which is
absurd since P(Xy 4« = 1) = P(|€1,+m| > 1/R) > 0 is independent of
m € Z¢. Hence < 0.

Now that we know S < 0, we conclude

a.s. . .
oo > mp = [|(ZCHYEEO(j 4 1)%€ 0 0) jenlle,

If ¢ = oo, then the Borel-Cantelli lemma implies as in Step 1b that s +
d/2+a <0 and that 0 <0if s+ d/2+ a =0.
On the other hand, if ¢ # oo, we know that with t* = (M, ..., M),

a.s. - B 1 .
00 S [[(2ICHY (G 4 1) 1o 0)jenlf, = 3 AU (G4 1) e o7
jeEN
> R4 Z 9iq(s+d/2+a) (G + 1)0qu,t*,O-
JEN
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The random variables X o are independent and identically Bernoulli(p)-
distributed with some parameter p € (0, 1]. [Lemmas A.2| and |A.3| now give

00 > Y E[min {1, 2740 Hd/2F0) (5 4 1)0a X . 1]
JEN
=0 min {1, 240Fd/2F) (5 4 7003
JEN
This first of all implies that lim;_, o, min {1, 2/9(sT4/2+)(j 1 1)%9} = 0, and
hence s +d/2+a < 0. If s+d/2+a =0, it also follows that 37y (j + 1)%
< 00, ie,0g<—1.m

REMARK 4.2. The subtle distinction between the conditions of [Theo
[rem 4.1] and [Theorem 4.3] below is ignored in most of the literature, where
it is simply pretended that if f = S(a), then the conditions f € B;’q(Rd)
and a € b;q(Rd) are equivalent. However, one only knows that

(i) ifa,a e b;’q(i&d) with S(a) = f = S(a), then a = Ed
(i) if f € By ,(R?), then f = S(a) for some @ € b5 ,(R?).

Without knowing anything about the decay of the coefficient sequence a, it
is not clear that this implies a =a € b}, (R9).

In fact, [I12, Remark 4.7] provides an example of a 1D wavelet system
(namely, the system generated by the Haar wavelet) for which there are
two distinct coefficient sequences (which even both belong to b (R) for
s < 1/p — 1) representing the same tempered distribution. We expect that
a similar phenomenon can also occur for Daubechies wavelets.

THEOREM 4.3. Let d,k € N, s,a,3,7,0 € R, and p,q € (0,00]. Assume
that f follows a Besov prior with parameters (a,3,7,0,k) and template
random variable X with

Je > 0: E[|X|0+P] < 00 if p € (0,00),
E|R>O:|X|a.§S.R if p= o0,
and
P(X #0) > 0.
If f e B;’q(Rd) almost surely and if Properties B and B’ are satisfied, then
also Property A is satisfied.

Proof. From Property B, it follows that d(1/p — 1) — k < s < k if
p € (0,1) and —k < s < k otherwise. Taking Property B’ into account, we
may choose 5 € R such that d(1/p—1) -k <s<sand s+d/2+a <0
when p € (0,1). On the other hand, if p € [1, 00|, we may choose § € R such
that —k < § < s and 5+ d/2 + a < 0. Note that in each of the two cases
Property B is satisfied with s in place of s. Choose o < 0 small enough such
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that v+ 0 < —d/p and f+ 0 < —d/p when p # oo, and v+ o < 0 and
B+ o0 <0 when p = co. Since (3.3]) holds, we conclude from
that @ = (@j¢.m) (jt,myes € bj4(R?) almost surely where & ~ X are the
ii.d. random variables from and

Tjom =2+ DO (1+ [[mlloo/2))H7T 0D Niz0g;
With w, : R = R, w, () :~(1+HxH%)"/2, we then see in view of [Remark 2.7]
that a = (aj.t,m)(j,myers € b;vq(Rd,wg), where
ajtm = 2% + 1) (1 + [|ml|oo/2) 7T Ni=0g .
If f e B;’q(Rd) almost surely, then almost surely f = S(a) for some a €

b;q(Rd) by |[Theorem 2.3| From ¢ < 0 and s > 3, we get the embeddings
d d s d
b;%q(R ) = b;,q(R 7w0) — b;q(R ,’LUU).

But this implies a,a € b§7q(Rd,wa) almost surely with S(a) = f = S(a),

from which it follows that a = a € b, q(Rd) almost surely by |Theorem 2.3

From we conclude that Property A holds. =

We now show that Property A’ is necessary for the coefficient sequence
in to almost surely belong to the Besov sequence space bf),q(Rd). Our a
priori assumptions p > —d and v > —d in the following theorem are parallel
to the assumption § < 1 in [I, Theorem 1].

THEOREM 4.4. Letd € N, s,, 5,7 € R, p,q € (0,00], and pu,v € [—d,0].
Assume that a follows a Besov—Bernoulli sequence prior with parameters
(a, By, 1y v) and template variable X satisfying

P(X #0) > 0.
Ifa € b;vq(Rd) almost surely, then also Property A’ is satisfied.
Proof. For j € Ng and t € T}, we define the following (random) quanti-
ties:
Zip = 1+ Imlloo/27) Nt &5 tm ) mezaley
M= (4 [[mlleo) " Aml&m ) mezalle,

i = [|(2ICHA2 Ut 7, ) senv ves Ny

We have ||a|l,s (ra) oo if and only if 7j; < 0o and 75 < 00.
Since P(X # 0) > 0, there exists R > 1 such that P(1/R < |X| < R)
> 0. For (j,t,m) € Nox{F, M}*x 2%, define X s ,n := li¢,, . |>1/r- We write

X = Xjtms Am = Ajitm, and &p, i= & 4.m when j = 0 (and consequently
t=(F,...,F)).
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STEP la: When p # oo, we show that necessarily v + vp < —d. Note
that [£,|P > R™PX,,. We thus deduce from

00 S > RPN (L4 [mle)PAmXm
meZd

and [Cemmas A2 and [A3] that
0> 3 Efmin {1, (1+ [mloo) ™ An X }]

mezZd
= > EDnXon] min {1, (1 + [|m]lo) "}
mezZd
= E[Xy] Z E[Ay]) min {1, (1 + ||m|le)”"}
mezZ4
= E[Xo] Y (14 [Imlleo)” min {1, (1 + [[m]le)’?}
mezZ4
< 37 (14 [mso)min e or,
meZ4

Then [Lemma A.4]yields min {v,v + vp} < —d, or equivalently min {0,~7} +
d+” < 0. Since v > —d, we obtain v < 0, i.e., 0 > min {0,7}—|—d+” = 7+d+”

STEP 1b: When p = 0o, we show that necessarily v < 0. Let us assume
towards a contradiction that v > 0. Then

a.s. _ > 1 5
0o > i = R sup (1+ [[mffec) AmXm
meZd

implies that almost surely, A\, X,, = 1 only holds for finitely many m € Z¢.
The Borel-Cantelli lemma gives

