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Meromorphic functions whose action on
their Julia sets is non-ergodic

by

Tao Chen, Yunping Jiang and Linda Keen

Abstract. Nevanlinna functions are meromorphic functions with a finite number of
asymptotic values and no critical values. Keen and Kotus (1995) proved that if the orbits
of all the asymptotic values accumulate on a compact set on which the function acts as a
repeller, then the function acts ergodically on its Julia set. Chen et al. (2024) proved the
action of the function on its Julia set is still ergodic if some, but not all of the asymptotic
values land on infinity, and the remaining ones land on a compact repeller. In this paper,
we complete the characterization of ergodicity for Nevanlinna functions by proving that if
all the asymptotic values land on infinity, then the Julia set is the whole sphere and the
action of the map there is non-ergodic.

1. Introduction. It is a theorem of McMullen [Mc| and Lyubich [Lyul]
that if f is a rational map of degree greater than one, and if P(f) is its
post-singular set (see the formal definition in the next section), one of two
things holds: either the Julia set J(f) is equal to the whole Riemann sphere
and the action of f is ergodic or, for almost every z in J(f), the spherical
distance d(f™(z), P(f)) — 0 as n — oo; that is, the w-limit set w(z) is a
subset of P(f) that varies with z.

In the same vein, Bock [Boc| proved a dichotomy theorem for transcen-
dental functions: either the Julia set is the whole sphere and for any set A
of positive Lebesgue measure, the orbits of almost all points in C have in-
finitely many iterates that land in A, or the Julia set is not the whole sphere,
and almost every point in the Julia set is attracted to the post-singular set.
Unlike the rational case, though, when the Julia set is the whole sphere, it
is not known when such functions are ergodic. Misiurewicz [Mis| has shown
that when f(z) = e?, the Julia set is the whole sphere, but Lyubich [Lyu2],
following earlier work [Devi, [GGS]|, has shown that its action is not ergodic.
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More examples of entire maps that are ergodic can be found in [CW| [WZ].
Skorulski [S1l, [S2], answered the ergodicity question for meromorphic maps

of the form f(z) = Atanz and f(z) = % that have two asymptotic
values.

A more general sort of affirmative result can be found in [KK]: If the
orbits of the singular values either land on or accumulate on a compact
repelling set, and if the map f satisfies an additional growth rate condition,
then its Julia set is the whole sphere and it is ergodic.

In this paper, we study the ergodicity question for meromorphic functions
whose singular set consists of finitely many asymptotic values and no critical
values, the so-called Nevanlinna functions. The dynamical properties of these
functions were first investigated in [DK], where it was shown that they share
many of the dynamical properties of rational maps. In [CJK], the authors
studied the ergodicity question for subfamilies of Nevanlinna functions for
which some of the asymptotic values have orbits that land on infinity. They
proved:

THEOREM A. Let f be a Nevanlinna function. If some, but not all, of the
asymptotic values of f have orbits that land on infinity, and if the remaining
asymptotic values have w-limit sets that are compact repellers, then the Julia
set of f is the Riemann sphere, and f is ergodic there.

In this paper we complete the characterization of ergodicity for Nevan-
linna functions by proving the following:

MAIN THEOREM 1. Let f be a Nevanlinna function with N asymptotic
values, A1, ..., An. If all N asymptotic values land on infinity, then the Julia
set of f is the Riemann sphere, and the action of f is not ergodic there.

In addition, under the same hypotheses for the asymptotic values of f,
we prove the following theorems.

MAIN THEOREM 2. For almost every point z € C, its w-limit set satisfies

N
(JJ(Z) = Pf = U {)\Zaf()\z)v s 7fpi_1()‘i)a OO}
i=1

MAIN THEOREM 3. There is no f-invariant finite measure absolutely
continuous with respect to Lebesque measure.

Theorem A, together with Main Theorems 1-3, give a full answer to
ergodicity questions for Nevanlinna functions whose Julia set is the whole
sphere and whose asymptotic values land either on infinity or on a compact
repeller. The questions of whether the conclusions of all three theorems hold
for Nevanlinna functions with asymptotic values whose orbits are infinite
and whose accumulation sets are unbounded are still open. Another open
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question is whether there exists a unique o-finite f-invariant measure ab-
solutely continuous with respect to Lebesgue measure if all the asymptotic
values of f have finite orbits.

The paper is organized as follows. The first part of Section [2| contains
basic definitions and standard theorems. The remainder of that section is de-
voted to a detailed review of the properties of Nevanlinna functions. In partic-
ular, the asymptotic values divide a neighborhood of infinity into asymptotic
tracts on which the function is exponentially contracting. In order to prove
the function is non-ergodic, we need to produce disjoint invariant wandering
sets in these tracts, each of which has positive Lebesgue measure. This in-
volves estimating the contraction on the asymptotic tracts. In order to make
these estimates, we use some classical techniques. We introduce an “auxil-
iary” variable in each tract which converts it to a half plane in which we can
make the estimates. Section [3| contains the heart of the proof of Main Theo-
rem 1. Distinct invariant wandering sets are constructed and their Lebesgue
measure is shown to be positive which proves the function is not ergodic.
The final section contains the proofs of Main Theorems 2 and 3.

2. Preliminaries

2.1. Definitions and standard theorems. A meromorphic function
f : C = Cis a local homeomorphism everywhere except at the set S; of
singular values. In this paper, we will focus on functions whose singular set is
finite so that the singular values are isolated. We will assume this throughout
the paper. For these functions, the singular values fall into two categories.
Let v € C be a singular value and let V' be a neighborhood of v. Then

e if, for some component U of f~1(V), there is a u € U such that f'(u) = 0,
then w is a critical point and v = f(u) € V is the corresponding critical
value, or

e if, for some component U of f~1(V), f : U — V\{v} is a universal covering
map then v is a logarithmic asymptotic value. The component U is called
an asymptotic tract for v. Any path v(¢) € U such that lim;_,; v(¢) = oo,
limy_1 f(7(t)) = v is called an asymptotic path for v.

