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LEANDRO CANDIDO

Abstract. Motivated by recent work exhibiting a locally compact scattered space L
constructed under Ostaszewski’s &-principle, which yielded a complete classification of
linear operators on Co(L x L), we extend the analysis to the bilinear setting. We show
that, for this space L, every bilinear operator G : Co(L) x Co(L) — Co(L) admits a unique
decomposition into the sum of trivially predictable components. This establishes a bilinear
analogue of the few operators phenomenon.

1. Introduction. To place our work within a broader context, we briefly
recall some historical background. Questions concerning the structure of
bounded linear operators on infinite-dimensional Banach spaces have been
present since the early days of functional analysis, already within the envi-
ronment shaped by Banach and his collaborators.

Although ideas related to the scarcity of operators were already implicit
in this early period, a precise formulation of the problem was made explicit by
J. Lindenstrauss in 1976 [15]. Among several influential questions, he asked
whether there exists an infinite-dimensional Banach space X such that every
bounded linear operator 7' : X — X can be written as

T=rl+15,

where 7 is a scalar, I denotes the identity, and S is compact. This became
known as the scalar-plus-compact problem. Since operators of this form exist
on any Banach space, a space satisfying this condition can be said to have
“very few operators”.

The first example of a Banach space that can be said to have “few opera-
tors” was provided by S. Shelah [21], initially under additional set-theoretic
assumptions, and later in ZFC in joint work with J. Steprans [22]: a non-
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separable Banach space in which every operator is the sum of a scalar mul-
tiple of the identity plus an operator with separable range. Further contri-
butions were made by W. T. Gowers and B. Maurey [§] (see also [16]), who
obtained a Banach space exhibiting few operators in a slightly different sense,
namely, a space in which every operator is a scalar multiple of the identity
plus a strictly singular operator. Although the Gowers—Maurey construction
does not solve the scalar-plus-compact problem, since strictly singular opera-
tors form a class strictly larger than compact operators (see [I]), it represents
a significant advance in the study of the operator structure on exotic Banach
spaces.

The scalar-plus-compact problem was completely resolved in the affirma-
tive in 2011 by S. A. Argyros and R. G. Haydon [2], representing a major
milestone in 21st-century functional analysis.

Between the work of Gowers and Maurey and the complete solution of
the scalar-plus-compact problem by Argyros and Haydon, the study of few
operators in spaces of continuous functions C(K) began to flourish. The
first notable contribution in this context was made by P. Koszmider [11],
who, assuming the continuum hypothesis, constructed a connected compact
Hausdorff space K such that every operator T : C(K) — C(K) is of the
form

T=gl+S5,

with ¢ € C(K) and S weakly compact (equivalently, strictly singular for
C(K) spaces). Later, G. Plebanek [I§] removed the continuum hypothesis
assumption. Koszmider also extended the study of few operators to Asplund
spaces of the form C(K), that is, when K is a scattered compact Hausdorff
space. In [12], he constructed a scattered compact Hausdorff space K such
that every operator is a scalar multiple of the identity plus an operator with
range contained in a copy of ¢, initially under extra set-theoretic assump-
tions, later removed in joint work with N. J. Laustsen [9]. Numerous other
contributions have since been made in this area; see [10] for a comprehensive
survey of this topic, and in the present paper we provide further results along
the same lines.

Our research continues this line of investigation, focusing on few oper-
ators in Banach spaces of the form C(K) with K scattered. In a recent
development [4], working under Ostaszewski’s &-principle [17], we identified
a locally compact Hausdorff space L that exhibits a notion of few opera-
tors for spaces of the form Cy(L x L). The rigidity of the underlying space
Co(Lx L), recalling that it is linearly isometric to the injective tensor product
Co(L) ®- Cy(L), suggests that similar rigidity phenomena might be reflected
at the level of the projective tensor product Co(L) @, Co(L). This observa-
tion leads us to ask whether the few operators phenomenon can be extended
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to bilinear operators
G C()(L) X C()(L) — C()(L),

which, by the universal property of the projective tensor product (see [19,
Theorem 2.9]), is equivalent to asking whether there are few bounded linear
operators from Cy(L) @, Co(L) into Co(L).

Among all bilinear operators on Cy(L), besides those with separable
range, two elementary types arise. The first is what we refer to as scaled
multiplication:

M(f,9)(t) =r f(t)g(t),
for a fixed scalar r. The second is what we call a cross-interaction operator,
derived from functionals ¢, € Co(L)*:

H(f,9)(t) = o(f)g(t) + f()(g).

In this paper, we show that for an exotic locally compact Hausdorff space L,
constructed under additional set-theoretic assumptions, every bilinear oper-
ator G : Cy(L) x Cy(L) — Cp(L) decomposes uniquely as the sum of a scaled
multiplication component, a cross-interaction component, and a separable-
range component. Since operators of these types exist independently of the
topology of L, this provides an example of the few operators phenomenon
in the bilinear setting. More precisely, the main result of this work is the
following.

THEOREM 1.1. Assuming Ostaszewski’s &-principle, there exists a non-
metrizable, locally compact, scattered Hausdorff space L such that for every
bilinear operator G : Co(L) x Co(L) — Co(L) there exist a unique scalar
r € R, unique functionals o, € Cy(L)*, and a unique bilinear operator
S Co(L) x Cy(L) — Co(L) with separable range such that

G(f,9)(t) = f()g(t) + e(Fg(t) + )Y (g9) + S(f,9)(t)
for all f,g € Co(L) and allt € L.

Following the historical development of this line of research, where results
are often first obtained under strong set-theoretic assumptions and later re-
fined or reproduced within ZFC, it seems to be a natural and interesting
direction for further investigation to determine whether a version of Theo-
rem can be established under different set-theoretic assumptions, or even
in ZFC. Moreover, it would be of independent interest to develop a notion of
few bilinear operators GG : X x X — X for other classes of Banach spaces X.

This paper is organized as follows. In Section [2| we establish the basic
terminology and recall the notion of a collapsing space, along with its ex-
otic properties that will be exploited throughout the paper. In Section [3]
we present fundamental results on Fréchet measures and discuss their in-
trinsic connection with bilinear forms on Cy(L). Section [4| contains the main
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technical part of the paper, which reveals the pathologies of many bilinear
operators on Cy(L). Finally, in Section [5, we provide a detailed proof of
Theorem [11]

2. Terminology and preliminaries. We begin by introducing some
basic terminology that will be used throughout this work. All ordinals are
equipped with the usual order topology. As is customary, we denote by w
the first infinite ordinal and by w; the first uncountable ordinal.

We use the letter L to denote a locally compact Hausdorff space, and let
K = L U{oo} denote its one-point (Aleksandrov) compactification.

For such spaces L and K, we denote by Cp(L) the Banach space of
continuous real-valued functions on L vanishing at infinity, and by C'(K) the
Banach space of continuous real-valued functions on K, both equipped with
the supremum norm. Throughout this paper, we always regard Cy(L) as the
closed subspace of C'(K) consisting of functions f : K — R with f(oc) = 0.
All Banach spaces are taken over the real numbers for convenience and in line
with previous works that inspired this research. While some technical details
may require adaptation, we expect that the main results can be extended to
the complex case.

For functions f,g € C(K), we denote by f®g : K x K — R the function
defined by f ® g(x,y) = f(x)g(y). For any subset A C K, we denote by x4
the indicator function of A. For a singleton set {x}, we write x, instead
of X{z}-

For a compact Hausdorff space K, we denote by B(K) its Borel o-
algebra, and by p(K) its power set. By the Riesz representation theorem
[20, Theorem 18.4.1|, the topological dual of C'(K) is isometrically identified
with M(K), the space of Radon measures on K endowed with the total vari-
ation norm. If u € M(K), we denote by |u| its total variation. The dual of
Co(L) is identified with the subspace Mo(K) = {u € M(K) : pu({oo}) = 0}.

At the core of this study lies a locally compact Hausdorff space L con-
structed in |4, Theorem 3.6] under Ostaszewski’s -principle. We refer to
this space as the collapsing space L and recall the properties that will be
relevant throughout this paper.