0> > PAnXpm=1)= > Pn (Xm=1)
mezd mezZsd
= > (14 [mllo) P(Xm = 1),
meZa

which yields the desired contradiction since P(X,, = 1) = P(|&n] > 1/R)
> 0 is independent of m, and v > —d; see

STEP 2a: When p # oo, we show the remaining part of Property A’. Let
Stom = &itmL1/R<|¢; <R fOT (4,1, m) € J be the truncation of §; ¢ . Then
the random variables 7, ,,, are independent and identically distributed, with
E[|€ ; m|"] < oo for all € (0, 00), and
0o 5 il > || (@AY e e e,
where, for j € N and ¢ € T}, we set

= I+ lmlloo/2) Xjtml€5 1 mDmezallf,-
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In particular, writing t* = (M, ..., M), we see that almost surely, we have
00> Vi = > (14 [mlloo/2)P A1 ie ml€F o P
meza

so that |[Lemmas A.2 and [A.3show for X7, . :=1y,p<¢;, . |<r that

co > Y Efmin {1, (1 +[Imllo/2)"PArersml€F g ml”}]

meZd
> R7? > E[X].,,min{l, (1+ M loo)?PA1e% m }]
meZzd
— RP Z (X - ) E[min {1, (1 + 1100 )P A1 t.m ]
mezd
=R? Z [XT g i B[AL e m] min {1, (1 + |00 )PP}
meZzd
2 > E[A1+ ] min {1, (1 + [m]]00) 7P}
mezd
> " min {(1+ [[m[|o0)”, (1 + [Jm]|o0)” 7P}
mezd

Using a similar argument to Step la, we obtain min {v, v+ fp} < —d, which
in turn because of v > —d implies § + d+” < 0, and in particular 5 < 0.
Further, we have

1
00 B Ty > (2Pt oy e,

where, for j € N and ¢t € T}, we set
Upe: = > (L [Imlle/2) PN 0ml€ e -

mezZ4 )
[l oo <27

In particular, we see that

a.s.U' - A % p A
00 > Ujt =< Z Jat7m|§j,t,m‘ = Z jtmX ],tm

mezt mezt

l[mlloo <27 1] 0 <27
Since the random variables X7, . are iid. Bernoulli (p)-distributed for
some p € (0,1], we see that Aj;,,», X7, is Bernoulli(27#(1 + ||m||s0/27)" p)-

distributed.
If ||m|oo < 27, we have

2M(1+ [mlloo/27) p = 2245 p.

Thus there exists a Bernoulli(2/#1"p)-distributed random variable Bj
such that A;; ., jtm > Bjim and the family (Bj, m)(Jtm) is independent.
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We conclude

a.s. - % X
(4.6) 0 > Uje = D> XNemXjim = D>, Bium = Aj
mezt mezd
[lm||oo <27 [l oo <27

with A;; ~ Bin((1+27+1)4, 20847 p) following a binomial distribution. There-
fore, implies for 7 > 1 because of y > —d that

E[AT,] < max {(1 +27+1)d2904v 5 (1 4 2741 )dointv pymy
= max {2/ (#Fd) 9im(utd)y — 9im(utd)

Set 7 = 2 and invoke (Paley—Zygmund inequality) with
X =A;; and 0 = 1/2 to obtain

which means that there exists a constant x > 0 such that
(4.7) P(Aj; > 5E[Aj4]) > &
for all j € Nand t € Tj.

The random variables x;; := H{Aj,tz%]E[Aj,t]} with j € Nand ¢t € T} are
independent and Bernoulli(p;)-distributed for some p;; > k. Recall from
(4.6) that U;¢ 2 Aj;. Hence,

00 & (2 (s+d/2=d/p+a) 4 /p

jl',t )jeN, teT; ||£q
> ||(ie+dr2d/rre) (LR [4; 1) Py ;4)

> ||(2j(8+d/2fd/p+a)(Qj(u+d))1/pxjt)

JEN,teT; qu

jeNz tGTj qu

> ||(27 (s d/2ratu/p)y ) e vey e,

If g = o0, let t* = (M, ..., M) and note that the events E; := {x; = 1}
for j € N are independent. Furthermore, >=;cnyP(Ej) > 3" jen /£ = oo. The
Borel-Cantelli lemma thus implies that almost surely, the set [ := {j €N :
Xj+ = 1} is an infinite set and

jen, teT; ||o, > sup 2T/ 2Hatu/p),
’ jer
This shows that s + d/2 + a + u/p < 0. On the other hand, if ¢ # oo, it

follows from and [A.3] that
oo > Z Z E[min {1, 2jq(s+d/2+a+“/p)xj,t}]

o a.>s. H(2j(s+d/2+a+u/p)xj’t)

JENEET;
= Z Z E[x;,) min {1, QJQ(s+d/2+a+M/P)} > “Z min {1, 2jq(s+d/2+a+u/p)},
jEN tETj jeN

and thus s +d/2 + a+ p/p < 0.
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STEP 2b: When p = oo, we show the remaining part of Property A’.

Suppose towards a contradiction that 5 > 0. Since 7o < 0o, with t* =
(M, ..., M) we have

a.s. ~
00 > Ly > R~! sup (1+ ||m]\00/2)5)\1,1&*7mX17t*7m.
meZd

But then, almost surely, A1 ¢+ 1, X1 ¢+ m = 1 for only finitely many m € Z8.
Since the random variables A1t ;, X1 ¢+ 1 for m € Z4 are independent, the
Borel-Cantelli lemma. thus shows that

oo > Z P()‘l,t*,le,t*,m = 1) = Z P(Alﬂg*’m = 1)]P>(X17t*,m = 1)

meZd meZd
= Z 2H(1 + [|moo/2) P(X1 v m = 1),
meZd

which is absurd since P(X7 ¢ p, = 1) = P(|€1,4#m| > 1/R) > 0 is independent
of m € Z%, and v > —d (see [Lemma A.4). Hence 3 < 0.

Further, with X7, . := 1 r<¢, . |<r s before, for all j € Nand ¢t € T}
we have

Zig > sup (L4 mlloc/27) Njtm &t

U —

mezd
[lm2] oo <27
Z Slelgd )‘jytva;,t,m = Ujat S {07 1}7
m
[mlloo <27
which in turn implies
a.s. _ . ~
(4.8) 0o > 1y 2 (2EHHHIT; ) jenle,

where again t* = (M,..., M). Let us note that (4.7) and (4.6 yield the
existence of ¢ > 0 such that
E[Uj ] = P(Ujg= = 1) > P(Aj4- #0) > P(Aj4- > 210FD) > > 0.
If ¢ = oo, then the Borel-Cantelli lemma and (4.8) imply as in Step 1b
that s +d/2 + a < 0. On the other hand, if ¢ # oo, then (4.8)) also implies
o T (2744240 [T ) senlle.., Which in turn yields s + d/2 + a < 0.
Moreover, |Lemmas A.2|and [A.3| give
00> Z E[min {1, 2jq(s+d/2+o¢)[}j,t* = Z 2jQ(8+d/2+a)E[l7j,t*}.
JEN jeN

As E[Uj+] > & is independent of j € Ny, it follows that s +d/2+a <0. =

THEOREM 4.5. Let d,k € N, s,a,5,7v € R, p,q € (0,00], and p,v €
[—d,0]. Assume that f follows a Besov—Bernoulli prior with parameters
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(a, By, i, v, k) and template random variable X with

Je>0: E[|X|0+P] <00 if p € (0,00),
{3R>o: 1X| < R if p = oo,
and
P(X #0) > 0.
If f € B;’q(Rd) almost surely and if Properties B and B are satisfied, then
also Property A’ is satisfied.

