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Cardinal characteristics associated with
small subsets of reals

by

Miguel A. Cardona, Adam Marton and Jaroslav Supina

Abstract. Inspired by Bartoszyiski’s work on small sets, we introduce a new ideal
defined by interval partitions on natural numbers and summable sequences of positive
reals. Similarly, we present another ideal that relies on Bartoszynski’s and Shelah’s repre-
sentation of F, measure zero sets. We show they are o-ideals characterizing all small sets
and F, measure zero sets. We also study the cardinal characteristics associated with the
ideals introduced. We use them to describe invariants of measure, discuss their connection
to Cichont’s diagram, and present related consistency results.

1. Introduction. The most important notion in this work is the notion
of a small set recalled below in Definition Introducing small sets is
one of the main contributions of Bartoszynski’s work [Bar88|, responding to
D. Fremlin’s question of whether the cofinality of the covering number of
the null ideal is uncountable. This remained an open question for almost
two decades. It was in 2000 that Shelah [She00] finally provided a negative
answer. Leading up to that, Bartoszynski [Bar88] offered a partial solution
by showing that if cov(N) < b, then cf(cov(N)) > Rg. The notion of small
sets turned out to be related to anti-localization cardinals (see, e.g., [CM23]
for details and original references) and other combinatorial notions such as
F, measure zero sets, see [BJ95al Lem. 2.6.3].

To present Definition 1.1, given a formula ¢, we use “d*°n € w : ¢’ to
abbreviate “infinitely many natural numbers satisfy ¢”.

DEFINITION 1.1 (|Bar88 [BS18|). Let X C “2.
(1) X is small if there are sequences (I, J,, | n € w) such that

(a) {I,|n € w} C [w]<M is a partition of a cofinite subset of w,
(b) Jn C 2 for all n,
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JIn
() Lncw 377 < 0,
(d) X C{zev2|3I®new:z|l, € J,}.

(2) X is small* if, in addition, the sets I,, are disjoint intervals, that is, if
there exists a strictly increasing sequence {k, | n € w} of integers such
that I, = [kn, knt1) for n € w.

Denote by & and S§* the collection of all small sets and small* sets in “2,

respectively. It is known that S* C S (see |[BS18, Thm. 18]) and that

every small set has measure zero, i.e., S C N (see Notation . Bar-
toszynski [Bar88, Lem. 1.3 proved that none of them is an ideal.

Let T denote the family of all partitions of w into finite non-empty inter-

Vals@and let
L= {5 € “(0,00) ‘ Zen < oo}.

necw
In this work, we offer a characterization of S* in terms of new o-ideals
Sre (treating {(} as a o-ideal by convention) parametrized by I € I and

€€ E}r, i.e,
S = | S
(Ie)elxet

Our ideal Sr. is motivated by the definition of small sets, recalled in our
Definition E The introduction of St . itself and its properties are provided
in Section [2

Recall that given an ideal Z of subsets of X such that {z} € Z for all
x € X, the cardinal characteristics associated with T are defined by

add(Z min{|j| ‘ J C T and UJ¢I},

in{\j\ ’ J C 7T and UJ:X},
non(Z) :=min{|A| | AC X and A ¢ T},
cof(Z in{|J||J CZis cofinal in (Z,C)}.

These cardinals are referred to as additivity, covering, uniformity, and cofi-
nality of Z, respectively.
In order to present our main results, we review the basic conventions:

cov(Z

m
m

) :
):
) :
) :

NOTATION 1.2.

(1) Given a formula ¢, “V*°n € w : ¢” means that all but finitely many
natural numbers satisfy ¢, and “3*°n € w : ¢’ means that infinitely
many natural numbers satisfy ¢.

(*) For technical reasons, it is sometimes convenient to consider a partition of some
cofinite subset of w instead of a partition of w. Thus, depending on the context, I € I will
sometimes mean that [ is a partition of some cofinite subset of w.
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(2) Denote by N and M the o-ideals of Lebesgue null sets and of meager
sets in “2, respectively, and let £ be the o-ideal generated by the closed
measure zero subsets of “2. It is well-known that £ C N N M. Moreover,
it was proved that this inclusion is proper (see [BJ95a, Lemma 2.6.1]).

(3) ¢:= 2%,

(4) For f,g € “w define

f<*g ifandonly if V*new: f(n) <g(n).
(5) We let
b:=min{|F|| F C“wand Vg €“wdf ecF:f<L g}
0:=min{|D| | D C“wand Vg € “w If € D:g <" f},
denote the bounding number and the dominating number, respectively.

One of our first main results exhibits that the covering and the unifor-

mity of our ideal are related to the anti-localization cardinals bzl;f, aLC (see

Definition .
THEOREM A (Theorem [5.4 . We have v; = k; for i < 2, where

e vy =min{cov(S;.) | [ €l ande € (1 },
e vy =sup{non(Sr.) | I €l and ¢ € ¢} }

o Ko = mln{ba‘LC | b,h € “w and Znew b(n) < o0},
® K] = sup {DaLC | b,h € “w and Znew b(n) < 00},

As a consequence of Theorem [A] we obtain an alternative characteriza-
tion of cov(N') and non(N). We also establish an analogous characterization
of add(N) and cof(N).

THEOREM B (Corollary Theorem [£.16)).
(a) Assume that cov(N) < b. Then
cov(N) = min {cov(Sr.) | T € T and £ € (1 }.
(b) Assume that non(N) > 0. Then
non(N) = sup {non(S;.) | I €T and e € £} }.

(c) We have add(N) = min {b,min {add(S;.) | I € I and ¢ € ¢} }}.
(d) We have cof(N') = max {0, sup {cof(S;.) | [ €I and ¢ € ¢} }}

Inspired by the combinatorial characterization of F, measure zero sets
due to Bartoszyniski and Shelah [BS92] stated below as Theorem we also
introduce a o-ideal £7 . parametrized in the same way as Sy, which can be
used to redescribe £ as

E= |J &

1
(I,e)elxel

Details are developed in Section
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THEOREM 1.3 (|BS92, Thm. 4.3]). For every X C“2, X € £ if and only
if there is a partition (I, | n € w) of w into finite, disjoint intervals and a
sequence (J, | n € w) such that
(a) Jp €12 for alln,
JIn
(b) e, < 00,
(¢c) X C {x €W2 |V x|, € Jp}.

Note that it follows directly from Theorem that &€ C S*.

We have found a connection between the localization cardinals [’II;,%’ DII;%
(see Definition and the covering and uniformity of &7, similar to the
connection established in Theorem [Al

THEOREM C (Theorem . We have \; = 0; for i < 2, where

0o = min {cov(Ere) | I €T and e € 1},
01 = sup {non(Er.) | I €1 and € € ¢} }

)\O—mm{b | b,h €“w and Y
Alzsup{b |bh€ “Yw oand )

Concerning the cardinals 6; in the previous theorem, it turns out these
are related to the covering and the uniformity of the ideal of null-additive

sets (see Definition [5.8)):
THEOREM D (Proposition [5.10)). Let 6; be as in Theorem[C, Then
(a) non(NA) < 6y,
(b) cov(NA) > 6.
In Section @, we clarify the relation between the ideals £, and S7. as
follows.

THEOREM E (Proposition . We have cof(Sy.) = cof(&r.) and
add(&rc) = add(Sy.) for reasonable pairs (I,e) € I x (Y.

In ZFC, we prove:

<oo}
) < o0},

n€w b(n

n€w b(n)

THEOREM F. In Cichon’s diagram (see Figure |1)):
(a) add(N) < add(&r.) = add(Sre) < cof(Sre) = cof(Er ) < cof(N),
(b) cov(N) < cov(S) < cov(Sre) < cov(Ere) and

non(&r.) < non(Sre) < non(S) < non(N),

(c) cov(€) < cov(&re) and non(Er ) < non(E).

Item @ in the theorem is obtained by combining Proposition and
Corollary while items and follow from the inclusion relation
between the ideals.

Regarding inequalities related to the cardinal characteristics associated
with our ideals, Theorem [F] seems to be the most optimal: in Section [6 we
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[

/

cov(N) = cov(S) COf(N)

non(/\/l) — Cof(./\/l) = cof(S)

u)\l(/ )

cov 5/7‘ \\ cof(&r ) = m[\b/,]
|
cov(cf b—>3 non(€)
ul(lu, = add(S;. \ ‘ / /
/

mm( Cre)
add( M) = add(c‘f — cov /\/l)

non(Sy )

N)

Fig. 1. Cichoni’s diagram including the cardinal characteristics associated with our ideals,
and cov(S) = cov(N), non(S) = non(N), add(€) = add(M), and cof(€) = cof(M) due to
Bartoszyniski and Shelah [BS92]. The relations hold for contributive pairs.

=

add(./\/ )

/

Ny

non

= non(S)

manage to show that, in most cases, no further inequalities can be proved
with the cardinals in Cichoni’s diagram.

2. Layering of small sets. The objective of this section is to present
the basic properties of the two new ideals S7 . and &7 .. Their definitions, as
discussed in Section |1} are primarily based on the combinatorial description
of small sets and F, measure zero sets. We examine S7. and &7, and in
Theorem [2.3] we demonstrate that they are, in fact, o-ideals. We also show
that §* and € can be characterized using these o-ideals.

The families 87 and &7 . are defined as follows.

DEFINITION 2.1.
(a) Let (I,e) € I x £}. We define

2]5—{(,06 HPI"

new

)

nﬁ\oo ollnl . g, - Ep
(b) For ¢ € X, we define
[Ploo ={x €92 |I®n € w: 2], € p(n)},
[ols ={z €“2|V°new:z[l, € p(n)}.
(c¢) Given I and € as in we define
Sre ={X C%2|3p € Ve X C gl
Ere ={X C*2[3pc X X Clgl}.
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Concerning Definition [2.1f(a), we often use in the proofs the fact that
e - oo e _ en
nh_}lgom =0 ifandonly if VN <wV®new: oL N

We first show that the families Sy, and &7, are o-ideals (treating the
trivial cases as o-ideals). Moreover, these o-ideals completely characterize
the families S* and €. Note that S;. € §* and &7, C € for any I € I and
€€ E}r.

