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Signed trace measures on non-isotropic Riesz potentials
in the unit sphere

by

CARME CASCANTE and JOAQUIN M. ORTEGA

Abstract. We obtain a characterization of certain bilinear forms, or equivalently, of
certain signed trace measures on non-isotropic Riesz potentials H°(S™) on the unit sphere
in C".

1. Introduction. It is well known that in the theory of functions of
several complex variables and its relationship with harmonic analysis, a rel-
evant model is the unit ball B” in C* ~ R?”, n > 1, and the corresponding
study of the unit sphere S”, with the non-isotropic metric given by d(¢,n) :=
|1_Cﬁ|1/2 = |1_Z?:1 Cim‘l/Qy ¢=(Cty--sCa)sn=(M,...,mn) €S". In this
context, it is natural to consider spaces of regular functions of non-isotropic
Sobolev type. We are interested in characterizing certain bilinear forms on
these spaces, or equivalently, some trace measures on the same spaces. To
be more precise, we begin with some definitions. For 0 < s < n, the Banach
space H*(S™) of non-isotropic Riesz potentials on S™ is the space of functions
given by

P n
1) KO = O | 72D dol), e L2,
on 11 =T
where do is the normalized Lebesgue measure on S™. The norm in this space
L r(ekeyn? .
is given by [|Ks[o]l|gssny = ll¢ll2sny, and Crs = % is a normal-

ization constant, chosen so that K [1] = 1 (see for instance [9]). We observe
that if s is an integer less than n, the space corresponds with a non-isotropic
Sobolev space on S™ (see for instance [4, 12, [13]).

As we will make precise, the space H*(S™) coincides, for s small enough,
with the completion of a space of regular functions 3 on S"™ normed by
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[((=2)*2+1)[4]]] r2(sn), where (—A)*/? is the non-isotropic fractional Lapla-
cian defined by

(_A)S/2W)](C) = kn,s PV S
Sn

Y(¢) —¥(n)

gy

45T (n/2—s)2

(n—1)I"(1—2s)
made, as we will see later, so that the operator (—A)® + I is the inverse of
the Riesz operator Kos.

The main goal of this paper is the characterization of the signed trace
measures for the space H*(S™), that is, the functions g, not necesarily non-
negative, satisfying | {s. [¢|*gdo| < Cll¢||3 s(gny for any ¢ € C>°(S™). This
problem has its origin, for s = 1 and for R", in the work of Maz’ya and
Verbitsky [22]. We recall that the trace problem for non-negative functions
has been thoroughly studied (see, for instance, [I] and [§]).

Our main result is the following:

where k,, s = . This choice of the normalizing constant has been

THEOREM 1.1. Let 0 < s < 1/4 and let g be a function on S™, satisfying
some regularity conditions that will be specified later. Then the following
assertions are equivalent:

(1) There exists C > 0 such that for any ¢ € C*(S™),

|§ lePado| < Cliplesn)
Sn

(2) There exists C > 0 such that for any ¢, € C>*(S"),

|§ ewada] < Cliglaem ¥l
Sn
(3) The measure dv := |K[g]|*do is a trace measure for H*(S™), that is,
there exists C' > 0 such that for any ¢ € C*(S™),

|§ el av| < Cllgleony:
Sn
For n > 1, there are extra difficulties coming from the non-isotropic na-

ture of H*(S™). The initial challenge is that the fractional Laplacian that
defines H*(S™) is a non-local operator. One way to circumvent these difficul-
ties is to consider an equivalent bilinear problem on a subspace of a weighted
non-isotropic Sobolev space, stated through extensions of functions on S™
using a generalized non-isotropic Poisson-type operator. For the case of R",
the extension operator was introduced in [7]. Its extension to the upper half-
plane ]R’}fl satisfies an elliptic differential equation. It is shown there that
the fractional Laplacian can be expressed as the limit of certain weighted
normal derivatives of the extended function. This reduces the calculation of
the non-local fractional Laplacian to a limit of local operators.
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We introduce a non-isotropic version of weighted non-isotropic Sobolev
spaces W2 on B" associated to the hermitian product of functions given by

A=z, =
(1.2)  (v,uhy2 = S {|Z2RUR’LL
]Bn
(1—|z?)* T 1 Lo 2
LT > LijvLiju+ kou(l — |2*) 7% dV(2),

1<j

where dV is the normalized Lebesgue measure on B",

- 0

is the complex radial derivative, L” =7z 0‘9 7 8 , 1 <1< j<n,are
generators of the complex-tangential space, and k> 0 is to be chosen.