Proof. From Property B, it follows that d(1/p — 1) — k < s < k if
p € (0,1) and —k < s < k otherwise. Taking Property B’ into account, we
may choose 5 € R such that d(1/p—1) -k <s<sand s+d/2+a <0
when p € (0,1). On the other hand, if p € [1, 00|, we may choose § € R such
that —k < § < s and §+d/2+ « < 0. Note that then Property B is satisfied
with s in place of s. Choose o < 0 small enough such that v+ o + <0

and S+ o0+ % < 0. Since (3.3]) holds, we conclude from [Theorem 3.8 with
r = p that & = (Tj1.m)(jtm)es € bf,,(Rd) almost surely, where \j,, and
&;t,m are the random variables from (2.4) and

Tt = Y1+ [[ml|oo/2)HTTOILI=0 N 6t
Here, we use the fact that Property A” is satisfied (for 540 and v+ o instead
of 8,7 and for 3 instead of s), since u < 0. With w, : R = R, w,(z) =
(1+||z[|3)°/2, we then see in view of [Remark 2.7| that a = (@jt,m) Gitm)es €
b5 ,(R%, w,), where
@jtm = P (14 Mmoo /2)PTOPRI=0N 0.
If fe B;’,q(Rd) almost surely, then almost surely f = S(a) for some a €
bf,’q(Rd) by [Theorem 2.3 From ¢ < 0 and s > §, we get the embeddings
b5 (R = b5 (R, wy) = b (RY, w,).

But this implies a,a € b;q(Rd,wa) almost surely with S(a) = f = S(a),

from which it follows that almost surely a = a € b;vq(Rd) by [Theorem 2.3
From [Theorem 4.4}, we conclude that Property A’ holds. m

5. Discussion of the conditions on the random variables. When

p # oo, the condition in Theorern Theorem 3.3| can be replaced by a weaker

condition. In the following, let logy () := max {0, logy(z

THEOREM 5.1. Let d,k € N, s,c, 3,7,0 € R, and p,q € (0,00]. Assume
that a follows a Besov sequence prior and f follows a Besov prior, both with
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parameters (a, 8,7, 0, k) and template random variable X, satisfying

(5.1) {35>0: E[|XP-logs (|X])] < oo if pe(0,00),

JR>0: |X| € R if p=oo.

If Property A holds, then a almost surely belongs to b;q(Rd). Moreover, if
Properties A and B are satisfied, then f belongs almost surely to B;’q(Rd).

Proof. The proof follows the same lines as the one of [Theorem 3.3] but

we need a new argument for = <z 00, with = from [Lemma 3.1| when p # oo.
This is done by invoking [Lemma A.10|for X - = [&; 4(r) [P, where again ¢ :

N — Z4 is a bijection such that 7 + [|¢(7)]0o is nondecreasmg Regarding
the applicability of note that
E[Xjr - logs (Xjr)] = Ellj1.6mI” - 1083 (€6 )]
= pE[|X|” - logz (| X])]. =

The preceding theorem raises the question of the sharpness of conditions
and . We address the case p # oo first. We only consider the
condition a = (a;t.m)(j,t,m)es € by, (R?) almost surely, with a; 4, as defined
in (2.7)), instead of the condition f € B;Q(Rd) almost surely. See the remark
preceding for a discussion of the relation between these two
conditions.

PROPOSITION 5.2. Let d € N, s,a,8,7,0 € R, p € (0,00), and q €
(0,00]. Assume that a = (a;tm)(jt,m)es follows a Besov sequence prior with
parameters («, 5,7,0) and template random variable X satisfying P(X # 0)
> 0. Ifa € bj (R?) almost surely, then v <0 and E[|X|~%"] < oo.

Proof. Let 4 := min{0,~}. Since a € bf,’q(Rd) almost surely, we know
that also

-~ a.s.
1L+ [lmlloc) "I&mDmezalle, < NI+ [Imlloc)|émDmezalle, < oo
By this implies
00> 3 Efmin {1, (1+ o) 76/}
meZd
If we had 4 = 0, then this would imply
00 > Z E[min{1, |{,|P}] = Z E[min {1, | X|P}] =
meZd meZd

since P(min {1, | X P} > 0) = P(X # 0) > 0. Hence 0 # 7 thus ¥ = v < 0.
Next, we get
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(52)  co> Y Emin{l, 1+ [Imllec)"”|&m/"}]

mezZa

> > E[(1+ Imlloo)®lemlPLig,. o<1+ mlloe) 7]
meZd

= D B[+ [1mlloe)IXIP 1 xX[p< 1+ miloc) 7]
mezZd

=E[IXI" > (1+ [1mlloo) ™1 xpp< (14 mfl)-0

mezZd
> B[ XPLxpsr Y (1 [me) ]

meZd
l[mlleo>|X |~/ 7—1

= E[X P xppz (1X177)74) = BN X771 xpp21).
Since v < 0, this implies E[|X|~%7] < oo. The step (5.2)¢ is justified
by the following computation, valid for all N € Ny (cf. also the proof of

Cemma A4):
(53 Y (Lt lmle)” = Y (L4 0P {m € 2% m] = 0}

meZ4 {>N
[mllc =N

_Z o) 25+1)d—(2£—1)d)

(>N
/+1
- Z +0) yp+d—1 _ Z S (1+g)7p+d—1 da
(>N (>N ¢
/+1 0o
= > | @+ayrrdtde = [(1+2)7 4 de
>N ¢ N
N 17p+d
o0 else.

Now, regarding (5.2))s, this computation shows that if yp + d > 0, then

00 > B[ X[PT x> > (14 [[mlle)”| = oo - E[[X|"1|xp21],

meZ4
l[mlleo>|X|~/7—1

and hence E[|X[P1|xp>;] = 0, which shows that [X| < 1 almost surely,
and so (5.2)g holds. If otherwise vp + d < 0, then the computation in ([5.3)
justifies (5.2))¢ directly. m

REMARK 5.3. Let d € N, s,,38,7,0 € R, p € (0,00), and ¢ € (0, c0].
Assume that a follows a Besov sequence prior with parameters (o, 3,7, 6)
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and template random variable X satisfying P(X # 0) > 0. If a € b;q(]Rd)
almost surely whenever Property A is satisfied, then [Proposition 5.2]implies
that E[|X|~%"] < oo whenever yp < —d, which in turn yields E[|X|?] < oo
for all p € (0,p). This shows that the conditions and are quite
sharp if p # oco.

Next, we address the sharpness of the conditions (3.3)) and (5.1) when

P = 0.