Next, we shall need a technical result.

LEMMA 2.2. For any € € (% there is a non-decreasing § € “(0,00) such
that 6 — oo and ), 0j€; < o0.
Proof. Let s = 3, €;. Define an increasing sequence (n; | i € w) as
follows: let ng = 0 and for i > 1 let
- s
Y9, < 2}

n; = min {k > N1
n>k

For j € [nj,nit+1) define §; = 2°. To conclude the proof it is enough to show

lim Z dje; < oo.

i—00

Jj<n;
For any ¢ € w we have
ngy1—1
Z(Sj&jzz Z 2k€j <22ik < 2s.
j<ng k<i j=ng k<i

The sequence a; = ) _,_,,. §;¢; is monotone and bounded from above, hence
convergent. m

From now on, whenever a < b < w, we let [a, b) denote the integer interval
{n€w|a<n<b}.
THEOREM 2.3.
(a) The family Si . is a o-ideal for any (I,e) € I x £},
(b) The family E; ¢ is a o-ideal for any (I,e) € I x €.
(c) We have X € 8* if and only if there is a pair (I,€) € I x £ such that
X € S1¢. In particular,

= U S
(I,e)elx Ll

d) We have X € &£ if and only if there is a pair (I,€) € I x £% such that
( ¥
X € &re. In particular,
= |J &=

1
(I,e)elxel
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Proof. To prove @ and @ it suffices to prove the following result:
CLAIM 2.4. Given {¢™ | n € w} C Xy, there is ¢ € X1 such that
Vnew Ve ew:¢"(j) C p(j).

Proof. Define a sequence (k;, | n € w) as follows: kg = 0 and for n > 1,

, , o' () g
> .
Vi<nVj>m: 5111 <n2 .

k, = min {m > ky,q

Now define ¢ by

=J¢'0)

<n
for all j € [ky, knt1). Notice that
e forall j € [kn,kn+1)

— € €5
E <n —J:—],
II\ nz n

o VnecwV®jew:"(j) _cp(]). .

The direction from right to left is straightforward. We prove the re-
verse direction Let Y € S*. Choose I € I and ¢ € [[,., P("2) such
that Z MWl < 50 and Y C {z € “2 | 3*°n : z[I, € ¢(n)}. Applying

TLGUJ 2|In‘

Lemma [2.2| we find § € “(0, c0) such that § — oo and

Sl
2‘1n|

new

For any n € w define

_ < le(n)]
€n = 0p Sl
Then € € ﬁ_ and
1
)l _ 1

o2Mnl g, O,
Thus, p € Vi and Y € Sy ..
@ Proceed as in , using Theorem "

For many I, e we have Sy = {0} or &7 = {0}. Since we are interested in
non-trivial o-ideals, we provide the following characterizations, Lemmas [2.5]
and to avoid the trivial cases.

LEMMA 2.5. The following statements are equivalent for any (I,e) €
Ix (L

(1) SI,E 7& {(D}

(2) FA € [w]¥ : limpeq 2P0l - g, = c0.
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Proof. We shall use the following representation of
JAe W]’ YN cw V¥V neA: N. 271l < ¢ |

(1)={(2)l Suppose —(2)} Assume that for any A € [w]“ there is N € w
such that 1

[e’e] €n
—_— > —,
Fnedioprz N

Let ¢ € X7, be such that 0 # [p]oc € Sre. There exist infinitely many n
such that p(n) # 0. Let A ={n € w | ¢(n) # 0}. Since |p(n)| > 1 for any
n e A, we have 20 > 1o all n € A. Therefore,

oln| = olin|
)l _ en
2l — N
Consequently, ¢ ¢ X7 ., which is a contradiction.
Define ¢ € X, with |p(n)| =1 for all n € A and 0 otherwise.
We will show that ¢ € Xy .. Let N € w. Then by

p(n)] 1 en lp(n)] En
00 . _ 00 . —
Vne A: o] _Qlln\<N and Vnecw-~ A: o] O<N.

Therefore, p € X ., and clearly, [p]oc # 0. =
Any pair (I,¢) € I x ¢ satisfying the conditions in Lemma is called

S*-contributive.
In view of Lemma [2.5] we have the following result.

I*°n € w:

COROLLARY 2.6. Let (I,¢) € I x £4. If the sequence (21| - ¢, | n € w)
is bounded, then Sy = {0}.
REMARK 2.7. Let (I,e) € I x /%
(a) If the sequence (|I,| | n € w) is bounded, then S;. = & = {0}. This is
a consequence of Corollary
(b) Let ¢ € Xr.. If there is a set A € [w]|* such that (|I,| | n € A) is
bounded, then V*°n € A : ¢(n) = 0. Indeed, if there existed infinitely
many n € A such that p(n) # 0, then for infinitely many n € A,
)| o e 1 1
oMnl g, = 2B.g, T 2B ¢,

— 00,

where B is a bound of (|I,,| | n € A). Since a subsequence of 2”%@'
tends to infinity, lim,, o 2|‘(f7$?)8‘ = 0 cannot hold.

Just as in Lemma 2.5 we have the following result for &7

LEMMA 2.8. The following statements are equivalent for any (I,e) €
Ix(L:
(1) Ere #{0}.
(2) limy,—eo ol . g = o0o.

Proof. Similar to the proof of Lemma .
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A pair (I,e) € I x ¢} satisfying conditions in Lemma is called &-
contributive. Notice that any E-contributive (I,¢) is automatically also S*-
contributive.

The inclusions between the considered ideals are depicted in Figure 2]

M— MNN T Ere
| |
N S* Sie

Fig. 2. Inclusions

Many inclusions in Figure|2|are proper or cannot be added, as one can see
in the following result. Moreover, it was shown in [Bar88| that the inclusion
S* C N is proper.

PROPOSITION 2.9. The following hold for any (I,e) € I x ¢1.:

(a) Sre C S

=

(b) . CE.

=

Moreover, if (I,¢) is S*-contributive then

(C) EI,E - 8[,5-
(d) Sl,z-: g E.
Proof. @ This follows from the fact that St . is a o-ideal by Theorem
(recall that S* is not an ideal: see [Bar88, Lem. 1.3] or [BSI18| BJ95a]).
Assume that (I,e) € Ix ¢} is E-contributive and let k € ™w be such
that I,, = [kn, kni1). Let a € ™w be such that

Vn € w: ke, > 2ka,+1 — kay,-

For each n € w, let I, := [kq,, k and

an+1)
P(n) = {z € "2 | z|(I, \ I,,) = 0}.

Then it follows from the definition of the function a that |¢(n)| = 2/fenl =

Qkan+1—kan < 9Kani1—Kant1 g5 we have
pn)] _ Do Fons
2115 okay, 1 —kan

Therefore, [¢]. € €.

Notice that for any ¢ € X7, there is a function x € [¢], such that
xl1,, ¢ p(ay) for all n, thus x ¢ [p]..

If &1 = {0} for some I, ¢, there is nothing to prove. So, assume that
Ere # {0}. Take any infinite and co-infinite B C w and define ¢(n) = {0}
on B (0 represents a constant zero sequence on any I,), and ¢(n) = () on
w N\ B. Then clearly ¢ € X, and 0 # [p]oc € Sie. It remains to see that
[Vloo & Ere. To this end, we will show that [p]oe € [¢)]« for any ¢ € Xy ..

— 9~ (kap+1—Fan)
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So, let ¢ € Xy.. The set v := {n € w~ B | "2 # 1(n)} is infinite. Define
x € %2 by

0 ifnew-\w,
x|, = I .
any a € "2\ 1(n) ifne€w.
Therefore © € [p]oo and z ¢ [1)]..

[(d)] Choose any ¢ € X7 such that [p]e # 0. We will Show that [p]eo € &,
i.e., for any J € T and any ¢ € [], ., P(/72) with > Wil 00, we have

new new 9lJnl

[cp]oo Z [¥]+ (see Theorem [1.3). Thus, fix such J and 4.

Case 1. If 3%°n : ¢(n) = 0, then [¢)]. = 0 and consequently 0 # [¢]s
Z [¢]

CASE 2. If ¥*°n : 1)(n) # ) then V*°n : ¢(n) € /2 by 3 Wl < .

nEw nI
Define increasing sequences (ky, | n € w), (jn | n € w) such that

UIknﬂUJ‘n:@,

new new

and ¢(k;,) is non-empty for all n € w. Consider the set
X={zxe“2|Vnew:all 11 € plk,+1)}.

Clearly, X C [¢]so. On the other hand, pick z € “2 such that z[I}, +1 €
o(k, + 1) and z[Jj, ¢ ¥(n) for all n € w. Hence, X Z [¢]4. =

3. Monotonicity. In the current section we investigate what require-
ment on two pairs (I,¢) and (I’,¢’) has to be posed in order to achieve
Sie € Sp e, and similarly for £, C £ . Before, we have to review the
terminology on relational systems.

The standard sources for the terminology on relational systems are [Blal0,
Voj93]. We say that R = (X, Y, C) is a relational system if it consists of two
non-empty sets X and Y and a relation C, a subset of X x Y, for which:

(1) aset FFC X is R-bounded if Iy e Y Vx € F:z C y,
(2) aset D CY is R-dominating if Ve € X Jye Dz C y.

We associate two cardinal characteristics with the relational system R.:
b(R) :=min {|F| | F C X is R-unbounded},
the unbounding number of R, and
o(R) :=min{|D| | D CY is R-dominating},

the dominating number of R.
The dual of R is defined by R+ := (Y, X, C+), where y =+ z if and only
if z [ y. Note that b(R+) = 9(R) and O(RJ') =b(R).
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The cardinal b(R) may be undefined, in which case we write b(R) = oo,
likewise for d(R). Concretely, b(R) = oo if and only if 9(R) = 1; and
9(R) = oo if and only if b(R) = 1.