We recall the class S of topological spaces [4,[5]. A locally compact Haus-
dorff space L belongs to S if there exists a continuous finite-to-one surjec-
tion ¢ : L — wy, that is, ¢~ ({a}) is finite for every a € wy. Consequently,
L is a first-countable scattered space [5, Proposition 3.2]. We always con-
sider such a space L together with the collection {L, : @ € w;}, where
Lo=¢ Ha+1]={reL:px)€a+l}

This collection forms a covering of L by countable clopen sets and satisfies
L, C Lg whenever a < . In particular, every function f € Cy(L) has
countable support. For each a < wy, we identify Cy(L,,) with the subspace
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of Cy(L) consisting of functions that vanish outside L,. With this, we can
establish the following simple but important fact.

PROPOSITION 2.1. Let L be a member of the class S. If W is a separable
subset of Co(L), then there exists n < wy such that W C Co(Ly).

Proof. Let W be a separable subset of Cy(L), and fix a dense sequence
{fn}n<w in W. Since each f, has countable support, we can choose 7, such
that f,, vanishes on L\ L. Let n = sup {n, : n < w}. Hence every g € W
vanishes outside L,,. m

Next, we recall the following terminology adapted from [4]. If {I1, ..., I}
is a partition of {1,...,m}, then anet C = {(x,...,2%) }a<w, In L™ is said
to be (I1,...,I;)-separated if

{x?:iEIj}ﬂ{xiﬁ:iEIr}zm
whenever j #£ r or a # 3.

DEFINITION 2.2. A locally compact space L is called collapsing if it belongs
to the class S and, for every integer 1 < m < w, every partition {I,..., I} } of
{1,...,m}, and every (Iy,..., Iy)-separated net {(z¢,...,2%)}acw, in L™,
it admits an accumulation point (q1,...,¢n) € K™, that is, the limit of a
convergent subnet, such that there exist distinct points a1, ...,a; € K, with
ap = oo, for which

{gi:i eI} ={a;} foreveryl<j<k.

We recall the following result from [4, Theorem 3.6], which provides the
collapsing space central to our study. For other related constructions, see [3,
Theorem 4.2], [6, Proposition 3.1|, and [13], Section 4].

THEOREM 2.3. Under Ostaszewski’s &-principle, there exists a collapsing
space.

REMARK 2.4. It should be emphasized that collapsing spaces cannot be
constructed within ZFC alone, as their existence requires additional set-
theoretic assumptions; see [4, Remark 3.8|. However, it is not excluded that
a version of Theorem might hold under other combinatorial principles,
as in [12], or even within ZFC itself, as in [9].

The following result can be obtained by combining [4, Theorem 4.3 and
Corollary 4.6]. We recall that v : K — M(K), written for simplicity as
v(r) = vy, is said to be a weak™-continuous function vanishing at infinity if
v is continuous when M (K) is endowed with the weak*-topology induced by
Co(L), and voe = 0. Under the identification of weak*-continuous functions
v: K — My(K) vanishing at infinity with operators T : Cy(L) — Co(L)
(see [, Theorem 4.1]), this result is essentially a restatement of the fact that
Co(L) has few operators when L is a collapsing space.
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PROPOSITION 2.5. Let K = LU{oo}, where L is a collapsing space, and
let v: K — My(K) be a weak™-continuous function vanishing at infinity.
Then there exist r € R and p < wy such that, for all z,y € L'\ L,, one has

_r ifx =y,
m{y})—{o e

To conclude this section, we introduce some additional terminology that
will be used throughout the paper.

DEFINITION 2.6. Let {4 }a<w, be a transfinite sequence of objects. A re-
finement (or refined sequence) of this family is any subsequence {7q., }y<uw;
possibly selected to satisfy additional properties. More generally, given several
transfinite sequences {zl}a<w,,- -+ {2 tacw,, a simultaneous refinement is
obtained by choosing a strictly increasing sequence of ordinals {a}y<u,
and considering the corresponding subsequences {as}lW Fr<wrs e s {932W Fr<wn -
If no ambiguity arises, we continue to denote these refined sequences by the
original symbols {2l }acwrs - -+ {27 acw, -

All remaining terminology used in this paper can be found in [4].

3. Fréchet measures and the structure of bilinear forms on C(K).
In this section, we collect several results concerning the interplay between
bilinear forms on C'(K') and the so-called Fréchet measures on K x K, focus-
ing on the particular case where K is a scattered compact Hausdorff space.
Our main reference for this material is the comprehensive monograph by
Ron Blei [3, Chapters IV and VI|, from which we adopt much of the basic
terminology and adapt several results to our setting.

DEFINITION 3.1. An Fy-measure (or a 2-Fréchet measure) on K x K is a

function
p:B(K)xB(K)—R

such that p is a measure in each coordinate separately. That is, for every
fixed A € B(K), both mappings B — u(A, B) and B — (B, A) are (signed)
measures on B(K).

We denote by F (K, K) the collection of all such F-measures on K x K. If
K = LU{oo} is the one-point compactification of L, we denote by Fo(K, K)
the subspace of F(K, K) consisting of all Fho-measures u such that the map-
pings B — u({oo}, B) and B — p(B,{occo}) are identically zero.

For the benefit of readers not familiar with Fh-measures, we briefly out-
line the notion of integration with respect to a measure y € F(K, K). The
exposition below follows the text of Blei [3, Chapter IV, Section 5|, with
notation inspired by his presentation but slightly adapted to better suit our
framework. First, for each pair of functions f,g € Co(L), we denote by uf
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and pg the measures on K defined by the formulae

pH(A) =\ f(z) p(da, A) and  pie(B) = | g(y) p(B, dy).
K K

For f,g € C(K), the iterated integral of f ® g with respect to u is given

by
Jr@gdn=\fdus = £@) (] 90y) n(dy)) (de).
K K

It is important to note (see [3, Chapter VI, Theorem 10|) that the fol-

lowing Fubini-type property holds:

G1) [ dig = § 1) (§ 90) (o)) ()
K K
= 9 (] f@) nlde,))(dy) = [gdn’.

K K

The space F(K, K) can be equipped with a norm under which it becomes
a Banach space. This norm is given by the Fréchet variation, which we recall
below; see [3, Chapter VI, Section 3|.

We say that a collection A C B(K) x B(K) is a grid for K x K if
A = Ay x Ay, where each A; is a finite collection of pairwise disjoint Borel
subsets of K. If A = Ay x Ag is a grid for K x K, we denote by {r4 : A € A;}
the Rademacher system on {—1,1}Y that is, r4 : {—1,1}% — {~1,1} is
defined by r4(h) = h(A) for h € {—1,1}", fori=1,2.

Now, if p is a Fréchet measure in F (K, K), the Fréchet variation is given

by

Il =sup {|| D2 w4 B)ra@rs| :aisagidfor K x K}.
(A,B)eA >

According to [3, Chapter VI, Theorem 5|, we have ||u||z, < oco.

Since our focus is on the case where K is a scattered compact Hausdorff
space, the next definition introduces an important object that will play a
fundamental role in our study. To simplify the notation, we shall adopt the
following convention: for p € F(K,K) and z,y € K, we write p(z,y) =
w({x},{y}). Similarly, if p € M(K), we write pu(z) = pu({x}) for every
Tz € K.

DEFINITION 3.2. Let K be a scattered compact Hausdorff space and let
€ F(K, K). The total variation of p is the function Var(u) : p(K) x p(K)
— [0, 00) defined by

Var(u)(U, V)

= sup {Z Zu(m,y)umvy :SxT CU xV finite, ug, vy € [—1, 1]}
zeSyeT



8 L. Candido

We first note that Var(u) is well-defined, since by an argument similar
to that of [3, Chapter I, Lemma 8| one has
Var(u) (U, V) < llullz,  for every (U, V) € p(K) x p(K).

Although Var(u) does not, in general, belong to F(K, K), it enjoys sev-
eral properties that will be fundamental in our analysis. For instance, it is
subadditive: if U,V1,...,V, € p(K) with V; NV, = 0 for ¢ # j, then

Var(u) (U, U Vi) < iVarw)(U Vi
=1 3
Var(u)(LnJ v, U) ZVar Vi, U).
=1

It is also monotone: if U; C Uy and V; C Vg, then
Var(u)(Ut, Vi) < Var(u)(Uz, V).

