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Cardinal characteristics associated with
small subsets of reals

by

Miguel A. Cardona, Adam Marton and Jaroslav Šupina

Abstract. Inspired by Bartoszyński’s work on small sets, we introduce a new ideal
defined by interval partitions on natural numbers and summable sequences of positive
reals. Similarly, we present another ideal that relies on Bartoszyński’s and Shelah’s repre-
sentation of Fσ measure zero sets. We show they are σ-ideals characterizing all small sets
and Fσ measure zero sets. We also study the cardinal characteristics associated with the
ideals introduced. We use them to describe invariants of measure, discuss their connection
to Cichoń’s diagram, and present related consistency results.

1. Introduction. The most important notion in this work is the notion
of a small set recalled below in Definition 1.1. Introducing small sets is
one of the main contributions of Bartoszyński’s work [Bar88], responding to
D. Fremlin’s question of whether the cofinality of the covering number of
the null ideal is uncountable. This remained an open question for almost
two decades. It was in 2000 that Shelah [She00] finally provided a negative
answer. Leading up to that, Bartoszyński [Bar88] offered a partial solution
by showing that if cov(N ) ≤ b, then cf(cov(N )) > ℵ0. The notion of small
sets turned out to be related to anti-localization cardinals (see, e.g., [CM23]
for details and original references) and other combinatorial notions such as
Fσ measure zero sets, see [BJ95a, Lem. 2.6.3].

To present Definition 1.1, given a formula ϕ, we use “∃∞ n ∈ ω : ϕ” to
abbreviate “infinitely many natural numbers satisfy ϕ”.

Definition 1.1 ([Bar88, BS18]). Let X ⊆ ω2.
(1) X is small if there are sequences ⟨In, Jn | n ∈ ω⟩ such that

(a) {In | n ∈ ω} ⊆ [ω]<ℵ0 is a partition of a cofinite subset of ω,
(b) Jn ⊆ In2 for all n,
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(c)
∑

n<ω
|Jn|
2|In| <∞,

(d) X ⊆ {x ∈ ω2 | ∃∞n ∈ ω : x↾In ∈ Jn}.
(2) X is small⋆ if, in addition, the sets In are disjoint intervals, that is, if

there exists a strictly increasing sequence {kn | n ∈ ω} of integers such
that In = [kn, kn+1) for n ∈ ω.

Denote by S and S⋆ the collection of all small sets and small⋆ sets in ω2,
respectively. It is known that S⋆ ⊊ S (see [BS18, Thm. 18]) and that
every small set has measure zero, i.e., S ⊆ N (see Notation 1.2). Bar-
toszyński [Bar88, Lem. 1.3] proved that none of them is an ideal.

Let I denote the family of all partitions of ω into finite non-empty inter-
vals (1) and let

ℓ1+ :=
{
ε ∈ ω(0,∞)

∣∣∣ ∑
n∈ω

εn <∞
}
.

In this work, we offer a characterization of S⋆ in terms of new σ-ideals
SI,ε (treating {∅} as a σ-ideal by convention) parametrized by I ∈ I and
ε ∈ ℓ1+, i.e,

S⋆ =
⋃

(I,ε)∈I×ℓ1+

SI,ε.

Our ideal SI,ε is motivated by the definition of small sets, recalled in our
Definition 1.1. The introduction of SI,ε itself and its properties are provided
in Section 2.

Recall that given an ideal I of subsets of X such that {x} ∈ I for all
x ∈ X, the cardinal characteristics associated with I are defined by

add(I) := min
{
|J |

∣∣∣ J ⊆ I and
⋃

J /∈ I
}
,

cov(I) := min
{
|J |

∣∣∣ J ⊆ I and
⋃

J = X
}
,

non(I) := min {|A| | A ⊆ X and A /∈ I},
cof(I) := min {|J | | J ⊆ I is cofinal in ⟨I,⊆⟩}.

These cardinals are referred to as additivity, covering, uniformity, and cofi-
nality of I, respectively.

In order to present our main results, we review the basic conventions:

Notation 1.2.

(1) Given a formula ϕ, “∀∞ n ∈ ω : ϕ” means that all but finitely many
natural numbers satisfy ϕ, and “∃∞ n ∈ ω : ϕ” means that infinitely
many natural numbers satisfy ϕ.

(1) For technical reasons, it is sometimes convenient to consider a partition of some
cofinite subset of ω instead of a partition of ω. Thus, depending on the context, I ∈ I will
sometimes mean that I is a partition of some cofinite subset of ω.
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(2) Denote by N and M the σ-ideals of Lebesgue null sets and of meager
sets in ω2, respectively, and let E be the σ-ideal generated by the closed
measure zero subsets of ω2. It is well-known that E ⊆ N ∩M. Moreover,
it was proved that this inclusion is proper (see [BJ95a, Lemma 2.6.1]).

(3) c := 2ℵ0 .
(4) For f, g ∈ ωω define

f ≤∗ g if and only if ∀∞n ∈ ω : f(n) ≤ g(n).

(5) We let
b := min {|F | | F ⊆ ωω and ∀g ∈ ωω ∃f ∈ F : f ̸≤∗ g},
d := min {|D| | D ⊆ ωω and ∀g ∈ ωω ∃f ∈ D : g ≤∗ f},

denote the bounding number and the dominating number, respectively.

One of our first main results exhibits that the covering and the unifor-
mity of our ideal are related to the anti-localization cardinals baLcb,h , d

aLc
b,h (see

Definition 4.3):

Theorem A (Theorem 5.4). We have νi = κi for i < 2, where

• ν0 = min {cov(SI,ε) | I ∈ I and ε ∈ ℓ1+},
• ν1 = sup {non(SI,ε) | I ∈ I and ε ∈ ℓ1+},
• κ0 = min

{
baLcb,h

∣∣ b, h ∈ ωω and
∑

n∈ω
h(n)
b(n) <∞

}
,

• κ1 = sup
{
daLcb,h

∣∣ b, h ∈ ωω and
∑

n∈ω
h(n)
b(n) <∞

}
.

As a consequence of Theorem A, we obtain an alternative characteriza-
tion of cov(N ) and non(N ). We also establish an analogous characterization
of add(N ) and cof(N ).

Theorem B (Corollary 5.5, Theorem 4.16).

(a) Assume that cov(N ) < b. Then

cov(N ) = min {cov(SI,ε) | I ∈ I and ε ∈ ℓ1+}.
(b) Assume that non(N ) > d. Then

non(N ) = sup {non(SI,ε) | I ∈ I and ε ∈ ℓ1+}.
(c) We have add(N ) = min {b,min {add(SI,ε) | I ∈ I and ε ∈ ℓ1+}}.
(d) We have cof(N ) = max {d, sup {cof(SI,ε) | I ∈ I and ε ∈ ℓ1+}}.

Inspired by the combinatorial characterization of Fσ measure zero sets
due to Bartoszyński and Shelah [BS92] stated below as Theorem 1.3, we also
introduce a σ-ideal EI,ε parametrized in the same way as SI,ε, which can be
used to redescribe E as

E =
⋃

(I,ε)∈I×ℓ1+

EI,ε.

Details are developed in Section 2.
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Theorem 1.3 ([BS92, Thm. 4.3]). For every X ⊆ ω2, X ∈ E if and only
if there is a partition ⟨In | n ∈ ω⟩ of ω into finite, disjoint intervals and a
sequence ⟨Jn | n ∈ ω⟩ such that

(a) Jn ⊆ In2 for all n,
(b)

∑
n<ω

|Jn|
2|In| <∞,

(c) X ⊆ {x ∈ ω2 | ∀∞n : x↾In ∈ Jn}.
Note that it follows directly from Theorem 1.3 that E ⊆ S⋆.
We have found a connection between the localization cardinals bLcb,h, d

Lc
b,h

(see Definition 4.3) and the covering and uniformity of EI,ε, similar to the
connection established in Theorem A.

Theorem C (Theorem 5.7). We have λi = θi for i < 2, where

• θ0 = min {cov(EI,ε) | I ∈ I and ε ∈ ℓ1+},
• θ1 = sup {non(EI,ε) | I ∈ I and ε ∈ ℓ1+},
• λ0 = min

{
dLcb,h

∣∣ b, h ∈ ωω and
∑

n∈ω
h(n)
b(n) <∞

}
,

• λ1 = sup
{
bLcb,h

∣∣ b, h ∈ ωω and
∑

n∈ω
h(n)
b(n) <∞

}
.

Concerning the cardinals θi in the previous theorem, it turns out these
are related to the covering and the uniformity of the ideal of null-additive
sets (see Definition 5.8):

Theorem D (Proposition 5.10). Let θi be as in Theorem C. Then

(a) non(NA) ≤ θ1,
(b) cov(NA) ≥ θ0.

In Section 4, we clarify the relation between the ideals EI,ε and SI,ε as
follows.

Theorem E (Proposition 4.2). We have cof(SI,ε) = cof(EI,ε) and
add(EI,ε) = add(SI,ε) for reasonable pairs (I, ε) ∈ I× ℓ1+.

In ZFC, we prove:

Theorem F. In Cichoń’s diagram (see Figure 1):

(a) add(N ) ≤ add(EI,ε) = add(SI,ε) ≤ cof(SI,ε) = cof(EI,ε) ≤ cof(N ),
(b) cov(N ) ≤ cov(S) ≤ cov(SI,ε) ≤ cov(EI,ε) and

non(EI,ε) ≤ non(SI,ε) ≤ non(S) ≤ non(N ),

(c) cov(E) ≤ cov(EI,ε) and non(EI,ε) ≤ non(E).
Item (a) in the theorem is obtained by combining Proposition 4.2 and

Corollary 4.11, while items (b) and (c) follow from the inclusion relation
between the ideals.

Regarding inequalities related to the cardinal characteristics associated
with our ideals, Theorem F seems to be the most optimal: in Section 6, we
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ℵ1

add(N )

cov(N ) = cov(S)

cov(SI,ε)

non(N ) = non(S)

cof(N )

add(M) = add(E) cov(M)

non(M) cof(M) = cof(E)

b d

c

non(E)cov(E)

add(EI,ε) = add(SI,ε)

cof(EI,ε) = cof(SI,ε)

cov(EI,ε)

non(SI,ε)

non(EI,ε)

Fig. 1. Cichoń’s diagram including the cardinal characteristics associated with our ideals,
and cov(S) = cov(N ), non(S) = non(N ), add(E) = add(M), and cof(E) = cof(M) due to
Bartoszyński and Shelah [BS92]. The relations hold for contributive pairs.

manage to show that, in most cases, no further inequalities can be proved
with the cardinals in Cichoń’s diagram.

2. Layering of small sets. The objective of this section is to present
the basic properties of the two new ideals SI,ε and EI,ε. Their definitions, as
discussed in Section 1, are primarily based on the combinatorial description
of small sets and Fσ measure zero sets. We examine SI,ε and EI,ε and in
Theorem 2.3 we demonstrate that they are, in fact, σ-ideals. We also show
that S⋆ and E can be characterized using these σ-ideals.

The families SI,ε and EI,ε are defined as follows.

Definition 2.1.

(a) Let (I, ε) ∈ I× ℓ1+. We define

ΣI,ε =

{
φ ∈

∏
n∈ω

P(In2)

∣∣∣∣ lim
n→∞

|φ(n)|
2|In| · εn

= 0

}
.

(b) For φ ∈ ΣI,ε we define

[φ]∞ = {x ∈ ω2 | ∃∞n ∈ ω : x↾In ∈ φ(n)},
[φ]∗ = {x ∈ ω2 | ∀∞n ∈ ω : x↾In ∈ φ(n)}.

(c) Given I and ε as in (a) we define

SI,ε = {X ⊆ ω2 | ∃φ ∈ ΣI,ε : X ⊆ [φ]∞},
EI,ε = {X ⊆ ω2 | ∃φ ∈ ΣI,ε : X ⊆ [φ]∗}.
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Concerning Definition 2.1(a), we often use in the proofs the fact that

lim
n→∞

|φ(n)|
2|In| · εn

= 0 if and only if ∀N < ω ∀∞n ∈ ω :
|φ(n)|
2|In|

<
εn
N
.

We first show that the families SI,ε and EI,ε are σ-ideals (treating the
trivial cases as σ-ideals). Moreover, these σ-ideals completely characterize
the families S⋆ and E . Note that SI,ε ⊆ S⋆ and EI,ε ⊆ E for any I ∈ I and
ε ∈ ℓ1+.

Next, we shall need a technical result.

Lemma 2.2. For any ε ∈ ℓ1+ there is a non-decreasing δ ∈ ω(0,∞) such
that δ → ∞ and

∑
j∈ω δjεj <∞.

Proof. Let s =
∑

j∈ω εj . Define an increasing sequence ⟨ni | i ∈ ω⟩ as
follows: let n0 = 0 and for i ≥ 1 let

ni = min

{
k > ni−1

∣∣∣∣∑
n≥k

2iεn <
s

2i

}
.