Note that the definition of an asymptotic tract depends on the choice of
the neighborhood V. If V1, V5 are punctured neighborhoods of v and Uy and
U, are unbounded components of their preimages such that U = U; N Us
# (0, we call them equivalent asymptotic tracts. For readability, we will not
distinguish between an “asymptotic tract” and its equivalence class.

In the proofs of our results we will repeatedly use the Koebe distortion
theorems. Many proofs exist in the standard literature on conformal map-
pings (see e.g. |Z, Theorem 6.16]). For the reader’s convenience, we state the
theorems as we use them without proof.
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THEOREM 2.1 (Koebe Distortion Theorem). Let f : D(zp,7) — C be a
univalent function. Then for any n < 1,

/ / nr
1 1f (Zo)\(lJr M <|f(z) - f/(Zo)\ <I|f (Zo)\m; z € D(z0,m7),
(2) if T(n) = (1_‘_773, then ||;/((z))]| < T(n) for any z,w € D(zp,nr),
f'(2) 1+n
(3) |arg Flz0) ‘ 21n ‘ ‘ for any z € D(zp,nr).

THEOREM 2.2. Let f : D(zp,7) = C be a univalent function, and n < 1.
Then, for any A, B C D(zo,nr),

(L=n)* m(4) _ m(7(4) _ (1+n)* m(4)
(L+m)* m(B) ~ m(f(B)) ~ (1-n)* m(B)
2.2. Nevanlinna functions. An important tool in studying meromor-

phic functions with finitely many critical points and finitely many asymptotic
values is that they can be characterized by their Schwarzian derivatives.

DEFINITION 1. If f(z) is a meromorphic function, its Schwarzian deriva-

tive is .
f'// f//
S“*‘(ﬂ “alp)
The Schwarzian differential operator satisﬁes the chain rule condition,

S(fog)=5(f)g*+5S(9),

from which it is easy to deduce that if f is a Mobius transformation, then
S(f) =0, so that f og and g have the same Schwarzian derivative.

Nevanlinna [N, Chap. XI, §3| shows how, given a finite set of points in
the plane and finite or infinite branching data for these points, this data de-
fines, up to post-composition with a M&bius transformation, a meromorphic
function whose topological covering properties are determined by this data.
He proves the following;:

THEOREM 2.3. The Schwarzian derivative of a meromorphic function
with finitely many critical points and finitely many asymptotic values is a
rational function. If there are no critical points, it is a polynomial. Con-
versely, if a meromorphic function has a rational Schwarzian derivative, it
has finitely many critical points and finitely many asymptotic values. If the
Schwarzian deriwative is a polynomial of degree m, then the meromorphic
function has m + 2 asymptotic values and no critical points.

In the literature, meromorphic functions with polynomial Schwarzian are
often called Nevanlinna functions (see e.g. |Cl, [EM]).

In this paper, we continue our study of the properties of the dynamical
systems these functions generate. Given a Nevanlinna function, we can define
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the orbit {f"z} for any point z € C. In general, these orbits are infinite, but
if, for some m > 0, f™(z) = oo, then the orbit is finite. Such points are
called prepoles of order m.

The standard defintions of stable (Fatou) and unstable (Julia) behavior
for rational maps carry over to points with infinite orbits; the prepoles are
unstable. In [DK], it is proved that the classification of stable behavior for
Nevanlinna maps is the same as that for rational maps. In particular, if all
singular points are unstable, the Julia set is the whole sphere.

The results in [KK]| and [CJK] together show the following:

THEOREM. If f is a Nevanlinna function with N asymptotic values
A, AN, and if for some 0 < kE < N, \j, i =1,...,k, are prepoles@
and if the w-limit sets of the remaining N — k asymptotic values are compact
repellers, then the Julia set is the Riemann sphere and f is ergodic there.

In this paper we complete the answer to the question of ergodicity of
the action of Nevanlinna functions whose Julia set is the whole sphere by
proving the following result:

MAIN THEOREM 1. If f is a Nevanlinna function with N asymptotic
values A1, ..., An, and if all of them are prepoles, then its Julia set is the
Riemann sphere C and f is not ergodic there.

Before getting into the details we sketch the main ideas in the proof (see
also [Lyul], [S1]). We construct two disjoint sets A and B such that

(1) both A and B have positive Lebesgue measure,
(2) both sets are wandering and their orbits are disjoint.

We form the sets

Xa=J f—"( U f"(A)) and Xp = f—"( U f"(B)).
n>0 n>1 n>0 n>1

They are both invariant and both have positive Lebesgue measure; this
proves that the map is non-ergodic.

For the construction of A and B, we use the fact that the map f has
N asymptotic tracts and N asymptotic values, each of which is a prepole.
Therefore, each asymptotic tract is expansively mapped over all N asymp-
totic tracts under some finite number of iterations. We fix an asymptotic
tract and choose some quadrilaterals that, under an appropriate change of
coordinate are squares. We then show that the Lebesgue measure of the set
of points whose orbit always lands on the fixed asymptotic tract is positive
and that the set wanders to oo; these are “almost” Markov chains because
the map is expanding. If we choose the quadrilaterals so that the distance

(*) If some \; = oo, it is a “prepole of order 0.
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between them is large enough, their orbits will be disjoint since the expansion
rate on the quadrilaterals is different.