Cardinal characteristics associated with ideals can be characterized by
relational systems:

EXAMPLE 3.1. For Z C P(X), define the following relational systems:

(1) Z:=(Z,Z,C), which is a directed partial order when Z is closed under
unions (e.g., an ideal),

(2) Cz:=(X,Z,€).

Whenever 7 is an ideal on X, we have

(a) b(Z) = add(Z),

(b) (Z) = cof(Z),

(c) 2(Cz) = cov(Z),

(d) b(Cz) =non(Z).
We shall extensively use a so-called Tukey connection @ which is a

practical tool to determine relations between cardinal characteristics.

DEFINITION 3.2. Let R = (X,Y,C) and R' = (X', Y',') be two rela-
tional systems. We say that
(W_,J/_;_): R — R,
is a Tukey connection from R into R'if ¥_: X — X' and ¥, : Y’ — Y are
functions such that
Vee XV eY 0 (2) 'y =2 ¥ (V).

The Tukey order between relational systems is defined by R <1 R’ if and
only if there is a Tukey connection from R into R’. Tukey equivalence is
defined by R =1 R/ if and only if R <1 R/ and R/ <1 R.

The crucial assertion connecting Tukey order and cardinal invariants is
the following one.

FACT 3.3. Let R = (X,Y,C) and R' = (X', Y’, ') be relational systems.
Then

(a) R =1 R/ implies (R")* <7 R*,
(b) R =<1 R’ implies b(R’) < b(R) and d(R) <d(R/),
(¢c) R =7 R/ implies b(R') = b(R) and 2(R) =2(R/). =
Hence, we can proceed to a question about the role of the parameters in
the families Sy, i.e., what kind of (natural) relation between partitions or

elements of /% guarantees the relation (inclusion) between the families Sy ..
The same question may be asked for &7 .

(?) Some authors use “Galois-Tukey connection”.
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DEFINITION 3.4. Define the following relation on I:
ICJ ifandonlyif V¥n<wIm<w:I,CJ,.

Note that C is a directed preorder on I, so we think of I as the relational
system with the relation C. Also notice that we can consider the family of all
partitions of all cofinite subsets of w instead of I @ In [Blal0] it is proved
that I =1 “w.

The second relation on I is the refinement relation Cg defined, for I, J
el by

ICrJ ifand onlyif V®¥n cw 3IF € [w]<: J, = U I,
keF
i.e., all but finitely many J,,’s are finite unions of some I’s. Note that I Cr J
implies V°k dn : I, C J,. Also, if I CR J, then I C J. For I C J we define
Sub(I,J,n) ={kew| I C J,}.

Unfortunately, as we shall see in Observation [3.6] none of these relations
is sufficient for inclusions between the o-ideals. However, after considering
some reasonable additional assumptions they might come in useful. On the
other hand, we show that the standard relation <* between elements of €1+
yields the inclusion between the families S7. and &7, without the need for
additional assumptions.

PROPOSITION 3.5. Let e,e’ € (X and I,J € L.

(a) Ife <* &, then Ste C St and Ere C Er e

(b) Let k> 1. Ife <*&' <*k-¢, then St = Srer and Erc = Ep o1

(¢) If I T J, e is decreasing and Y*°n : minSub(l,J,n) > n @ then
5[76 C g‘]’e.

(d) If I Cr J and V*n : ZkeSub(I,J,n) ek < en, then St C Sye.
Proof. @ Observe that in this case we have

o Lol _ ol
2‘In| . 5/’{1 2‘In| - En

therefore Xy, C Xy ..
The “C” part follows from @ For the “D” part, without loss of
generality let ¢ € Xy ... We will show that ¢ € X7 .. We have

- lo(m)| 1 . )|
T il S L T M

(%) This is a simple consequence of the fact that I is a C-cofinal subset in such a
family. Hence, its bounding and dominating cardinal characteristics are the same as b(I)
and 0(I), respectively. Thus, most of the time, by I we mean the partition of some cofinite
subset, of w.

(*) This happens, e.g., when 3%°n : [{k |J, N Iy # 0} > 2.
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Let ¢ € Y. For every n define
Y(n) = {x € 72| Vk € Sub(I, J,n) : z|I; € o(k)}
= {2 e€2|Vk: I CJ, = x|l € p(k)}.
Since € — 0, we have V*°k : ¢, < 1. Furthermore, ¢ is decreasing and so

H er <min{ex | k € Sub(l, J,n)} < ey,.
keSub(I,J,n)

Thus for all but finitely many n € w we have

|¢(n)| B erSub(I,J,n) |(,D(k')| . 2|J"|_Zj€Sub(I,J,n) 1451

2‘J’ﬂ| . En 2|Jn| . En
1 k k
B G
€n 9|1 21kl . gy
keSub(1,J,n) keSub(1,J,n)

The last term converges to zero since ¢ € X .. Therefore, ¢ € X;.. Note
that [¢]« C [¢]«. Indeed, if x € “2 is such that Yk : z[I; € (k), then
Von : xlJy € (n).

@ We will show that if € decreases sufficiently fast, then I Cg J implies
Sre € Sje. So, let € € ﬂr be such that V*°n : Zkesub(LJ’n) €r < ey,. For any
p € Ve set

Y(n) = {s € 2| 3k € Sub(I, J,n) : s|I} € p(k)},

L.e., 1(n) is the set of extensions of functions from ycgub(r,5n) 9(k) on Jn.
First, note that for any NV € w and all but finitely many n € w,

[p(n)| _ > (k)| - 2!/l
21Jn| k| . 2 In Ikl
keSub(1,J,n)

> (k)| _ 2keSub(r,Jm) €k
= < ,

9|1 N

keSub(1,J,n)
while the last expression is at most e, /N, and thus ¢ € X ..

Notice that [¢]ec C [¢]eo. Indeed, if € “2 is such that I®°k : z[[; €
@(k), consider (ny | k € w) such that I, C J,, for all but finitely many
k € w (there is such a sequence by I Cr J). Then z[J,, is an extension of
Iy, € o(k) on Jp,, that is, x[.J,, € ¥(ng) for all but finitely many k € w.
Therefore, 3%°n : z[J, € ¥(n).

Since for any ¢ € X7, we found ¢ € X, with [p]oc C [t)]oe, We have
Sl,e - SJ,e- u

In Proposition [3.5(c)H(d)}, the relations C and Cg are not sufficient to

guarantee the corresponding conclusions.
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OBSERVATION 3.6. There are I, J,e such that I € J and St € S;j.. The
same is true for the relation C with £, and for the relation Tr with both
Sre and Er .

Proof. The assertions for Cr can be proven similarly to those for C.
Thus we prove just the latter.

We shall show first that given any directed preorder < on I, it is not
necessarily true that I < J implies S;. C S for any ¢ € fﬁ_. Assume that
the implication holds. By the proof of [Bar88, Lem. 1.3], there are X, Y € §*
such that X UY ¢ S*. By Theorem , choose I,I' € T and ¢,¢’ € %
such that X € Sy and Y € Sy os. Define ¢ € f},_ by 6, = max {e,, e, } for
each n. Then 2175 - 2[’5, 2]/78/ - 21/75, and X € 8175, Y € 81175.

On the other hand, since < is a directed preorder, we can find a parti-
tion J such that I, I’ < J. By the assumption, S;5,Sp s € Sjs, so we get
X,Y € §y5. Therefore, X UY € S;5 C §*, which is a contradiction.

Regarding &7, we shall show that I T J does not necessarily imply
Ere C Eje. That is, there are I,J € I with I T J and € € K}r such that
(I,¢) is E-contributive and (J, €) is not £-contributive (even S*-contributive).
Thus, {0} # &1 € E5 = {0}. To show this, construct inductively I such
that

sor oiin] o 27l
Vn : 27" < min ,2 .
n

It is easy to construct such a partition — each step takes sufficiently long I,,.
Put &, = 27Hr-1l for n > 2. Let Iy be an arbitrary finite interval (initial
in w) of length at least 2, |I;| = 2,60 = 1 and g1 = % Note that e, < 27" for
all but finitely many n € w, thus, € € €1+. Also, note that V°°n : 27 !Inl < o
therefore, by Lemma we see that (I,¢) is &-contributive. Define J such
that Iy = JoU Jy and J,, = I,,—1 for all n € w. Clearly, I C .J (even J C I).
Moreover, V°°n : 271/l = 2=ln—1l — ¢ Thus, by Lemmas and we
have £7. =Sy = {0}. =

The refinement relation has minimal usefulness regarding cardinal invari-
ants since its bounding and dominating numbers are trivial. Denote by Dy
the relational system (I, I, CR).

PROPOSITION 3.7. b(Dg) =2 and 9(Dg) = .

Proof. First, it is very easy to see that the relation Cg is not a di-
rected preorder. To see this, let f € “w be an increasing function. Put
I, =[f(2n), f(2n+2)), Jo = [f(0), f(3)), and for n > 1 put J, = [f(2n+1),
f(2n+3)). We get overlapping partitions for which we cannot find a common
upper bound. Hence, b(Dg) = 2.

We shall formulate previous facts as a claim since we use it in the next
construction. First, for any I = {[ig,ix+1) | ¥ € w} € I define the set of
endpoints of its intervals ep(I) = {ix | k € w}.



Small subsets of reals 15

CramM 3.8. If I,J € I satisfy |lep(I) Nep(J)| < w, then no K € I is
an Cr-upper bound for both I and J, i.e., for any K', K’ € 1 such that
ICr K and J Cr K7 we have KT # K.

Proof. Assume not. Let K € I be such that I, J Cg K. Then

dmg € w Ym > myg : Ky, is a union of some Ij’s,

dmq € w Ym > my : K,,, is a union of some J,,’s.

Since |ep(I) Nep(J)| < w we also have

dIM e wVk,n> M :
min (/) # min(J,,), max(J,,) and max(l) # min(J,), max(Jy,).
Hence,
Img € w Vm > mgy : min Sub(Z, K, m) > M and min Sub(J, K,m) > M.