For j ∈ [ni, ni+1) define δj = 2i. To conclude the proof it is enough to show

lim
i→∞

∑
j<ni

δjεj <∞.

For any i ∈ ω we have∑
j<ni

δjεj =
∑
k<i

nk+1−1∑
j=nk

2kεj <
∑
k<i

s

2k
< 2s.

The sequence ai =
∑

j<ni
δjεj is monotone and bounded from above, hence

convergent.

From now on, whenever a < b ≤ ω, we let [a, b) denote the integer interval
{n ∈ ω | a ≤ n < b}.

Theorem 2.3.

(a) The family SI,ε is a σ-ideal for any (I, ε) ∈ I× ℓ1+.
(b) The family EI,ε is a σ-ideal for any (I, ε) ∈ I× ℓ1+.
(c) We have X ∈ S⋆ if and only if there is a pair (I, ε) ∈ I× ℓ1+ such that

X ∈ SI,ε. In particular,

S⋆ =
⋃

(I,ε)∈I×ℓ1+

SI,ε.

(d) We have X ∈ E if and only if there is a pair (I, ε) ∈ I × ℓ1+ such that
X ∈ EI,ε. In particular,

E =
⋃

(I,ε)∈I×ℓ1+

EI,ε.
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Proof. To prove (a) and (b) it suffices to prove the following result:

Claim 2.4. Given {φn | n ∈ ω} ⊆ ΣI,ε there is φ ∈ ΣI,ε such that

∀n ∈ ω ∀∞j ∈ ω : φn(j) ⊆ φ(j).

Proof. Define a sequence ⟨kn | n ∈ ω⟩ as follows: k0 = 0 and for n ≥ 1,

kn = min

{
m > kn−1

∣∣∣∣∀i < n ∀j ≥ m :
|φi(j)|
2|Ij |

<
εj
n2

}
.

Now define φ by
φ(j) =

⋃
i<n

φi(j)

for all j ∈ [kn, kn+1). Notice that

• for all j ∈ [kn, kn+1),

|φ(j)|
2|Ij |

≤
n−1∑
i=0

|φi(j)|
2|Ij |

< n · εj
n2

=
εj
n
,

• ∀n ∈ ω ∀∞j ∈ ω : φn(j) ⊆ φ(j).

(c) The direction from right to left is straightforward. We prove the re-
verse direction. Let Y ∈ S⋆. Choose I ∈ I and φ ∈

∏
n∈ω P(In2) such

that
∑

n∈ω
|φ(n)|
2|In| < ∞ and Y ⊆ {x ∈ ω2 | ∃∞n : x↾In ∈ φ(n)}. Applying

Lemma 2.2 we find δ ∈ ω(0,∞) such that δ → ∞ and∑
n∈ω

δn
|φ(n)|
2|In|

<∞.

For any n ∈ ω define

εn = δn
|φ(n)|
2|In|

.

Then ε ∈ ℓ1+ and
|φ(n)|
2|In| · εn

=
1

δn
→ 0.

Thus, φ ∈ ΣI,ε and Y ∈ SI,ε.
(d) Proceed as in (c), using Theorem 1.3.

For many I, ε we have SI,ε = {∅} or EI,ε = {∅}. Since we are interested in
non-trivial σ-ideals, we provide the following characterizations, Lemmas 2.5
and 2.8, to avoid the trivial cases.

Lemma 2.5. The following statements are equivalent for any (I, ε) ∈
I× ℓ1+:

(1) SI,ε ̸= {∅}.
(2) ∃A ∈ [ω]ω : limn∈A 2|In| · εn = ∞.
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Proof. We shall use the following representation of (2):
∃A ∈ [ω]ω ∀N ∈ ω ∀∞n ∈ A : N · 2−|In| < εn.

(1)⇒(2). Suppose ¬(2). Assume that for any A ∈ [ω]ω there is N ∈ ω
such that

∃∞n ∈ A :
1

2|In|
≥ εn
N
.

Let φ ∈ ΣI,ε be such that ∅ ≠ [φ]∞ ∈ SI,ε. There exist infinitely many n
such that φ(n) ̸= ∅. Let A = {n ∈ ω | φ(n) ̸= ∅}. Since |φ(n)| ≥ 1 for any
n ∈ A, we have |φ(n)|

2|In| ≥ 1
2|In| for all n ∈ A. Therefore,

∃∞n ∈ ω :
|φ(n)|
2|In|

≥ εn
N
.

Consequently, φ /∈ ΣI,ε, which is a contradiction.
(2)⇒(1). Define φ ∈ ΣI,ε with |φ(n)| = 1 for all n ∈ A and 0 otherwise.

We will show that φ ∈ ΣI,ε. Let N ∈ ω. Then by (2),

∀∞n ∈ A :
|φ(n)|
2|In|

=
1

2|In|
<
εn
N

and ∀∞n ∈ ω ∖A :
|φ(n)|
2|In|

= 0 <
εn
N
.

Therefore, φ ∈ ΣI,ε, and clearly, [φ]∞ ̸= ∅.
Any pair (I, ε) ∈ I× ℓ1+ satisfying the conditions in Lemma 2.5 is called

S⋆-contributive.
In view of Lemma 2.5, we have the following result.
Corollary 2.6. Let (I, ε) ∈ I × ℓ1+. If the sequence ⟨2|In| · εn | n ∈ ω⟩

is bounded, then SI,ε = {∅}.
Remark 2.7. Let (I, ε) ∈ I× ℓ1+.

(a) If the sequence ⟨|In| | n ∈ ω⟩ is bounded, then SI,ε = EI,ε = {∅}. This is
a consequence of Corollary 2.6.

(b) Let φ ∈ ΣI,ε. If there is a set A ∈ [ω]ω such that ⟨|In| | n ∈ A⟩ is
bounded, then ∀∞n ∈ A : φ(n) = ∅. Indeed, if there existed infinitely
many n ∈ A such that φ(n) ̸= ∅, then for infinitely many n ∈ A,

|φ(n)|
2|In| · εn

≥ |φ(n)|
2B · εn

≥ 1

2B
· 1

εn
→ ∞,

where B is a bound of ⟨|In| | n ∈ A⟩. Since a subsequence of |φ(n)|
2|In|·εn

tends to infinity, limn→∞
|φ(n)|
2|In|·εn

= 0 cannot hold.

Just as in Lemma 2.5, we have the following result for EI,ε:
Lemma 2.8. The following statements are equivalent for any (I, ε) ∈

I× ℓ1+:
(1) EI,ε ̸= {∅}.
(2) limn→∞ 2|In| · εn = ∞.

Proof. Similar to the proof of Lemma 2.5.
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A pair (I, ε) ∈ I × ℓ1+ satisfying conditions in Lemma 2.8 is called E-
contributive. Notice that any E-contributive (I, ε) is automatically also S⋆-
contributive.

The inclusions between the considered ideals are depicted in Figure 2.

EI,ε

SI,ε

E

S⋆

M∩N

N

M

Fig. 2. Inclusions

Many inclusions in Figure 2 are proper or cannot be added, as one can see
in the following result. Moreover, it was shown in [Bar88] that the inclusion
S⋆ ⊆ N is proper.

Proposition 2.9. The following hold for any (I, ε) ∈ I× ℓ1+:

(a) SI,ε ⊊ S⋆.
(b) EI,ε ⊊ E.

Moreover, if (I, ε) is S⋆-contributive then

(c) EI,ε ⊊ SI,ε.
(d) SI,ε ̸⊆ E.

Proof. (a) This follows from the fact that SI,ε is a σ-ideal by Theorem 2.3
(recall that S⋆ is not an ideal: see [Bar88, Lem. 1.3] or [BS18, BJ95a]).

(b) Assume that (I, ε) ∈ I× ℓ1+ is E-contributive and let k ∈ ↑ωω be such
that In = [kn, kn+1). Let a ∈ ↑ωω be such that

∀n ∈ ω : kan+1 > 2kan+1 − kan .

For each n ∈ ω, let I ′n := [kan , kan+1) and

ψ(n) := {x ∈ I′n2 | x↾(I ′n ∖ Ian) = 0}.
Then it follows from the definition of the function a that |ψ(n)| = 2|Ian | =

2kan+1−kan < 2kan+1−kan+1 so we have
|ψ(n)|
2|I′n|

<
2kan+1−kan+1

2kan+1−kan
= 2−(kan+1−kan ).

Therefore, [ψ]∗ ∈ E .
Notice that for any φ ∈ ΣI,ε there is a function x ∈ [ψ]∗ such that

x↾Ian /∈ φ(an) for all n, thus x /∈ [φ]∗.
(c) If EI,ε = {∅} for some I, ε, there is nothing to prove. So, assume that

EI,ε ̸= {∅}. Take any infinite and co-infinite B ⊆ ω and define φ(n) = {0}
on B (0 represents a constant zero sequence on any In), and φ(n) = ∅ on
ω ∖ B. Then clearly φ ∈ ΣI,ε and ∅ ≠ [φ]∞ ∈ SI,ε. It remains to see that
[φ]∞ /∈ EI,ε. To this end, we will show that [φ]∞ ̸⊆ [ψ]∗ for any ψ ∈ ΣI,ε.
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So, let ψ ∈ ΣI,ε. The set v := {n ∈ ω ∖ B | In2 ̸= ψ(n)} is infinite. Define
x ∈ ω2 by

x↾In =

{
0 if n ∈ ω ∖ v,

any a ∈ In2∖ ψ(n) if n ∈ v.

Therefore x ∈ [φ]∞ and x /∈ [ψ]∗.
(d) Choose any φ ∈ ΣI,ε such that [φ]∞ ̸= ∅. We will show that [φ]∞ /∈ E ,

i.e., for any J ∈ I and any ψ ∈
∏
n∈ω P(Jn2) with

∑
n∈ω

|ψ(n)|
2|Jn| <∞, we have

[φ]∞ ̸⊆ [ψ]∗ (see Theorem 1.3). Thus, fix such J and ψ.

Case 1. If ∃∞n : ψ(n) = ∅, then [ψ]∗ = ∅ and consequently ∅ ̸= [φ]∞
̸⊆ [ψ]∗.

Case 2. If ∀∞n : ψ(n) ̸= ∅ then ∀∞n : ψ(n) ⊊ Jn2 by
∑

n∈ω
|ψ(n)|
2|Jn| <∞.

Define increasing sequences ⟨kn | n ∈ ω⟩, ⟨jn | n ∈ ω⟩ such that⋃
n∈ω

Ikn ∩
⋃
n∈ω

Jjn = ∅,

and φ(kn) is non-empty for all n ∈ ω. Consider the set

X = {x ∈ ω2 | ∀n ∈ ω : x↾Ikn+1 ∈ φ(kn + 1)}.

Clearly, X ⊆ [φ]∞. On the other hand, pick x ∈ ω2 such that x↾Ikn+1 ∈
φ(kn + 1) and x↾Jjn /∈ ψ(n) for all n ∈ ω. Hence, X ̸⊆ [ψ]∗.

3. Monotonicity. In the current section we investigate what require-
ment on two pairs (I, ε) and (I ′, ε′) has to be posed in order to achieve
SI,ε ⊆ SI′,ε′ , and similarly for EI,ε ⊆ EI′,ε′ . Before, we have to review the
terminology on relational systems.

The standard sources for the terminology on relational systems are [Bla10,
Voj93]. We say that R = ⟨X,Y,⊏⟩ is a relational system if it consists of two
non-empty sets X and Y and a relation ⊏, a subset of X × Y , for which:

(1) a set F ⊆ X is R-bounded if ∃y ∈ Y ∀x ∈ F : x ⊏ y,
(2) a set D ⊆ Y is R-dominating if ∀x ∈ X ∃y ∈ D : x ⊏ y.

We associate two cardinal characteristics with the relational system R:

b(R) := min {|F | | F ⊆ X is R-unbounded},

the unbounding number of R, and

d(R) := min {|D| | D ⊆ Y is R-dominating},

the dominating number of R.
The dual of R is defined by R⊥ := ⟨Y,X,⊏⊥⟩, where y ⊏⊥ x if and only

if x ̸⊏ y. Note that b(R⊥) = d(R) and d(R⊥) = b(R).
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The cardinal b(R) may be undefined, in which case we write b(R) = ∞,
likewise for d(R). Concretely, b(R) = ∞ if and only if d(R) = 1; and
d(R) = ∞ if and only if b(R) = 1.

Cardinal characteristics associated with ideals can be characterized by
relational systems:

Example 3.1. For I ⊆ P(X), define the following relational systems:

(1) I := ⟨I, I,⊆⟩, which is a directed partial order when I is closed under
unions (e.g., an ideal),

(2) CI := ⟨X, I,∈⟩.
Whenever I is an ideal on X, we have

(a) b(I) = add(I),
(b) d(I) = cof(I),
(c) d(CI) = cov(I),
(d) b(CI) = non(I).