A key fact for our research is the close relationship between Fb-measures
on K x K and bilinear forms on C(K). The following result provides a
Riesz-type representation theorem for bilinear forms on C'(K) when K is a
scattered compact Hausdorff space.

THEOREM 3.3. Let K be a scattered compact Hausdorff space. Then, for
every bilinear form G on C(K) x C(K), there exists a unique p € F(K, K)
such that, for all f,g € C(K),

(32) G(f.0)= (D ey ) @) =3 (X wley) £@) o).

zeK yeK yeK zeK

Moreover, the expression in (3.2)) is well-defined for all f,g € lo(K), and
therefore G can be naturally extended to a bilinear form on loo(K) X loo(K)
with the same norm. In addition, |G| = Var(u) (K, K).

Proof. By [3, Chapter VI, Theorem 12|, there exists a unique p € F(K, K)
such that
G(f,9)=\f@gdu=\fdpu,
with [[p]|7 < [|G]|. Since K is a scattered compact Hausdorff space, 4 is
an atomic measure (see [20, Theorem 19.7.6]), and therefore

9) = f@)ny(x)
zeK
where this summation is well-defined because (114(2))zex belongs to £1(K)

(see [20], Corollary 19.7.7]). Next, for each x € K, since the marginal measure
E — u({z}, E) is atomic, we have

po(z) = | g(w) p({x},dy) = > gw)u(=,v),

K yeK
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and again the summation is well-defined since (u(z,y))yerx € ¢1(K). There-
fore,

G(f.9) = 3 (D ulay) ) f@).
rzeK yeK
The second equality in (3.2)) follows from the Fubini-type property (3.1)).

Now let f and g be elements of the unit ball B, (. Since f(z),g(y) €
[—1,1] for all z,y € K, it follows that for all finite sets S,7T C K,

33 il ) f@)ay)| < Var(u)(K, K) < a7

zeSyeT

This shows that the map (3.2) is well-defined and defines a bilinear form G
on Loo(K) X loo(K), extending G. Moreover, |G| < Var(u)(K, K) < [|G]],
and hence ||G|| = |G| = Var(pu)(K,K). =

REMARK 3.4. In our analysis, we focus on bilinear forms on Cpy(L)
rather than on C(K). Recall that Co(L) = {f € C(K) : f(oco) = 0};
any bilinear form G : Cy(L) x Cp(L) — R admits a natural extension
G : C(K) x C(K) — R defined by G(f,g9) = G(f — f(c0),g9 — g(c0)).
Applying Theorem to G yields a unique u € F(K,K) such that
holds when restricted to Cp(L), and all remaining statements, including the
extension to ls(K) X loo(K) and the norm equality, remain valid. Since
w({oo},U) = u(U,{o0}) = 0 for every U C K, it follows that pu € Fo(K, K).

REMARK 3.5. From Theorem [3.3 we deduce that if K is a scattered
compact Hausdorff space and pu € F(K, K), then for all U,V C K we have

O V) =323 ulaw)-

zeU yeV

This, in turn, yields the important fact that for all U,V € o(K) one has
|w(U, V)| < Var(p)(U, V). Indeed, given € > 0, there exist finite sets S C U
and T' C V such that

U V) = e < [S23 ulw,y)| < Var(u)(8,T) < Var(u)(U, V).
zeSyeT

Finally, for every p € F(K, K) we can establish a finite-support regular-
ity property associated with Var(u) (Theorem , which will play a central
role in the next section. To this end, we require the following auxiliary result,
adapted from [3, Chapter IV, Lemmas 3 and 4].

LEMMA 3.6. Let K be a scattered compact Hausdorff space and let €
F(K,K). Let {Ap}n<w and {By}n<w be sequences of pairwise disjoint sets
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such that A, N By, = 0 whenever m # n. Then
ZVar (A, Bp) < Var(p) (K, K).

Proof. Let 2 ={—1,1}* be endowed with the usual product o-algebra,
and let P be the Bernoulli product measure on (2 (so that each coordinate
is $0_1 + 361). Denote by {r, : n < w} the Rademacher system on (2.

For h € 2 and = € K, consider the functions fy,, gn € o (K) given by

fh(l') = Zrn(h) XAn(:'E)7 gh(SU) = Zrn(h) XBn(x)'
n=0 n=0

Note that f, and g, are well-defined by the disjointness hypothesis on the
collections {4, }n<w and { By }n<w. Moreover, if E denotes expectation with
respect to P, then for all x,y € K,

E[fn(@)gn(1)] = > XauxB, (2, 1)
n=0

Let € > 0 be arbitrary. For each ¢ < w fix finite sets 5; and T;, together
with coefficients {u, : © € S;} C [-1,1] and {v, : y € T;} C [-1,1], such

that
€
) = 9i+1 < Z Z #z, y)usvy.
zeS; yeT;
Next, given n < w, let S = J;, S; and T = |J;_, T;. For each h € £2, it
is clear that fj,, gn € By (k), hence by the definition of Var(u)(K, K),

>SS il y) (fa(@)us) (gn(y)vy) < Var(w) (K, K).

zeSyeT

Var(u) (AZ, Bl

Taking expectation with respect to P yields

Z(Z Z Mwﬂ)uw%) Z ZM (z,y) E[fn(7)gn(y)]uzvy

=0 z€S; yeT; zeSyeT
< Var(u)(K, K).

Therefore, for each n < w we have
ZVar (A, By) < Var(u)(K,K) + €

Since € > 0 is arb1trary, the conclusion follows. =

From Lemma we can also deduce the following fact, which will be
relevant at a later stage of this work.
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ProOPOSITION 3.7. Let K be a scattered compact Hausdorff space. If u €
F(K,K), then p has countable support, that is, Supp(p) = {(z,y) € K x K :
w(z,y) # 0} is countable.

Proof. Suppose, towards a contradiction, that Supp(x) is uncountable.
Then there exist € > 0 and a sequence {(zn, Yn)}n<w in Supp(p) such that
|p(xrn, yn)| > € for all n < w, and the points are pairwise distinct, that is,
(Tn,Yn) # (Tm, Ym) Whenever n # m.

We define a coloring of the pairs {m,n}, m < n, with five colors as
follows, assigning to each pair the first applicable color in the list:

Color 1:  x,, = xy,
Color 2: Y = Yn,
Color 3: zy, = yp,
Color 4:  y,, = Ty,
Color 5: mnone of the above hold.

By Ramsey’s Theorem (infinite version), there exists an infinite set H C w
such that all pairs in H have the same color. Write H = {ny, : k < w} with
ngo<ng <---.

If the color were 1, then all x,, would coincide, say x,, = x for every k,
contradicting the fact that the marginal measure E — p({z}, F) is finite.
Similarly, if the color were 2, all y,, would coincide, leading to the same
contradiction for the marginal measure E — u(E,{y}). The color cannot
be 3: if m < n < p belong to H, then z,, = y, = zp, so the pair {m,n}
would have color 1. Similarly, the color cannot be 4, since y,, = z, = Y,
would give color 2 to {m,n}.

Therefore, the only possibility for H is color 5. Thus, the subsequence

{(mnk7ynk)}k<w Satisﬁes, for ](7 ;é j,

Ty, # Tngs  Yny a Ynj,  Tny a Yn; -
By Lemma [3.6] we then obtain

> Var(p)({zn, ), {yn, }) < Var(p)(K, K) < oo,
k=1

which is a contradiction since Var(p)({xn, }, {yn.}) = [1(@n,, Yn, )| > € for
all k. m

LEMMA 3.8. Let K be a scattered compact Hausdorff space and let u €
F(K,K). For every ¢ > 0, there exists a finite set Iy C K such that
Var(p) (K \ I, K\ I) <€ for every finite set I D Ij.

Proof. Suppose the assertion is false. Then there exists p € F(K, K) and
€ > 0 such that, for every finite set I C K, we have Var(u)(K\I,K\I) > e.
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We construct recursively two sequences {4y, }n<y and { By, }n<, of finite
sets as follows. Let Ag = By = (), and suppose that we have already defined
{Ao,..., An} and {By, ..., By} as pairwise disjoint finite sets with A; N B;
= () whenever i # j. Set

I = U (AZ U Bl)
=0
Since Var(u)(K \ I, K \ I) > e, there exist finite sets S,7 C K \ I and
coefficients {u, : x € S} C [-1,1], {vy : y € T} C [-1,1] such that

€< Z Z#(x,y)uxvy < Var(pu)(K\I,K\1I).
zeSyeT
We then set A,.1 =S5 and B,41 =1T.