2.3. The behavior of f in a neighborhood of infinity. The proof of
the main theorem depends on a careful study of the behavior of the Nevan-
linna function f in a neighborhood of infinity. (See |[CJK| DK H. [L].)

Let f be a Nevanlinna function with Schwarzian derivative S(f) = 2P(z),
where the degree of the polynomial P(z) is N — 2 and the leading coefficient
of P(z) is the constant a € C*. The Schwarzian equation is related to the
linear equation w” + P(z)w = 0: that is, if wy,ws are linearly independent
solutions of this equation, then

<W1+bw2> _2p().

cwi + dws

In the special case N = 2, the solutions w1, ws can be chosen as exponentials
whose asymptotic tracts are half-planes.

This linear equation is often studied by making changes of variable in
the asymptotic tracts in order to estimate the behavior of f in them. The
new variable turns the asymptotic tract into a half-plane and the Liouville
transformation turns the Schwarzian equation into an approximation of the
equation in the case where N = 2. The interested reader can find more
details in the discussions in |[CJK] and [L|. We follow the notation from
those discussions.

Denote solutions to the congruence
arga + N0 = 0 mod 27w

by 6;, where 1 < i < N. The critical rays of f are the half-lines L; = te'?,
t > 0. For a small ¢y > 0, define the sectors

Si={z:|argz —0;| <27/N — €0}

for ¢ = 1,...,N. Thus the sector S; contains the critical ray L; and is
contained between the critical rays L;_; and L;y;. (By convention, all indices
are taken modulo N.) If we denote the boundaries of the sectors by B;E,
depending on the sign of arg z—6;, the critical ray L; is contained in a critical
wedge wed; of angle 2¢y whose boundaries are the rays B+ 1 and B ;.

In each sector S;, the function f has a “truncated solutlon which grows
like exp(2"/2). More precisely, let R > 0 and Ag = {z : |2| > R}. Then
in .S;, one can define the auxiliary variable

S vV P(s)ds 2\[ N/2(1—|—0( 1)), z € 5;,N Ag.

Retf;

We choose the branch of \/P(s) so that in the sector S;, for any z on the
critical ray L;, Z;(z) is on the positive real line. The image of S; under Z;
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Fig. 1. The critical lines and sectors for N = 4

contains a sector in the Z;-plane,
Si=1{2i=2i(z) : |larg Z;| < 7™ — €} C Z;(S;)
for some small € > 0 depending on N and ¢y. In S;, we define
U=8N{Z,:3Z2;>c} and L;=8N{Z;:3Z;, < —c}

for some ¢ > 0.

For z € S; and Z; = Z;(z), we use the Liouville transformation to trans-
form the linear equation to one in the variable Z; that has a solution on S;
defined by F'(Z;(z)) = f(z). The map F(Z;) can be approximately expressed
as

Ajet?i 4 Bie %
(21) ) =FE) = o

The sets U; and L; are respectively asymptotic tracts for the asymptotic
values B;/D; and A;/C; of F(Z;). Therefore, since

T, =Z7'(U) and Ty = Z; (L))

are mapped by f to punctured neighborhoods of the asymptotic values A;
and \;_1 of f, \; and \;_1 are also the asymptotic values of F'; that is @

Bz/Dz:)\z and Az/Cz:)\z—l

(2) Since this holds for each pair of asymptotic values A;, \;_1, it is clear that both
cannot be infinite.
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By equation (2.1)), on the asymptotic tracts U; and L£;, the map F(Z;)
can be expressed as a composition

F(ZZ) _ Mi,U e} EU for ZZ S UZ‘,
Mz‘,L oFE; for Z; € L;,
where
Ey(2) =%, EL(Z) =%,
A+ B; A; + B;
M) = et - SO
Ci&+ D, C; + D¢
Note that Eyy and E, are infinite-to-one universal covering maps of U; and L;
onto the punctured disk D* = D*(0, e~2¢). Both the Mébius maps M; y and
M; 1, map D = D* U {0} injectively onto neighborhoods N; and NN;_ of the
asymptotic values A; and A;_1. Thus we obtain the following factorizations
of the truncated solutions in T; and T;_q:

f=M;yoEyoZ; and f=M;poFEo02Z.

By hypothesis, f*~1 and f*-1=1 map N; and N;_; to neighborhoods
P; and P,_; of the poles p; and p;_1 and so f maps both P; and P;,_; to
a neighborhood of infinity. Because it is simpler to estimate maps between
finite regions, we introduce a transformation that maps a neighborhood of
infinity into a neighborhood of the origin. To this end, let I(z) = 1/z and
set

and M, ()

f=1Iocg, where I=1/z g(z)=1/f(2),

so that the map ¢(z) maps both P; and P,_; into a neighborhood of the
origin. The maps

hig(€) =go ffi o Mip(¢) and hir(€) =go ff* 171 oM;L(€)
both fix the origin and so map the disk D(0,e™¢) into a neighborhood of 0.

Next, define the following maps on T; and T;_1 in the sector S; respec-
tively by
piv(z)= ¥ (z) =IohiyoEy(Z), ¢ir(z)=f""T(2)=1Ioh;Lo0EL(Z).
The maps ¢; y and ¢; 1, are compositions of a Mbius map, a univalent map
and the exponential map, and they map the respective asymptotic tracts

T; and T;—1 onto a neighborhood 2 of co. See Figures [2] and [3] Next, for
z€T; UT; 1 CS;, we define the maps

By(2) = piv(z), z€T,
' 0ir(2), z€Ti—q.