We shall extensively use a so-called Tukey connection (2), which is a
practical tool to determine relations between cardinal characteristics.

Definition 3.2. Let R = ⟨X,Y,⊏⟩ and R′ = ⟨X ′, Y ′,⊏′⟩ be two rela-
tional systems. We say that

(Ψ−, Ψ+) : R → R′

is a Tukey connection from R into R′ if Ψ− : X → X ′ and Ψ+ : Y ′ → Y are
functions such that

∀x ∈ X ∀y′ ∈ Y ′ : Ψ−(x) ⊏
′ y′ ⇒ x ⊏ Ψ+(y

′).

The Tukey order between relational systems is defined by R ⪯T R′ if and
only if there is a Tukey connection from R into R′. Tukey equivalence is
defined by R ∼=T R′ if and only if R ⪯T R′ and R′ ⪯T R.

The crucial assertion connecting Tukey order and cardinal invariants is
the following one.

Fact 3.3. Let R = ⟨X,Y,⊏⟩ and R′ = ⟨X ′, Y ′,⊏′⟩ be relational systems.
Then

(a) R ⪯T R′ implies (R′)⊥ ⪯T R⊥,
(b) R ⪯T R′ implies b(R′) ≤ b(R) and d(R) ≤ d(R′),
(c) R ∼=T R′ implies b(R′) = b(R) and d(R) = d(R′).

Hence, we can proceed to a question about the role of the parameters in
the families SI,ε, i.e., what kind of (natural) relation between partitions or
elements of ℓ1+ guarantees the relation (inclusion) between the families SI,ε.
The same question may be asked for EI,ε.

(2) Some authors use “Galois–Tukey connection”.
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Definition 3.4. Define the following relation on I:

I ⊑ J if and only if ∀∞ n < ω ∃m < ω : Im ⊆ Jn.

Note that ⊑ is a directed preorder on I, so we think of I as the relational
system with the relation ⊑. Also notice that we can consider the family of all
partitions of all cofinite subsets of ω instead of I (3). In [Bla10] it is proved
that I ∼=T

ωω.

The second relation on I is the refinement relation ⊑R defined, for I, J
∈ I, by

I ⊑R J if and only if ∀∞n ∈ ω ∃F ∈ [ω]<ω : Jn =
⋃
k∈F

Ik,

i.e., all but finitely many Jn’s are finite unions of some Ik’s. Note that I ⊑R J
implies ∀∞k ∃n : Ik ⊆ Jn. Also, if I ⊑R J , then I ⊑ J . For I ⊑ J we define
Sub(I, J, n) = {k ∈ ω | Ik ⊆ Jn}.

Unfortunately, as we shall see in Observation 3.6, none of these relations
is sufficient for inclusions between the σ-ideals. However, after considering
some reasonable additional assumptions they might come in useful. On the
other hand, we show that the standard relation ≤∗ between elements of ℓ1+
yields the inclusion between the families SI,ε and EI,ε without the need for
additional assumptions.

Proposition 3.5. Let ε, ε′ ∈ ℓ1+ and I, J ∈ I.
(a) If ε ≤∗ ε′, then SI,ε ⊆ SI,ε′ and EI,ε ⊆ EI,ε′.
(b) Let k ≥ 1. If ε ≤∗ ε′ ≤∗ k · ε, then SI,ε = SI,ε′ and EI,ε = EI,ε′.
(c) If I ⊑ J , ε is decreasing and ∀∞n : min Sub(I, J, n) ≥ n (4), then

EI,ε ⊆ EJ,ε.
(d) If I ⊑R J and ∀∞n :

∑
k∈Sub(I,J,n) εk ≤ εn, then SI,ε ⊆ SJ,ε.

Proof. (a) Observe that in this case we have

∀∞n :
|φ(n)|
2|In| · ε′n

≤ |φ(n)|
2|In| · εn

,

therefore ΣI,ε ⊆ ΣI,ε′ .
(b) The “⊆” part follows from (a). For the “⊇” part, without loss of

generality let φ ∈ ΣI,k·ε. We will show that φ ∈ ΣI,ε. We have

lim
n→∞

|φ(n)|
2|In| · k · εn

=
1

k
· lim
n→∞

|φ(n)|
2|In| · εn

= 0.

(3) This is a simple consequence of the fact that I is a ⊑-cofinal subset in such a
family. Hence, its bounding and dominating cardinal characteristics are the same as b(I)
and d(I), respectively. Thus, most of the time, by I we mean the partition of some cofinite
subset of ω.

(4) This happens, e.g., when ∃∞n : |{k |Jn ∩ Ik ̸= ∅}| ≥ 2.
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(c) Let φ ∈ ΣI,ε. For every n define

ψ(n) = {x ∈ Jn2 | ∀k ∈ Sub(I, J, n) : x↾Ik ∈ φ(k)}
= {x ∈ Jn2 | ∀k : Ik ⊆ Jn ⇒ x↾Ik ∈ φ(k)}.

Since ε→ 0, we have ∀∞k : εk < 1. Furthermore, ε is decreasing and so∏
k∈Sub(I,J,n)

εk ≤ min {εk | k ∈ Sub(I, J, n)} ≤ εn.

Thus for all but finitely many n ∈ ω we have

|ψ(n)|
2|Jn| · εn

=

∏
k∈Sub(I,J,n) |φ(k)| · 2

|Jn|−
∑

j∈Sub(I,J,n) |Ij |

2|Jn| · εn

=
1

εn
·

∏
k∈Sub(I,J,n)

|φ(k)|
2|Ik|

≤
∏

k∈Sub(I,J,n)

|φ(k)|
2|Ik| · εk

→ 0.

The last term converges to zero since φ ∈ ΣI,ε. Therefore, ψ ∈ ΣJ,ε. Note
that [φ]∗ ⊆ [ψ]∗. Indeed, if x ∈ ω2 is such that ∀∞k : x↾Ik ∈ φ(k), then
∀∞n : x↾Jn ∈ ψ(n).

(d) We will show that if ε decreases sufficiently fast, then I ⊑R J implies
SI,ε ⊆ SJ,ε. So, let ε ∈ ℓ1+ be such that ∀∞n :

∑
k∈Sub(I,J,n) εk ≤ εn. For any

φ ∈ ΣI,ε set

ψ(n) = {s ∈ Jn2 | ∃k ∈ Sub(I, J, n) : s↾Ik ∈ φ(k)},

i.e., ψ(n) is the set of extensions of functions from
⋃
k∈Sub(I,J,n) φ(k) on Jn.

First, note that for any N ∈ ω and all but finitely many n ∈ ω,

|ψ(n)|
2|Jn|

=
∑

k∈Sub(I,J,n)

|φ(k)| · 2|Jn∖Ik|

2|Ik| · 2|Jn∖Ik|

=
∑

k∈Sub(I,J,n)

|φ(k)|
2|Ik|

<

∑
k∈Sub(I,J,n) εk

N
,

while the last expression is at most εn/N , and thus ψ ∈ ΣJ,ε.
Notice that [φ]∞ ⊆ [ψ]∞. Indeed, if x ∈ ω2 is such that ∃∞k : x↾Ik ∈

φ(k), consider ⟨nk | k ∈ ω⟩ such that Ik ⊆ Jnk
for all but finitely many

k ∈ ω (there is such a sequence by I ⊑R J). Then x↾Jnk
is an extension of

x↾Ik ∈ φ(k) on Jnk
, that is, x↾Jnk

∈ ψ(nk) for all but finitely many k ∈ ω.
Therefore, ∃∞n : x↾Jn ∈ ψ(n).

Since for any φ ∈ ΣI,ε we found ψ ∈ ΣJ,ε with [φ]∞ ⊆ [ψ]∞, we have
SI,ε ⊆ SJ,ε.

In Proposition 3.5(c)–(d), the relations ⊑ and ⊑R are not sufficient to
guarantee the corresponding conclusions.
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Observation 3.6. There are I, J, ε such that I ⊑ J and SI,ε ̸⊆ SJ,ε. The
same is true for the relation ⊑ with EI,ε, and for the relation ⊑R with both
SI,ε and EI,ε.

Proof. The assertions for ⊑R can be proven similarly to those for ⊑.
Thus we prove just the latter.

We shall show first that given any directed preorder ⪯ on I, it is not
necessarily true that I ⪯ J implies SI,ε ⊆ SJ,ε for any ε ∈ ℓ1+. Assume that
the implication holds. By the proof of [Bar88, Lem. 1.3], there are X,Y ∈ S⋆
such that X ∪ Y /∈ S⋆. By Theorem 2.3(c), choose I, I ′ ∈ I and ε, ε′ ∈ ℓ1+
such that X ∈ SI,ε and Y ∈ SI′,ε′ . Define δ ∈ ℓ1+ by δn = max {εn, ε′n} for
each n. Then ΣI,ε ⊆ ΣI,δ, ΣI′,ε′ ⊆ ΣI′,δ, and X ∈ SI,δ, Y ∈ SI′,δ.

On the other hand, since ⪯ is a directed preorder, we can find a parti-
tion J such that I, I ′ ⪯ J . By the assumption, SI,δ,SI′,δ ⊆ SJ,δ, so we get
X,Y ∈ SJ,δ. Therefore, X ∪ Y ∈ SJ,δ ⊆ S⋆, which is a contradiction.

Regarding EI,ε, we shall show that I ⊑ J does not necessarily imply
EI,ε ⊆ EJ,ε. That is, there are I, J ∈ I with I ⊑ J and ε ∈ ℓ1+ such that
(I, ε) is E-contributive and (J, ε) is not E-contributive (even S⋆-contributive).
Thus, {∅} ≠ EI,ε ̸⊆ EJ,ε = {∅}. To show this, construct inductively I such
that

∀∞n : 2−|In| < min

{
2−|In−1|

n
, 2−(n+1)

}
.

It is easy to construct such a partition – each step takes sufficiently long In.
Put εn = 2−|In−1| for n ≥ 2. Let I0 be an arbitrary finite interval (initial
in ω) of length at least 2, |I1| = 2, ε0 = 1 and ε1 = 1

2 . Note that εn < 2−n for
all but finitely many n ∈ ω, thus, ε ∈ ℓ1+. Also, note that ∀∞n : 2−|In| < εn

n ,
therefore, by Lemma 2.8 we see that (I, ε) is E-contributive. Define J such
that I0 = J0 ∪ J1 and Jn = In−1 for all n ∈ ω. Clearly, I ⊑ J (even J ⊑ I).
Moreover, ∀∞n : 2−|Jn| = 2−|In−1| = εn. Thus, by Lemmas 2.8 and 2.5 we
have EJ,ε = SJ,ε = {∅}.

The refinement relation has minimal usefulness regarding cardinal invari-
ants since its bounding and dominating numbers are trivial. Denote by DR

the relational system ⟨I, I,⊑R⟩.
Proposition 3.7. b(DR) = 2 and d(DR) = c.
Proof. First, it is very easy to see that the relation ⊑R is not a di-

rected preorder. To see this, let f ∈ ωω be an increasing function. Put
In = [f(2n), f(2n+2)), J0 = [f(0), f(3)), and for n ≥ 1 put Jn = [f(2n+1),
f(2n+3)). We get overlapping partitions for which we cannot find a common
upper bound. Hence, b(DR) = 2.

We shall formulate previous facts as a claim since we use it in the next
construction. First, for any I = {[ik, ik+1) | k ∈ ω} ∈ I define the set of
endpoints of its intervals ep(I) = {ik | k ∈ ω}.
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Claim 3.8. If I, J ∈ I satisfy |ep(I) ∩ ep(J)| < ω, then no K ∈ I is
an ⊑R-upper bound for both I and J , i.e., for any KI ,KJ ∈ I such that
I ⊑R K

I and J ⊑R K
J we have KI ̸= KJ .

Proof. Assume not. Let K ∈ I be such that I, J ⊑R K. Then
∃m0 ∈ ω ∀m > m0 : Km is a union of some Ik’s,
∃m1 ∈ ω ∀m > m1 : Km is a union of some Jn’s.

Since |ep(I) ∩ ep(J)| < ω we also have

∃M ∈ ω ∀k, n > M :

min(Ik) ̸= min(Jn),max(Jn) and max(Ik) ̸= min(Jn),max(Jn).

Hence,
∃m2 ∈ ω ∀m > m2 : min Sub(I,K,m) > M and min Sub(J,K,m) > M.

Now consider any m > max {m0,m1,m2}. For this m, Km is a union
of Jn’s for n ∈ Sub(J,K,m). Since m > m0, Km is also a union of Ik’s for
k ∈ Sub(I,K,m). But this is not possible by the fact that m > m2, which
implies that for any k ∈ Sub(I,K,m) and n ∈ Sub(J,K,m), Ik and Jn do
not share common endpoints.