Now consider any m > max {mg, m1, ma}. For this m, K,, is a union
of Jp,’s for n € Sub(J, K, m). Since m > mg, K, is also a union of Ij’s for
k € Sub(I, K, m). But this is not possible by the fact that m > mg, which
implies that for any k& € Sub(I, K, m) and n € Sub(J, K, m), I} and J, do
not share common endpoints. =

We will show that 9(Cgr) = ¢. Let D be a Cr-dominating family in I.
Consider an arbitrary AD family A of cardinality ¢. Assign to any A = {a; €
w | i€ w} e A (naturally enumerated in an increasing way) a partition
Iy = {lai,ai+1) | i € w} and denote T4 = {I4 | A € A}. Note that I
and Ip satisfy |ep(f4) Nep(Ip)| < w whenever A # B. By Claim no
K €1 is a bound for two distinct elements of Z 4, let alone infinitely many
of them. That is, for any A € A there is K4 € D, a bound for 14, and by
Claim [3.8] this K 4 is an upper bound for no other I (i.e., for B # A). Thus
HEKa| A€ A}|=candas {Ky | A€ A} CD, also |D|=c. u

We shall establish a basic tool for showing inclusions between the o-

ideals under study, i.e., we show that the inclusion strongly depends on
coordinatewise inclusions.

LEMMA 3.9. Let (I,¢) € IxlY, and ¢, € X1 .. The following statements
are equivalent:

(1) V*°n e w:¢(n) C(n).
(2) [Ploo C [¢)oo-

Proof. |(1)={(2)|is clear: x € [p]s if and only if 3%°n : z[I,, € ¢(n). Since
Von : p(n) C 1(n), we have 3%°n : a1, € 1b(n).

By the assumption there exists an increasing sequence
(kn | n € w) such that ¢(k,) \ ¥(ky,) # 0. Consider any x € “2 such that
1y, € @(kn) \ ¢Y(ky) for all n € w, and z[I,, ¢ ¥(m) for all but finitely
many m € w ~\ {k, | n € w}. Then clearly x € [p]sc but = ¢ [¢)]oc. =
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REMARK 3.10. Note that for any ¢ € X, we have [p], # 0 if and only
if Vn € w: ¢(n) # 0.

Adding more assumptions in Lemma [3.9] yields the following assertion,
which can be proven in a similar fashion.

LEMMA 3.11. Let (I,e) € Ix (L, and let p, € X1, be such that ¥>n €
w:p(n) #0. The following statements are equivalent:

REMARK 3.12. Note that for the implication |[(1)={(2)in Lemma we
do not need to assume that ¢(n) # 0 for all but finitely many n’s.

In connection with Proposition [3.5(a)H(b), we shall demonstrate that for
distinct €, we may have distinct Sy, Sy o/, and similarly for &7 .. That is,
it is not necessarily true that Sy = Sy and 7. = & for e #* €',

The above fact can be easily proven by considering I, e, &’ such that (1, ¢)
is not S*-contributive (resp. not E-contributive) but (1,&’) is £-contributive
(resp. S*-contributive). Indeed, consider I such that |I,,| = n and define €, &’

by €, = 3+ and ], = 7% for every n € w. Then for any A € [w]* we have
Voo e A2l g, = g—z = 1, thus limpea 27 - &, # 0. By Lemma

(I,¢) is not S*-contributive. On the other hand, lim,, o 2/rl- ¢/ = 2;?7‘”" =
n — co. By Lemma 2.8 we deduce that (I,¢’) is E-contributive.
The question is whether S;. or &7, once they are non-trivial, can be
different for different e. We will answer this question in the following example.
OBSERVATION 3.13. We have Sy # St and Erc # E1 o for any I with
|| > (n+1)3 and e, defined by
1 n n J & 1
en="——>+— and e,=-——.
" (412 2n " (n+1)3

Proof. The proof for £; . is similar to that for S; .. Thus we shall prove
the assertion just for Sy ..
Note that both (I,¢e) and (I,¢’) are E-contributive. Let

m < 1
2l " (n+1)2 )"

CLAIM 3.14. VK € w dng € w Vn > ng :

§n:max{m€w

1

&n
olinl. K = (n+1)3"
Proof. Notice that for all n € w we have
&n 1 1 1 1

— > — .
9lIn| — (n—i— 1)2 olIn| — (n—|— 1)2 n
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It is easy to show that VK € w V®n € w : —tv — 5 > ﬁ, since for

positive n, this inequality is equivalent to
2"(n—K+1)> (n+1)3,
and 2" increases faster than (n + 1)3. =
We may assume that the sequence (nx | K € w) is increasing. Define ¢
such that |¢(i)| = [& /K] for i € [nk,nk+1). Note that Vn : p(n) # 0. We
will show that p € X7 ..
Let N € w. Then for all but finitely many K > N and all i € [ng,ng11),

|@(i)’_[§i/K1§§i/K+1: &i +L< ' 1 N o
2li 21i 217 oLl K 2l T (1 +1)2-N 20N
Thus, by the remark below Definition p € Xpe.

On the other hand, for any K € w and any i € [ng,ng+1) we have

| (4)] [&/K1> & o1

oIl — ol T ol K = (i + 1)
This yields [¢]oo & St e/, since otherwise there is 1 € X7 o with [¢]e C [¢]oo.
However, by Lemma we have p(n) C ¢ (n) for all but finitely many n,

and we obtain ()| () )
7 (i
> >
ol — 9lli| — (i + 1)3

=&;. m

4. Additivity and cofinality of the new ideals. In this section, we
will study the cardinals add(&r ) and add(Syc). We will be mostly concerned

with proving Theorems and [Fj(a)]

We begin with the following combinatorial result that will be used to
prove Theorem [E|

LEMMA 4.1. Let (I,e) € I x f},_ be an &-contributive pair. Then for any
p € X there is ¢ € Xy, such that p(n) C @(n) and ¢(n) # 0 for all but
finitely many n € w.

Proof. If ¢(n) = 0 take ¢(n) = {0}. Otherwise put g(n) = ¢(n). We
will show that ¢ € X7 .. Putting v = {n € w | ¢(n) = 0} we have
[p(n)| _ lp(n)| o) 1
S| = oll] and Vnewv: STl = i)
Let N € w. By the fact that ¢ € X7, and by Lemma [2.§ we have

Vnew\wv:

00 lp(n)| _ en |o(n)] 1 €n
. _ (e.9] .

Vn ew\w: o] < N and V®necw: S = 3h] <N

Consequently, V*°n € w : |;5‘(IZ)|| <%ow

Note that we may assume that the smallest base of &7 . # {0} consists
only of sets [p], such that V°n : p(n) # 0.
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PROPOSITION 4.2. For any E-contributive (I,€) € I x ¢1 we have Sr.
=1 Ere. In particular, cof(Sy.) = cof(Er) and add(Er ) = add(Sy ).

Proof. “=<1”. For any X € Sy, there is ¢x € X7, such that X C [px]s
and V°n : px(n) # 0, see Lemma [4.1] Define ¥_ : S;. — &7 by ¥_(X) =
[px]«. For any Y € & there is ¢y € X, such that Y C [¢)y],. Define
Uy &1 — Sre by Ui (Y) = [Uy]eo

Let X € Sy and Y € &1, be such that ¥_(X) = [px]|« € Y. Since
Y C [¢y]«, we have [px]« C [¢y]«. By Lemmawe have X C [px]oo C
[y loe = U4 (V).

“>1”. To see this just switch the roles of ¥_ and ¥, from the first part
of this proof. =

It is well-known that add(N) and cof(N) can be characterized using
the notion of slaloms. We shall show the connection between localization
and anti-localization cardinals based on slaloms and the o-ideals under con-
sideration, but first, we need the basic terminology from localization and
anti-localization theory. For more details and further references, see [CM23).

DEFINITION 4.3. Given a sequence b = (b(n) | n € w) of non-empty sets

and h: w — w, define
I1o:= ][] o)

ncw

S(b,h) = ] [b(n)]="™.

new

For two functions x € [[b and ¢ € S(b, h) write
x € ¢ ifand only if V*n €w:z(n) € p(n),

and
x €° ¢ ifand only if I®n € w:xz(n) € p(n).

The negations of x €* ¢ and z € ¢ are denoted by = ¢* ¢ and = ¢ ¢
respectively, i.e., z ¢" ¢ if and only if 3°n € w : z(n) ¢ ¢(n), and = ¢ ¢
if and only if V*n € w : z(n) ¢ ¢(n).

We set

yFy‘Fch&ﬂgoesw R)Vze Fiae g},

n {
ope — n{|R|‘RC8bh)&VxEHbEI<peR e 90}
b%};f_mm{]SWSCSbh)&ﬂEIxGHngoes:zgéoocp},
i {

]E\‘ECHb&VgoeS(bh)erE x ¢ (p}
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Denote Le¢(b, h) == ([[b,S(b,h),€*) and aLc(b,h) := (S(b,h),[]b, Z*°).
So we have b,I;";L = b(Lc(b, h)), b?};f = b(aLc(b, h)), and similarly for the
dominating numbers.

If b is the constant sequence w, we use the notation Lc(w, h), aLc(w, h)

e : i Lc Lc alc ~aLc
and we denote the associated cardinal characteristics by bw7 ho O bw7 B Oty

THEOREM 4.4 (Bartoszynski [Bar84], see also [CM23|). If h € “w and
limy, o0 h(n) = 00, then bijc = add(N) and DBC = cof(N).

THEOREM 4.5 (Bartoszynski [Bar87|, Miller |[Mil82]). If h € “w and
h >*1, then sz,‘l’ = non(M) and Di‘)L;j = cov(M).

Before we state the relationships between the relevant o-ideals and local-
ization cardinals, we need to expand the terminology concerning relational
systems. Let R = (X,Y,C), R = (X', Y’,C) be relational systems. We
define the sequential composition (R;R’) = (X x (X')¥,Y x Y',C*), where
the binary relation (z, f) C® (a,b) means z C a and f(a) C’ b. More about
this way of creating a relational system from existing relational systems can
be found in [Blal0]. Also, we will use the following abstraction of certain
types of sequences, allowing us to think about complex objects as natural
numbers. Here, we let ™“w = {f € “w | f is increasing}.