Note that T; C (S;NS;+1)Uwed;. If z € S;N.S; 11, there are two choices of
the auxiliary variables Z;, Z;;1 for z. By the choice of the branch of y/P(z),
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Z; — plane

k,—1
hi,U OEi,U :gof OMi,U OE@U

Fig. 2. The decomposition of h; o F; 7 as a map from the auxiliary plane to the dynamic
plane

Ls

Fig. 3. The map of the asymptotic tract T; (green) and its image under f*! (red)

Zi(z) = —Z;4+1(z) is in the upper half-plane. Therefore, if

£ =Eiv(Zi(2) = Eit1,.(Zi41(2))
then h; (&) = hit1,0(€); that is, ; (2) = ¢it1,0.(2) so that the map &; is
well-defined.

Recall that the fixed constant ¢ > 0 is the large constant that defines the
sets £; and U;. Assume it is chosen large enough so that for all 1 <i < N,

1) ) ¢UL T, =01k — 1
(2) hiu(2),hir(z) are univalent on the filled disk D(0,r) = D*(0,7) U {0},

where r = e~ €.
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Define the constants

1 , 1 .
m; = ————, M;=—F-—, 1Ji<N.
|7 1 (0)] |7, (0)]

and m = min; {m;, m;}, M = max; {m;, m,}.
2.4. Basic calculations. Choose an o > ¢, and for integers k£ > 0 @

where N is the number of asymptotic values of f, define the following se-
quences of real numbers:

ap = elVok-1,
LEMMA 2.1. If z € T; and Z; = Z;(z) = x + 1y with y > ay, then
(2.2) |Bi(2)| > my(e?¥ — 2% + e17%),
(2.3) |B;(2)] < my(e?Y + 2e% 4 ele2),

Proof. Suppose that z € T; satisfies Z; = Z;(z) = x+iy with y > ¢, then
¢ = Ey(2;) = ¢¥% € D*(0,7),
I€l=e? =pr and p=e*"%ec(0,1).

Since the map h; i is univalent on D(0, ) and h; ;7 (0) = 0, Koebe’s distortion
theorem implies

|1} 7(0)] pr |1 1, (0)|pr
o < lhip(©) < 2o
(1+p) (1-=p)
Since I(z) =1/z,
(1-p?* 1 (1+p? 1
< | I(hip(§))| < )
O T VR ]
Note that
2
A=p)” L 2.0 oy ge e
pr pr T T
(1+p)?

—_ €2y + 262(3 + 646_2:[!.
pr

Inequalities ([2.2)) and ({2.3]) follow, and the proof of the lemma is complete. =

LEMMA 2.2. Suppose z1 € T; and zp € T; where 1 < 4,5 < N (not
necessarily distinct), and that @;(z1) € Sy and Pj(z2) are in Sy . Set Z;(z1) =
x1+1iy1 and Zj(z2) = x2+iys. Assume that Ny is sufficiently large and that
for k > Ny, we have y1 > ayp, y2 > y1 + 2ap_1. If

4 ) . 2
(2.4) |(arg(®;(2z2)) —0;)| > Nag’ or equivalently |sin(Z; (9;(22)))| > e

then $(Z;/(®;(22))) > S(Z0(i(21))) + 201.

(3) We use k here as an index and k; as the order of the prepole \;. This should not
cause confusion.
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Proof. By hypothesis z1 € T; and 29 € T; with yo > y1 > o > ao.
Inequality (2.3|) implies that

(2.5) S(Z¢(®i(21)) < [20(Pi(21))] < (i (e 2% 4t 2un)) N/,
Moreover, by and , when k is large enough,
(2.6) S(Zj(Pj(22))) = |(Pj(22) sin(arg(Z;(P;(22)))|

2|a|N/? 2
> ’aj‘v (mj(62y2 _ 9e2¢ + 640_2y2))N/2a7k'

Note that ys > y1 + 204,_1, and ay, = V-1, so that

2|a|N/?

2
(2.7> (mj<62y2 o 2620 + e4c—2y2)>N/27
O

) €2y1+4ak,1 _ 2620 4 64072y2 N/2
> m; 2ar 1

_ N/2
2€2c o 64C 2y2
— | p2y1t20k—1 _
2<m3 <e T

> (mi(e®t + 2% + e* "1 )N2 4 Ny /]al /2
for k large enough, since ap — oo and y; > ag. Therefore
(25 ((@(22)))) = S(Zp (@) + 20141 m
Define a set of horizontal strips in i;, indexed by k > 0, to be
Hor}; ={Zi=x+iyeS;:ap+ 201 <y < ar — 20N U;.

The pull-backs of these strips,
H} = 27 Y(Hor}) C T;
are strips in 7Tj.

The image @;(H}) is an annular region A; in a neighborhood of infinity
of the z-plane that, for all j = 1,..., N, intersects the sectors S;, and in
particular, the asymptotic tracts T}, the critical lines L; and the wedges
wed;. See Figure [3| Thus, the maps Z;’s are well-defined for all 1 < j < N.
Define the map ¥; ; on the Z;-plane by the functional equation

Zj o) @1 = g/i,j o Zz

The maps ¥; ; are infinite-to-one. To create regions of injectivity, divide
each horizontal strip Horj, into infinitely many rectangles Recty, ,, of width
2
j7k7n

ReCté‘,k,n ={Zi=z+iy: x§-+1 +nr+3/(Nag) <z < xé +nm—3/(Nag)},

7w and define N disjoint subrectangles Rect in each rectangle Rect};,n by

where acz satisfies 230; +arg(h; ;7(0)) = —0;. Recall that 0; is the jth solution
of arga + N6 = 0 mod 2.
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Tyt
Y= Qpp1 — 20

i i
Ty T=2] =

T T T T
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
! 1 ! 1
! 1 ! 1
! 1 ! 1
! 1 ! 1
! 1 ! 1
! 1 ! 1
! 1 ! 1
1 1
Rect! ' Rect® : Rect! ! Rect! :
3k, 1 ecty i of Lk !4 4.k, 1
! i ! i
! 1 ! 1
! 1 ! 1
! 1 ! 1
! 1 ! 1
! 1 ! 1
1 1
1 ! 1 !
1 ! 1 i
1 ! 1 !
1 ! 1 !
1 ! 1 !
1 ! 1 !
1 ! 1 !