We will show that d(⊑R) = c. Let D be a ⊑R-dominating family in I.
Consider an arbitrary AD family A of cardinality c. Assign to any A = {ai ∈
ω | i ∈ ω} ∈ A (naturally enumerated in an increasing way) a partition
IA = {[ai, ai+1) | i ∈ ω} and denote IA = {IA | A ∈ A}. Note that IA
and IB satisfy |ep(IA) ∩ ep(IB)| < ω whenever A ̸= B. By Claim 3.8, no
K ∈ I is a bound for two distinct elements of IA, let alone infinitely many
of them. That is, for any A ∈ A there is KA ∈ D, a bound for IA, and by
Claim 3.8, this KA is an upper bound for no other IB (i.e., for B ̸= A). Thus
|{KA | A ∈ A}| = c and as {KA | A ∈ A} ⊆ D, also |D| = c.

We shall establish a basic tool for showing inclusions between the σ-
ideals under study, i.e., we show that the inclusion strongly depends on
coordinatewise inclusions.

Lemma 3.9. Let (I, ε) ∈ I×ℓ1+, and φ,ψ ∈ ΣI,ε. The following statements
are equivalent:
(1) ∀∞n ∈ ω : φ(n) ⊆ ψ(n).
(2) [φ]∞ ⊆ [ψ]∞.

Proof. (1)⇒(2) is clear: x ∈ [φ]∞ if and only if ∃∞n : x↾In ∈ φ(n). Since
∀∞n : φ(n) ⊆ ψ(n), we have ∃∞n : x↾In ∈ ψ(n).

¬(1)⇒¬(2). By the assumption there exists an increasing sequence
⟨kn | n ∈ ω⟩ such that φ(kn) ∖ ψ(kn) ̸= ∅. Consider any x ∈ ω2 such that
x↾Ikn ∈ φ(kn) ∖ ψ(kn) for all n ∈ ω, and x↾Im /∈ ψ(m) for all but finitely
many m ∈ ω ∖ {kn | n ∈ ω}. Then clearly x ∈ [φ]∞ but x /∈ [ψ]∞.
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Remark 3.10. Note that for any φ ∈ ΣI,ε we have [φ]∗ ̸= ∅ if and only
if ∀∞n ∈ ω : φ(n) ̸= ∅.

Adding more assumptions in Lemma 3.9 yields the following assertion,
which can be proven in a similar fashion.

Lemma 3.11. Let (I, ε) ∈ I× ℓ1+, and let φ,ψ ∈ ΣI,ε be such that ∀∞n ∈
ω : φ(n) ̸= ∅. The following statements are equivalent:

(1) ∀∞n ∈ ω : φ(n) ⊆ ψ(n).
(2) [φ]∗ ⊆ [ψ]∗.
(3) [φ]∞ ⊆ [ψ]∞.

Remark 3.12. Note that for the implication (1)⇒(2) in Lemma 3.11 we
do not need to assume that φ(n) ̸= ∅ for all but finitely many n’s.

In connection with Proposition 3.5(a)–(b), we shall demonstrate that for
distinct ε, ε′ we may have distinct SI,ε,SI,ε′ , and similarly for EI,ε. That is,
it is not necessarily true that SI,ε = SI,ε′ and EI,ε = EI,ε′ for ε ̸=∗ ε′.

The above fact can be easily proven by considering I, ε, ε′ such that (I, ε)
is not S⋆-contributive (resp. not E-contributive) but (I, ε′) is E-contributive
(resp. S⋆-contributive). Indeed, consider I such that |In| = n and define ε, ε′
by εn = 1

2n and ε′n = n
2n for every n ∈ ω. Then for any A ∈ [ω]ω we have

∀∞n ∈ A : 2|In| · εn = 2n

2n = 1, thus limn∈A 2|In| · εn ̸= ∞. By Lemma 2.5,
(I, ε) is not S⋆-contributive. On the other hand, limn→∞ 2|In| ·ε′n = 2|In|·n

2|In| =

n→ ∞. By Lemma 2.8 we deduce that (I, ε′) is E-contributive.
The question is whether SI,ε or EI,ε, once they are non-trivial, can be

different for different ε. We will answer this question in the following example.

Observation 3.13. We have SI,ε ̸= SI,ε′ and EI,ε ̸= EI,ε′ for any I with
|In| ≥ (n+ 1)3 and ε, ε′ defined by

εn =
1

(n+ 1)2
+

n

2n
and ε′n =

1

(n+ 1)3
.

Proof. The proof for EI,ε is similar to that for SI,ε. Thus we shall prove
the assertion just for SI,ε.

Note that both (I, ε) and (I, ε′) are E-contributive. Let

ξn = max

{
m ∈ ω

∣∣∣∣ m

2|In|
<

1

(n+ 1)2

}
.

Claim 3.14. ∀K ∈ ω ∃nK ∈ ω ∀n > nK : ξn
2|In|·K ≥ 1

(n+1)3
.

Proof. Notice that for all n ∈ ω we have
ξn

2|In|
≥ 1

(n+ 1)2
− 1

2|In|
≥ 1

(n+ 1)2
− 1

2n
.
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It is easy to show that ∀K ∈ ω ∀∞n ∈ ω : 1
(n+1)2

− 1
2n ≥ K

(n+1)3
, since for

positive n, this inequality is equivalent to

2n(n−K + 1) ≥ (n+ 1)3,

and 2n increases faster than (n+ 1)3.

We may assume that the sequence ⟨nK | K ∈ ω⟩ is increasing. Define φ
such that |φ(i)| = ⌈ξi/K⌉ for i ∈ [nK , nK+1). Note that ∀∞n : φ(n) ̸= ∅. We
will show that φ ∈ ΣI,ε.

Let N ∈ ω. Then for all but finitely many K > N and all i ∈ [nK , nK+1),
|φ(i)|
2|Ii|

=
⌈ξi/K⌉
2|Ii|

≤ ξi/K + 1

2|Ii|
=

ξi

2|Ii| ·K
+

1

2|Ii|
<

1

(i+ 1)2 ·N
+

i

2i ·N
.

Thus, by the remark below Definition 2.1, φ ∈ ΣI,ε.
On the other hand, for any K ∈ ω and any i ∈ [nK , nK+1) we have

|φ(i)|
2|Ii|

=
⌈ξi/K⌉
2|Ii|

≥ ξi

2|Ii| ·K
≥ 1

(i+ 1)3
.

This yields [φ]∞ ̸∈ SI,ε′ , since otherwise there is ψ ∈ ΣI,ε′ with [φ]∞ ⊆ [ψ]∞.
However, by Lemma 3.9 we have φ(n) ⊆ ψ(n) for all but finitely many n,
and we obtain

|ψ(i)|
2|Ii|

≥ |φ(i)|
2|Ii|

≥ 1

(i+ 1)3
= εi.

4. Additivity and cofinality of the new ideals. In this section, we
will study the cardinals add(EI,ε) and add(SI,ε). We will be mostly concerned
with proving Theorems B, E, and F(a).

We begin with the following combinatorial result that will be used to
prove Theorem E.

Lemma 4.1. Let (I, ε) ∈ I × ℓ1+ be an E-contributive pair. Then for any
φ ∈ ΣI,ε there is φ̄ ∈ ΣI,ε such that φ(n) ⊆ φ̄(n) and φ̄(n) ̸= ∅ for all but
finitely many n ∈ ω.

Proof. If φ(n) = ∅ take φ̄(n) = {0}. Otherwise put φ̄(n) = φ(n). We
will show that φ̄ ∈ ΣI,ε. Putting v = {n ∈ ω | φ(n) = ∅} we have

∀n ∈ ω ∖ v :
|φ̄(n)|
2|In|

=
|φ(n)|
2|In|

and ∀n ∈ v :
|φ̄(n)|
2|In|

=
1

2|In|
.

Let N ∈ ω. By the fact that φ ∈ ΣI,ε and by Lemma 2.8 we have

∀∞n ∈ ω ∖ v :
|φ̄(n)|
2|In|

<
εn
N

and ∀∞n ∈ v :
|φ̄(n)|
2|In|

=
1

2|In|
<
εn
N
.

Consequently, ∀∞n ∈ ω : |φ̄(n)|
2|In| <

εn
N .

Note that we may assume that the smallest base of EI,ε ̸= {∅} consists
only of sets [φ]∗ such that ∀∞n : φ(n) ̸= ∅.
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Proposition 4.2. For any E-contributive (I, ε) ∈ I × ℓ1+ we have SI,ε
∼=T EI,ε. In particular, cof(SI,ε) = cof(EI,ε) and add(EI,ε) = add(SI,ε).

Proof. “⪯T”. For any X ∈ SI,ε there is φX ∈ ΣI,ε such that X ⊆ [φX ]∞
and ∀∞n : φX(n) ̸= ∅, see Lemma 4.1. Define Ψ− : SI,ε → EI,ε by Ψ−(X) =
[φX ]∗. For any Y ∈ EI,ε there is ψY ∈ ΣI,ε such that Y ⊆ [ψY ]∗. Define
Ψ+ : EI,ε → SI,ε by Ψ+(Y ) = [ψY ]∞.

Let X ∈ SI,ε and Y ∈ EI,ε be such that Ψ−(X) = [φX ]∗ ⊆ Y . Since
Y ⊆ [ψY ]∗, we have [φX ]∗ ⊆ [ψY ]∗. By Lemma 3.11 we have X ⊆ [φX ]∞ ⊆
[ψY ]∞ = Ψ+(Y ).

“⪰T”. To see this just switch the roles of Ψ− and Ψ+ from the first part
of this proof.

It is well-known that add(N ) and cof(N ) can be characterized using
the notion of slaloms. We shall show the connection between localization
and anti-localization cardinals based on slaloms and the σ-ideals under con-
sideration, but first, we need the basic terminology from localization and
anti-localization theory. For more details and further references, see [CM23].

Definition 4.3. Given a sequence b = ⟨b(n) | n ∈ ω⟩ of non-empty sets
and h : ω → ω, define ∏

b :=
∏
n∈ω

b(n),

S(b, h) :=
∏
n∈ω

[b(n)]≤h(n).

For two functions x ∈
∏
b and φ ∈ S(b, h) write

x ∈∗ φ if and only if ∀∞n ∈ ω : x(n) ∈ φ(n),

and
x ∈∞ φ if and only if ∃∞n ∈ ω : x(n) ∈ φ(n).

The negations of x ∈∗ φ and x ∈∞ φ are denoted by x /∈∗ φ and x /∈∞ φ
respectively, i.e., x /∈∗ φ if and only if ∃∞n ∈ ω : x(n) /∈ φ(n), and x /∈∞ φ
if and only if ∀∞n ∈ ω : x(n) /∈ φ(n).

We set

bLcb,h = min
{
|F |

∣∣∣F ⊆
∏

b & ¬∃φ ∈ S(b, h) ∀x ∈ F : x ∈∗ φ
}
,

dLcb,h = min
{
|R|

∣∣∣R ⊆ S(b, h) & ∀x ∈
∏

b ∃φ ∈ R : x ∈∗ φ
}
,

baLcb,h = min
{
|S|

∣∣∣S ⊆ S(b, h) & ¬∃x ∈
∏

b ∀φ ∈ S : x /∈∞ φ
}
,

daLcb,h = min
{
|E|

∣∣∣E ⊆
∏

b & ∀φ ∈ S(b, h) ∃x ∈ E : x /∈∞ φ
}
.
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Denote Lc(b, h) := ⟨
∏
b,S(b, h),∈∗⟩ and aLc(b, h) := ⟨S(b, h),

∏
b, ̸∋∞⟩.

So we have bLcb,h = b(Lc(b, h)), baLcb,h = b(aLc(b, h)), and similarly for the
dominating numbers.

If b is the constant sequence ω, we use the notation Lc(ω, h), aLc(ω, h)
and we denote the associated cardinal characteristics by bLcω,h, d

Lc
ω,h, b

aLc
ω,h , d

aLc
ω,h .

Theorem 4.4 (Bartoszyński [Bar84], see also [CM23]). If h ∈ ωω and
limn→∞ h(n) = ∞, then bLcω,h = add(N ) and dLcω,h = cof(N ).

Theorem 4.5 (Bartoszyński [Bar87], Miller [Mil82]). If h ∈ ωω and
h ≥∗ 1, then baLcω,h = non(M) and daLcω,h = cov(M).

Before we state the relationships between the relevant σ-ideals and local-
ization cardinals, we need to expand the terminology concerning relational
systems. Let R = ⟨X,Y,⊏⟩, R′ = ⟨X ′, Y ′,⊏′⟩ be relational systems. We
define the sequential composition (R;R′) = ⟨X × (X ′)Y , Y × Y ′,⊏•⟩, where
the binary relation (x, f) ⊏• (a, b) means x ⊏ a and f(a) ⊏′ b. More about
this way of creating a relational system from existing relational systems can
be found in [Bla10]. Also, we will use the following abstraction of certain
types of sequences, allowing us to think about complex objects as natural
numbers. Here, we let ↑ωω = {f ∈ ωω | f is increasing}.