PROPOSITION 5.4. Let d € N, s,a,8,7,0 € R, p = 00, and ¢ € (0, 00].
Assume that a follows a Besov sequence prior with parameters (o, B3,7,0)
and template random variable X . Suppose that X is such that a € biqq(]Rd)
almost surely. If B >0 or v > 0, then there exists R > 0 such that | X| < R
almost surely.

Proof. Assume that v > 0 and that for all R > 0, we have P(|X| > R)
> 0. Then }°,,c74 P(|&m] > R) = oo. Thus, the Borel-Cantelli lemma shows
for every R € N that the event Ag on which sup,,cz4|$m| > R has proba-
bility P(Agr) = 1. Hence also P(A) = 1 for A := (\zcr Ar. But on the event
A we have sup,,cza|ém| = oo, from which [lalls_ g4y = oo follows. Similar
arguments apply when 8 > 0. =

The following remark shows that if p is infinite, then the essential bound-
edness of the template variable also cannot be simply dropped when s+d/2+
a=0.

REMARK 5.5. Let d € N, s,,3,7,0 € R, p = 00, and ¢ € (0, 00]. Let
further X ~ N(0,1) be a standard normal random variable, and assume that
a follows a Besov sequence prior with parameters (o, 3,7, 6) and template
variable X. Suppose that s+d/2+«a =0and § > —1/2—1/q. We will show
that, almost surely,

(5.4) a¢ b, ,(RY).
This shows that even for 8,7 < 0, Property A (which in the present
setting reduces to 8 < 0, v < 0, and § < —1/q (for ¢ < o0) or 6 < 0 (for

g = 00)) is in general not sufficient to ensure that a € b§7q(Rd) almost surely
for p = oo if one drops condition (3.3)).

To prove (5.4), fix t* = (M,...,M). It follows from [Lemma A.11| that

there exists an N-valued random variable N satisfying

sup [&00m| > /log(2741 + 1)) > e/j

mez? )
llmlloo <27

for all j > N and some absolute constant ¢ > 0. Hence, with

ny = ||(27H/2He) (5 4 1)9Zj,t)jeN,teTj e,
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and Z;; as in [Lemma 3.1, we have

lallly o 2782 3G+ sup (1 + [mlloo/2)%8 e "
i jeN mez? )
[lm]|oo <27

236 +0%( s [eml)’

jEN mezd
[lm[| oo <27
(0+1/2)q __
> Z GO — o
Jj>N

because s +d/2+a=0and § > -1/2—-1/q.

Similarly to [Remark 5.3] we can discuss the sharpness of the condition

(3.4) when p # co.

REMARK 5.6. Let d € N, 5,0, 3,7,0 € R, p,r € (0,00), and ¢ € (0, o0].
Let further X be a random variable with P(X # 0) > 0, and assume that
a follows a Besov sequence prior with parameters (o, 3,7, 60) and template
random variable X. Suppose that IE[HaHZ; , (Rd)] < oo whenever Property A
is satisfied. On the one hand, this implies that allps (mey < oo almost
surely whenever Property A is satisfied. As seen in this gives
E[|X|?] < oo for all p € (0,p). On the other hand, HaHbz’q(Rd) 2 &ol]. Thus, if
E[||a||g§q(Rd)] < 00, then necessarily E[|{p|"] < oo. Overall, this shows that

E[| X |™2x{"r}] < oo for all p € (0, p). Hence (3.4) is quite sharp if p # oco.

Appendix A. Auxiliary statements. The following lemma shows the
admissibility of the function wy : R? — R given by wy(z) := (1 + ||z|3)7/?
with the notion of admissibility introduced in

LEMMA A.1. Let 0 € R and wy : R = R, wy(x) == (1 + ||z[3)7/2.

(a) For every B € N4, we have
D (L + ||l|3)7/? = poys(x) (1 + [||3)7/2- 171
where py g s a polynomial of degree at most ||5||1. In particular, we have
IDO(1+ [|2]13)°/%] S (1 + [l]13)772.
(b) We have wy () S wio (7 — y)ws(y) for all x,y € RY,

Proof. We show@by induction. If 3=0, then we can choose p, g(x) =1,
which is indeed a polynomial of degree at most ||3]|1 = 0. Now assume the
claim holds true for 5. We show that it holds true for 5 + e; in place of 3,

where e, € R? denotes the vector whose entries are 0 except for the kth,
which is 1. Note that
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DFFer(1 + |Jal|3)/2

= D% (pg () (1 + [ 3)/2 141

= (D pop @) (1 + 2l3)7/2 110 4 g o) (Do (14 [l /2121

= (D% a,s(@) L+ [[2])7/2 V1 g 5(@) (5 — 18l1) 21+ /2170
= (1 [l2]3)°7/2 I (D)) (1 + 1213) + Poys(@)(§ = 18111)2),

and (D%pys(a))(1 + [[£]3) + pos(@)(o/2 — [|811)22x s a polynomial of
degree at most |8 + exl|1 = ||B]1 + 1.

For the proof of @ note that the case ¢ = 0 is trivial. Further, we
observe that

Lt flzlle <1+ [z =yl + [lylle < A+ flz = yll2) (X + [lyll2)-
If o > 0, it follows that
we () S (14 [|z]2)” < A+ lz — yll2)7 (1 + [[yll2)” < wolz — y)ws(y).
On the other hand, if o < 0, then
wo () < (1+ [[zfl2)” = (1 + [|=ll2) ")~
<M+ e —yll)@+ )™
=1+ z—yl2)"7 (1 +lyll2)”
= w_g(z —y) (1 + [yll2)” < wg|( — Y)ws(y). =

The following lemma is taken from [I5, Proposition 5.14]. We use it in

the proofs of and (.4

LEMMA A.2. Let (& )ken be a sequence of independent nonnegative (finite-
valued) random variables. Then Y ,cn &k < 00 almost surely if and only if

Z E[min {&, 1}] < oc.

keN
The following calculations are used in the proofs of and [4.4]
LEMMA A.3.
(a) Let X be a {0,1}-valued random variable and o € (0,00). Then
E[min{1,0X}] = E[X]min {1,0}.

(b) Let & be a (real-valued) random variable, R,p € (0,00), o € [0,00),
and X := 1y /p<|¢|<r- Then min{1,0[(X|P} > R"PX min{1l,0} and in
particular

E[min{1,0/¢|P}] > E[min{1,0|¢X|P}] > R"PE[X]min{1,0}.

Proof. (a) In both cases X = 0 and X = 1, we have min{1l,0X} =
X min{1,0}. The linearity of the expectation yields the assertion.
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(b) In both cases X =0 and X =1, we have
min {1,0[(X|P} > R"PX min {1, 0}.

Here, we have used the fact that if X = 1, then necessarily R > 1. The
linearity and the monotonicity of the expectation yield the assertion. m

LEMMA A4. Let dya € N, € R, and p € (0,00). We have
Y (1 [mllee/a)’ < oo

meZd

if and only if B < —d/p, in which case ¥ ,cza(1 + ||mls/a)?P =< a?, with
the implied constants only depending on 3, p, and d.