Y = oy + 201

Fig. 4. Horl, for N =4

REMARK 1. Under the map Zj_ Lo ¥; j, each rectangle Rect}'g’n maps
injectively onto the annulus A; in the z-plane. The vertical lines x = l’; +nm
%

Sk in each
b b

in Hor}; are preimages of the critical rays L;. The rectangles Rect
Rect}‘c,n injectively map onto the disjoint asymptotic tracts in the annulus.

The next lemma states that in the Z;-plane, for any point x + iy in these

sub-rectangles Rectz-yk.’n, the inequality l) in Lemma is satisfied. In

particular, the sub-rectangles are mapped away from the critical rays and
into an asymptotic tract.

LEMMA 2.3. There exists an integer No such that if k > No, and if
Z,(z) € Rect’ ;.. for some i, then for each n and for all j =1,...,N,

j7k7n
larg(¥; j(2))] > 2/a.

Proof. For the proof, fix i and n and, for readability, omit writing them.
Set

Mj={2Z =ua;+iy:y 2 ao},
3 ,
L= {Z = <xj+1 + Nozk> +iy 1y > ao},

3 ,
Rj = {Z: (a:j — Nak> +iy iy > ao}.

Note that the vertical lines L;;, and R; j contain the respective left and right
vertical borders of Rect;; and the line M; lies in the complementary region
between R; and L;j_q .
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hu(Ey(M;)) M, | | Ry,
N «m(t) j>
RM))JA)
R (M) z
I(yp(t)) W —
PRy p)

Fig. 5. Rays and curves in Lemma [2.3]

We claim that

(2.8) if Z € L, , then
_ 4 2
01 —arg(®:(2,(2))) > Nox and  arg(¥;;j1+1(2)) < —OTk;
if Z € Rj, then

4
arg(®;(Z;(2))) — 6; > N and arg(¥;;(Z)) > -~

This says that both ®(Z7(L;x)) and (27 1(R;x)) are bounded away
from the images of the critical rays L; and L;1; equivalently, the images of
Lj and R;j under ¥ are bounded away from the real line, as are the points
in Rect;x, which proves the lemma.

To prove the claim, first consider the images of the half-lines R;; and
M; under Ey:

2i(x;

) — o2y — o) N =2y 2i(x;)
Ey(Rj,) =e e k' and  Ey(Mj) =e ey > ap.

They are line segments meeting at 0 and the angle between them satisfies

6

arg(Ey (Rjx)) — arg(Ey (Mj)) = “Nap'

Next, since hy : D(0,p) — C is conformal, the images hy(Ey(M;)) and
hu(Ey(R;k)) are curves with the initial point 0. Let va7(t) and yg(t) be the
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lines tangent to these curves at 0, respectively. Then for ¢t > 0,

’YM(t) _ tei(arg(hgj((]))+2zj)’

; / __6
r(t) = b8 OV 20 x5,

That is, the angle between ~/(t) and vg(t) is equal to 6/(Nay).
Suppose Z is on the line R;, £ = E;py(Z), and || = pr with |p| <
e2¢72% « 1. Then, if k is large enough, by Koebe’s distortion theorem,

_ / 6 Irpy 1
arg(hy (£)) <a1rghU(0)+23:J Nozk> < 21n<1 —,0> < Ny

That is, hy(€) = ree for some 7o > 0, where

(2.9)

o0 0~ 0)+20) >
If w = roei(arehy (0+22)) then
1 . ’ .
I(w) _ 7e—z(arghU(0)+2xj) and @i(Z) = I(hU(g)) = e—z@/ro_
To

By the definition of x;, arg(I(w)) = 6;, and by (2.10), arg(®;(2Z; 1 (Z))) -
6; > 4/(Nay). Note that since Z is an arbitrary point in R;j, by the def-
initions of #; and I(ya(t)) it is mapped to the positive real line under Z;.
Since ¥; j = Zj o @;, we conclude
arg(¥;(Z)) = 2/ay.
One can check, using similar arguments, that at each point z such that
Z(z) is on the line L; ,
041 — arg(Pi(2;

)

'(2))) = 4/(Nay,).
This completes the proof of the claim and hence the lemma. m

LEMMA 2.4. Suppose k > Ny. If Z; € Rect?}kyn for some n, then ¥; ;(Z;)

€ Hory_ ;.
Proof. Suppose k > 0 and Z; € Rect;k’n. Then if Z; = x + iy,
ag + 201 <Y < g1 — 204.

By (2.3)), W
SY;,i(2:) < [¥,(24)| < Na (mg(e20%+17 20k | 9026 | Act2y))N/2

< Qg2 — 2004 1.
Since Z; € Rectz-,k,n, by Lemma larg(®; ;(Z2))| > 2/ay. Because
Z; € Recté-’km, we have SZ; > oy + 2a3—1. Thus Lemma implies
S(Ww'(z)) > 2041 > 0py1 + 20y;.

Therefore ¥; j(2)) € Hori,ﬂ. .
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3. Disjoint wandering sets of positive Lebesgue measure. To con-
struct the wandering sets it is more convenient to work with the maps ¥; ;
on the auxiliary planes and then pull back. The first step is to estimate the
expansion factor.

PrOPOSITION 3.1. Fiz the point Z' in the Z; plane and assume that
WZJ(ZZ*) € Hori. Then

o < Ok
(@) (Z])] > o

Proof. Set 27 =W, ;(Z]) € Horli. Then ay+2ay—1 <S(Z7) < ag1—20.