Remark 4.6. Let I ∈ I. For any a ∈ ↑ωω, the set∏
n∈ω

( ∏
m∈[a(n),a(n+1))

P(Im2)
)

can be thought of as a subset of ωω. Indeed, denote λi = |P(Ii2)| < ω.
Then for each a ∈ ↑ωω and n ∈ ω there are κa,n :=

∏a(n+1)−1
i=a(n) λi finite

sequences t having the domain [a(n), a(n+1)) such that t(i) ⊆ Ii2 for each i ∈
[a(n), a(n+1)). Enumerate these sequences in an arbitrary way to get {ta,nK |
K < κa,n}. We define Φ :

⋃
a∈↑ωω

∏
n∈ω(

∏
m∈[a(n),a(n+1)) P(Im2)) → ωω as

follows. For f ∈
⋃
a∈↑ωω

∏
n∈ω(

∏
m∈[a(n),a(n+1)) P(Im2)) there is a unique a′

such that f ∈
∏
n∈ω(

∏
m∈[a′(n),a′(n+1)) P(Im2)). We let Φ(f)(n) = K if and

only if f(n) = ta
′,n
K , i.e., if f(n) is the K-th element with respect to the

above-mentioned enumeration (5).

The proof of the following result is based on [BJ95a, Thm. 5.1.2]:

(5) Notice that this can be done systematically. For example, enumerate the sets
P
(
In2

)
= {Yi | i < λn}. To every sequence S having the domain [a(n), a(n + 1)) such

that t(i) ⊆ Ii2 for each i ∈ [a(n), a(n+ 1)) assign the vector c = ⟨c0, . . . , ca(n+1)−a(n)−1⟩,
where the terms ci are such that t(i) = Yci for each i < a(n+ 1)− a(n)− 1. Then assign
K to f(n) if and only if the vector c corresponding to f(n) is the Kth with respect to the
lexicographical ordering.
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Theorem 4.7. Let h ∈ ωω be defined by h(n) = (n + 1)2 for all n ∈ ω.
For any (I, ε) ∈ I× ℓ1+ the following hold:

(a) If (I, ε) is E-contributive, then EI,ε ⪯T (⟨↑ωω, ↑ωω,≤∗⟩;Lc(ω, h)).
(b) If (I, ε) is S-contributive, then SI,ε ⪯T (⟨↑ωω, ↑ωω,≤∗⟩;Lc(ω, h)).

Proof. (a) We need to find Ψ− : EI,ε → ↑ωω × ↑ωω(ωω) and Ψ+ : ↑ωω ×
S(ω, h) → EI,ε. First, we are going to define Ψ−. For X ∈ EI,ε there is
φX ∈ ΣI,ε such that X ⊆ [φX ]∗. Define kX = ⟨kXn | n ∈ ω⟩ by kX0 = 0 and
for n ≥ 1,

kXn = min

{
m > kXn−1

∣∣∣∣ ∀j ≥ m :
|φX(j)|
2|Ij |

<
εj

(n+ 1)3

}
.

Notice that the existence of kX is guaranteed by the fact that φX ∈ ΣI,ε.
We will define a function

FX : ↑ωω →
⋃

a∈↑ωω

∏
n∈ω

( ∏
m∈[a(n),a(n+1))

P(Im2)
)

as follows. For any b ∈ ↑ωω let us set FX(b)(n) = φX↾[b(n), b(n+ 1)) for all
n ∈ ω. Put Ψ−(X) = (kX , Φ◦FX), where Φ is the mapping from Remark 4.6.

Now, we are going to define Ψ+. Let b ∈ ↑ωω and S ∈ S(ω, h). We define
S̄b ∈ S(ω, h) by setting S̄b(n) to be{

tb,nK

∣∣∣∣K ∈ S(n) ∩ κb,n and ∀j ∈ [b(n), b(n+ 1)) :
|tb,nK (j)|
2|Ij |

<
εj

(n+ 1)3

}
,

where the function κb,n and the enumeration tb,nK are from Remark 4.6.
For every n ∈ ω and every j ∈ [b(n), b(n+ 1)) define

(4.8) ψb,S(j) =
⋃

t∈S̄b(n)

t(j).

Note that ψb,S ∈ ΣI,ε since for j ∈ [b(n), b(n+ 1)) we have

|ψb,S(j)|
2|Ij |

< |S̄b(n)|·
εj

(n+ 1)3
≤ |S(n)|· εj

(n+ 1)3
≤ (n+1)2· εj

(n+ 1)3
≤ εj
n+ 1

.

Thus, we define Ψ+(b, S) = [ψb,S ]∗.
Let X ∈ EI,ε and (b, S) ∈ ↑ωω × S(ω, h) be such that Ψ−(X) ⊏• (b, S),

i.e., kX ≤∗ b and (Φ ◦ FX)(b) ∈∗ S. We shall show that X ⊆ Ψ+(b, S).
Since kX ≤∗ b it follows that

(4.9) ∀∞n ∈ ω ∀j ≥ b(n) :
|φX(j)|
2|Ij |

<
εj

(n+ 1)3
.

Denote by ⟨Kn | n ∈ ω⟩ the sequence (Φ◦FX)(b). By the fact that φX ∈ ΣI,ε,
it follows that φX↾[b(n), b(n + 1)) ∈

∏
m∈[b(n),b(n+1)) P(Im2) for any n ∈ ω.

Therefore, we have
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(i) ∀n ∈ ω : Kn < κb,n,
(ii) ∀n ∈ ω : FX(b)(n) = φX↾[b(n), b(n+ 1)) = tb,nKn

,
(iii) ∀n ∈ ω ∀j ∈ [b(n), b(n+ 1)) : φX(j) = tb,nKn

(j).

Thus, it follows from (Φ ◦ FX)(b) = ⟨Kn | n ∈ ω⟩ ∈∗ S that ∀∞n ∈
ω : Kn ∈ S(n) ∩ κb,n, and by (4.9) and (iii) we have ∀∞n ∈ ω : tb,nKn

=

φX↾[b(n), b(n + 1)) ∈ S̄b(n). Consequently, ∀∞j ∈ ω : φX(j) ⊆ ψb,S(j)
by (4.8). Applying Lemma 3.11 we get X ⊆ [φX ]∗ ⊆ [ψb,S ]∗ = Ψ+(b, S).

(b) The proof is almost identical to that of (a): we just need to replace
EI,ε with SI,ε, [·]∗ with [·]∞ and Lemma 3.11 with Lemma 3.9.

The following result can be found in [Bla10].

Fact 4.10. LetR = ⟨X,Y,⊏⟩ andR′ = ⟨X ′, Y ′,⊏′⟩ be relational systems.
Then d(R;R′) = d(R) · d(R′) and b(R;R′) = min {b(R), b(R′)}.

Recall that by Proposition 4.2, cof(SI,ε) = cof(EI,ε) and add(EI,ε) =
add(SI,ε) for all E-contributive pairs (I, ε). However, the next result holds
for all (I, ε).

Corollary 4.11. For any (I, ε) ∈ I× ℓ1+ the following hold:

(a) add(N ) ≤ add(EI,ε), add(SI,ε).
(b) cof(EI,ε), cof(SI,ε) ≤ cof(N ).

Proof. We shall prove the assertion for EI,ε. The proof for SI,ε is similar.
If (I, ε) is not E-contributive then add(N ) ≤ ∞ = add(EI,ε) and cof(EI,ε)

= 1 ≤ cof(N ). For E-contributive pairs we proceed as follows.
(a) By Theorem 4.7(a) and Fact 4.10 we have min {b, bLcω,h} ≤ add(EI,ε).

Applying Theorem 4.4 and the inequality add(N ) ≤ b we get min {b, bLcω,h} =

min {b, add(N )} = add(N ).
(b) By Theorem 4.7(a) and Fact 4.10 we have cof(EI,ε) ≤ d·dLcω,h. Applying

Theorem 4.4 and the fact that d ≤ cof(N ) we get d · dLcω,h = d · cof(N )

= cof(N ).

Corollary 4.12. For any (I, ε) ∈ I× ℓ1+ the following hold:

(a) add(N ) ≤ min {add(SI,ε) | I ∈ I, ε ∈ ℓ1+}.
(b) cof(N ) ≥ sup {cof(SI,ε) | I ∈ I, ε ∈ ℓ1+}.

One can ask whether the inequalities in Corollary 4.12 could be changed
to equalities. The answer is positive after assuming some additional inequal-
ities between cardinal invariants. We start with two auxiliary results. The
next result describes the null sets.

Lemma 4.13 (see, e.g., [BJ95a, Lem. 2.5.1]). For any null set G ⊆ ω2

there is a sequence ⟨Fn | n ∈ ω⟩ ∈
∏
n∈ω P(n2) with

∑
n∈ω

|Fn|
2n < ∞ such
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that
G ⊆ {x ∈ ω2 | ∃∞n : x↾n ∈ Fn}.

In order to be brief, we shall use the following way of coding of small
sets:

Definition 4.14 ([CM23, Def. 6.5]). We say that t = (L, ε, φ, ψ) is a
2-small⋆ coding if

(T1) (L, ε) ∈ I× ℓ1+, and we denote L2k = [nk,mk) and L2k+1 = [mk, nk+1)
(so nk < mk < nk+1), and define I := ⟨Ik | k < ω⟩ and I ′ := ⟨I ′k |
k < ω⟩ by Ik := [nk, nk+1) and I ′k := [mk,mk+1).

(T2) φ ∈ ΣI,ε, ψ ∈ ΣI′,ε,

The following is a strengthening of a similar result in [Bar88]. Our proof
is a modification of the corresponding reasoning in [Bar88] and follows the
proof of Lemma 6.6 in [CM23].

Lemma 4.15. Let {Gα | α < κ} ⊆ N , let ε ∈ ℓ1+ be decreasing and let
D ⊆ I be dominating in I. If κ < b, then there is some L ∈ D and some
2-small ⋆ codings tα = (L, ε, φα, ψα) for α < κ such that

Gα ⊆ [φα]∞ ∪ [ψα]∞ for every α < κ.

Proof. By Lemma 4.13 there are sequences ⟨Fαn | n ∈ ω⟩ such that
Gα ⊆ {x ∈ ω2 | ∃∞n : x↾n ∈ Fαn } for each α < κ. Define sequences nαk ,m

α
k

as follows: nα0 = 0,

mα
k = min

{
j > nαk

∣∣∣∣ 2nα
k ·

∞∑
i=j

|Fαi |
2i

<
εk
k

}
,

nαk+1 = min

{
j > mα

k

∣∣∣∣ 2mα
k ·

∞∑
i=j

|Fαi |
2i

<
εk
k

}
,

for each α < κ, k ∈ ω.
Now we let Jα = {[nα2k, nα2(k+1)) | k ∈ ω} and since κ < b we can find

L ∈ D such that Jα ⊑ L for each α < κ. Denote L2k = [nk,mk) and L2k+1 =
[mk, nk+1). Now define I = {[nk, nk+1) | k ∈ ω} and I ′ = {[mk,mk+1) | k
∈ ω}. By the definition of the ⊑-relation, for any α < κ there is an iα ∈ ω
such that

∀k > iα ∃j, j′ ≥ k : [nαj ,m
α
j ) ⊆ L2k and [nαj′ ,m

α
j′+1) ⊆ L2k+1.

Note that we may assume that j, j′ ≥ k, since by the definition of Jα,
there is a kα such that ∀k > kα : [nα2l, n

α
2l+2) ⊆ Lk for some l, and hence

[nα2l,m
α
2l), [n

α
2l+1,m

α
2l+1) ⊆ Lk. Then the smallest (with respect to indices)

possible subinterval for Lk+1 is [nα2l+2,m
α
2l+2), for Lk+2 it is [nα2l+4,m

α
2l+4)

etc. Clearly, indices of subintervals grow at least twice as fast as indices of
Lk’s. So, eventually j’s must catch k’s up.
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Now, for any α < κ define sequences φα, ψα as follows: φα(k) = ψα(k)
= ∅ for k ≤ iα, otherwise φα(k) is defined as

{s ∈ Ik2 | ∃i ∈ [mk, nk+1) ∃t ∈ Fαi : s↾(dom(t) ∩ Ik) = t↾(dom(t) ∩ Ik)},
and ψα(k) as

{s ∈ I′k2 | ∃i ∈ [nk+1,mk+1) ∃t ∈ Fαi : s↾(dom(t) ∩ I ′k) = t↾(dom(t) ∩ I ′k)}.