By recursion, this yields sequences {A;,}n<o and {By}n<w of pairwise
disjoint finite sets with A; N B; = () for i # j, and such that Var(u)(A,, By,)
>eforall 0 <n < w.

This contradicts Lemma proving the current lemma. =

THEOREM 3.9. Let K be a scattered compact Hausdorff space and let
w € F(K,K). For every € > 0 and all a,b € K, there exists a finite set
Iy C K such that, for every I C K containing Iy,

Var(u)({a}, K\ I) + Var(u)(K \ I,{b}) + Var(u) (K \ I, K\ I) < e.

Proof. Let € > 0 be arbitrary. By Lemma [3.8] we may fix a finite set
Jo C K such that, for every J D Jy,

Var(u) (K \ J,K\ J) <¢€/3.

Given a,b € K, let p, and u denote the marginal measures in M (K)
defined by po(E) = p({a}, E) and pb(E) = u(E, {b}) for every E € B(K),
with total variation (in the usual sense of Radon measures) denoted by |1|
and |p®| respectively. Since 1, and p? are atomic measures, there exist finite
sets Jp, JJo C K such that, for every J D Jy U Jo,

Var({a}, K\ J) = |pal(K\ ) < ¢/3,  Var(K\J,{b}) = |u°|(K\ J) < ¢/3.
The claim follows by taking Ip = JoU J1 U Jo. =

4. Dismantling of bilinear operators. In this section, we always
consider L to be a collapsing space (see Definition , as introduced in
Section [2) and let K = L U {oo} denote its one-point compactification.
Our aim is to establish, via a suitable characterization of bilinear operators
G : Co(L) x Cy(L) — Co(L), a series of results that will allow us to dis-
mantle these operators by exploiting the exotic properties of L. We begin by
introducing the main object of this section.
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DEFINITION 4.1. We say that a mapping v : K — Fo(K, K), written for
simplicity as v(t) = vy, is a weak™-continuous function vanishing at infinity
if, for all f,g € Cy(L), the formula

t=\fogdy="> (Z Vt(:v,y)g(y))f(w)

zeK yeK

defines an element of Cy(L).

This terminology is due to the fact that Fo(K, K), which is isometrically
isomorphic to the space of bilinear forms on Co(L) x Co(L) by Theorem 3.3
is the topological dual of the projective tensor product Co(L) @, Co(L) (see
[19, Theorem 2.9]).

The relevance of such functions in our research stems from the following
characterization:

THEOREM 4.2. Every weak™-continuous function v : K — Fo(K, K)
vanishing at infinity defines a bilinear operator G : Cy(L) x Cy(L) — Cy(L)
through the formula
(4.1)

G(f,9)0) = 3 (D wley)gv)) f@)  for all f.9 € Co(L), t € K.

zeK yeK

Conversely, every bilinear operator G : Cy(L) x Co(L) — Co(L) admits a
unique weak™-continuous function v : K — Fo(K, K) vanishing at infinity
and satisfying the relation above. In either case, the operator norm is given
by
|G|| = sup Var(y) (K, K).
teK

Proof. If v: K — Fo(K, K) is a weak*-continuous function vanishing at
infinity, then defines a bilinear mapping G : Cy(L) x Cy(L) — Cy(L).
According to the Banach—Steinhaus theorem (applied twice), we have |G|
< oo. For each t € K, the mapping G; : Co(L) x Co(L) — R given by
Gi(f,g9) = G(f,g9)(t) is a bilinear form on Cy(L). By the uniqueness of
the representation in Theorem [3.3) we obtain ||G|| = Var(i;)(K, K) and
therefore

|Gl = sup |G| = sup Var(v:)(K, K).
teK teK

Conversely, if G : Cy(L) x Co(L) — Cp(L) is a bilinear operator, then
Gi(f,9) = G(f, g)(t) defines a bilinear form on Cy(L). By Theorem 3.3 (see
also Remark , there exists a unique v; € Fo(K, K) such that

G(f,9)t) = > (3 mile.y) o) f ().

zeK yeK
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Since G(f, g) € Co(L) for all f,g € Cy(L), it follows that v : K — Fo(K, K)
is a weak*-continuous function vanishing at infinity, as in Definition [4.1
Moreover, by the second part of Theorem we obtain

|G|| = sup ||G¢|| = sup Var(1)(K,K). »
te K teK

REMARK 4.3. The attentive reader will note that both the character-
ization given in the previous theorem and the one discussed in Section
namely, the identification of weak*-continuous functions v : K — M(K)
vanishing at infinity with bounded linear operators T : Co(L) — Cy(L) (see
[4, Theorem 4.1]), can be viewed as instances of a more general principle:
weak™*-continuous functions v : K — X* correspond to bounded linear op-
erators T : X — C(K); see [7, Chapter VI, Section 7, Theorem 1]. Keeping
in mind that bilinear mappings G : X x X — C(K) correspond, via the
universal property of the projective tensor product (see [19, Theorem 2.9]),
to linear operators G:X ®r X — C(K), one could alternatively approach
our results from this broader perspective. We nevertheless adopt the presen-
tation above, as we believe it is clearer and better suits the purposes of this
article.

The characterization given in Theorem allows us to replace a bilinear
operator G : Cp(L) x Cy(L) — Cy(L) by a function that associates to each
t € K an infinite matrix vy € Fy(K, K). The weak*-continuity of v, together
with the exotic topological properties of L, forces a certain regularity in the
behavior of the coefficients v4(y, z), which can be exploited to decompose the
operator step by step.

The results established below make this strategy precise. At a concep-
tual level, Theorem isolates the cross-interaction component, while The-
orem identifies the scaled multiplication component. After these com-
ponents have been removed, the remaining Theorems [£.10] and [£.13] ensure
that the residual bilinear operator has separable range.

We now begin the technical implementation of this strategy. The follow-
ing proposition was inspired by [5, Lemma 4.4].

PROPOSITION 4.4. Let A, B C L be countable subsets of L. If v : K —
Fo(K, K) denotes a weak*-continuous function vanishing at infinity, then
there exists p < w1 such that Var(v;)(A, B) =0 for every t € K \ L,,.

Proof. Suppose the proposition is false. Then, since A and B are count-
able and L is uncountable, there exist € > 0 and (a,b) € A x B such that
|vi(a,b)| > € for each ¢t in an uncountable set A C L. Since L is a first-
countable, locally compact, scattered space, we may fix countable local bases
U, = {U, : n < w} and V), = {V,,, : m < w} consisting of compact clopen
neighborhoods of a and b, respectively.
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For each t € A, from the regularity of the measure E — 1 ({a}, E),
we may select Vi € V, such that |1p({a}, Vi \ {b})] < €/4. Then by the
regularity of the measure E — 1v4(F,V;) we may select U; € U, such that
| (U \ {a}, Vi)| < €/4. Since U, and V, are countable, there exists an
uncountable subset A’ C A such that U; = U and V; =V forall t € A'.

For each ¢t € A" we have

(U, V)| = [vi(a, 0) + v (U \ {a}, V) + vi({a}, V\ {b})]
> [vi(a, b)] = [ (U \{a}, V)| = [i({a}, VA{DH] > € — /2 = /2.

This is a contradiction, since t — (U, V) = | xu ® xv dis belongs to Cy(L)
and therefore must have countable support. =

PROPOSITION 4.5. Let (ay)wer be an element of lo (L) with the following
property: for every p < wi, (aw)wer, is an element of £1(L,). Then (aw)weL
belongs to ¢1(L).

Proof. Assume, towards a contradiction, that (ay)wer, ¢ ¢1(L). Then, for
each n < w, there exists a finite set F5, C L such that }_ p |ay| > n. Let
p < wy be such that | J,, ., F, C L,. It follows that sup{}_  .plaw|: F C L,
finite} = oo, which contradicts the assumption that (ay)wer, € €1(L)). =

The next result was inspired by [4, Lemma 5.9] and [5, Theorem 4.8].