Let Dy = D(Z7, ay/2). By our choices of ¢ and ap, the orbits of all the
Ai’s are outside the preimage Z.° L(Dy). Tt follows that there is a univalent
branch G of WZ_JI defined on Dy. By Koebe’s i—theorem,

Gz
D(Zi*, CaCH] (4 il 0;"f> C G(Dy).

Because ¥; ; is univalent on G(Dy), the radius of G(Dy) is less than 7/2;
that is,

G'(Z) oy,

IR e D

4 2 7 2
This implies that
* Ak

Wz/g(zz” > E' u

Define a family G' = {an,n :m,n € Z}, where S’fmn is a square bounded
by the straight lines in the Z;-plane given by

r=ay4+nr, r=aN+0m+Dr, y=mr, y=(m+1)r.

For each k£ > 0, let g,@ C G’ be the collection of S,’;n?n C Hor}lg. It will be
convenient to use the index §° where Sgi = ann Note that since z is fixed,
each such square lies between the vertical lines

Vi = V(zhy +nn) = {Z = 2% + nw + iy, y > o},
Vo =V(ay + (n+1)1) = {2 = ziy + (n+ 7 +iy), y > a0}

Denote G = Uy U0 Gi. ,

For a square Sy € G, define the rectangles RI, = Ss N Rect;k,n. It
follows from the definition of Hor} that

m(Ssi \ Ujvzl ngz) < 6

m(S(;z) Tk '
By Lemmas 2.3 and [2.4] for each j = 1,...,N, ¥;; maps the rec-
tangle RZ, onto a simply connected domain contained in the horizontal strip

J
HorkH.
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J
\I[i7j(R61

5.7

m,n-+H

[y

J
Ry

|

SJ

m,n| n

QJ J
‘*’m,n—l Sm-H n—1

@ Jj
’7”,"*25777%1 n—

Fig. 6. The definition of ”Pgi

Let U7 (Ss:) denote the union of all the squares Ss; entirely contained in
the interior of ¥; ;(R},):

U (Ssi) = U Ssi  where S5 C Interior(&l/i,j(Rgi)) - Hori_s_1 :
Note that because all the squares have side length 7,
dist(0%; ;(R3,), U (S5i)) < V2.

Otherwise, more squares could be added inside J/Z-,j(Rfsj).

For each j = 1,...,N, let P, = PJ,(S5i) = Wi’_jl(uj(Séé)). Since it is
the pullback of a union of squares, the following inequality shows that each
Pgi is a domain whose area is very close to that of the rectangle R’;; see
Figure [6] Proposition shows that the expansion factor for ¥; ; on Sy is
at least ay/(4m), which implies that

dist(0%; ;(R3,), U (S:)) _ 42
Qg = )
47

dist(OP);, ORY,) <

093

so that the set Rgi \Pji is contained in the 47%v/2/ay-neighborhood of ORZ,.
Thus for the rectangles R”,,

m(’RfSZ \Pji) - 4272
m(Ry,) T ok
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and for the full square Ss:,

m(Ss \ Ui, Pa) _ W46

(3.1) e o

Thus each ng is “almost” equal to the rectangle R , and Uf\il Pgi is “almost”
equal to the square Ssi. The set Z/lj(Séé) = EPZ-J(U;-V:l ng) is a union of actual

squares, which by Lemma lie in Hori 41

The process of using the maps ¥; ; and their inverses to push forward
and pull back can be iterated any number of times starting from any square
Ssi in some Hor};. The Lebesgue measure of the resulting pullbacks to Sg:
needs to be estimated. In order to do this, we need to introduce some more
notation for iterated maps.

Given | € N, let ¢ = (8%, ..., %), where ig,i1,...,i; € {1,...,N}.
Let o = {jo, ..., i} where jo,...,51 €{1,...,N} and jo = i1,...,j1-1 = 0.
Denote the composition ¥;, ;, o ¥, i, by Wi, 4, .4, and for each [, inductively
set

T =W

Define PZ as the set consisting of all points in the square S5, C Z;,
whose orbit under @' lies in the sequence of quadrilaterals ’P;jH(S&H) for
j=0,...,01—1. ’

Denote the family of indices (¢, o) for which PZ has a non-empty interior,
and is contained in Horzf’, by I,lc. For readability, identify the index (¢, o) € I,li,
with the set of points in PZ.

Let Ny be chosen as in Lemma and assume k > Np. Set I! =
Uesn, T!. By definition, for each PZ € I', its image under ¥'*! is a union

of squares in Hor?!

k+1+1-
Set
l
vi= |J 77
(¢,0)eT?
Note that, by definition, Y+ Y. Let
oo
(3.2) v =Y"
1=0

LEMMA 3.1. There exists a constant C > 0 such that if K € T., then
MKM”U< C
m(K) 7 Qg1
Proof. By definition, if K is the set defined by PZ € T!, then ¥t (K)

. . . . l
is a union of squares |Jg;c 5 S5 in HorijH

for some family A. Denote this
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union by W = WH1(K). Recall that each square Sy; contains the sets P,

i=1,...,N, each of which is mapped to a square. Therefore,
N
I+1 I+1y _ i
v wnyth = UPSM.
Ji€Ai=1

The union of the orbits of the asymptotic values A; is a finite set. Since the
points Z 1(Horf€l +14) lie in the asymptotic tract of A;, we can choose k so
that they are far from its orbit. In fact, we can choose it so that there is

a neighborhood of ijl(Horil+1+l) of radius 27 disjoint from the orbit of
I+1)

asymptotic values. It follows that the branches of ¥
on this neighborhood.