For k ≤ iα we have |φα(k)|
2|Ik| = 0. For k > iα,

[nαj ,m
α
j ) ⊆ [nk,mk) = L2k and [mα

j′ , n
α
j′+1) ⊆ [mk, nk+1) = L2k+1

for some j, j′ ≥ k. That is, nk ≤ nαj < mα
j ≤ mk and mk ≤ mα

j′ < nαj′+1
≤ nk+1. Therefore, since for any k we have

|φα(k)| ≤
nk+1∑
i=mk

|Fαi | · 2|Ik|−(i−nk)

(for any i∈ [mk, nk+1) there are 2|Ik|−(i−nk) extensions ofFαi inside [nk, nk+1)),
one can easily see that for all but finitely many k∈ω we have

|φα(k)|
2|Ik|

≤ 2nk ·
nk+1∑
i=mk

|Fαi |
2i

≤ 2n
α
j ·

nk+1∑
i=mα

j

|Fαi |
2i

<
εj
j

≤ εk
j

≤ εk
k
.

Hence, |φα(k)|
2|Ik|·εk

≤ 1
k → 0. Therefore φα ∈ ΣI,ε. In a similar way we can prove

ψα ∈ ΣI′,ε.
It remains to show Gα ⊆ [φα]∞ ∪ [ψα]∞. Let x ∈ Gα and X = {n ∈ ω |

x↾n ∈ Fαn }. By our assumption about Gα we have |X| = ω. Then one of
the sets X ∩

⋃
k∈ω[mk, nk+1) or X ∩

⋃
k∈ω[nk+1,mk+1) is infinite. Without

loss of generality assume the first case, i.e., for infinitely many n we have
n ∈ [mk, nk+1) for some k and x↾n ∈ Fαn . For those k’s, by the definition
of φα(k) there is s ∈ φα(k) such that s = x↾[nk, nk+1) = x↾Ik. So, we have
x↾Ik ∈ φα(k).

We show that we can prove the reverse inequalities to those in Corol-
lary 4.12 under additional assumptions.

Theorem 4.16. The following equalities hold:

(a) add(N ) = min {b,min {add(SI,ε) | I ∈ I and ε ∈ ℓ1+}}.
(b) cof(N ) = max {d, sup {cof(SI,ε) | I ∈ I and ε ∈ ℓ1+}}.

Proof. (a) The inequality “≤” is clear from Corollary 4.12. So we shall
prove add(N ) ≥ min {add(SI,ε) | I ∈ I, ε ∈ ℓ1+}. To see this, let A = {Aα |
α < κ} ⊆ N be a witness for add(N ), i.e., |A| = add(N ) and

⋃
α<κAα /∈ N .

By Lemma 4.15 there are ε ∈ ℓ1+, I, I ′ ∈ I and also φα ∈ ΣI,ε, ψα ∈ ΣI′,ε such
that Aα ⊆ [φα]∞∪ [ψα]∞ for each α < κ. Clearly, one of the sets

⋃
α<κ[φ

α]∞
or

⋃
α<κ[ψ

α]∞ is not null, otherwise
⋃
α<κ[φ

α]∞ ∪ [ψα]∞ ⊇
⋃
α<κAα would
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be null, which is not true by the assumption. Recall that SI,ε ⊆ N for any
I ∈ I, ε ∈ ℓ1+. Consequently,

⋃
α<κ[φ

α]∞ /∈ SI,ε or
⋃
α<κ[ψ

α]∞ /∈ SI′,ε.
Without loss of generality assume the first case. Then {[φα]∞ | α < κ} is
a family of sets from SI,ε such that

⋃
{[φα]∞ | α < κ} /∈ SI,ε and it has

cardinality ≤ add(N ). We get add(SI,ε) ≤ |{[φα]∞ | α < κ}| ≤ add(N ).

(b) Since sup {cof(SI,ε) | I ∈ I, ε ∈ ℓ1+} ≤ cof(N ), we need to prove only
the other inequality. Pick a dominating family D in I such that |Lk| ≥ k+1,
k ∈ ω, for all L ∈ D and such that |D| = d. For each L ∈ D define
partitions IL and I ′L as in Definition 4.14(T1). Note that |IL,k| ≥ 2(k+1) and
|I ′L,k| ≥ 2(k+1) for each k. For each L ∈ D denote by WL and W ′

L witnesses
for cof(SIL,2−k−1) and cof(SI′L,2−k−1), respectively. Note that (IL, 2−k−1) and
(I ′L, 2

−k−1) are E-contributive by Lemma 2.8(2) since limk→∞ 2|IL,k| · 2−k−1

≥ 22k+2 · 2−k−1 = 2k+1 → ∞. Similarly limk→∞ 2|I
′
L,k| · εk → ∞. Define

A =
⋃
L∈D

{A0 ∪A1 | A0 ∈ WL, A1 ∈ W ′
L}.

Let B ⊆ N be a base of N . By Lemma 4.15 for each B ∈ B there is
L ∈ D such that B = B0 ∪ B1, where B0 ∈ SIL,2−k−1 and B1 ∈ SI′L,2−k−1 ,
and consequently (since WL and W ′

L are bases) there are AB0 ∈ WL and
AB1 ∈ W ′

L such that B ⊆ AB0 ∪AB1 ∈ A. Thus, A is a base of N . Note that

|A| ≤ |D| · sup {|WL| · |W ′
L| | L ∈ D} ≤ d · sup {cof(SJ,ε) | J ∈ I, ε ∈ ℓ1+}.

Since d < cof(N ) ≤ |A|, we see that |A| is at most

max {d, sup {cof(SJ,ε) | J ∈ I, ε ∈ ℓ1+}} = sup {cof(SJ,ε) | J ∈ I, ε ∈ ℓ1+}.
Consequently, cof(N ) ≤ |A| ≤ sup {cof(SJ,ε) | J ∈ I, ε ∈ ℓ1+}.

5. Covering and uniformity of the new ideals. This section is
mainly devoted to proving Theorems A and C. We begin with the following
observation concerning localization and anti-localization cardinals.

Remark 5.1. The localization and anti-localization cardinals in Defini-
tion 4.3 depend on the parameter b = ⟨b(n) | n ∈ ω⟩. The following lemma
shows that only the cardinalities of b(n)’s are important for investigating
localization and anti-localization cardinals. Therefore, we can formulate all
our results assuming b ∈ ωω (identifying each natural number b(n) with
{0, 1, . . . , b(n)− 1}). However, in the proofs we usually work with a suitable
sequence of sets instead of a sequence of natural numbers. The next result
is due to [CM19].

Lemma 5.2. Let b, b′ be sequences of length ω of non-empty sets and let
h, h′ ∈ ωω. If for all but finitely many n ∈ ω, |b(n)| ≤ |b′(n)|, and h′ ≤∗ h,
then Lc(b, h) ⪯T Lc(b′, h′) and aLc(b′, h′) ⪯T aLc(b, h). In particular,
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(a) bLcb′,h′ ≤ bLcb,h and dLcb,h ≤ dLcb′,h′,
(b) baLcb,h ≤ baLcb′,h′ and daLcb′,h′ ≤ daLcb,h .

The inequalities of Theorem A will be inferred from the following result.

Lemma 5.3.

(a) Let (I, ε) ∈ I × ℓ1+. Then there are h, b ∈ ωω such that
∑

n∈ω
h(n)
b(n) < ∞

and aLc(b, h)⊥ ⪯T CSI,ε
. In particular, baLcb,h ≤ cov(SI,ε) and non(SI,ε)

≤ daLcb,h .

(b) Let h, b ∈ ωω be such that
∑

n∈ω
h(n)
b(n) <∞. Then there is (I, ε) ∈ I× ℓ1+

such that cov(SI,ε) ≤ baLcb,h and daLcb,h ≤ non(SI,ε).

Proof. (a) If I, ε are not S⋆-contributive then pick arbitrary h, b such
that the corresponding relational system aLc(b, h) is defined, and the proof
is complete. Otherwise, for n ∈ ω define b(n) = In2 and h(n) = ⌊|b(n)| · εn⌋.
Notice that

∑
n∈ω

h(n)
|b(n)| < ∞ because ε ∈ ℓ1+. So it remains to prove that

aLc(b, h)⊥ ⪯T CSI,ε
.

Let X ∈ SI,ε. Choose φX ∈ ΣI,ε such that X ⊆ [φX ]∞. Since

lim
n→∞

|φX(n)|
2|In| · εn

= 0,

we can find n0 such that |φX(n)| < 2|In| · εn for all n > n0. Consequently,
since |φ(n)| ∈ ω for all n, we deduce that ∀n > n0 : |φX(n)| ≤ ⌊2|In| · εn⌋.
Next, for n ∈ ω define

φ∗
X(n) =

{
∅, n ≤ n0,

φX(n), n > n0.

It is clear that φ∗
X ∈ S(b, h) and X ⊆ [φ∗

X ]∞, so put Ψ+(X) = φ∗
X . On

the other hand, define Ψ− :
∏
b → ω2 by Ψ−(s) = s⌢0 s

⌢
1 s

⌢
2 · · · . It is clear

that Ψ−(s) ∈ X implies s ∈∞ Ψ+(X), which guarantees that (Ψ−, Ψ+) is the
desired Tukey connection.

(b) We will show that there are (I, ε) ∈ I × ℓ1+ and a sequence b′ with
|b′(n)| ≤ b(n) for all n ∈ ω such that cov(SI,ε) ≤ baLcb′,h and daLcb′,h ≤ non(SI,ε).
Consequently, by Lemma 5.2,

cov(SI,ε) ≤ baLcb′,h ≤ baLcb,h and daLcb,h ≤ daLcb′,h ≤ non(SI,ε).

Let ⟨In | n ∈ ω⟩ be an interval partition of ω such that |In| = ⌊log2 b(n)⌋.
For n ∈ ω define b′(n) = In2. Note that

|b′(n)| = 2⌊log2 b(n)⌋ ≤ 2log2 b(n) = b(n) < 2|In|+1 = 2 · |b′(n)|,
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and thus also b(n)
2 < |b′(n)| for all n ∈ ω. Therefore,∑

n∈ω

h(n)

|b′(n)|
≤

∑
n∈ω

2h(n)

b(n)
<∞.

Now, we will find ε such that
∑

n∈ω εn <∞ and limn→∞
h(n)

|b′(n)|·εn = 0. By

Lemma 2.2 there is δ → ∞ such that
∑

n∈ω
h(n)
|b′(n)|δn <∞. Put εn := h(n)

|b′(n)|δn
for every n ∈ ω.

We continue by showing that CSI,ε
⪯T aLc(b′, h)⊥, i.e., ⟨ω2,SI,ε,∈⟩ ⪯T

⟨
∏
b′,S(b′, h),∈∞⟩. We need to define Ψ− : ω2 →

∏
b′ and Ψ+ : S(b′, h)

→ SI,ε.
For x ∈ ω2, define Ψ−(x)(n) := x↾In. Note that S(b′, h) ⊆ ΣI,ε. Indeed,

if φ ∈ S(b′, h) then φ(n) ⊆ In2 and |φ(n)|
2|In|·εn

= |φ(n)|
|b′(n)|·εn ≤ h(n)

|b′(n)|·εn = 1
δn

→ 0.
Thus, we define Ψ+ naturally by Ψ+(φ) = [φ]∞ for any φ ∈ S(b′, h).

Let x ∈ ω2 and φ ∈ S(b′, h) be such that Ψ−(x) ∈∞ φ. Then, clearly,
x ∈ Ψ+(φ) = [φ]∞.

We are ready to show Theorem A:

Theorem 5.4. The following equalities hold:

(a) min {cov(SI,ε) | I ∈ I and ε ∈ ℓ1+}

= min

{
baLcb,h

∣∣∣∣ b, h ∈ ωω and
∑
n∈ω

h(n)

b(n)
<∞

}
.

(b) sup {non(SI,ε) | I ∈ I and ε ∈ ℓ1+}

= sup

{
daLcb,h

∣∣∣∣ b, h ∈ ωω and
∑
n∈ω

h(n)

b(n)
<∞

}
.

Proof. By Lemma 5.3(a) we have the inequalities “≥” in (a) and “≤”
in (b). On the other hand, by applying Lemma 5.3(b), we have “≤” in (a)
and “≥” in (b).

As a direct consequence of the theorem above, we provide another char-
acterization of cov(N ) and non(N ) using the σ-ideals SI,ε:

Corollary 5.5.

(a) Assume that cov(N ) < b. Then

cov(N ) = min {cov(SI,ε) | I ∈ I and ε ∈ ℓ1+}.
(b) Assume that non(N ) > d. Then

non(N ) = sup {non(SI,ε) | I ∈ I and ε ∈ ℓ1+}.
Proof. By [Bar88], we have the following (see also [CM23, Thm. 6.1] for

more details):
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(a) If cov(N ) < b then cov(N ) = min {baLcb,h | b, h ∈ ωω and
∑

n∈ω
h(n)
b(n)

<∞}.
(b) If non(N ) > d then non(N ) = sup {daLcb,h | b, h ∈ ωω and

∑
n∈ω

h(n)
b(n)

<∞}. To conclude the proof, it is enough to apply Theorem 5.4.