REMARK 4.6. Let I € I. For any a € ™w, the set

[I( I ~»t2)

new mela(n),a(n+1))

can be thought of as a subset of “w. Indeed, denote \; = |P(!2)| < w.

Then for each a € ™w and n € w there are Kan = H?i’;?nl))*l A; finite

sequences t having the domain [a(n), a(n+1)) such that ¢(i) C /2 for each i €
la(n),a(n+1)). Enumerate these sequences in an arbitrary way to get {¢t%" |

K < Kqpn}. We define @: (J,crv,, Hnew(HmE[a(n)ﬂ(nH))73([’”2)) — Yw as
follows. For f € U,etwy, [Lnew (I lmejan) amr1)) P(Im2)) there is a unique o’
such that f € [T, ([Tmeja (n).ar(nray P(72)). We let &(f)(n) = K if and

only if f(n) = t}l;’”, i.e., if f(n) is the K-th element with respect to the
above-mentioned enumeration |(°)|

The proof of the following result is based on [BJ95a, Thm. 5.1.2]:

(°) Notice that this can be done systematically. For example, enumerate the sets
P (2) = {Yi | i < An}. To every sequence S having the domain [a(n),a(n + 1)) such
that (i) C "2 for each i € [a(n),a(n + 1)) assign the vector ¢ = (co, ... , Ca(nt1)—a(n)—1)s
where the terms ¢; are such that ¢(7) = Y;, for each ¢ < a(n 4+ 1) — a(n) — 1. Then assign
K to f(n) if and only if the vector ¢ corresponding to f(n) is the Kth with respect to the
lexicographical ordering.
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THEOREM 4.7. Let h € “w be defined by h(n) = (n+ 1)? for all n € w.
For any (I,e) € I x fi the following hold:

(a) If (I,€) is E-contributive, then . =<1 ((Ww, ™w, <*); Le(w, h)).
(b) If (I,¢) is S-contributive, then Sy =1 (("“w,™w, <*); Le(w, h)).

Proof. We need to find W_: & — ™w x w@y) and @y : o x
S(w,h) — &re. First, we are going to define ¥_. For X € &, there is
¢ox € Y. such that X C [px]s. Define k%X = (kX | n € w) by kif =0 and
forn > 1,

X : X
k;; = min {'m >k,

n

, lox (7)] £j
> : .
Vi >m S| < (n—|—1)3

Notice that the existence of kX is guaranteed by the fact that py € Dle.
We will define a function

FX Ty — U H( H P(ImQ))
aetwwnew mela(n),a(n+1))

as follows. For any b € ™w let us set FX(b)(n) = px[[b(n),b(n + 1)) for all
n € w. Put ¥_(X) = (kX,PoFX), where @ is the mapping from Remark
~ Now, we are going to define V. Let b € Tww and S € S(w, h). We define
Sy € S(w, h) by setting Sp(n) to be

bn g .

tg ()l €j }

b,n
t I
{ e ol St 1)
where the function k3, and the enumeration tl}’{n are from Remark .
For every n € w and every j € [b(n),b(n + 1)) define

K € S(n)Nkyy and Vj € [b(n),b(n+1)) :

(48) ws() = U t6).
tegb(n)
Note that ¢, g € X . since for j € [b(n),b(n + 1)) we have
[Yo.sG)l _ o & €j 2 & &
il < 1l ey < Sl ey < ) e <

Thus, we define ¥ (b, S) = [¥p 5]«.
Let X € & and (b, 5) € ™w x S(w,h) be such that ¥_(X) =* (b,S),
ie., kX <*band (@ o F¥X)(b) €* S. We shall show that X C ¥, (b, 9).
Since kX <* b it follows that

T 1r)

> .

(4.9) Vn € w V5 >b(n): SIT,] < CESIE

Denote by (K, | n € w) the sequence ($oF*)(b). By the fact that px € Xy,
it follows that px [[b(n),b(n +1)) € ILcpm)pm+1)) P(Im2) for any n € w.
Therefore, we have

)
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(i) Vn e w: Ky < Kpp,
(i) ¥n € w: FX(b)(n) = px|[b(n),b(n + 1)) = 5",
(i) ¥n € w Vj € [b(n), b(n +1)) : px (§) = £3" (j)-

Thus, it follows from (@ o FX)(b) = (K,, | n € w) €* S that ¥V®°n €
w: K, € S(n) N Kpp, and by and @I we have V®¥n € w : tl;’(z =
ex1[b(n),b(n + 1)) € Sp(n). Consequently, V°j € w : wx(j) C ¥ns(j)
by (4.8). Applying Lemmawe get X C [ox]« C [ty.s]« = ¥4 (b,5).

(b)] The proof is almost identical to that of (&)} we just need to replace

Ere with Sy, [« with [] and Lemma with Lemma 3.9 =
The following result can be found in [Blal0].

FAacT 4.10. Let R = (X,Y,C) andR' = (X', Y, ') be relational systems.
Then ?(R;R') =9(R) -0(R’) and b(R;R’) = min {b(R), b(R’)}.

Recall that by Proposition cof(Sre) = cof(&r.) and add(&Ere) =
add(Sr) for all E-contributive pairs (I,e). However, the next result holds
for all (I,¢).

COROLLARY 4.11. For any (I,£) € I x £ the following hold:

(a) add(N) < add(&re),add(Sre).
(b) cof(Erc), cof(Sre) < cof(N).

Proof. We shall prove the assertion for £7 .. The proof for St is similar.

If (I,¢) is not E-contributive then add(N) < oo = add(&r ) and cof(Er )
=1 < cof(N). For E-contributive pairs we proceed as follows.

By Theorem and Fact we have min {b, b(]fh} < add(&re).
Applying Theorem |4.4/and the inequality add(N) < b we get min {b, b({fh} =
min {b, add(N)} = add(N).

By Theorem and Fact we have cof(€r.) < O-Olfh. Applying
Theorem and the fact that @ < cof(N) we get 0 - Difh = 0 - cof(N)
= cof(N). m

COROLLARY 4.12. For any (I,£) € I x £1 the following hold:

(a) add(N) < min{add(Sr.) | €L, e€ 1},
(b) cof(N) > sup {cof(Sre) | I €L, e € 1}

One can ask whether the inequalities in Corollary [£.12] could be changed
to equalities. The answer is positive after assuming some additional inequal-
ities between cardinal invariants. We start with two auxiliary results. The
next result describes the null sets.

LEMMA 4.13 (see, e.g., [BJ95al Lem. 2.5.1]). For any null set G C “2
P("2) with Il < o0 such

ncw 2"

there is a sequence (F, | n € w) € ]

new
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that
GC{xe“2|3®n:zne F,}.
In order to be brief, we shall use the following way of coding of small
sets:
DEFINITION 4.14 (JCM23| Def. 6.5]). We say that t = (L,e,p,7) is a
2-small* coding if
(T1) (L,e) € Ix £}, and we denote Loy, = [ng, my) and Lojy1 = [my, npy1)
(so ng < my < npy1), and define I := (I}, | k < w) and I' := (I} |
k < w) by It := [ng,ngy1) and I;, = [my, myq1).
(T2> pe 21,67 Q/) € E[’,Ea
The following is a strengthening of a similar result in [Bar88|. Our proof

is a modification of the corresponding reasoning in [Bar88| and follows the
proof of Lemma 6.6 in [CM23].

LEMMA 4.15. Let {Go | @ < K} C N, let € € (1 be decreasing and let
D C I be dominating in I. If k < b, then there is some L € D and some
2-small* codings t* = (L, e, o, ¢%) for a < k such that

Ga C [¢p%oo UV for every a < k.

Proof. By Lemma there are sequences (F | n € w) such that
Go C{r €“2|3I®n:an € F3} for each a < k. Define sequences ng, mg
as follows: ng = 0,

m%:min{j>n%

o
e% ’FCM’ Ek
oni ik
E_; 5 %[

oo
o e
2mk.z'2;'<ij},

1=j

nj,1 = min {j > my,

for each o < k, k € w.

Now we let J* = {[ng‘k,ng‘(k+1)) | k € w} and since k < b we can find
L € D such that J* C L for each o < k. Denote Loy, = [ng, my) and Lok =
[mk, ngt1). Now define I = {[ng,np+1) | k € w} and I' = {[mg, mp41) | k
€ w}. By the definition of the C-relation, for any o < k there is an i, € w
such that

Vk >ig 35,5 > k2 [n§,m§) C Ly, and [n$,m$ ;) C Lopy1.

Note that we may assume that j,j’ > k, since by the definition of J%,
there is a k, such that Vk > k, : [ng‘l,ng‘l+2) C L, for some [, and hence
[n%;, m$;), N9, 1, m$ ;) € Li. Then the smallest (with respect to indices)
possible subinterval for Ly1 is [n$, 5, m$; ), for Liio it is [ng, 4, m$ )
etc. Clearly, indices of subintervals grow at least twice as fast as indices of
Li’s. So, eventually j’s must catch k’s up.
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Now, for any o < k define sequences ¢, ¢ as follows: p*(k) = y*(k)
= () for k < iq, otherwise ¢*(k) is defined as

{s € 2| 3i € [my,npy1) 3t € F - s](dom(t) N I;;) = t[(dom(t) N I},
and ¥ (k) as
{s €23 € [npgr, mpp1) 3t € F* : s](dom(t) N IL,) = t](dom(t) N I})}.