Denote the branch that maps W back to K by = and apply Koebe’s
distortion theorem. It says that for (,£& € W, there exists a constant Cy
independent of = such that

are well-defined

Then
(WA YY) m(EUSs \ UL P )

m(W) m(Z(USs:))
N i
< ngm(sajl \Ui:l P(;jl) < C
N > m((Ssn) T Ok 41
for some constant C' = (4v/272 + 6)C2 > 0. Note that the last inequality
follows from ((3.1]). =

LEMMA 3.2. If No > 0 is the integer defined in Lemmal[2.3], then for any
square Ssi € Ugsn, 91, we have m(Ss: NY>) > 0.

Proof. Suppose that § = S5 € Hor}C for some k > Ny. For each [ > 0,
set S' = SNY! According to the previous lemma,

!
m(St\ S < M
Q||+
Equivalently,
m(SH) >m(sl)<1— ¢ )
Q||+
Since




Non-ergodic action on Julia sets 19

and the right side is convergent, it follows that

0<01=10_o[<1— ¢ )<OO.

1—0 k|41

Therefore, for S = 8 NY >,

> m 1 - ¢ m n
m(S>) > (S)g<1 ak+l>>01 (S) > 0.

Now we are ready to complete the proof of Main Theorem 1.

Proof of Main Theorem 1. Let k > Ng, where Ny is the large constant
defined in Lemma .4l Let 7! be defined as above. From the definitions of
Hor}?, and by Lemma we can find two squares Syiy # S, € Hor)? such
that

e m(Ssio NY™) >0 and m(S;, NY>) > 0;
e every pair of points (Z, Z') € (Syi, Sji,) satisfies [IZ] — [SZ2'] > 2a;1.
Let W) = S5 NY* and Wy = 5’(’51- N Y. By construction, for any [ > 0,

(1) ¥'(Wy) C Horfﬁﬂrl, wH(Ws) C Hor;f“ for some 41,93 € {1,...,N};

(2) for all pairs (2, € U/(Wh), 2, € U/(Wa)), [SZ;,| — [S24,] = 205411
The first assertion shows that both W7 and Ws are wandering sets and the
second shows that their forward orbits are disjoint. Note that Z;, is analytic,
so both Zigl(Wl), Zigl(Wg) have positive Lebesgue measure.

Let

Eq

U (U et o) > 2. m),
m=0 n=0

Ep= Uof’"( Uof”(zl;l(WQ))) D Z; N (Wh).

Both have positive Lebesgue measure in the Julia set of f. They are mutually
disjoint and completely invariant. This implies that f acts non-ergodically
on its Julia set, completing the proof of the Main Theorem. u

4. Main Theorems 2 and 3. Let Py = Y, {\i, f(N), .-, F7 1),
oo} be the post-singular set. As we proved above, f is not ergodic. From
the extended dichotomy of Bock [Boc|, we know that for almost every point
z € C, limp—o00 d(f"(2), Pr) — 0. This implies that the w-limit set w(z)
is contained in Py and in terms of the auxiliary variables, it says that for
each such z, there exists a fixed ¢ € {1,..., N}, a sequence ny — oo, and
an ny, such that for all ny > ng,, f*(2) is in the asymptotic tract T; and
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The set Y*° was defined in as a subset of Uf\il Z; and we showed
in the proof of Lemma [3.2] that it has positive Lebesgue measure. In order
to prove Main Theorem 2, which is a result about points in C, we need to
pull Y back to C. To do this, define E>* = Ufil Z7H YN 2;) and set
E = Upen /"(B>).

Since E* C E and m(Y) > 0, pulling back gives m(E) > 0. In fact,
more is true.

LEMMA 4.1. The set E in C has full Lebesgue measure, that is, m(C\ E)
=0.

Proof. Assume the contrary, m(C \ E) > 0, and let z € C\ E be a
Lebsgue density point. As above, there is an i € {1,..., N} and a sequence
ng such that SZ;(f™(z)) — oo as nx — oo. Let ko be the smallest integer
such that f*0(z) lies in the asymptotic tract T; and SZ;(f™o(z)) > ayp.

Let I < 0o be a sequence such that

oy, — 200, 1 < SZ(f"™(2)) < a1 — 20,

Note that these inequalities define a set of strips Horfk that is different from
but intersects the strips Horj, .

Let 2™ = Z;(f™(2)), and let F},, be the branch of f~™ o Z;! that maps
Z™ to z. Let Q™ be the square centered at Z™* with side-length 8c;, _1 |(*)
Then

m(Q”’c N U HorflC ) > 1m(Q"F).
k

Note that Q™ intersects Horf)c and /or Horfk_l. The minimum on the left of

the above inequality occurs, for example, when Z"* falls on the mid-line of

the gap between Horj, and Hor; _; because the height of the gap is 4ay, 1.
Let

Qs = {ze@Q™:zcSCcQ™nN (Horgk UHorfk_l) for squares S € G'}.
By the above, _
m(Q"™) = 3m(Q").

Since Lemma implies that for any square S C J;° Horflc there is a con-
stant C' > 0 such that m(SNY*) > Cm/(S5), it follows that

m(@Q™ NY) >m(Q™ NY>®) > Cm(Qm).

Let Dy, = D(Z™,8v2ay,_,) D Q™. Recall that z = F,,, (2") = f ™o
(Z)71(2™) and set

A=|(Zi0 ) (2) = |(Fpb ) (Z™)] > .