Proof. Note for ¢ € N that
#{m e 2% : |m|lo = £}
=#{m e Z’: |mllw <0} —#{m € Z7: |m|lo < € -1}
=20+ —Q2U-1)+1)4=(20+1)%— (20 - 1)

Therefore,
Yo Ut lmllec/a)? =143 > (1+|Imllo/a)*
meZ4 teN mezd
llm|loo=¢
=1+ ((20+1)" = (20— 1)*) (1 + £/a)"?.
LeN

Next, note that thanks to the mean value theorem, there exists a number
y=1yr € (20— 1,20+ 1) such that (20+1)? — (20— 1) =d-yf ' 2= ¢4 1.
This entails the estimate

Y Bp
d(e+ 1)t = (20— 1)%) (1 + )
teN a
/ Bp a—1 / Bp / Bp
xZéd—l(lJr) —Zed—l(ur) +Z£d‘1(1+> :
teN a =1 a >a a

In the first sum, we have 1 < 1+ ¢/a < 2 and thus >9={ ¢=1(1 + £/a)PP <
>971 ¢4=1. In the second sum, we have ¢/a < 1+ ¢/a < 2¢/a and thus

S 14 6/a)P <y aPred R,
(>a {>a
Next, note for any v € Rand £ € Nthat if / < x </ + 1, then ¢ <z < 2/.
Hence x < ¢ and also z¥ < ¢¥. It follows that
a—10+1 a—14+1 a

a—1
ZB":Z S ﬁ”dxxz S x”dx:Sx”dx
(=1

(=1 ¢ =1 v 1
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and similarly

041 41 00
ZE”:Z S KVd:ch S ¥ dx = Sx”d:z:.
L>a 1>a ¢ £>a ¢ a

Summarizing, we see that

afzdfla +0/a) + > N1+ /a)P

/=1 (>a
a—1 fe'e) a e’}
= Z a1 Z a Pppd—1+6p — Swd_l do +a PP S x4 1+6p dz,
/=1 {=a 1 a

where the right-hand side is finite if and only if Sp < —d. In this case, we
get

a o8] d __ d+p
Swdfl dx _i_af/o’p S $d71+5p de = a 1 _ aiﬁp a P = .
. ; d d+ pp

so that 3,,cz4(1 + [|m]loo/a)?P < 1+ a? < a?. u
A proof of the Paley—Zygmund inequality stated below can be found in

[15, Lemma 5.1]. We use it in the proofs of [Theorems 4.1| and

LEMMA A.5 (Paley—Zygmund inequality). Let X > 0 be a random vari-
able with 0 < E[X?] < oo, and let o € (0,1]. Then

L E[X]?
E[X?2]
The following lemma provides bounds for the raw moments for the bino-

mial distribution. We use it in the proof of A related bound
can be found in [I7, (4.5)].

LEMMA A.6. Letn €N, pe (0,1), 0 € (0,00), and let X ~ Bin(n, p)
a binomially distributed random variable. Then E[X?] < max {np, (np)
where the implied constant only depends on o.

Proof. If 0 < 1, we trivially have E[X7] < E[X]| = np. Hence we may
assume that o > 1 in what follows. If np < 1, let ¢ := [o] € N. With S(c, k)
and n% denoting the Stirling numbers of the second kind and the falling
factorials, respectively, we deduce from [17, (2.9) and (3.1)] and because of
S(e,0) =0 that

P(X > oE[X]) > (1 —0)

be
7}

)

& (& C
E[X] < B[XY] = 3 S(c, H)nkph < 3 S(e, k)(np)* < 3 S(e kynp < np.
k=1 k=1 k=1
On the other hand, if np > 1, let ¢ € N such that ¢ < o < ¢+ 1. Thus there
exists 6 € [0,1] such that 2 = % + =6, Using [I7, (2.9) and (3.1)], we
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obtain
C

E[X =) S(c,k)np" <D S(e,k)(np)* <Y S(e, k) (np)° < (np)°.
k=1 k=1 k=1

Thus || X ||z, = E[X¢]/¢ < np, and similarly || X||
Now [I1, Proposition 6.10] gives
—0 0
E[X7] = IX]I7, < (X 1XI%,,,)7 < (np)”
and the proof is complete. m
The following lemma is the technical part of the proofs of

and Its proof is loosely based on Etemadi’s proof of the strong law of
large numbers in [5, §12].

— E[X“H]5T < np.

c+1

LEMMA A.7. Let (Xj+)jeNg,reN be a family of nonnegative i.i.d. random
variables, d € N, ¢ € (0,00), and o € [1,00). Suppose that

E[X!7) < .
Let
M = #{m € Z: |m|l < 27} = (27T + 1)%,
Nj = #{m € Z: 2 < ||m|loo <277} = Mj 11 — M,
for j € Ng. Then, for
Mgy

== Sup< Z —i—sup— Z Xj,T>,

jeNo \ M 7= r=M+1
we have E[Z7] < 0.
Proof. Define
E = E[XE,),
24/3 if 1 <7< Mj,
Foip =
7 204/3if My, +1 < 7 < My, for some (unique) £ > 7,
Ejr = E[XZTILX;{TSNJ',TL
and note E;; < E. Since ¢ > 1, Jensen’s inequality shows (3 SN a) <
NZ _,a? for N € Nand ay,...,an > 0. Then, from

1 M; 1 M1 I
E”g(sup ZXJT—I—supsup— Z X’)
jeNg Mj = jeNo 25 Ne G0,

M1

1 (e
< (sup ZXJT> —i—(sup sup — N, Z X]T>

Jj€Ng j =1 JENg £>7 r=M+1
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M1
zsup( ZX) +Supsup< Z X]T>
jeNg \ M —1 JENp £2j r=M+1
1 Mpyq
< sup — + + sup sup — X7
jeNo M; ; jeNo e>5 Ne %{;ﬂ T
1 M; Mot
< sup — Z(X;T —E)+supsup— > (X7, —E)+2F
jeNo Mj 7 jeNo 025 Ne 7
1 M; Myyq
< sup — Z(X;{T — Ej )+ sup sup — Z (X7, = Ejr)+2E
JENg 5 =1 JeNo €25 1V - _pp,aq
M; Mgy
<> i ey BIED 3PS A S AR S| N7
J€Np -7 T=1 J€Ng f>] T=My+1
we obtain
M;
BI=) S 2B+ 3 B30 L(X5, - Bio)|
7j€Ng ] =1
Myyq
D3P e AR |
JjENg £>5 T=My+1

In order to conclude that E[Z9] < oo, we show that the two infinite sums
in the last expression are finite. Let X, := Xq 1. First, we see that

1 &
E[ M]; (X;r - Ej,T) }
1 M
= EHM Z (X ]lsz_g,ﬁjﬂ_ — Z ﬂX;;T>fij'r :|
7 =1 ] =1
1 &
< EHM (X‘jq;T]]‘X;:TSHj,T — } + — Z]E ’ ]]-X;:T>l€j,7—H
J r=1 ] =1
1 U ’
< E{<M Z (X ]lXU ki~ E‘ ) :| Z H—??E 57’14—5]
J =1 ] =1