Lemma 5.3 focuses on the family SI,ε. We obtain similar results for EI,ε.
Lemma 5.6.

(a) Let (I, ε) ∈ I × ℓ1+. Then there are h, b ∈ ωω such that
∑

n∈ω
h(n)
b(n) <

∞ and Lc(b, h) ⪯T CEI,ε In particular, non(EI,ε) ≤ bLcb,h and dLcb,h ≤
cov(EI,ε).

(b) Let h, b ∈ ωω be such that
∑

n∈ω
h(n)
b(n) <∞. Then there is (I, ε) ∈ I× ℓ1+

such that bLcb,h ≤ non(EI,ε) and cov(EI,ε) ≤ dLcb,h.

Proof. Similar to the proof of Lemma 5.3.

Theorem C follows directly from the result mentioned above.

Theorem 5.7. The following equalities hold:

(a) min {cov(EI,ε) | I ∈ I and ε ∈ ℓ1+}

= min

{
dLcb,h

∣∣∣∣ b, h ∈ ωω and
∑
n∈ω

h(n)

b(n)
<∞

}
.

(b) sup {non(EI,ε) | I ∈ I and ε ∈ ℓ1+}

= sup

{
bLcb,h

∣∣∣∣ b, h ∈ ωω and
∑
n∈ω

h(n)

b(n)
<∞

}
.

Proof. The proof is analogous to the proof of Theorem 5.4.

The last provable result we are going to mention in this paper is estab-
lishing a connection between the uniformity and the covering of EI,ε and
the uniformity and the covering of the σ-ideal of null-additive sets. The sum
on ω2 is the coordinatewise sum modulo 2, and the addition of sets is defined
in a natural way.

Definition 5.8. A set X ⊆ ω2 is null-additive if X + A ∈ N for all
A ∈ N . Denote by NA the σ-ideal of the null-additive sets in ω2.

We employ the following characterization of NA due to Shelah [She95].

Theorem 5.9 ([She95], see also [BJ95a, Thm. 2.7.18(3)]). A set X ⊆ ω2
is null-additive if and only if for all ⟨In | n ∈ ω⟩ ∈ I there is φ ∈

∏
n∈ω P(In2)

such that

(a) ∀n ∈ ω : |φ(n)| ≤ n,
(b) ∀x ∈ X ∀∞n ∈ ω : x↾In ∈ φ(n).



28 M. A. Cardona, A. Marton and J. Šupina

Using the previous characterization of NA, we easily get

Proposition 5.10.

(a) non(NA) ≤ sup {non(EI,ε) | I ∈ I and ε ∈ ℓ1+}.
(b) cov(NA) ≥ min {cov(EI,ε) | I ∈ I and ε ∈ ℓ1+}.

Proof. We will show that there are I ∈ I, ε ∈ ℓ1+, such that non(NA) ≤
non(EI,ε) and cov(EI,ε) ≤ cov(NA). Let I ∈ I be such that |I0| is an arbitrary
natural number and |In| ≥ log2(n

2·2n) (i.e., 2|In| ≥ n2·2n) for all n ∈ ω∖{0}.
Define ε ∈ ℓ1+ by εn = 2−n for all n ∈ ω. Note that such a pair is E-
contributive by Lemma 2.8(2), since

1

2|In| · εn
≤ 1

n2 · 2n · 2−n
=

1

n2
→ 0.

We shall show CEI,ε ⪯T CNA. Define Ψ− : ω2 → ω2 by putting Ψ− = idω2.
Define Ψ+ : NA → EI,ε as follows. For anyX ∈ NA, there is φX ∈

∏
n∈ω(

In2)
satisfying conditions (a) and (b) of Theorem 5.9. Note that φX ∈ ΣI,ε since

|φX(n)|
2|In| · εn

≤ n

2|In| · εn
≤ n

n2 · 2n · 2−n
=

1

n
→ 0.

Hence, put Ψ+(X) = [φX ]∗.
Let y ∈ ω2 and X ∈ NA be such that Ψ−(y) = y ∈ X. Then, of course,

y ∈ [φX ]∗ = Ψ+(X) because X ⊆ [φX ]∗.

6. Consistency results. In this section, different forcing models are
used to show that ZFC cannot prove more inequalities for the cardinal char-
acteristics associated with our new ideals with the cardinals in Cichoń’s
diagram (see Figure 1). As usual, we start by looking at the behavior of
the cardinal characteristics associated with our ideals in well-known forcing
models.

In the following items we skip some details, most of which, however,
can be found in the references. We consider just contributive (in fact, E-
contributive) pairs (I, ε) throughout the whole section.

(M1) Let λ be an infinite cardinal such that λℵ0 = λ and let h and b be in
ωω satisfying the assumptions of Lemma 5.3(b). Then Cλ forces non(M) =
baLcb,h = ℵ1 < cov(M) = daLcb,h = c = λ (see, e.g., [Bre09]). In particular,
Cλ forces add(EI,ε) = non(EI,ε) = ℵ1 and cov(EI,ε) = cof(EI,ε) = λ for any
(I, ε). On the other hand, by using Lemma 5.3(b), we can find Ib,h ∈ I and
εb,h ∈ ℓ1+ such that daLcb,h ≤ non(SIb,h,εb,h) and cov(SIb,h,εb,h) ≤ baLcb,h . Hence,
in V Cλ , non(SIb,h,εb,h) = λ and cov(SIb,h,εb,h) = ℵ1.

(M2) Let ℵ1 ≤ κ ≤ λ = λℵ0 with κ regular and let ϱ, ρ ∈ ωω be such that∑
i<ω

ρ(i)i

ϱ(i) <∞. Then by Lemma 5.3(b), there are Iϱ,ρid ∈ I and εϱ,ρid ∈ ℓ1+
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such that cov(SI
ϱ,ρid

,ε
ϱ,ρid

) ≤ baLc
ϱ,ρid

and daLc
ϱ,ρid

≤ non(SI
ϱ,ρid

,ε
ϱ,ρid

) (6). Now let
Eπ be a FS iteration of eventually different real forcing of length π = λκ.
Then, in V Eπ , cov(N ) = b = ℵ1 ≤ non(E) = cov(E) = κ ≤ d = λ (see,
e.g., [Car24]). Moreover, by [CM19, Lem. 4.24], Eπ forces that baLc

ϱ,ρid
= ℵ1 and

daLc
ϱ,ρid

≤ λ. Hence, in V Eπ , cov(SI
ϱ,ρid

,ε
ϱ,ρid

) = ℵ1 and non(SI
ϱ,ρid

,ε
ϱ,ρid

) = λ.
On the other hand, given I ∈ I and ε ∈ ℓ1+, by Lemma 5.6(a), we can find
bI,ε and hI,ε such that non(EI,ε) ≤ bLcbI,ε,hI,ε and dLcbI,ε,hI,ε ≤ cov(EI,ε). Then,
in V Eπ , we have non(EI,ε) = ℵ1 and cov(EI,ε) = c = λ because Eπ forces
bLcb,h = ℵ1 and dLcb,h = λ for all b, h ∈ ωω with 0 < h < b since E is σ-centered
(see [CM19, Lem. 4.24]).

(M3) Assume ℵ1 ≤ κ ≤ λ = λℵ0 with κ regular. Let Bπ be a FS iteration
of random forcing of length π = λκ. Then, in V Bπ , non(E) = b = ℵ1 ≤
cov(N ) = non(N ) = κ ≤ cov(E) = d = c = λ (see [BS92] and also [Car23,
Thm. 5.6]).

In particular, in V Bπ , we have add(SI,ε) = non(EI,ε) = ℵ1, and cov(EI,ε)
= cof(SI,ε) = c = λ for any (I, ε).

(M4) Assume ℵ1 ≤ κ ≤ λ = λℵ0 with κ regular. Let Dπ be a FS iteration
of Hechler forcing of length π = λκ. Then, in V Dπ , cov(N ) = ℵ1 ≤ d =
b = κ ≤ non(N ) = c = λ (see, e.g., [Mej13, Thm. 5]). On the other hand,
given (I, ε) ∈ I × ℓ1+, by Lemma 5.6(a), we can find bI,ε and hI,ε such
that non(EI,ε) ≤ bLcbI,ε,hI,ε and dLcbI,ε,hI,ε ≤ cov(EI,ε). Then, in V Dπ , we have
add(SI,ε) = non(EI,ε) = ℵ1, and cof(SI,ε) = cov(EI,ε) = λ = c because Dπ
forces bLcbI,ε,hI,ε = ℵ1 and dLcbI,ε,hI,ε = λ by [CM19, Lem. 4.24].

As in (M2), we can find (I ′, ε′) such that cov(SI′,ε′) = ℵ1 and non(SI′,ε′)
= λ in V Dπ .

(M5) Assume ℵ1 ≤ κ ≤ λ = λℵ0 with κ regular. Let h and b be in ωω
satisfying the assumptions of Lemma 5.6(b) and let P be a FS iteration of
the (b, h)-localization forcing due to Brendle and Mejía [BM14]. Then, in
V P, b = cov(N ) = ℵ1 ≤ bLcb,h = non(E) = cov(E) = dLcb,h = κ ≤ d = c = λ

(see [Car23] or see also [Car24]). By Lemma 5.6(b), we can find (Ib,h, εb,h) ∈
I× ℓ1+ such that bLcb,h ≤ non(EIb,h,εb,h) and cov(EIb,h,εb,h) ≤ dLcb,h. Hence, in the
generic extension, non(EIb,h,εb,h) = cov(EIb,h,εb,h) = κ.

(M6) This model is obtained by forcing with Aκ (random algebra for
adding κ random reals) with cf(κ) > ℵ0 over a model of CH. It satisfies
non(N ) = d = ℵ1 and cov(N ) = c = κ (see, e.g., [BJ95a, Model 7.6.8]). In
this model, non(SI,ε) = non(EI,ε) = ℵ1 and cov(SI,ε) = cov(EI,ε) = κ for
any (I, ε).

(6) The function ρid is defined by ρid(i) = ρ(i)i for all i ∈ ω.
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(M7) The dual random model is obtained by forcing with Bω1 over a
model for MA+ c ≥ ℵ2. It satisfies non(N ) = ℵ1 and cov(N ) = b = c = ℵ2

(see, e.g., [BJ95a, Model 7.6.7]). In this model, non(SI,ε) = non(EI,ε) = ℵ1

and cov(SI,ε) = cov(EI,ε) = ℵ2 for any (I, ε).

(M8) Let h, b ∈ ωω be such that
∑

n∈ω
h(n)
b(n) < ∞. Let Mω2 be a CS

iteration of length ω2 of Mathias forcing. Then, in VMω2 , add(E) = cov(E)
= ℵ1, and non(E) = cof(E) = c = ℵ2 (see e.g [Car24, Lem. 2.4]). It is also
well-known that Mω2 forces b = ℵ2 (see, e.g., [BJ95a, Sec. 7.4.A].

Moreover,M satisfies the Laver property (see [BJ95b, Sec. 7.4.A]), there-
fore we get dLcb,h = ℵ1 in VMω2 (see [Kad00, Theorem 4.3]); consequently, in
VMω2 , by applying Lemma 5.6(b), we can find (Ib,h, εb,h) ∈ I× ℓ1+ such that
cov(EIb,h,εb,h) ≤ dLcb,h. Hence, we obtain cov(EIb,h,εb,h) = ℵ1.

(M9) Let h, b ∈ ωω be such that
∑

n∈ω
h(n)
b(n) < ∞. Let MIω2 be a CS

iteration of length ω2 of Miller forcing. Then, in V MIω2 , add(E) = cov(E) =
non(E) = ℵ1, and cof(E) = ℵ2 (see e.g [Car24, Lem. 2.5]). In particular,
in V MIω2 , non(EI,ε) = ℵ1 for any (I, ε). By arguing as in (M8), we can
find (Ib,h, εb,h) such that cov(SIb,h,εb,h) = cov(EIb,h,εb,h) = ℵ1 because Miller
forcing satisfies the Laver property.

In what follows, we aim to enhance (M5) by establishing the consistency
of b < non(EI,ε) for any given I and ε. To achieve this objective, we will
introduce a specific forcing notion, denoted by PI,ε, which serves to increase
the value of non(EI,ε) without adding dominating reals.

Definition 6.1. Let (I, ε) ∈ I×ℓ1+. Let PI,ε be a poset whose conditions
are triples of the form (s,N, F ) such that s is a finite sequence with s(n)
⊆ In2 for n ∈ |s|,N < ω, and F ∈ [ω2]<ω satisfies ∀n ≥ |s| : N ·|F | ≤ 2|In|·εn.
We order PI,ε by (t,M,H) ≤ (s,N, F ) if s ⊆ t, M ≥ N , and F ⊆ H, and
the following requirements are met:

• ∀x ∈ F ∀n ∈ |t|∖ |s| : x↾In ∈ t(n),
• ∀n ∈ |t|∖ |s| : N · |t(n)| ≤ 2|In| · εn.