We will check that the functions in H*(S™) can be extended to functions
in B” with minimal norm in W2, and that these functions satisfy, for o =
8= —”_225 , the equation

(1.3) Agpu =0,
where
1 — n—1 _
Aap = P |2 <(1 — |z]?) — 5 (R+ R))

+aR+ BR— apBl,
and .

Ly = —2;@ i, Lij + LigLij)-

<]

It is proved in [3] that the Dirichlet problem associated to the operator

Aq 3, when Re(n 4+ a4+ ) > 0, has a unique solution given by
u(2) = Paglgl(2) = | Pas(z Op(C) do(©),
Sn
where
(1.4)  Fap(z,0)
L Tt f) (-
(n—=D'(n+a+pB) (1 -zt (1 —z)n+s

-2
When a = 8 = —#5=2,

Py(z,() = n225 n2s (2,0) =

We prove the following result:

r)” (1>
(n—1)II"(2s) (1 — 2C)nt2s’
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THEOREM 1.2. Let 0 < s < 1/4 and let ¢ be a regular function on S"
(in a sense that will be specified later).

(1) The following limit exists in L?(S™):

- _25 0 L or(1-2s) I(252)?
T£H117(1 B 7”2)1 i EPS[GD](TC) - F(QS) F(n—Z25)2K251 [90] (C)
— 925 n+2s\2
- 2[1](}(28)2 ) ?En22S;2((_A)S +p(C)
2

(2) There exists C > 0 such that for any p € H*(S™),

1
clellas@ny < I1Pslelllwz < Cllellmssn).

The second essential component for our characterization is the use of
some weighted estimates of a non-isotropic area function related to a kernel
satisfying quite general conditions (see Theorem below; this theorem
could be of interest by itself). This general result will be applied to kernels
that appear as composition of derivatives of the kernel that gives the solution
of the Dirichlet problem , with a non-isotropic Riesz potential, that is,
of the type

(=) | Vin - Py, 1)

Q(Z’ 8) = |1 _ Cﬁ|nfs

do(n).

R
Here ?Bnyzu is the complex vector-valued gradient of w with components
(1 —|2®)Ru, (1 —|2|*)Ru, (1 —|2|*)"2L; ju and (1 — |2|>)Y/2L; ju for i < j.

A third component has been the use of the operators K; 'K, 1Ky, In R"
these compositions of Riesz operators operators are just the identity opera-
tor. In the non-isotropic context, they are not the identity, but we will check
that they are Calderén—Zygmund operators.

The paper is organized as follows: In Section [2] we introduce the non-
isotropic Sobolev space W? and obtain the stationary functions for their
norm. In Section we state the main properties of the extension non-
isotropic operator Ps, and give the proof of Theorem The four sections
that follow are devoted to proving the technical results needed to obtain
Theorem More specifically, in Section {4l we obtain weighted L? esti-
mates for a non-isotropic weighted area function. In Section [5} we introduce
some non-isotropic vector-valued kernels, and check that their correspond-
ing weighted area functions satisfy weighted L? estimates. In Section @ we
prove that the non-isotropic operator K; 'K 1Ky, is a Calderén-Zygmund
operator. In Section [7, we recall the main properties of the non-isotropic
Riesz capacities, non-negative trace measures for non-isotropic Riesz poten-
tial spaces, and Carleson measures for the extension spaces. And finally, in
Section 8, we give the proof of the main Theorem
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Throughout the paper, the notation ¢(z) < 9(z) means that there exists
C > 0, which does not depend on z, such that ¢(z) < Ci(z). We write
o(z) = (z) if p(z) S Y(2) and ¥(2) < p(z). We also recall that the letter C
may denote various non-negative numerical constants, possibly different in
different places.

2. The non-isotropic Sobolev space W2. If 0 < s < 1/2, we consider
the space W2 := W2(B") as the completion of functions in C°(B") with
respect to the norm
(2.1) lullye = (u, upnz,
where the hermitian product (v, u)yyz2, for u,v € C>(B"), is given by ,
with the normalizing constant given by k& = ("7725)2 We observe that the
choice of this constant is optional, but convenient for the forthcoming cal-
culations.

Observe that the weights (1—z|?)!72% and (1 — |2]?) ~2® naturally appear
when the radial derivative is considered as a derivative of weight 1 and the
complex-tangential derivatives as derivatives of weight 1/2 since 1 — 2s =
2(1 —s) —1 and —2s = 2(1/2 — 5) — 1. The factor |z|? in the denominators
appears as a “normalization” of the operators R and L; ; in a neighborhood
of the origin.