VIXZ, Lxy <, ] + 279 X2]]

==
i

—_
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M;
- 492~ jd5/3EHXU‘1+a]
2 2

[924d/3
22jd/ | 9—ide/3 ]X"|1+€] < 9Jd/6 | 9—ijde/3,

Here we have used the fact that E[|Z|] < /E[Z?]| by Jensen’s inequality and

that if Z1,...,Z, are independent random variables, then
n n n

B[(3 (% -Eiz)) ] = vy 2] = S viz
Jj=1 j=1 j=1

and furthermore that V[Z] = E[Z?] — E[Z]? < E[Z?]. Similarly, we find that

1 My
By X 0B
ZT:MZ-‘rl
1 Mg+1 1 MZ+1
:EH > (XZTHX;{TSHj,T—Ej,r)Jrﬁ > Xﬁf]lXj‘-’,?W]
Cr=My+1 Cr=M+1
1 Me 1 Men
<55 Y (g~ B+ 5 X EI A
l T=My+1 £ T=My+1
1 M[+1 2 1 M[+1
< El(x ¥ e -E0) |ty X miEXG
\ Er=My+1 T=Mt
1 Mot
< |37 2 VIX Lxg <o, 2 B
£ 7=M,y+1
1 Moiy
<l X w2 PE(XD)
L r=My+1
920d/3
< N + Z_ME/SEHXU|1+€] < 2—&1/6 + 2—£d5/3
L

Here, we have used M; < N; < 274 (see the proof of .
It follows that

ZE[Af:XU Ejr)

} <D @IYE 4277 < 0o
j€Np '7 =1

j€No
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and
Mpyq
DI SICTARNI| ED 3 BIERULET R
jENg £>] Ne = Mo+1 jENg £>]
< Z (2796 4 9734/3) < oo,
J€No

This completes the proof. m
The following lemma is the technical part of the proof of

LEMMA A.8. Let (Xj+)jeNy,reN be a family of nonnegative i.i.d. random
variables, d € N, C,e € (0,00), and o € [1,00). Suppose that

E[exp(CX7 )] < oo.
Let
M; = #{m € Z% : |m||oo < 27} = (2771 £ 1)¢,
Nji=#{m e 2.2 <|m|o <27} = My — M
for j € Ng. Then, for
My

== sup( ZXJT—Fsupf Z Xgr>,

jeNe \ Mj 1= r=My+1
we have E[exp(ﬁ%%)EU)} < o00.
Proof. First note that (a +0)? < (2max{a,b})? < 27(a’ + b°) and

expla)? | exp(b)?
2 2
for all a,b € R. Together with Jensen’s inequality, we deduce for

exp(a + b) = exp(a) exp(b) < < exp(2a) + exp(2b)

1 M; Myqq
Yii=qp 2 Xir and Yig=g ), X
J r=1 T=M,+1

g
—————(sup Y; + sup supYj, )
20H1(1+e) <j€N0 T jeNo x5 7 )

C o C o
<e — 2% (sup Y;) + ———29(supsupY; )
- Xp(2"+1(1 +¢) <j€I\11)0 ]) 20F1(1 +¢) Q‘ei@ 127 J’Z)

sup Y7 ) —l—exp(
1 +€]€N0

sup sup Y?, )
L+¢ jeng 125 7
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C C
= sup exp<1+yjd> + sup sup exp<1 s Yj‘k>

J€No JENg £>]
1 C
< sup exp< ) + sup sup — exp( X7 >
]ENO Z j€Ng £>j NET %[;_’_1 1 +e€ b7

Let X, = exp(HaXU ). Then E[X;ig] = Elexp(CX7,)] < oo, and the
monotonicity of the expectation yields

C —o
E[eXp<2U+1(1+e)“ ﬂ
1 Moy

< E[sup — Z 7+ Sup sup —— Z XW].

j€Ng M; =1 JeNo €25 1N o _pp,4q

Now applied to (Xj,r)jeNo,reN and o = 1 shows that the right-

hand side is finite.
The following lemma is the technical part of the proof of

LEMMA A.9. Let (Xj+)jeNy,reN be a family of nonnegative i.i.d. random
variables, €,d € (0,00), u,v € (—00,0], and o € [1,00). Fiz d € N and let

M; = #{m € Z%: |m||oo < 27} = (27! +1)4,
Nji=#{m 2 2 < ||m|o <27} = Mj1 — M
for j € No. Let further (X\jr)jeno,ren be a family of independent random

variables, independent of (Xj+)jeny,ren and such that \; - is Bernoulli dis-
tributed with success probability

0jr = (L + [|l¢(7)lloo/27)",
where ¢ : N — Z% is a bijection such that 7 — ||¢(7)||ee is nondecreasing. If

(A1) EX!S7) <o and §+8c—<>0,
then
. 1 Moia &1
== sup( QZAJT r T+ sup — 0j7 )‘]TXJT>
J€No J;J MN@TA%H "

satisfies E[57] < oo,
Proof. Let E :=E[X{,] and, for j € Ng and 7 € N, let

5—1

YVJ = Q] T )‘ X]»"'?
Jd/3 it 1 <7< Mj,
joi
T 2d/3 if My, +1 < 7 < My for some (unique) ¢ > 7,
Ejr =B lye <k, ].
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Let j € No. If 1 < 7 < Mj, then 0 < [[¢(7)]|oo < 27, i€, 1 < 1+
|6(7)||00/27 < 2. It follows that g;, =< 2#, and

5 §‘1-,-+E)(6 1)+1
_ 035—&7-65 € 2ju(5+6sfs) <1

since u <0 and § + de —e > 0.
If, on the other hand, 7 > M}, then there exists a unique natural number
¢ > jsuch that My +1 <7 < MM Then 2° < [|¢(7) |00 < 2/ and

ie., 0jr =< 21k . 2= Tt follows as above that

1+ — i —j _
]E[Y;(ﬂ— a)U] 5 Qﬁ’tée €= (2],u . 2(( j)l/)6+6€ €<,

Further note, because of g; - <1 and § > 0, that

0
E > ¢ EIX,] = o/7 BN JE(XY,] = EIYS] > By
Note that o > 1, so Jensen’s inequality implies (4 N a;)? < + N ag
for N € Nand aq,...,ay > 0. Hence,
~ 1 M; 1 Myyq o
E7 < | sup — Y+ + sup sup — Y; )
(]GNO Mj Tzl ” JENg £2j5 Ve  _ §+1 T
1 Mot o
N(supZY,T> —I—(supsup Z Y; )
]GNO j =1 jGNO Z>] l = Mg+1
Mo
:sup( ZY ) —i—supsup( Z Y; )
J€Np ] =1 j€Ng >3 r=M+1
1 My
< sup - Z -+ sup sup — Z il
Jj€Ng J —1 JeNo €25 Y - _pp, 41
1 M]‘ 1 MZ+1
<sup — > (Y7, —E)+supsup— > (Y], —E)+2E
jeNo M 7= jeNo 25 Ne 37
M; Mot
< sup — Y (Y7, — Ejr) + sup sup — > (Y7, — Ej7) +2FE
jeNo M 7= jeNo 25 Ne 37
M; My
s Z (Yfr = Eiir) +ZZ > (V= Bjr)|+2E,
jeNg M;j = jENg £>5 Ne - M+1
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My