For k£ < 1, we have |“02u( I — 0. For k > i4,

[’I’L] am]) g [nkvmk) — LQ’C and [m i7y TV -|-1) g [mkvnk-l-l) = L2k+1

for some 7,7’ > k. That is, n; < ny < m§ < my and my < m;’, < njo.‘,_H
< ng41. Therefore, since for any k we have

Nk+1

k)| < Z |F| - 2l = (=)

1=mp
(for any ¢ € [my, ng41) there are 2Hkl=(i=nr) extensions of F inside [ng, ng+1)),
one can easily see that for all but finitely many k € w we have

L

' FO‘ € €
WM = <2 5 < ST
i=my
Hence, ‘;Ii@i < % — 0. Therefore ¢ € Xy .. In a similar way we can prove
e Xpe.
It remains to show G, C [p%]oo U [V eo. Let 2 € G, and X = {n € w |
x[n € F%}. By our assumption about G, we have |X| = w. Then one of

the sets X N Uy, [mrs n41) or X N Upey k41, Mi41) is infinite. Without
loss of generality assume the first case, i.e., for infinitely many n we have
n € [my,ng4+1) for some k and z[n € F. For those k’s, by the definition
of o*(k) there is s € ¢*(k) such that s = z[[ng, ng+1) = z[Ix. So, we have
I € e*(k). w

We show that we can prove the reverse inequalities to those in Corol-
lary [.12] under additional assumptions.

THEOREM 4.16. The following equalities hold:

(a) add(N) = min {b, min {add(S;.) | I €I and ¢ € ¢} }}.
(b) cof(N) = max {0,sup {cof(Sr.) | I €I and € € ¢} }}

Proof. @ The inequality “<” is clear from Corollary m 4.12, So we shall
prove add(N) > min {add(Sr.) | I € I,e € £} }. To see this, let A = {4, |
a < k} € N be a witness for add(N), i.e., |A| = add(N) and |, Aa ¢ N.
By Lemma @lthere aree € (1, I,I' € I and also p* € e, € Xp . such
that A, C [p¥]ee U[¢)*]oo for each a < k. Clearly, one of the sets |J,.,.[¢*]o
or Uy [¥®]oo is not null, otherwise (J, ., [¢%]oo U [0 2 Uger Aa Would
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be null, which is not true by the assumption. Recall that S;. C N for any
I €1, e € ¢4, Consequently, Uy, [¢6¥oc ¢ Sie of Uperltoc ¢ Spe.
Without loss of generality assume the first case. Then {[¢%]o | @ < Kk} is
a family of sets from Sy, such that |J{[¢%]e | @ < K} ¢ Sr. and it has
cardinality < add(N). We get add(Sr¢) < [{[¢%]o | @ < K} < add(N).

Since sup {cof(S;¢) | I € I,e € £1} < cof(N), we need to prove only
the other inequality. Pick a dominating family D in I such that |Ly| > k+1,
k € w, for all L € D and such that |D| = 9. For each L € D define
partitions I7, and I} as in Definition |4.14(T1)} Note that |Iy | > 2(k+1) and
117, 1| = 2(k+1) for each k. For each L € D denote by Wy, and W}, witnesses
for cof(Sy, o-»-1) and COf(SIQI’kafl), respectively. Note that (Ir,27%1) and
(I5,27%=1) are E-contributive by Lemma E since limy_, oo 2172kl . 27K—1
> 9242 9=k—1 — 9k+l _y o0 Similarly limy_e0 2172 - £ — 00, Define

A= [J{40UA| Age WL, Ay e Wi}
LeD
Let B C N be a base of . By Lemma for each B € B there is
L € D such that B = By U By, where By € 8y, 5-»-1 and By € SI£72—I¢—1,

and consequently (since Wy and W) are bases) there are A¥ € W and
AP e W} such that B C AF U AP € A. Thus, A is a base of N. Note that

|A| < |D|-sup{|(Wr|- Wi|| L € D} <d-sup{cof(S;.) | J €T, e}
Since 0 < cof(N) < | A, we see that |A] is at most

max {9, sup {cof(Sy.) | J € I,e € £1 }} = sup {cof(S;.) | J €1, e € £} }.
Consequently, cof(N) < |A| < sup {cof(Sy.) | J €L, e€li}. u

5. Covering and uniformity of the new ideals. This section is
mainly devoted to proving Theorems [A] and [C] We begin with the following
observation concerning localization and anti-localization cardinals.

REMARK 5.1. The localization and anti-localization cardinals in Defini-
tion depend on the parameter b = (b(n) | n € w). The following lemma
shows that only the cardinalities of b(n)’s are important for investigating
localization and anti-localization cardinals. Therefore, we can formulate all
our results assuming b € “w (identifying each natural number b(n) with
{0,1,...,b(n) —1}). However, in the proofs we usually work with a suitable
sequence of sets instead of a sequence of natural numbers. The next result
is due to [CM19].

LEMMA 5.2. Let b,b’ be sequences of length w of non-empty sets and let
h,h' € “w. If for all but finitely many n € w, |b(n)| < |V/(n)|, and ' <* h,
then Le(b, h) <1 Le(b, h') and aLe(V, h') <1 aLc(b, h). In particular,
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(a) bII;;Ch/ < bII):(]:l and D;;, < ab/ N
(b) b‘”‘LC < by and 0, < aaLC

The inequalities of Theorem [A] will be inferred from the following result.
LEMMA 5.3.

(a) Let (I,e) € Ix ¢1. Then there are h,b € “w such that ZnEw 5 )) < 00
and aLe(b, h)* <1 Cs, .. In particular, b%};f < cov(Sre) and non(SI,s)

< DaLc
(b) Let h,b € “w be such that Znew bn )) < 00. Then there is (I,e) € I x (1

such that cov(Sy ) < bb7 and OaLC < non(Sye).

Proof. @ If I,e are not S*-contributive then pick arbitrary h,b such
that the corresponding relational system aLc(b, h) is defined, and the proof
is complete. Otherwise, for n € w define b(n) = 2 and h(n) = ||b(n)| - &,].
Notice that ) |b(n))| < oo because € € £%. So it remains to prove that
aLc(b, h)* =<t Cs;.-

Let X € Sr.. Choose px € X7 such that X C [px]e. Since
L lex(n)

n—00 2‘1n| En

=0,

we can find ng such that |px(n)| < 2/l - ¢, for all n > ng. Consequently,
since |¢(n)| € w for all n, we deduce that ¥n > ng : |ox(n)| < [2I - ¢, ].
Next, for n € w define

* ( ) @, n S no,
Px\n)=
X vx(n), n>ng.

It is clear that ¢% € S(b,h) and X C [p¥ ], so put ¥ (X) = ¢%. On
the other hand, define W_: [[b — “2 by ¥_(s) = s;°s7 S5 ---. It is clear
that ¥_(s) € X implies s €* ¥, (X)), which guarantees that (¥_, ¥, ) is the
desired Tukey connection.

We will show that there are (I,€) € I x £ and a sequence b with
|b/(n)] < b(n) for all n € w such that cov(Sre) < bb, 7 and DaLC < non(Sr.).
Consequently, by Lemma

COV(S[ 5) < beLC < baLc and DZI;LC < Db/ h < HOH(SLE).

Let (I, | n € w) be an interval partition of w such that |I,,| = |logy b(n) .
For n € w define ¥'(n) = »2. Note that

16/ ()| = 2log2b(] < gloab(n) — p(p) < 2Mnl+1 — 2. ¥/ (n))],
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and thus also @ < |b/(n)| for all n € w. Therefore,
2h(n)

< < o0
Z ,b, | <2 %)

Now, we will find € such that Z wEn < 00 and limy, . W = 0. By
Lemmathere is § — oo such that > n) On

Ib’((n)l
for every n € w.

We continue by showing that Cgs, . <7 aLe(¥/,h)*, ie., (“2,81.,€) =1
TV, S, h),e®). We need to define ¥_: “2 — [[¥ and ¥y: S(¥,h)
— S[,e.

For z € “2, define ¥_(z)(n) := z[I,. Note that S(b',h) C X7 .. Indeed,

new \b’ ))‘5 < 00. Put g, :=

if ¢ € S(b/, h) then p(n) € 2 and J2L = Jell < ) — L ¢,
Thus, we define ¥ naturally by ¥, (¢) = [ Joo for any ¢ € S(V, h).

Let z € “2 and ¢ € S(b',h) be such that ¥_(z) € . Then, clearly,
2 €W (p) = [Ploc- m

We are ready to show Theorem [A}
THEOREM b5.4. The following equalities hold:

(a) min {cov(S;.) | I € T and e € ¢4}

— min § b | b, A d n .
mm{ €“w an an oo}

new

(b) sup {non(Sy.) | I €T and e € £1}
:sup{b?lﬁcbhe wandzﬁ< }

new

Proof. By Lemma [5.3(a) we have the inequalities “>" in (a) and “<”
n (b). On the other hand, by applying Lemma [5.3{(b), we have “<” in (a)
and “>" in (b). =

As a direct consequence of the theorem above, we provide another char-
acterization of cov(N') and non(N) using the o-ideals Sy :

COROLLARY 5.5.
(a) Assume that cov(N) < b. Then
cov(N) = min {cov(Sr.) | T € T and € € 2 }.
(b) Assume that non(N') > 0. Then
non(N) = sup {non(S;.) | I €L and e € £} }.

Proof. By |Bar88], we have the following (see also [CM23, Thm. 6.1] for
more details):
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(a) If cov(N) < b then cov(N) = min {63} | b,h € “w and Y, %
< 00}

(b) If non(N) > 9 then non(N) = sup {DaLC | bh € “wand ) . %
< 00}. To conclude the proof, it is enough to apply Theorem |5 .

Lemma focuses on the family Sy .. We obtain similar results for &7 .

LEMMA 5.6.

(a) Let (I,e) € I x £1. Then there are h,b € “w such that Y, ., b—")) <
oo and Le(b,h) =1 Cg, . In particular, non(&;.) < bll;h and D 5 <
cov(Ere).