THEOREM 4.6. Let v : K — Fo(K, K) be a weak™-continuous function
vanishing at infinity. Then there exist (a;).cr, (bz)zer € ¢1(L) such that, for
each z € L, there exists v, < wy with the property that, for all x,y € L\ L,

velery) = 402 fz=y, vo(y, ) = b fr=y,
Y 0 ifx#y, =\ 0 ifx+#y.

Proof. Let z € L be arbitrary, and fix a sequence of compact clopen
neighborhoods Vi D V3 O --- of z in L such that (N, Vi, = {z}. For each
n < w, define the functions v v(27) 1 K — My(K) by

vM(U) = v (Va, U), vP™(U) = (U, V).

These functions are weak*-continuous and vanish at infinity (in the sense
presented in Section . We analyze the sequence {v1™}, , and the argu-
ments for {1/(2’”)}”<w are analogous. Since L is a collapsing space, for each
n < w Proposition yields s, € R and §,, < wi such that

y(l’n) (y) _ Sn lf =1y,
v 0 ifx#uy,

for all z,y € L\ Lg,. Define & (2) = sup{B, : n < w}. Let m,n < w,
pick z € L\ L¢,(;) and let vy € Mo(K) be the marginal measure v (U) =
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vz(U,{x}). If n <m, then

|50 — sm| = [ () = 0™ (@)] = [va (Vi {2}) = va(Vin, {2})]
= Ve (Vo \ Vi, {@})[ = [vZ (Va \ Vin)| < [Z[(Va \ {2}).
Since (,«,(Va \ {z}) = 0, it follows that lim, o [3](Va \ {2}) = 0, so
the sequence {s, }n<, converges to some limit a, € R. Hence, for each z €
L\ Lg () and n < w,

va(2,2) — az| < |va(2,2) — sn| + [sn — az| < v (Vo \ {2} {z})] + [sn — a]
< [ (Va N\ {z}) + |sn — a2,
which implies v, (z,7) = a.. Now let z,y € L\ L¢ () with = # y, and fix

n < w. If v} € My(K) denotes the marginal measure v4(U) = v, (U, {y}),
we have

(2, 9)| = [ )] + [ (y) = va(z,y)]
= (Vi \ {2}, {y D] < W2 (Ve \ {2}).
Since N, (Va \ {2}) = 0, it follows that v,(z,y) = 0.

Applying the same reasoning to {v(>™}, we obtain an ordinal &(z)
and a real number b, such that, whenever x,y € L\ L¢,(,), if ¥ = y then
vp(y,2) = by, and v (y, 2) = 0 if x # y. We set v, = max {£1(z),&2(2) }

Finally, we prove that (a,).cr and (b,).cr belong to ¢1(L). Let G :
Co(L) x Co(L) — Cp(L) be the bilinear operator induced by v as in The-
orem . Let 8 < wi be arbitrary and set p = sup{~. : z € Lg}. Pick
t € L'\ L, and consider the bilinear form Gy : Cy(L) x Co(L) — R given by
Gi(f,9) = G(f,9)(t). If Gy denotes the extension of Gy t0 oo (L) X Loo(L) as
in Theorem then the formula

() =Gt = 3 (X mlz ) f2)

z€Llg yeK
= > ulzt)f(2) = Y af(2)
ZEL,B ZEL5

defines a bounded linear functional ¢ : Co(L,) — R. Therefore (a.).eL,
belongs to £1(L,) (see [20, Corollary 19.7.7]). From Proposition [4.5| we deduce
that (a.).er lies in ¢1(L), and the same reasoning applies to (b,),cr. =

For the next two lemmas, recalling that L, = ¢~ [« + 1] as presented in
Section [2, we denote LY = ¢~ ![a] = {x € L : p(x) € a}.

LEMMA 4.7. Let v : K — Fo(K,K) be a weak™-continuous function
vanishing at infinity. Suppose that, for each z € L, there exists v, < wy such
that, for all z,y € L\ L, we have vy(y, z) = vz(2,y) = 0. Then, for every
£ < wi, there exists £ < p < wy such that, for every t € L\ L, and every
(u,v) € (Ly x K\ L) U (K\ Ly, xLy) U (L, x Ly), one has vi(u,v) = 0.
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Proof. Fix ¢ < w; and set pg = £ Given n < w, suppose that p,
has been defined. By Proposition there exists p, < 6 < w; such that
Var(vy)(Lp,,Ly,) = 0 for every y € L\ Ly. Moreover, by hypothesis, for
each z € L,, there exists § < 7, < wy such that v,(y,2) = vz(z,y) = 0
whenever z,y € L\ L,,. Define

pnt1 =sup{y::2€ L,, }.

By recursion, this yields a strictly increasing sequence pg < p1 < p2 < ---
such that, for every z € L,, and all z,y € K\ L one has v, (y,z) =
ve(z,y) = 0 and v, (z, z) = 0.

Let p = sup{p, : n < w}. If (u,v) € L) x (K\ L)) and t € L\ L,
then some p,, < p satisfies u € L, , while t,v € K\ L} C K\ L, ,,, giving
vi(u,v) = 0. A symmetric argument covers the case (u,v) € (K \ L}) x L7.

Finally, if (u,v) € L}, x L}, then (u,v) € Ly, x L,, for some n, and for
alte L\ L, C L\ L we obtain v¢(u,v) = 0. m

LEMMA 4.8. Let v : K — Fo(K,K) be a weak*-continuous function
vanishing at infinity. Suppose that, for each z € L, there exists v, < w1 such
that, for all x,y € L\ L,,, we have v3(y,z) = vz(2,y) = 0. Let {Ta}a<w,
{Yata<wrs {Zata<w, and {wa}a<w, be sequences of pairwise distinct points
of L. Then, for each € > 0, there is a simultaneous refinement {Zo. }y<w,,

{Wa Yy<wrs {2ay fy<wr and {wa, }y<w, of these sequences (see Deﬁnition,
together with a sequence {1} <., of finite subsets of L, such that

Pn+1>

Pn+1

(Ba‘) {xawayawa Za,yy wa,\/} C Ify fO”" all Y < W1,
(Bb) I, NI =0 whenever v # &;

(Be) Var(ve,, ) ({Ya, b, K\ [y) + Var(ve, ) (K \ Iy, {za,})
+ Var(vz, ) (K \ I, K\ I) <
(Bd) Var(va,,)({wa, }, K\ Iy) + Var(va, )(K\ I, {wa, }) <e.
Additionally, if n < w is a fixed natural number, we may assume |Iy| > n
for each v < wy.

Proof. We proceed by transfinite induction. Let v < w; be arbitrary
and assume that we have obtained sequences {Zag fe<v, {Ya, te<ys {20 Fe<rs
{wa, }e<~, and a sequence {I¢ }¢<~ of finite subsets of L satisfying conditions

, together with |I¢| > n for each £ < 7, where n is a fixed natural

number. Choose 8 < wy such that

UI&XIgCLgXLg.
£<y
By Lemma there exists < p < w; such that, for each t € L'\ L, and all

(4.2) (u,v) € (L, x (K \ L)) U ((K\ L) x L}) U (L}, x Ly),

we have v(u,v) = 0.
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We now choose o, < wy, strictly greater than sup {a¢ : £ < ~}, such
that za., Yo, s 2oy, Wa, € L\ L,. According to Theorem , we may obtain a
finite set Jo C L containing the points zq., Ya. s 2a. , Wa, such that for every
J C L containing Jy we have

Var(ve,, ) ({ya, }, K\ J) + Var(va, ) (K \ J,{za,})
+ Var(vy, )(K\ J, K\ J) <e.
Next, we let 1 and e denote the marginal measures defined by p1(E) =
Vo, ({wa, }, E) and pp(E) = Vo, (E,{wa,}) for every E € B(K), with
total variation (in the usual sense of Radon measures) denoted |p;| and |ps2|,

respectively. Since pq and po are atomic measures, there exist finite sets
J1,JJo C K such that, for every J D (J; U Ja),

Var(vz,, )({wa, }, K\ J) = [m|(K\ J) <e€/2,
Var(vg, (K \ J,{wa,}) = |p2|(K\ J) <€/2.