+ T SE|lE Y 05 - B

JENg £>] ’ Z’T M,+1

from which we obtain
M.
S 07~ By)

J =1

E[Z°] S2E+ ) E{
j€No

In order to show that E[Z7] < oo, it suffices to show that the two infinite
series on the right-hand side above are finite. To this end, recall from the

start of the proof that E[ngﬁ)a} < 1. Hence,

J
Ell— Y? — F;
H Mj ; ( 7,7 J,T) ]
1 MJ’
=k HM (Vv <y = Z Felvg sn }
J =1 ] =1
1
< 5|5 X 0 - } 2y B |
J r=1 J =1
LM 2
< EK > (Y lye <. — Ejs ) } Zﬂ_aE Yo )
Mj =1 , > J =1
1 U
—jde/3
S\ 37 X Vg s )+ 270
25d/3
< 2%d/ 49~ jde/3 < 92— jd/6 492 ]ds/3
< M]
Similarly, we find that
1 Mpta
Bl X 05 - B
Ne r=M+1
Me+1 My
= H Yy, < = N 2 Yirlvges., }
T= Mg+1 T= Mz+1
Mz+1 My
<E H Yilye <. — Ejr } Z E[Y7 Iye >k, ]
r= MZ+1 r=M+1
1 Myt 2 1 Myt
< E|:<]Vg Z (Y‘T ]ly <kjr —Ej;r)) :|+N Z Iij_;EH}/jf,fTPJrs]
T=Mp+1 T=Mp+1
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Ry 920d/3
5 Z V }/70'7']]'}/‘5r SH'T] + 2_€d€/3 S B + 2_€d6/3
7 J,T s Ng
f T=My+1

g 2—£d/6 + 2—6d5/3.

Here, we used the fact that M, =< N, =< 2/ see the proof of

It follows that
M.

3 IE[ — Z . — Ej) ] <3270 427988 < oo
J€Np J =1 J€Np
and
Moy
DI SR FSD 3 SIERARE R
jENg £>] Ne - M+1 jENg £>5
<3 (@0 42798 < 0. m
J€Ng

The following lemma is the technical part of the proof of

LEMMA A.10. Let (X +)jeny,ren be a family of nonnegative i.4.d. random
variables. Suppose that

(A.2) E[X},; - logy (Xj,7)] < 0.
Fix d € N and let

M = #{m € Z%: |m|l < 27} = (27T + 1)%,

Nji=#{m e 2.2 <|m|o <27} = M,y — M
for j € Ng. Then the (mndom) quantity

My
E::sup( Z +sup— Z )
J€No ] T=1 €>] T=Mp+1

s almost surely finite.
Proof. STEP 1. We prove the desired properties for the truncations
v {Xﬂﬂx c<n; f1<T <M,
T X Ix; . <m, if My+1<7< My for some (unique) ¢ > j
in place of X ;, i.e., we show for E := E[X ;] and arbitrary C' > 0 that
Y P(S;>C+E)<oco and Y Y P(S;,>C+E)<

j€Np JENp £>]
where
1 Mj MZ+1
* . : * . ‘
S] = ﬁ Z Y],T and S],K . Z Y]:T'
J =1 T=M;+1
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This then implies by the Borel-Cantelli lemma that

=% = sup (S +sup5*g> < 00
j€Np -
almost surely.

Let X, := Xo, and recall that X ; M X, Using E > E[Y; ], Cheby-
shev’s inequality, and the independence of the Y; -, we obtain

P(S; > C + E)

1Y 1Y
= P(M- > (Yir—E)> C) < P(M- > (Y- —E[Y;;]) > C>
J =1 J =1
1,71 % 13
< &V |50 L W ~ B = g & VIV — B
02 -7 =1 CQMJ =1
1 % 1 & )
= o2 > VY. = oA (E[Y;] — E[Y)-]%)
J =1 J =1
1 &, 1
< C2 M2 Z E[Yj:] = C2 M2 E[XG o 1x; <]
J =1 J =1
M;
1 1 )
= oo 1IE[X* 1x, <m;] C2MjE[X* Ix.<n]
J =

Thus, by the monotone convergence theorem

(A.3) S P(S;>C+E)< 02 > MEX Lx, <]
J€N j€Ng
1 _[oo 1
= S E| XS Z MﬂX*SMj
- JjeNg

=_—_FE X Ix,50 Y i, 1X*<M]
Jj€No

F o B
< HEX x>0 Z 27 1X*§2(j+2)d}
) J€Np

1 .
< SE[Xxs, > 27
j2[E2Fe)

Note that we are allowed to insert the indicator function 1x,~¢ in (A.3)3
because by assumption X ; are nonnegative random variables and because
the factor Xf vanishes if X, = 0. In (A.3))4, we have used 27d < M; < 2(”2)01,
whence ﬁle*SMj < 2_Jd]].X*§2(j+2)d~ For (A.3])5, note that X, < 20i+2)d jg
logy (X+)

=622 — 2],

equivalent to j > [



50 A. Horst, T. Jahn and F. Voigtlaender

Next, perform the index shift £ = j + 2 to see that

Z o—id _ Z 9—(=2)d < Z o—td
j>[leealXe) o) ex[los2Xa)y o> log2(Xe)y
_ 2d d{lOgQ(X*
2d — 1
Thus, finiteness of the series on the left-hand side of (A.3)) follows by noting

) < gdreEe

*

1 1
2 2
(A4) E{X* ]lX*>02d(log2;X*)]:| < E[X* ﬂX*>0:| < E[X*] < 00.

Here we have used the inequality x log;(x) > x for x > 2, which shows that

(A.2) implies E[X,] < oo.
To estimate the second series, note that by £ > E[Y; ;] and Chebyshev’s
inequality

1 My
P(Sj, > C+E) —IP’(N > (Yj—E)=> c)
¢ T=M@+1
1 Mpyq
<P(5 X O -ElDzC)
Cr=My+1
171 M
< V{ Y, —E[Y;, }
S ¥
- V[Y;, —E[Y;.]] < E[Y},].
2 75 J» 2 T
C2N; T=M;+1 C2N; T=M,+1 "

Next, since M, =< N; = 2/ (see the proof of [Lemma 3.1 Mv there exist
K1, K2, k3 > 0 only depending on d such that if X, < My and My, +1 <
T < Myyq, then k17 < Ny < ko1, and k37 < My < 7, as well as X, < 7. We
deduce that

M1
Y P(S;,>C+E)< <= Z > E[,
0>5 0>5 E T=M,y+1
M1
X;
CQZ Z N2HX*<M4}
0>5 T=M;y+1 4
Myiq 2
X
<mY Y E[Shle
>3 T=Mp+1 17—

X2 ]]-X <r
*]l <r =E X2 = =:aj.