(*) This is not one of the squares in gka.
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Let Uy = F,, (Q™) and denote the respective inscribed and circum-
scribed circles for Uy, by D(z,ry) and D(z, Ry). Since F),, is univalent on D, ,
it has uniform distortion on Q™ and by Koebe’s theorem there is a constant

B > 0 such that
/
R0l g e,
Pulling back to the z-plane, we get
Rk/T'k < B.
If £ = ny — ng,, then ¥¢ = Z,0 ffo 2z 1 and Proposition implies

@ ()] = S

Since
Fnk — ( ° Zl fnko)
its derivative satisfies A
T
F’ < .
P2 < o

Because the diameter of Q" is less than 16v/2ay,_1, the diameter of F, Q")
tends to 0, and therefore Ry — 0.
Furthermore,

m(E N D(z, Ry)) S m(E N D(z, Ry)) S m(ENUyg))
m(D(z,Rg)) — B*m(D(z,rx)) — B*m(Uy)
1 m(Yﬂ@”k) 1 m(YynQmw) _ C

Since this inequality says that
ENnD(z,R c
k—oo  m(D(z, Ry)) 4B*
it implies that the density of z in E is positive, contradicting our assumption

that z is a density point of the complementary set C \ E. Therefore E has
full Lebesgue measure.

> 0,

With this lemma, we can now prove

MAIN THEOREM 2. For almost every point z € C,

N
W(Z) = Pf = U {)\hf()\z)v s 7fpi_1()‘i)a OO}
i=1

Proof. Since f is not ergodic, for almost every point z € C,
. n _
Jim_d(f"(2), Pr) = 0.
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This implies that w(z) € Py for almost every point z € C. To prove the
theorem we need to show that {z € C : w(z) C Py} has zero Lebesgue
measure. By Lemma [4.1] we only need to show that

{z€e E:w(z) C Pr}

has zero Lebesgue measure.
In each plane Z;, let S = S5, be a square in g,i in the strip Hor};. Given
leNand g€ {1,...,N}, let
Kl ={Po(S): 0 ={5",...,6"}, ig £ m,...,i| #m}.

That is, K" consists of all regions L such that none of its successive images
under the composition map %' belong to the Z,, plane, and whose final
image is a square S’ in a horizontal strip Horf€ 4y of some Zj-plane.

Recall that for any i, eachl square S’ = Rectf€ 4in C Hor}; 4 is evenly
divided into N rectangles Rect’ ., . This implies that

Z' ].
m(S" N Rect’ )y ,) < Nm(S’),

which in turn implies that

m(S’ﬁ U Rect;’kﬂ,n) < N]\_f 1m(S').
J#Em

Fix ¢’ and Ly = PZ(S) € Ké,. Koebe’s distortion theorem for the map
?! implies that there is a distortion factor D such that for each g,
m(Lg N ULeKqu L) - m(S' N Uj;éq Rectj) - N —1
m(Lg) - m(S") - N

Since ¥ is univalent for all [, its image is outside a large disk in some
Z'-plane. Thus, the distortion factor D on each square S’ of side 7 is close
to 1. Thus we can assume that ND/(N — 1) < 1. For example

N
ta for some 0 < a <

D= )
N —a 2N —1

Therefore, for each g,

(2 Upeiy P)OS)
m(S) -

and so

(A U »)ns)=o

I=0PeK]
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Finally, since S was arbitrary, set

w=UU U (N U 7)

q=1 k SeHoré 1=0PeK}]

Thus m(W;) =0, and if W = Uzj\il Z;71(W;), then m(W) = 0. This implies
U,2, f7™(W) also has zero Lebesgue measure.
To complete the proof, note that

{zeE:wp(z) Py | ),
n=1

so that it has zero Lebesgue measure. =

MAIN THEOREM 3. There is no f-invariant finite measure absolutely
continuous with respect to Lebesgue measure.

Proof. Suppose there is an f-invariant absolutely continuous measure p.
Let

Wik)=Y>*n{z€ 2|9z >} and Wi(k) = Z'(W(k)).
Then
N N
PP W (R)) € ([ Witk +1) ¢ [ Wa(k).
i=1 i=1
For each ¢ = 1,...,N and j = 1,...,p;, set W;(k;) = fI(W{(k)). For
each k, W;(k) is a bounded set containing f7();). Let 3 be the radius of
the maximal disk in WJZ(/@) centered at f7()\;). By Lemma H these disks

form a nested sequence whose radii go to zero, so that for all j, ﬁi — 0 as
k — oo.

Let
N p;

Wk = U Wik

i=1j=0
and let p = max {p1,...,pn}. Then, for all pairs ¢,n € N,
FEIMTYW (k) € W (k +n).
Since E*° C |JW{(1) € W(1), it follows from Lemma 4.1] that
m((C\ U f‘”(W(l))) —0.

neN
By the absolute continuity of p,

p(c\ U rw) =o.

neN
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Moreover, since p is also f-invariant, there is an 7 > 0 such that p(W (1)) =r.
Furthermore, since f*®+1)(W (1)) ¢ W (k) for each k, the invariance implies
that p(W(k)) > p(W(1)) = 7.

CLAIM. There exists ' > 0 such that for each k,
N
p(WE\JWiw) ="
i=1
If not, for all 7’ < r/2, there exists a k such that
N
p(WE\UWik)) <7
i=1

However, this implies

%
|
©

k) = (f(QWé(kr)))

(l{:)) >r—1'>7,

'Cz
3

@
Il
—_

p(Wk)\ [_VJ Wi(k))

4

v

S
—
=

=

o
Il
—

which is a contradiction. Thus the claim holds, and so for all k,

N pi '
p( Uu Wi(k)) > 7',
i=1j=1
Furthermore, since
0o N p; ] N
N(UUW®)=U X 2 0ok
k=1 i=1j=1 i=1

it follows that
N
p( U {)\747 R 7fpl_1()\z)}> 2 Tl?
i=1
which contradicts the absolute continuity of p. =
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