We then fix a finite set J containing Jo U J; U Jo such that |J \ L;] >n
and let I, = J\ L}. Since K \ I, = (K \ J) U (J N L), by the choice of p
and by condition , we have

Var(’/a:aW )({yaw}a K\ Iv)

= Var(vz, ) ({Ya, }, K\ J) + Var(ve, )({ya, },J N Lp)
= Var(va,, ) ({¥a, }, K\ J).
With a similar argument, we may deduce that
Var(ve, K\ Ly {7, }) = Var(v, ) (K . (2, ).
Var(’/:raw)({way}a K\IL)= Var(’/xav)({wan,h K\ J),
Var(vy,, )\ Iy, (o, }) = Var(va,, ) (K \ J, {wa, })
Next, by the subadditivity of Var(vs, ) we can write

Var(vy, )(K\ I, K\ 1)
< Var(vy, )(K\J, K\ +Var(vg, )(K\J,JNLy)
+ Var(vg, )(J N Ly, K\ J)+ Var(vg, )(J N Ly, JNLp).

By monotonicity of Var(z/xav) and by the choice of p, using (4.2)), we deduce
that

Var(vy, )(K\ Iy, K\ I) = Var(vg, )(K \ J, K\ J).

Therefore, conditions [[Ba)H{(Bd)| are satisfied for {Zaete<ys {Yae by
Zoe Ye<ry, {Wa, Ye<r, and {I¢ Ye<~. The result then follows by transfinite in-
e JE<y e JE<y €<y

duction. =
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REMARK 4.9. In the previous lemma, the sequences {4 fa<w;s {Ua fa<w:
{zata<w,, and {wq }a<w, need not be pairwise distinct; in fact, two or more
of them may coincide. We also emphasize that condition of the lemma
will only play a role in Theorem

THEOREM 4.10. Let v : K — Fo(K, K) be weak™-continuous vanishing
at infinity. Suppose that, for each z € L, there exists v, < wy such that, for
all x,y € L\ L,,, we have vy(y,2) = vz(2,y) = 0. Then there exists p < wy
such that, for all x,y,z € L'\ L,, if v & {y, 2z} then v,(y,z) = 0.

Proof. If the theorem were false, for some € > 0 we could obtain transfi-
nite sequences of pairwise distinct points {Zqs }a<w; s {Va ta<ws, and {24 }a<w,
such that, for each o < wy, we have x4 & {Ya, 2o} and |V, (Yo, 2a)| > €.

By employing Lemma we may obtain a simultaneous refinement of
these sequences, together with a sequence {I,}q<y, of finite subsets of L of
cardinality strictly greater than 3, such that

(Ca) {ZasYa, 2a}t C Iy for all a < wy;
(Cb) I, NIz =0 whenever o # f3;

(Ce) Var(vz,)({ya}, K\ La) + Var(ve, ) (K \ Lo, {za})
+ Var(vy, ) (K \ In, K\ 1) < €/2.

We may take another simultaneous refinement so that either y, # zq
for all & < wy, or Yo = 24 for all a < wy. We proceed with the proof for
the former case, and the latter can be obtained with simple adjustments. By
taking a further simultaneous refinement, we may assume that |I,| = m + 3
(for some m > 0) for each a < w;. Denoting Iy = {Ya, 2a; Ta, W, . . ., WS},
we may consider the net C = {(Ya, 2as Ta, WE, - - -, W) bacw, in L™T3 which
is ({1},{2},{3,4,...,m + 3})-separated.

Since L is a collapsing space (see Deﬁnition there exist a,b € L, with

a # b, such that ¢ = (a, b, 00, ...,00) is an accumulation point of C. We then
fix a subnet {(ya. zaw,x%,w?”, .. ,w?,ﬂ)}vep of C converging to £.

Next, we select disjoint clopen compact neighborhoods U of a and V' of b,
and, by passing to a subnet if necessary, we can assume that UN/ly, = {ya, }
and VNI, = {za,} for each v € I'. Therefore, we have U\ {ya, } C K\ 1o,
and V' \ {zo,} C K\ I,,. Hence,

Ve, (U, V)]
Z ’Va?a»y (y@'w Z@'y)| - (|V1'a»y ({ya'y}7 V \ {za'y})’
+ ’onc»y (U \ {ya’y}7 {Za'y})| + |V$a7 (U \ {ya'y}7 V \ {Za"y})D

> e~ (Var(va,, ) ({¥a, }, V \ {20, })

+ Var(ve, )(U\ {ya, } {20, }) + Var(ve, ) (U \ {ya, }, V' \ {2a,}))
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>€— (Var(yl‘aﬂ,)({yan,}’ K \ Iocy)
+ Var(yxav)(K \lo,, {%a,}) + Var(yxav)(K \ Lo, K\ Iav))
>e—¢€/2=¢/2.

From the weak*-continuity of the function v and since z,., — oo, we obtain
|Voo (U, V)| > €/2, but this is a contradiction since voo = 0. =

THEOREM 4.11. Let v : K — Fo(K, K) be weak™-continuous vanishing
at infinity. Suppose that, for each z € L, there exists v, < wy such that, for
all z,y € L\ Ly, we have v3(y, z) = vy(2,y) = 0. Then there are r € R and
p < wi such that vy(y,y) =1 for ally € L'\ L,,.

Proof. Towards a contradiction, assume that for every r € R and every
B < wi, there exists y € L\ Lg such that v,(y,y) # r. By [3, Lemma 4.6],
this yields rational numbers p < ¢ and uncountable sets A, B C L such that

v(y,y) <p<q<uv.(zz) forallye A, z¢c B.

As A and B are uncountable, we may construct sequences {yq }a<w, C A
and {zq}a<w,; C B of pairwise distinct points. Then, applying Lemma
individually to each of these sequences (see Remark , we obtain sub-
sequences {Yota<w, C A and {za}ta<w,; C B of pairwise distinct points,
together with sequences {I}a<w, and {Js}ta<w, of finite subsets of L with
cardinality strictly greater than 2, such that

(Da) yo € I, and z, € J, for all a < wy;
(Db) IoN1Ig =0 and J, N Jz = () whenever o # f3;
(Dc) for all a < wy,

Var(vy,)({ya}, K \ 1) + Var(vy, ) (K \ o, {ya})
+ Var(vy, ) (K \ In, K\ 1) < (¢ — p)/3,

and

Var(v., ) ({za}, K \ Ja) + Var(v,, ) (K \ Ju, {za})
+ Var(v,, ) (K \ Jo, K\ Jo) < (¢ —p)/3.

Moreover, after another simultaneous refinement, we may assume that
{Io U Ja}a<w, 18 a sequence of pairwise disjoint sets with |I, U J,| =n + 2
(for some n > 0) for every a < wy. Indeed, by applying the A-System Lemma
[14, Chapter II, Theorem 1.5], we may assume that {I, U Jy}a<y, forms a
A-system with root R, and that all members of the sequence have the same
cardinality, strictly greater than 2. Then condition forces R = ().

Let us assume that 1o, U Jo = {¥a, 2o, W, ..., wi} for all @ < wy. This
allows us to consider the net C = {(ya, 2a, W, - . ., W) }acw, in L2, which
is ({1,2},{3,4,...,n+ 2})-separated.
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Since L has the collapsing property (see Definition , there exists a
point a € L such that ¢ = (a,a,00,...,00) is an accumulation point of C.
We then fix a subnet {(ya.,za.,w]",...,wn")}yer of C converging to £.