< > E

TZMJ‘+1
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For N > 3, there exists n = n(IN) € N such that 2" +1 < N < 2""! whence

1 2@+1 1 22+1
0g 0gs(
(A5) y el oy el oy Z
>N 7 (>nr—2041 (>nr— 2€+1
Z 14 + 1 n+1 Z f+1
— —
>n 2" >n (n + 1)2 "

Sn—i—l Z s+1 _n+1 _ 1+log2(N).

2n oA 28 2n N
L4l _ L—ndntl
Here we have used ;=5 = =71 <1+/{—n.
Also, it is not hard to check that M; +1 < 7 is equivalent to w

AV

log, (271 +1). Using the monotonicity of the logarithm, this implies %

7+ 12> 4. Hence

ZZP( ;':KZC-FE)S Zaj

Jj€Ng £>7 J€No
]]-X <T ILX <7
BT Y BE| XY Y s
J€Ng T>M;+1 7>3d jENg
Llode("')J ( )
]]-X <r 10g2 T ]
<E|X?2 = 1| <E|X?
Y Y B R
T>3d J=1 T>max {34,[ X.]}

B> o1 4 logg (max {34, [X.1}) o1+ logg (X.,)
< E[x ey SRR
= E[X. - (1 +logs (X,))] = E[X.] + E[X. logy (X4)] < o0,

as in (A.4).

STEP 2. Next we show 3 ey, 2 enP(Xjr # Yjr) < co. The Borel-
Cantelli lemma then implies P(X; . # Yj, for infinitely many (j,7)) = 0.
That is, if all random variables are defined on the common probability space
(£2,P), the event A of all w € {2 for which X =Y} . happens for all but
finitely many (j,7) has probability 1. By Step 1, we know that

S i=sup(S;+supS;,) < o0
jeNo( S )
holds in an almost sure event B. It is then easy to see that = < oo in the
almost sure event AN B.

In order to show that 3> cn, 2 oren P(Xjr # Yjr) < oo, first note that
X, > Myand My+1 <7 < Mgy imply k4 X, > M;TjXN > Mgy > 7 for
some k4 > 0 which only depends on d (which is irrelevant for the convergence
of the series). The random variables x4X ; all have the same distribution



52 A. Horst, T. Jahn and F. Voigtlaender

as the random variable Y := x4 X, = k4 X 1. Hence,

(A6) > > P(Xjr #Yr)

j€Np TeN

Mpyq
<Z<Z]P’XJT>M £ P(X > M)
j€Ng =1 0>5 T=Mp+1
Mgy
< Z(ZPX > M)+ Y B(Y >7))
j€Ng 7™=1 0> T=My+1
= Y (MP(X. > My) + Y P(Y >7)).
J€Np TZMJ‘+1

Let us show that the two series in (A.6))4 are finite. First, observe thanks
to the monotone convergence theorem that

> MP(X, > My) = > MjE[Ix,on] = E[ > Mjlxon]
j€Ng j€Ng Jj€Ng
LlogQ(EX*)J L10g2(§X*>J -
B Y msE[ Y
=1 =1
< E[QdL%J] < E[X.] < .

Here we have used the fact that X, > M; implies X, > 274 which in turn
yields j <logy(Xs)/d. Second, we have

o> PY>T)=) > LeamnP(Y >7)

j€Ng 7>M;+1 Jj€ENg 7>34d
Llog (r)/d]
LRI o 2]
T>3d Jj=1 >34
Y] 1Y)
<E[lyss ) logs(r)] <E[ly=3 ) logf (|Y])]
=3 T=3

<E[[Y]logf (LY ])] < E[Y log; (V)]

< RaE[ X, (logy (r4) + logy (X.))]
= g logy (ka)E[X.] + maE[X. logy (X.)] < oo,

as in . ]
The following auxiliary statement is used in the proof of
LEMMA A.11. For everyn € N, let X(™ = (an), cee T(Ln)) be a random

vector whose entries Xl(n), e ,X,S”) ~ N(0,1) are i.i.d. standard normal
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random variables. Then the following event has probability 1:

||X(’"°)|]OO > /log(n)  for all but finitely many n € N.

We emphasize that we do not assume that the random vectors
XM x®@ are independent. It is only assumed that the components of
X®) for fixed n € N are jointly independent.

Proof of Lemma . We start by estimating the tail probability of
| X ™| . Let (an)nen be a sequence of positive numbers. Then

P([X ™o < an) = B(X|V| < an)" = exf(an/v2)",

where erf(z) = %S

T —t2
0

P(|| X ™| < ay) further, we first need to establish an inequality for the
error function. An inequality for the so called Mills ratio for standard normal
random variables [2, 7.1.13] implies for = > 0 that

dt is the error function. To estimate the quantity

1

0< exp(xQ)\g?(l —erf(x)) > PR s X

This in turn implies that for x > 0, we have

2 exp(—z?) 2)

0<erf(z)<1——
< erf(z) < VT o+ V22 F

Using this inequality, we get

exf(an/v/3) < 1 — 2 — P(=0/2)
" fan/\[+\/a%/2+
o2 e
VT V2(an +1)°

where the last inequality follows by the fact that (a,/v/2++v/2)? > a2 /2+2.

We now choose a,, := /2log(2n) — 0, with 0 < d,, < 2log(2n), which
gives the estimate

2 exp(— log(2n) + 6n/2)
V27 (/2 log( 2n nt1)

=1- exp(9,/2)

\/210g (2n) — o, + 1)
<1-
27n( \/210g (2n) +1)

Since x > —1, we can use the monotonicity of z' on the non-negative
numbers and the elementary estimate 1+ z < e® to conclude

exp(d,/2) >
V2r(y/2log(2n) + 1)/

erf(a,/V2) <1 —

p(0,/2) =1 1+ x.

erf(an/vV2)" < (1+z)" < exp(zn) = exp (
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Choosing §,, = K log(log(n)) with K > 0 and noting that §,, < 2log(2n) for
n > ng = no(K) yields

o TLK/2
(AT BIX O < ) < oxp( = )

V21(y/2log(2n) + 1)
Note that y/2log(2n) +1 < /2log(n) +1/2log(2) +1 < C+/log(n) for some

absolute constant C' > 0 and n > 3. Therefore,
log(n)%/? - 1
Vv2r(y/2log(2n) +1) — V2rC

for fixed K > 3 and n > n; = n1(K) > no(K). Combined with (A.7) this
implies

log(n)E=1/2 > 210g(n)

P(|| X™ |00 < a,) < exp(—2log(n)) = n~2,

Thus
[e%¢) ni—1
SB[ X Moo < an) < Z 1+ f<oo
n=1 n>n1

The Borel-Cantelli lemma thus shows that almost surely, there are only
finitely many n € N with || X, < a,. Further note that

ap = \/2 log(2n) — K log(log(n \/log

for all but finitely many n € N. Hence, we see that almost surely, we have
| X )| > y/log(n) for all but finitely many n € N. u
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