(b) Let h,b € “w be such that Znew b(n) < 00. Then there is (I,&) € I x (1
such that bLC < non(&r) and cov(Er) < Dbﬁ
Proof. Similar to the proof of Lemma "
Theorem [C] follows directly from the result mentioned above.
THEOREM b5.7. The following equalities hold:
(a) min {cov(Er.) | I €l and e € €1}
= min {D,I;’% b,h € “w and Z ];EZ)) < oo}.

new

(b) sup {non(&; ) | I €l and e € ¢1}

:sup{blbﬁ1 b,h € “w and ZZ((Z)) < oo}

new

Proof. The proof is analogous to the proof of Theorem [5.4] =

The last provable result we are going to mention in this paper is estab-
lishing a connection between the uniformity and the covering of £r. and
the uniformity and the covering of the o-ideal of null-additive sets. The sum
on “2 is the coordinatewise sum modulo 2, and the addition of sets is defined
in a natural way.

DEFINITION 5.8. A set X C “2 is null-additive if X + A € N for all
A € N. Denote by NA the o-ideal of the null-additive sets in “2.

We employ the following characterization of N.A due to Shelah [She95].

THEOREM 5.9 ([She95], see also [BJ95al, Thm. 2.7.18(3)]). A set X C “2
is null-additive if and only if for all (I, | n € w) € 1 thereis p € [], ., P(I"2)
such that

(a) Vn € w: |p(n)] <n,
(b) Vo € X V*°n € w: z[I, € ¢(n).

new
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Using the previous characterization of NA, we easily get
PRrROPOSITION 5.10.

(a) non(NMA) < sup{non(&.)|I €l and e € (1},
(b) cov(MA) > min{cov(Ere) [ I €T and € € ¢4 }.

Proof. We will show that there are I € I, ¢ € £ | such that non(NMA) <
non(&r ) and cov(Er ) < cov(NA). Let I € I be such that |Iy| is an arbitrary
natural number and |I,| > logy(n?-27) (i.e., 2117l > n2.2") for all n € w~{0}.
Define ¢ € Ei by €, = 27" for all n € w. Note that such a pair is &-
contributive by Lemma [2.8(2)} since

1 < ! = 1 — 0
2Mnl . g, = n2.2n.2-n 2 ’

We shall show Cg,; . =1 Cp4. Define ¥_: “2 — “2 by putting ¥_ = idws.
Define ¥ : NA — &/, as follows. For any X € NA, thereis ox € [],c,("2)
satisfying conditions @ and of Theorem Note that ¢ x € X7, since

ox (n)] n n 1
ol ey =2l e, S nZ2n 3 n
Hence, put ¥4 (X) = [px]«-

Let y € “2 and X € NA be such that ¥_(y) = y € X. Then, of course,

Y € [px]s = ¥4 (X) because X C [px]s. =

6. Consistency results. In this section, different forcing models are
used to show that ZFC cannot prove more inequalities for the cardinal char-
acteristics associated with our new ideals with the cardinals in Cichoii’s
diagram (see Figure . As usual, we start by looking at the behavior of
the cardinal characteristics associated with our ideals in well-known forcing
models.

In the following items we skip some details, most of which, however,
can be found in the references. We consider just contributive (in fact, &-
contributive) pairs (I,¢) throughout the whole section.

(M1) Let A be an infinite cardinal such that A® = X and let h and b be in
“w satisfying the assumptions of Lemma Then C) forces non(M) =
bz’Lhc =N < cov(M) = 02};:3 = ¢ = X (see, e.g., [Bre09]). In particular,
C, forces add(&r.) = non(Er.) = Ny and cov(Er ) = cof(Er.) = A for any
(I,€). On the other hand, by using Lemma we can find I ;, € I and
epp € L such that ng;f < non(Sy, , 6,) a0d cOV(ST, 6y 0) < bg};f. Hence,
in VO, HOH(SIb,h,sb,h) = \ and COV(S[byhygbyh) = Ny.

(M2) Let Xy < & < X = AX with s regular and let o, p € w® be such that

e Z((ii))i < 00. Then by Lemma [5.3(b)} there are I, ja € I and &, ja € €}
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such that COV(SIMid ,Eg!pid) < bZ{;ﬁd and O";’I;fid < non(S[Q‘pidﬁgy ) Now let
E; be a FS iteration of eventually different real forcing of length m = Ax.
Then, in VB cov(N) = b = ®; < non(€) = cov(€) = k <0 = A (see,
e.g., [Car24]). Moreover, by [CM19, Lem. 4.24], IE; forces that baLCld = Ny and
OZLpCid < A Hence, in VEr, COV(S[Q e, pid) =Ny and non(Sr_ . Qpld) =\
On the other hand, given I € I and ¢ € ¢} | by Lemma [5.6(a)| we can find
bre and hy. such that non(&.) < bII;IC,aahI,E and Diﬁahl’s < cov(&re). Then,
in VE7 we have non(€;.) = ¥y and cov(€.) = ¢ = A because E, forces
bbh = Ny and abh = Afor all b,h € “w with 0 < h < b since [ is o-centered
(see [CM19, Lem. 4.24]).

(M3) Assume Ny < k < A\ = AR with s regular. Let B, be a FS iteration
of random forcing of length 7 = As. Then, in VB~ non(£) = b = Ry <
cov(N) = non(N) =k < cov(€) = 0 =c = A (see [BS92| and also [Car23,
Thm. 5.6]).

In particular, in VB~ we have add(S; ) = non(&; ) = Ny, and cov(&r )
= cof(Sre) = ¢ = A for any (I,¢).

(M4) Assume 8 < kK <\ = AN with & regular. Let D be a FS iteration
of Hechler forcing of length 7 = Ak. Then, in VP~ cov(N) = X; <0 =
b=k <non(N) =c= A (see, eg., [Mej13, Thm. 5]). On the other hand,
given (I,e) € T x ¢}, by Lemma we can find by, and hj. such
that non(&r.) < bb by, and O b < cov(é’[g) Then, in VP~ we have
add(Sre) = non(&s) = Ny, and COf(S[ ¢) = cov(Ere) = A = ¢ because Dy
forces bLICE’ h, . = N1 and oche,hzg = A by [CM19| Lem. 4.24].

As in (M2), we can find (I, €’) such that cov(Sp o) = X and non(Sp /)
= Xin VPr,

(M5) Assume X < £ < A = AN with x regular. Let h and b be in “w
satisfying the assumptions of Lemma [5.6(b)| and let IP be a FS iteration of
the (b, h)-localization forcing due to Brendle and Mejia [BM14]. Then, in
VP b = cov(N) = ®; < bbLf,EL = non(€) = cov(€) = Dble =k<0=c= A\
(see [Car23] or see also [Car24]). By Lemma [5.q(b)} we can find (I, ep5) €
I x ¢% such that bbL,(;L <non(&r, ,.¢,,) and cov(&r, , e, ) < DbL";l. Hence, in the
generic extension, non(&y, , ¢, ) = cov(&r,  e,,) = K-

(M6) This model is obtained by forcing with A, (random algebra for
adding s random reals) with cf(k) > Ny over a model of CH. It satisfies
non(N) =0 = X; and cov(N) = ¢ = k (see, e.g., [BJ95a, Model 7.6.8]). In
this model, non(S;¢) = non(&r.) = Ry and cov(Sre) = cov(Ere) = k for
any (1,¢).

(%) The function p'¢ is defined by p'(i) = p(i)" for all i € w.
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(M7) The dual random model is obtained by forcing with B, over a
model for MA + ¢ > No. It satisfies non(N) = Ry and cov(N) =b=c =N,
(see, e.g., [BJ95a, Model 7.6.7]). In this model, non(Sr.) = non(&r.) = Ny
and cov(Sy.) = cov(Er.) = Ng for any (I,¢).

(M8) Let h,b € “w be such that > b—”) < oo. Let M,,, be a CS
iteration of length wy of Mathias forcing. Then, in VM2 add(€) = cov(€)
= Ny, and non(€) = cof(€) = ¢ = Ny (see e.g [Car24, Lem. 2.4]). It is also
well-known that IM,,, forces b = Ry (see, e.g., [BJ95al, Sec. 7.4.A].

Moreover, IM satisfies the Laver property (see [BJ95b], Sec. 7.4.A]), there-
fore we get DbLjL =Ny in VMez (see [Kad00, Theorem 4.3]); consequently, in
VMez by applying Lemma [5.6(b)| we can find (15, p5) € I x £1 such that
cov(Er, pepn) < DLC . Hence, we obtain cov(&y, , e, ,) = N1

(M9) Let h,b € “w be such that > b—n)) < oo. Let MI,, be a CS
iteration of length wo of Miller forcing. Then, in VM2 add(&) = cov(€) =
non(€) = Ny, and cof(§) = Ng (see e.g [Car24, Lem. 2.5|). In particular,
in VM: non(€r.) = Ny for any (I,¢). By arguing as in (M8), we can
find (Iyp,ep,n) such that cov(Sy, e, ,) = cov(Er, , e,,) = N1 because Miller
forcing satisfies the Laver property.

In what follows, we aim to enhance (M5) by establishing the consistency
of b < non(&r.) for any given I and €. To achieve this objective, we will
introduce a specific forcing notion, denoted by Py ., which serves to increase
the value of non(&r ) without adding dominating reals.

DEFINITION 6.1. Let (I,€) € Ix /(.. Let Py . be a poset whose conditions
are triples of the form (s, N, F') such that s is a finite sequence with s(n)
C In2forn € |s|, N < w,and F € [“2]<¥ satisfies Vn > |s| : N-|F| < 2l»l.¢,.
We order Py, by (t, M,H) < (s,N,F)if s Ct, M > N, and FF C H, and
the following requirements are met:

o Vx € FVn € [t| \|s| : z[], € t(n),
o Vn €t/ |s| : N-[t(n)] <2l

Let G C P be a Py -generic over V; in V[G], define
gen = J{s | IN,F: (s, N, F) € G}.

Then pgen € X7 and for each z € “2NV we have V°n € w : x[I, € gogen(n).
LEMMA 6.2. Let (I,e) € I x EL, Then Py . is o-linked, so it is ccc.
Proof. Let s € seq.,(!2) and N < w. Then the set

Pro(s,N)={(s, N,F)eP;.|s=s&N=N'"}

is linked and Useseq< (In2), N<w Pr.(s,N) is dense in Py .. m
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In order to prove b < non(&;.), we use the notion of wltrafilter-limits
introduced in [GMSI6|, and the notion of filter-linkedness introduced by
Mejia [Mej19], with improvements in [BCM21, Section 3].