Finally, we fix a clopen neighborhood V of a and, if necessary, by passing
to a subnet we may assume that V N Io, = {%a,} and VN Jo, = {24, } for
all v € I'. It then follows that

V\{¥a,} CK\ 1o, and V\{za,} C K\ Ja,,
which in turn allows us to write
Yy, (V,V)
< Vyo, Wary s Yo ) + (IVyay ({Yar 1.V \ {1a, 1)
+ 1Vye, (VA s b (o, DI+ 1yay (VA {ya, 1 VA {3, 1)
< p+ (Var(vy,, ) ({¥a, }, V \ {¥a, })
+ Var(vy, ) (V\ {ya, }, {¥a, }) + Var(vy, ) (V\ {ya, }, V \ {ya, 1))
<p+ (Var(vy,, ) {¥a, }, K\ L)
+ Var(vy, (K \ In,; {ya, }) + Var(vy, J(K\ Io,, K\ Ia,))

q—p _2p+gq
< = ,
PT3 3
and similar arguments also show that

Ve (VJV)
> Veo, (205 Z0y) = (P2, ({20, 1V \ {70, )]
+ a0y (VA {20y b {20, DI+ 20, (VA {2, 1V {24, D)])
2 q = (Var(vz,, ) ({za, 1, V\ {z0,})
+ Var(l/zav YV \A{za, }s {20, }) + Var(yzav)(V \ {za, }, V' \ {ZO"Y}))
> q— (Var(v,, ) ({za, }, K\ Ja,)
+ Var(vz, )(K\ Ja,, {2a,}) + Var(vz, )(K\ Jao,, K\ Ja,))

—p 2+

S 9P _2tp
3 3

Recalling that v is weak*-continuous and that V is a clopen compact

subset of L, and since both nets {ya. }yer and {zq, }1er converge to a, the

preceding inequalities yield

va(V,V) = lim vy, (V,V) < 2t

< B <l 1 (V,V) = vV, V),

y—00 2l

which is a contradiction. m
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LEMMA 4.12. Let v : K — Fo(K,K) be a weak™-continuous function
vanishing at infinity. Suppose that, for each z € L, there exists v, < wi such
that, for all z,y € L\ L, we have vy(y, 2) = vz(2,y) = 0. Let {Ya ta<w, and
{Za}a<w, be sequences of pairwise distinct points of L with yo, # zq for each
a < wi. Then there is a simultaneous refinement {Ya., }y<w; and {za, }y<wr
together with a new sequence {x~}y<w, of pairwise distinct points of L such
that, for all v,§,n < w1, the points T, Yo, 2a, are pairwise distinct and

(Ea) Vya, (.737, Zow) = Vya, (Zawx’y) = Vza, (x’y’yocn,) = Vza, (ya'\ﬂx'}/) =0;
(Eb) Ve, (yaw xv) = Vg, (2?7, yaw) = Vg, (Za,y?xv) = Vg, (w“/a Zafy> =0.

Proof. Fix v < w; and assume that we have obtained subsequences
{Ya, te<y and {za Je<y, and also a sequence {z¢}e<, satisfying conditions
and for each & < 7.

Choose a., strictly greater than sup {ag : & < v} so that y,, and za,
avoid {xg,y%, Zoe 1§ < ~} and let p; < w; be such that

{Yae 1 €<t U{za 1 €<y U{ae 1 £ <y} C Ly,
According to Proposition [3.7, we may fix ps < wy such that

U (Supp(uyag) U Supp(Vzag)) C Lpy X Ly,.
€<y
It follows that, for any x € L\ L,,,

Vijore (x7zag) = Yoy (Za@x) = Vza, (x7yag) = Vaa, (yagax) =0

for each £ < . Moreover, by our hypothesis, there exists p3 < wy such that,
for every x € L\ L,,,

Ve(Yary s T) = V2 (T, Yo, ) = Ve(2ay,2) = Va(T, 2a,) = 0.
We then choose z, € L\ (L, U Ly, U L,,). By construction, 2, ya., 2a\,
are pairwise distinct, and and are satisfied. This completes the
inductive step.
Hence, by transfinite recursion, the sequences {¥a., }y<w;» {Za, }y<wi, and
{24 }y<w, can be constructed as required. m

THEOREM 4.13. Let v : K — Fo(K, K) be a weak*-continuous function
vanishing at infinity. Suppose that, for each z € L, there exists v, < w1 such
that, for all x,y € L\ L, we have vy(y,z) = vz(2,y) = 0. Let {Yata<w
and {zq }a<w, be sequences of pairwise distinct points in L such that y, # zq
for each o < wy. Then there exists p < wi such that, for each o > p,

Vyq (Yar 2a) = Vy, (%asYa) = 0.

Proof. If the theorem were false, by taking a simultaneous refinement
of the sequences, we could find € > 0 such that either |vy, (Yo, 2a)| > € for
all v < w1, or vy, (2a,Ya)| > € for all @ < wi. We assume, without loss
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of generality, the former situation; the latter can be treated with a similar
argument with only minor adjustments.

By employing Lemma[£.12] we can find another simultaneous refinement,
together with a sequence of pairwise distinct points {xq}a<w,, such that
Ta, Y, 2y are pairwise distinct for all o, 3,7 < w1, and

Vya (xom zoa) = Vy, (Zocv xa) = Vg, (mou ya) = Vza (ya7 xa) =0,
Vzo (yoza xoz) = Vz, (.%'a, ya) = Vz, (zaa xa) = Vz, (Ta, Za) =0
for each o < wy.

Next, by applying Lemma[f.§ twice, we may obtain a simultaneous refine-
ment of the above sequences, along with sequences {I,}a<w, and {Ja}a<w,
of finite subsets of L with cardinality strictly greater than 3, satisfying

(Fa) {za,Ya, 20} C 1o N J, for all a < wy;
(Fb) InN1Ig =0 and J, N Jg = () whenever a # f3;
(Fc) for all a < wy,

[Var(ve, ) ({Ya}, K\ La) + Var(ve, ) (K \ Lo, {2a})
+ Var(vy, ) (K \ In, K\ 1) < €/6,

and

Var(vy,)({ya}, K\ Ja) + Var(vy, ) (K \ Ja,{2a})
+ Var(vy, ) (K \ Jo, K\ Jo) < €/6;

(Fd) for all a < wy,
max {Var(v,, ) {za}, K\ 1a), Var(vy, ) {za}, K \ Jo)} < €/6.

Note that we may assume that {I, U J,}a<w, 18 a sequence of pairwise
disjoint sets with |I, U Jo| = n + 3 (for some n > 0) for every o < wj.
Indeed, by refining the sequence {I, U Jy}a<w, via the A-System Lemma
[14, Chapter II, Theorem 1.5], we may suppose that {I, U J,}a<w, forms a
A-system with root R, and that all members of the sequence have the same
cardinality strictly greater than 3. However, condition forces R = ).

We suppose that Io,UJy = {Za, Yas Za, W, - .., wS }, and consider the net

C ={(Ta, Yo, zas W, . .., W) ba<uwn
in LT3 which is ({1,2}, {3}, {4,...,n + 3})-separated.

Since L is a collapsing space (see Definition , there exist distinct
a,b € L such that ¢ = (a,a,b,00,...,00) is an accumulation point of C. We
then fix a subnet {(za,, Yo zav,w?v, cel wzv)}yep of C converging to /.

Next, we choose disjoint clopen neighborhoods U of a and V of b, and,
by passing to a subnet if necessary, we may assume that

UNly, =UNJo, ={%a,Ya,} and VNl =VNJa ={2a,}
for each v € I
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From condition |(Fd), we have, for each v € I,

‘V:ca,y (U \ {ywy}v %4 \ {Zaw})‘
< Var(vg, )(U\ {¥a,}, V\ {za,})

< Var(vg, )((K\ In,) U{Za, }, K\ In,)
< Var(vg, )(K\ Io,, K\ I, )+ Var(vg, )({za,}, K\ o)
< Var(vg, )(K\ la,, K\ Ia,) +€/6.

And since vy, _(Za, ;s 2a,) = 0, we have

Var(any)(U \ {yaw}v {2047}) < Var(yzow)((K \ Iaw> U {xo"Y}’ {za’Y})
< Var(vxav)(K \ Lo {20, }) + ’Var:a7 (Tay» Zay)]
= Var(vg, ) (K \ la,, {#a,})-

Therefore, recalling vy, (Yauy» Za,) = 0 and condition we can write

‘Vmav U, V)| < ’Vﬂccw (yaw Zawﬂ + |an7({yaw}7 VA {Zaw})|
+ Vo, U\ {yar s {za, D]+ [Vaa, U\ {yar }s V\ {20, })]
< Var(vz,, )({Ya, b V \ {Za, }) + Var(ve, )(U\ {Ya, }, {Za,})
+ Var(vz,, ) (U\ {ya, }, V \ {za, })
< Var(van, ) ({Has b K\ Ta) + Var(u, ) (K \ I, {70, D)
+ Var(vz, ) (K \ Lo, K\ Ia,) +€/6 <e€/3.