2.1. An Euler—Lagrange equation. Our goal is to obtain a character-
ization of the stationary funcions for the functional || - H12/V2 For this purpose
it will be convenient to express the corresponding Euler—SLagrange equation
in terms of complex derivatives. We recall that if {2 is an open set in R™,
the stationary functions for the functional

S M(aq, ..o QU ug, .y Upy) dag -+ - dagy,
2
where u; = %’ 1=1,...,m, satisfy the so-called Fuler—Lagrange equation
i g oM
Oa; Ou;

In the complex language, if {2 is an open set in C" and we consider the
functional

SN(Zh'"?Z’nazla”'7En7u7p17"‘7pn7Q17"'7Q’n)d‘/7

2
where pi = 22, g; = 22, i = 1,...,n, then using 7; = 253,y = 255,
82 = %(8?: — z%) and % = %(82 i), we have the corresponding
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Euler—Lagrange equation
N Z”: 9 0N Z”: 8 ON _
u = 0z; Op; 0z; 0q;i

A simple calculation gives the following:

THEOREM 2.1. Letu € C§(B"). Then u is a stationary function for ||-||3,,.
=25 that iss,

if and only if u is an («, «)-harmonic function with a = —2
u satisfies the PDE equation Ay qu =0. m

2.2. The (o, a)-harmonic functions in the language of forms. We
begin by recalling some well-known notations and formulas.

PROPOSITION 2.2 ([23, Prop.16.4.4]). Let w(z) = dz1 A---Ndzy,, wj(z) =
(=1)77 Yz A - Adzi A - Adzy, and W' (2) = > =1 Zjwj(2). Then w(Z)Aw(z) =
cn dV (z), where ¢, = (—1)n(n 2 e g

n!
} F'(Q) Aw(Q) = nen | £(Q) do(C)-
NG Sn
We next obtain an equivalent formulation to the equation A, qu = 0 us-
ing the language of forms. This expression will be convenient when applying
Stokes’” Theorem in formulas in which (o, )-harmonic functions appear. If u
is real, we introduce the forms

0= ﬂ-l;l;)l_%Ru W'(2) Aw(Z)
iy Btz 2) — Zpea(2)) A )

(2.2) - “";"ZMRU o nte
3 Bl Lt 2) = 22 Al

A calculation gives

(2.3)  d((-1)"R2 + Q)

(B () () oot

1<)
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Hence u is a stationary function for [| - [[y2 if and only if

2
(2.4) d((—1)" 02 + 2) = 2(1 — |2]?) 2 <” 3 25) ww(Z) Aw(z).

3. The extension operator P, and the proof of Theorem
We recall that any function ¢ € L?(S™) has an expansion ¢ = > pq Pra
in spherical harmonics, where ¢, is in H(p, q), the harmonic homogeneous

space of total degree p in 21, ..., z, and total degree ¢ in z1, ..., %, (see [23]).
Let Ks(-,-) be the non-isotropic Riesz kernel defined by
CTL S
Ky (w, ()i = —=—— w, (eSS
0.0) 1=

and let K be the non-isotropic Riesz potential associated to the kernel,
defined as in (1.1)). It is then a calculation to obtain the decomposition of
K[p] in spherical harmonics (see [9], (4.1)]):

(3.1) K[| = Z(F(”z‘*‘s)>2[‘(p+ n;s)F(q+ ngs)

r(%*)) T+ 55T (q+22) "

p.q

We next recall some results we will use, that can be found in [3], concern-
ing the solutions of the equation A, gu = 0. As usual, F'(a,b; c; x) denotes
the hypergeometric function (see [16]) given by

L I'a+k)(b+k) I'(c) xk
Flabiein) =) ——om i Ter k) M

n=o

o0

THEOREM 3.1. Let o, 8 < 0.

(1) If u is a C* function in B"™ such that Aggu = 0, then the spherical
harmonic decomposition of u(r¢) as a function of ¢ is given by

U’(TC) = ZvaQ(T2)uPQ(T<)7 z = T’C, 0 <r< 17 C € Sn7
p,q

where Fp 4(x) == F(p—o,q — B;p+q+n;z), upyy € H(p,q), and the
series converges uniformly and absolutely on compact sets in B™.

(2) Ifn+a>0,n+5>0,n+a+p >0 and ¢ is a continuous function on
S", then the Dirichlet problem Ay gu = 0, wisn = ¢ has a unique solution
given by u = Pagle], where Py g is defined in (L4). Equivalently, if
o= Zp’q ©pq s the expansion of ¢ in spherical harmonics, then

u(rg) = pr,q(TQ)Tp+q(qu(C)7 z=r¢ 0<r<1, (eSS,
P,

— Fpq(x)
Fpq(1)”

where fp q(x)
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(3) IfRe(n—a—fB) >0, then an («, B)-harmonic function w is of the form
u = P, glp] with ¢ € L*(S") if and only if

sup S lu(r¢)* do(¢) < +oc.
O<7“<1Sn

In this case, u has radial limit a.e. in S™ and its radial mazximal function
is in L?(S™).