Given a poset P, the P-name G usually denotes the canonical name of
the P-generic set. If p = (p, | n < w) is a sequence in P, denote by Wp(p)
the P-name of {n < w | p, € G}. When the forcing is understood from the
context, we write just W (p).

DEFINITION 6.3 (JGMS16, [(CMR25]). Let P be a poset, let D C P(w) be
a non-principal ultrafilter, and let y be an infinite cardinal.

(1) A set Q C P has D-limits if there is a function lim”: “Q — P and a IP-
name D’ of an ultrafilter extending D such that, for any § = (g; | i < w)
€“Q,

lim? g I- W (g) € D'

(2) A set @ C P has uf-limits if it has D-limits for any ultrafilter D.

(3) The poset P is p-D-lim-linked if P = {J,., Qo where each @ has
D-limits. We say that P is uniformly u-D-lim-linked if, additionally, the
P-name D’ from only depends on D (and not on @, although we
have different limits for each Q).

(4) The poset P is p-uf-lim-linked if P = Ua<u Q. where each @, has
uf-limits. We say that P is uniformly p-uf-lim-linked if, additionally, for
any ultrafilter D on w, the P-name D’ from depends only on D.

For not adding dominating reals, the following notion is weaker than the
previous one.

DEFINITION 6.4 ([Mej19]). Let P be a poset and let F' be a filter on w.
A set Q@ C P is F-linked if, for any p = (p, | n < w) € “Q, there is some
q € P forcing that F U {W(p)} generates a filter on w. We say that Q is
uf-linked (ultrafilter-linked) if it is F-linked for any filter F' on w containing
the Fréchet filter Fr:= {w~ a | a € [w]<N0}.

For an infinite cardinal p, P is p-F-linked if P = Ua<u Q. for some
F-linked @, (o < p). When these @, are uf-linked, we say that P is p-uf-
linked.

EXAMPLE 6.5.
(1) Random forcing is o-uf-linked [Mej19], but it may not be o-uf-lim-linked
(compare [BCM21, Rem. 3.10]).

(2) Any poset of size <k is k-Fr-linked (witnessed by its singletons). In
particular, Cohen forcing is o-Fr-linked.

It is clear that any uf-lim-linked set ) C P is uf-linked, which implies
that @ is Fr-linked.

THEOREM 6.6 ([Mej19, Thm. 3.30]). Let k > Xy be a regular cardinal. If
P is a k-Fr-linked poset, then P forces b < k.
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Proof. Although the conclusion of [Mej19, Thm. 3.30] is different, the
same proof works. m

ExaMPLE 6.7. The following are the instances of p-uf-lim-linked posets
we use in our applications:

(1) Any poset of size p is uniformly p-uf-lim-linked (because singletons are
uf-lim-linked). In particular, Cohen forcing is uniformly o-uf-lim-linked.

(2) The standard eventually different real forcing notion is uniformly o-uf-
lim-linked (see [GMS16, BCM21]).

We aim to show that IP; . is uniformly o-uf-lim-linked, witnessed by
Pinm={{t,M,F)eP;.|s=t, N=M and |F| <m}
for s € seq.,(/"2) and N < w. Let D be an ultrafilter on w, and p =
(pn, | n € w) be a sequence in Ps y,, with p, = (s, N, F,). Consider the
lexicographic order <0 on “2, and let {z,; | K < m,} be a <-increasing
enumeration of F, where m,, < m. Next, find a unique m, < m such that
A:={n€w|m, =m} € D. For each k < m,, define z;, := lim? z,, in
“2 where x (i) is the unique member of {0,1} such that {n € A | z,, (i) =
xr(i)} € D (this coincides with the topological D-limit). Therefore, we can

think of F' := {x | k < m4} as the D-limit of (F}, | n < w), so we define
lim? p:= (s, N, F). Note that lim? p e Py Nom.

LEMMA 6.8. The poset Pj. is uniformly o-uf-lim-linked: For any ultra-

filter D on w, there is a Pr.-name of an ultrafilter D' on w extending D
such that, for any s € seq.,(P(!*2)), N < w, m < w and p € Ps N m, we
have lim® 5 I+ W (p) € D'.
To prove the lemma, it suffices to show the following result:
CLAIM 6.9. Assume that M < w,
{(s, Npymz) | k< M} Cseq,(M2) x w x w,

(B* | k < M) is such that each % = (pgn | n < w) is a sequence in Py, N, m,,
qi is the D-limit of p* for each k < M, and q € Py is stronger than each qy.
Then, for any a € D, there are n < w and ¢' < q stronger than py.,, for all

k<M (ie. ¢ forces an(Nyep WD) # 0).

Proof. Write the forcing conditions as py, = (Sg, Nk, Fin) and g =
(sk, N, F.), where each Fj = {x;“ | j < myy} is the D-limit of Fy, =
{:Uf" | j < myp} (increasing <-enumeration) with m, ; < my. Assume
that ¢ = (s, N, F') < g in Py, for all £ < M. Next, by strengthening ¢ if
necessary, we assume that Vn > |s| : [F| + 3, _py map < % Then

Vi <myp Ve e FVnels| N |s: x?[[n € s(n),
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SO
b :={n<w|Vj<m., Vo€ FVne|s|\|s: x?’n[In € s(n)} € D.
Hence, a N (\,< s bk # 0, so choose n € aN (.5, bk and put ¢ = (s, N, F’),
where F' := F UJ, s Fi,n- This is a condition in Py, because Vn > |s| :
|[F'| S |F|+ > pens Mok < % Furthermore, ¢’ is stronger than ¢ and

Pk for any k < M. =

THEOREM 6.10. Let (I,e) € I x 1. Given regular uncountable k < \ =
A<A, there is a cce poset P forcing non(Er.) = A = ¢ and b = k.

Proof. Let P = (P,,Q | a < \) be a FS iteration of ccc forcing such that

e for o even, I, Q = P, the forcing defined in Definition
e for o odd, Ik, Q is a subposet of Hechler forcing of size <k.

First, notice that P forces A > ¢. Guarantee that we go through all such
small subposets of Hechler forcing by a book-keeping argument. Then it is
not hard to see that IP forces k < b. On the other hand, since the iterands
of the FS iteration that determine P are x-Fr-linked (when « is even, this
follows by Lemma and when « is odd, this follows by Example |6.5(2))),
by applying Theorem [6.6] we deduce that P forces b < k.

As we iteratively add slaloms ¢gen € X7 which for all but finitely many
n € w satisfy z[I,, € pgen(n) for any x € “w in the ground model, we see
that IP forces non(&r.) > A, so along with IFp A > ¢, we conclude that PP
forces non(Ere) > A >c¢>non(&r.). m

As a direct consequence, we obtain the following result:

COROLLARY 6.11. [t is consistent with ZFC that non(Erz) > b for any
(I,e) eI x (L.

7. Open questions. We discuss some open questions from this study.
With regard to Figure[I]and items (M1)—(M9), we do not know the following.

Despite knowing that consistently add(N) < non(&r.) for all (I,e) €
I x €1+ by Corollary |6.11] we still ask:

QUESTION 7.1. Is it consistent that add(Erc) < non(Er.) for some (or
for all) (I,e) € I x X 2 Dually, cov(Ere) < cof(Ere)?

In relation to (M5), we ask:

QUESTION 7.2. Is it consistent that cov(N) < non(Ere) for all (I,e) €
I x 1 2 Dually, the same question about the inequality cov(Er ) < non(N).

One way to attack Questions is to see whether Py . satisfies the
(0, p)-linked property for some suitable functions p,o € “w (see [OK14] for
more details), but this is not yet clear.
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QUESTION 7.3. Is it consistent that add(N') < add(&r ) for some (or for
all) (I,e) € I x €1 2 Dually, cof(£; ) < cof(N)?

QUESTION 7.4. Is it consistent that cov(N') < cov(Sy.) for some (or for
all) (I,e) eI x (1 ?

QUESTION 7.5. Is it consistent that cov(Er ) and cov(Src) are different
for all (I,e) € T x E}F ? The same is asked for uniformities.

It is known that forcing notions with the Laver property do not increase
the covering of £ (see, e.g., [Car24, Lem. 2.2]), so we pose the question:

QUESTION 7.6. Do forcing notions satisfying the Laver property keep the
cardinal invariant cov(Er ) small?

Regarding Proposition [5.10] the following is still unknown:

QUESTION 7.7. Is non(NA) < sup {non(&r.) | I € L and ¢ € (1} consis-
tent? Dually, is cov(NA) > min {cov(Er.) | I € I and € € £} consistent?

In [Mej13], Mejia built a forcing model with four cardinal characteris-
tics associated with N that are pairwise different. The first author [Car23|
produced a similar model for &£, and recently Brendle, Mejia, and the first
author [BCM25| constructed such a model for SN. In this situation, we
inquire:

QUESTION 7.8. Is it consistent that for some (or for all) (I,e) € Ix £},
the four cardinal characteristics associated with St are pairwise different?
The same question for & .

In Proposition [3.5(d)} we have shown that if I Cg J and an additional
assumption on I, J, ¢ is true, then ;. € Sj.

QUESTION 7.9. Is there any reasonable relation R such that if IRJ, then
Sre € S8y ? The same question for &£ .

Note that by Observation the relation R cannot be a directed pre-
order.

By Proposition S1e~ & # 0. There is a natural question about the
structure of Sy inside £. We know &7, C Sy NE, but the reverse inclusion
is not clear.

QUESTION 7.10. Does Er. = Sre N E hold true for any S*-contributive
(I,e)elIx (L2

In [GM25)], for an ideal J on w, the families Nj and A such that £ C
./\/:}k C Nj C N are introduced and investigated.

QUESTION 7.11. What are the relations between the o-ideals Srz, N7,
and Nj?
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