On the other hand, by condition |(Fd)| we have

Ve, (UNA{ar 5V \ {20, })]
< Var(vy, )(U\ {ya, },V \ {20, })

(
< Var(vy, (K \ Jo,) U{za, }, K\ Jo,)
< Var(yyaw)(K \ Jay, K\ Jo,) + Var(uyav)({:rav},K \ Jo,)
< Var(l/yaw)(K \ Ja,, K\ Jo,) +¢€/6

and recalling that vy, (Za,,%a,) =0, we can write

Var(vy, )(U\ {ya, }5 {20, }) < Var(vy, )(K\ Jao,) U{za, }, {20, })
<Var(Vya7)(K \ Ja, s {za, }) + |Vya~, (T, Za, )|
Var(vy, ) (K \ Ja,, {Za, })-

Hence, since vy, (Ya,,%a,)| = €, the relations above and condition
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imply

Wy, (U V) 2 Wy, Wary s 20) | = ([, (Y 15 V\ {20, )]
+ ‘Vyaa, U\ {yaw}v {Zow})‘ + ‘Vycw (U\ {yom}a VA {Zaw})‘)
> € — (Var(vy,, ) ({ya, }, V'\ {za, })
+ Var(vy, )(U\ {ya, }, {#a, }) + Var(vy, ) (U\ {ya, }, V \ {za,}))
> e— (Var(vy,, ) ({ya, }, K\ Ja,)
+ Var(vy, (K \ Jo,, {2a,}) + Var(vy, )(K\ Ja,, K\ Jo,) + €/6)
>e€—€/3 =2¢/3.
Now we notice that both nets {za,}yer and {ya, }rer converge to a.

Since v is weak*-continuous and both U and V are clopen compact subsets
of L, the preceding inequalities yield

Ve (U, V)| = lim |v,, (U, V)| <¢€/3
y—00 v
<2e/3.< Tim |y, (U, V)] = (V)]

which is a contradiction. m

5. Proof of the main theorem. We are now ready to establish the
main result of this work. Our argument relies on the principal theorems
from Section [4] which are gradually employed in the process of dismantling
a bilinear operator G : Cy(L) x Co(L) — Cp(L) until only its most trivial
components remain. As in the previous section, L denotes a collapsing space
(see Definition 2.2)), and K = L U {oo} stands for its one-point compactifi-
cation. For any bilinear operator G : Cyp(L) x Co(L) — Co(L), we denote by
G:K— Fo(K, K) its representing function as in Theorem that is, the
function satisfying

G(f.9)t) = > (X Culw,y) 9w) f ().

zeK yeK

We note that, by thinking of G as a map acting on loo(L) X loo(L), one
can explicitly compute the values of its representing function G via

Gz, y) = G(xa X)) (8)-
This provides a concrete way of evaluating G’t(a:,y) for any z,y € L and
te K.

As Cy(L)* is isometrically isomorphic to ¢1 (L) (see |20}, Corollary 19.7.7]),
given functionals ¢, 1) € Cy(L)* there exist unique sequences (a;)er, (bz).cr

€ £1(L) such that ¢(f) =>_.cpa.f(z) and ¥(f) = >, b.f(2) for all f €
Co(L). For the purpose of the proof, we will use this explicit representation
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to define the cross-interaction operator

H(f.9)(t) =) (awf(w)g(t) + buf(H)g(w)),
weL
which corresponds to H(f,g)(t) = ¢(f)g(t) + f(t)1(g) in its abstract form.
Proof of Theorem [1.1 Let G : Co(L) x Co(L) — Co(L) be a bilinear
operator. According to Theorem there exist (ay).cr, (b2).cr, € €1(L)
such that, for each z € L, there exists v, < wy such that, for all z,y € L\ L,_,

N a, ifx=y, A b, ifx=y,
Ga(2,y) = : Ga(y,2) = :
0 ifx#y, 0 ifz+#y.

Define the cross-interaction operator H : Co(L) x Co(L) — Cy(L) by

H(f,9)(t) = (awf(w)g(t) + buf(t)g(w)),

weL

which is well-defined since (ay)wer, (bw)wer, € 1(L). Set F' =G — H.
Fix z € L, and let =, be as above, increasing it if necessary so that
z € L, . Forz,y € L\ L, we have

Fx(Z,y) :Gw(zvy)_ﬁ ( )
Fm(yvz)zéw(yaz)_ﬁz( )

é ( ) - asz(:U)a
é ( ) - bZXy(x)v

and thus Fy( =Fy(y,2)=0

By Theorem , there exist » € R and p < w; such that Fy (y,y) = r for
all y € L'\ L,. Define the scaled multiplication operator M : Co(L) x Co(L)
— Co(L) by M(f,g)(t) =r f(t)g(t), and set S = F — M.

Towards a contradiction, assume that S does not have separable im-
age. Then, for each a < wy, there exist fo,ga € Co(L) such that S(fa,ga)
¢ Co(Ly). Hence, there exists x, € L\ Ly with S(fa, 9a)(zq) # 0. We form
the sequence {x4}a<w, and assume, after passing to a suitable refinement,
that {Za}a<w, is a sequence of pairwise distinct points.

For each o < wy, we have

S(farga)(Ta) = Z <Zsza (Y, 2)ga(z ))fa(y) # 0,

yeK zeK

so we may fix Yo, 2o € L with S’xa (Ya, 2a) # 0 and form the sequences
{Yata<w and {za}a<w, -

Suppose that z, = z for uncountably many «. After a simultaneous
refinement, we may assume that Sxa (Yo, 2) # 0 for each o < wy. If the set
{Ya : @ < w1} is countable, this contradicts Proposition [£.4] If {y, : o < wy}
is uncountable, let v, < w; be such that z € L., and Fy.(y, 2) = Fy(z,y) =0
for all z,y € L\ L. Pick o < wy such that x4, ys € L\ L, . Since M, (y, z)
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can be nonzero only if x = y = z, we obtain

Sﬁl‘a (y(l7 z) = an (yow Z) - Mza (ycw z) =0,

a contradiction. By the same reasoning, there is no refinement with y, = y
for uncountably many «.

Now we claim that there exists a simultaneous refinement such that
{Zata<wrs {Yata<w,, and {z4 }a<w, are sequences of pairwise distinct points
(recall that {x4 }a<w, was already chosen to be pairwise distinct). Indeed, pro-
ceeding by transfinite induction on v < wy, assume that sequences {:1004)E Yecrys
{Yae e<y and {za, }¢< of pairwise distinct points are obtained. Let

Ay= o <wr:va =vac}, A= J{o<wi:za =20}
&<y €<y

These are countable according to the discussion above, so fix o, < wy strictly
greater than sup(Ay U A, U{a¢ : £ < v}). This completes the inductive step,
which establishes our claim.

Next, assuming that {4 }a<w, {Yafa<ws and {2zq }a<w, are sequences of
pairwise distinct points if o4 ¢ {Ya, 2o} for uncountably many o, we con-
tradict Theorem 4 Hence, after another simultaneous refinement, either
To = Yo for all a < wq, or z, = 2, for all @ < wy. Without loss of generahty
assume the former. If z, # y, for uncountably many «, we contradict The-
orem [£.13] Therefore, after a final simultaneous refinement, we may assume

a = Ya = Zq for all a. But then, for y, € L'\ L, (with p fixed above),

Sya (you ya) = Fya (you ya) - Mya (youyoz) =r—r=0,

which is a contradiction. Thus, S has separable image.

We now establish the uniqueness of the decomposition. Suppose that
there exist ' € R, (al))wer, (b),)wer € ¢1(L), and a bilinear operator S’ :
Co(L) x Co(L) — C’o( ) with separable image such that

G(f.9)(t) =7 f(t)g(t) + Y (al, t) + by, f(t)g(w)) + (£, 9)(1),

weL

yielding another representation of G. By Proposition there exists n < wy
such that the images of S and S’ are contained in Cy(L;). Fix t € L and
choose s € L'\ L, with s # t. A direct computation in both representations
yields

ar = G(xt, xs)(8) = ar, by = Gxs, xt)(5) = by,
/_ (XSva)( ) bs:r-

This implies (ay)wer, = (aw)weL, (bw)wer, = (b),)wer, and consequently
S = 5. The proof of Theorem 1.1 is complete. m
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