Let G ⊆ P be a PI,ε-generic over V ; in V [G], define

φgen =
⋃

{s | ∃N,F : (s,N, F ) ∈ G}.

Then φgen ∈ ΣI,ε and for each x ∈ ω2∩V we have ∀∞n ∈ ω : x↾In ∈ φgen(n).

Lemma 6.2. Let (I, ε) ∈ I× ℓ1+. Then PI,ε is σ-linked, so it is ccc.

Proof. Let s ∈ seq<ω(
In2) and N < ω. Then the set

PI,ε(s,N) = {(s′, N ′, F ) ∈ PI,ε | s = s′&N = N ′}
is linked and

⋃
s∈seq<ω(

In2), N<ω PI,ε(s,N) is dense in PI,ε.
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In order to prove b < non(EI,ε), we use the notion of ultrafilter-limits
introduced in [GMS16], and the notion of filter-linkedness introduced by
Mejía [Mej19], with improvements in [BCM21, Section 3].

Given a poset P, the P-name Ġ usually denotes the canonical name of
the P-generic set. If p̄ = ⟨pn | n < ω⟩ is a sequence in P, denote by ẆP(p̄)
the P-name of {n < ω | pn ∈ Ġ}. When the forcing is understood from the
context, we write just Ẇ (p̄).

Definition 6.3 ([GMS16, CMR25]). Let P be a poset, let D ⊆ P(ω) be
a non-principal ultrafilter, and let µ be an infinite cardinal.
(1) A set Q ⊆ P has D-limits if there is a function limD : ωQ→ P and a P-

name Ḋ′ of an ultrafilter extending D such that, for any q̄ = ⟨qi | i < ω⟩
∈ ωQ,

limD q̄ ⊩ Ẇ (q̄) ∈ Ḋ′.

(2) A set Q ⊆ P has uf-limits if it has D-limits for any ultrafilter D.
(3) The poset P is µ-D-lim-linked if P =

⋃
α<µQα where each Qα has

D-limits. We say that P is uniformly µ-D-lim-linked if, additionally, the
P-name Ḋ′ from (1) only depends on D (and not on Qα, although we
have different limits for each Qα).

(4) The poset P is µ-uf-lim-linked if P =
⋃
α<µQα where each Qα has

uf-limits. We say that P is uniformly µ-uf-lim-linked if, additionally, for
any ultrafilter D on ω, the P-name Ḋ′ from (1) depends only on D.
For not adding dominating reals, the following notion is weaker than the

previous one.
Definition 6.4 ([Mej19]). Let P be a poset and let F be a filter on ω.

A set Q ⊆ P is F -linked if, for any p̄ = ⟨pn | n < ω⟩ ∈ ωQ, there is some
q ∈ P forcing that F ∪ {Ẇ (p̄)} generates a filter on ω. We say that Q is
uf-linked (ultrafilter-linked ) if it is F -linked for any filter F on ω containing
the Fréchet filter Fr := {ω ∖ a | a ∈ [ω]<ℵ0}.

For an infinite cardinal µ, P is µ-F -linked if P =
⋃
α<µQα for some

F -linked Qα (α < µ). When these Qα are uf-linked, we say that P is µ-uf-
linked.

Example 6.5.
(1) Random forcing is σ-uf-linked [Mej19], but it may not be σ-uf-lim-linked

(compare [BCM21, Rem. 3.10]).
(2) Any poset of size ≤κ is κ-Fr-linked (witnessed by its singletons). In

particular, Cohen forcing is σ-Fr-linked.
It is clear that any uf-lim-linked set Q ⊆ P is uf-linked, which implies

that Q is Fr-linked.
Theorem 6.6 ([Mej19, Thm. 3.30]). Let κ ≥ ℵ1 be a regular cardinal. If

P is a κ-Fr-linked poset, then P forces b ≤ κ.



32 M. A. Cardona, A. Marton and J. Šupina

Proof. Although the conclusion of [Mej19, Thm. 3.30] is different, the
same proof works.

Example 6.7. The following are the instances of µ-uf-lim-linked posets
we use in our applications:

(1) Any poset of size µ is uniformly µ-uf-lim-linked (because singletons are
uf-lim-linked). In particular, Cohen forcing is uniformly σ-uf-lim-linked.

(2) The standard eventually different real forcing notion is uniformly σ-uf-
lim-linked (see [GMS16, BCM21]).

We aim to show that PI,ε is uniformly σ-uf-lim-linked, witnessed by

Ps,N,m = {(t,M, F ) ∈ PI,ε | s = t, N =M and |F | ≤ m}
for s ∈ seq<ω(

In2) and N < ω. Let D be an ultrafilter on ω, and p̄ =
⟨pn | n ∈ ω⟩ be a sequence in Ps,N,m with pn = (s,N, Fn). Consider the
lexicographic order ◁ on ω2, and let {xn,k | k < mn} be a ◁-increasing
enumeration of Fn where mn ≤ m. Next, find a unique m∗ ≤ m such that
A := {n ∈ ω | mn = m∗} ∈ D. For each k < m∗, define xk := limD

n xn,k in
ω2 where xk(i) is the unique member of {0, 1} such that {n ∈ A | xn,k(i) =
xk(i)} ∈ D (this coincides with the topological D-limit). Therefore, we can
think of F := {xk | k < m∗} as the D-limit of ⟨Fn | n < ω⟩, so we define
limD p̄ := (s,N, F ). Note that limD p̄ ∈ Ps,N,m.

Lemma 6.8. The poset PI,ε is uniformly σ-uf-lim-linked: For any ultra-
filter D on ω, there is a PI,ε-name of an ultrafilter Ḋ′ on ω extending D
such that, for any s ∈ seq<ω(P(In2)), N < ω, m < ω and p̄ ∈ Ps,N,m, we
have limD p̄ ⊩ Ẇ (p̄) ∈ Ḋ′.

To prove the lemma, it suffices to show the following result:

Claim 6.9. Assume that M < ω,

{(sk, Nk,mk) | k < M} ⊆ seq<ω(
In2)× ω × ω,

⟨p̄k | k < M⟩ is such that each p̄k = ⟨pk,n | n < ω⟩ is a sequence in Psk,Nk,mk
,

qk is the D-limit of p̄k for each k < M , and q ∈ PI,ε is stronger than each qk.
Then, for any a ∈ D, there are n < ω and q′ ≤ q stronger than pk,n for all
k < M (i.e. q′ forces a ∩

⋂
k<M Ẇ (p̄k) ̸= ∅).

Proof. Write the forcing conditions as pk,n = (sk, Nk, Fk,n) and qk =
(sk, Nk, Fk), where each Fk = {xkj | j < m∗,k} is the D-limit of Fk,n =

{xk,nj | j < m∗,k} (increasing ◁-enumeration) with m∗,k ≤ mk. Assume
that q = (s,N, F ) ≤ qk in PI,ε for all k < M . Next, by strengthening q if
necessary, we assume that ∀n ≥ |s| : |F |+

∑
k<M m∗,k ≤ 2|In|·εn

N . Then

∀j < m∗,k ∀x ∈ F ∀n ∈ |s|∖ |sk| : xkj ↾In ∈ s(n),
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so

bk :=
{
n < ω | ∀j < m∗,k ∀x ∈ F ∀n ∈ |s|∖ |sk| : xk,nj ↾In ∈ s(n)

}
∈ D.

Hence, a∩
⋂
k<M bk ̸= ∅, so choose n ∈ a∩

⋂
k<M bk and put q′ = (s,N, F ′),

where F ′ := F ∪
⋃
k<M Fk,n. This is a condition in PI,ε because ∀n ≥ |s| :

|F ′| ≤ |F | +
∑

k<M m∗,k ≤ 2|In|·εn
N . Furthermore, q′ is stronger than q and

pn,k for any k < M .

Theorem 6.10. Let (I, ε) ∈ I× ℓ1+. Given regular uncountable κ < λ =

λ<λ, there is a ccc poset P forcing non(EI,ε) = λ = c and b = κ.

Proof. Let P = ⟨Pα, Q̇ | α < λ⟩ be a FS iteration of ccc forcing such that

• for α even, ⊩α Q̇ = PI,ε, the forcing defined in Definition 6.1,
• for α odd, ⊩α Q̇ is a subposet of Hechler forcing of size <κ.

First, notice that P forces λ ≥ c. Guarantee that we go through all such
small subposets of Hechler forcing by a book-keeping argument. Then it is
not hard to see that P forces κ ≤ b. On the other hand, since the iterands
of the FS iteration that determine P are κ-Fr-linked (when α is even, this
follows by Lemma 6.8, and when α is odd, this follows by Example 6.5(2)),
by applying Theorem 6.6 we deduce that P forces b ≤ κ.

As we iteratively add slaloms φgen ∈ ΣI,ε which for all but finitely many
n ∈ ω satisfy x↾In ∈ φgen(n) for any x ∈ ωω in the ground model, we see
that P forces non(EI,ε) ≥ λ, so along with ⊩P λ ≥ c, we conclude that P
forces non(EI,ε) ≥ λ ≥ c ≥ non(EI,ε).

As a direct consequence, we obtain the following result:

Corollary 6.11. It is consistent with ZFC that non(EI,ε) > b for any
(I, ε) ∈ I× ℓ1+.

7. Open questions. We discuss some open questions from this study.
With regard to Figure 1 and items (M1)–(M9), we do not know the following.

Despite knowing that consistently add(N ) < non(EI,ε) for all (I, ε) ∈
I× ℓ1+ by Corollary 6.11, we still ask:

Question 7.1. Is it consistent that add(EI,ε) < non(EI,ε) for some (or
for all ) (I, ε) ∈ I× ℓ1+? Dually, cov(EI,ε) < cof(EI,ε)?

In relation to (M5), we ask:

Question 7.2. Is it consistent that cov(N ) < non(EI,ε) for all (I, ε) ∈
I× ℓ1+? Dually, the same question about the inequality cov(EI,ε) < non(N ).

One way to attack Questions 7.1–7.2 is to see whether PI,ε satisfies the
(ϱ, ρ)-linked property for some suitable functions ρ, σ ∈ ωω (see [OK14] for
more details), but this is not yet clear.
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Question 7.3. Is it consistent that add(N ) < add(EI,ε) for some (or for
all) (I, ε) ∈ I× ℓ1+? Dually, cof(EI,ε) < cof(N )?

Question 7.4. Is it consistent that cov(N ) < cov(SI,ε) for some (or for
all) (I, ε) ∈ I× ℓ1+?

Question 7.5. Is it consistent that cov(EI,ε) and cov(SI,ε) are different
for all (I, ε) ∈ I× ℓ1+? The same is asked for uniformities.

It is known that forcing notions with the Laver property do not increase
the covering of E (see, e.g., [Car24, Lem. 2.2]), so we pose the question:

Question 7.6. Do forcing notions satisfying the Laver property keep the
cardinal invariant cov(EI,ε) small?

Regarding Proposition 5.10, the following is still unknown:

Question 7.7. Is non(NA) < sup {non(EI,ε) | I ∈ I and ε ∈ ℓ1+} consis-
tent? Dually, is cov(NA) > min {cov(EI,ε) | I ∈ I and ε ∈ ℓ1+} consistent?

In [Mej13], Mejía built a forcing model with four cardinal characteris-
tics associated with N that are pairwise different. The first author [Car23]
produced a similar model for E , and recently Brendle, Mejía, and the first
author [BCM25] constructed such a model for SN . In this situation, we
inquire:

Question 7.8. Is it consistent that for some (or for all ) (I, ε) ∈ I× ℓ1+,
the four cardinal characteristics associated with SI,ε are pairwise different?
The same question for EI,ε.

In Proposition 3.5(d), we have shown that if I ⊑R J and an additional
assumption on I, J, ε is true, then SI,ε ⊆ SJ,ε.

Question 7.9. Is there any reasonable relation R such that if IRJ , then
SI,ε ⊆ SJ,ε? The same question for EI,ε.

Note that by Observation 3.6, the relation R cannot be a directed pre-
order.

By Proposition 2.9, SI,ε ∖ E ̸= ∅. There is a natural question about the
structure of SI,ε inside E . We know EI,ε ⊆ SI,ε ∩E , but the reverse inclusion
is not clear.

Question 7.10. Does EI,ε = SI,ε ∩ E hold true for any S⋆-contributive
(I, ε) ∈ I× ℓ1+?

In [GM25], for an ideal J on ω, the families N ∗
J and NJ such that E ⊆

N ∗
J ⊆ NJ ⊆ N are introduced and investigated.

Question 7.11. What are the relations between the σ-ideals SI,ε, N ∗
J ,

and NJ?
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