In particular, if « = § = —"528, 0 < s and Ps := P,,, then the

Dirichlet problem A, gu = 0, uisn = ¢, has a unique solution Ps[p](r() =
: F

Zpﬂ fog ()P0, (C), where f,4(z) is defined by f,,(z) = F’;ZET? and
Fpq(@) = F(p+ "5%,q+ "2 p+ q + n; 2).

The following results give a representation of the non-isotropic fractional
Laplacian, a non-local operator, in terms of a limit of a weighted radial
derivative of an extension operator (see [7] for the isotropic case in R™).

LEMMA 3.2. Let 0 < s < 1/4. Then for any vpq € H(p,q),

0
lm (1 — )" r—=Py[ippg] (rC)

r—1- or
_2I'(1 - 2s) F(p—i— HEZS)F(Q—F nJEQS) "
= F(Qs) [’(p + n—225)1—1(q n—25) ¥pq
(1 — 2s) I'(252s)?
B }(25)2 ! FEn—zzs;2K_sl[90pq](C)
— 925 n+2s)2
- 2F}:[(28)2 ! ?En325;2((_A)8 + I)[eppg) (€,
2

where the convergence is uniform in ( € S™.

Fp.q(r?
Proof. Recall that Ps[ppe](r¢) = anfT%7infTQS[gppq] = %r”qgom(o.
Thus, both the first equality of the lemma and the uniform convergence in ¢
will follow once we prove that

] (1 _ 7‘2)1_25 d 9
2 | -~ r—(F Ptq
(32)  lim Fpa(1) r g Fpa()r)
_20(1—2s) D(p+"5%) (g + “5*)

I@2s)  Iip+"5%)(a+"5*)

We have

d _
S (Fpq(r)r7 ) = 2 (r)rP T 4 (p - q)rP I ().



Signed trace measures on non-isotropic Riesz potentials 9

Using the facts that by [16, p. 58],

Pt 5 (0t "5")
p+qg+n

n—2s n—2s
+ 1,9+ 5 +Lp+g+n+ 1z,

)=

X F(p—i—
and that by [16, p. 64], for |z| < 1 and Re(c¢ —a —b) > 0,

F(a,b;c;z) = (1 — ) PF(c—a,c— byc; z),
we see that for p + ¢ > 0,

imrm _ 2(]) + n_T%) (q + n—223)(1 )
dr Fpq(1) Fog(D(p +q+n)

n—+ 2s n —+ 2s
X F(q+ 5 , D+ 9

(p+ qyrrta ! 2
- F
+ Fp,q(l) pvQ(r )

= Ap,q(TQ) + Bp,q(TQ)-

It is proved in [I6 p. 6], that if Rec > Reb > 0 and Re(c — a — b) > 0,

then F(a,b;c;r?) is a non-decreasing function of r and its limit as 7 — 1~

is F(a,b;c;1) = % In particular, since p + ¢ +n — (g + 25%)

— (p—l—”_T%) =25 > 0, we have

;p+q—|—n+1;7«2>7~p+‘1

lim F, (1) = F, (1) = ,
r 1 1- p7q(r ) p’q( ) l’!(q n-;QS) l'( ) Tl-528)

and consequently lim,_,;- (1 — r?)1=2rB,, ,(r?) = 0. Next, since

n + 2s n + 2s
p+q+n+1—(q+ >—<p+ 5 >:1—25>0,

2

we have

(3.3) lim (1 — 73724, ,(r?)

r—1-

20+ ") (¢ +"52)  T(p+q+n+1)I(1—2s)
(P+a+n)Fpe(l) I(p+ 552 +1)0(g+ 252 +1)
201 —2s) I'(p+"52) (g + “5%)
CI(2s) I(p+252)0(q+5%)

Thus, we have proved (3.2)), and hence the first equality of the lemma. The
second equality follows directly from (3.1)).
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So we are left to prove the last equality. Observe that by (1.4)),

F(n+23) (1— r2)2s‘:0pq(7])
(n — 1)!2F(28) S 11— rmjntas do(n).

Psliopgl(r¢) =

Sn

The first part of the lemma for p = g = 0 gives

20 (1 - 25) I("5)°
I'(2s) F(n*28)2'

0
Tim (1= )22 P 1)(r¢) =

2
Then

: 95 0
(34 lim (1= 2 Pyl (r¢)

r—1—

= lim (1-— 7«2)1—25% V Pa(r¢, m) (epqg(n) — pq(C)) dor(n)
Gn

20(1 - 25) I'("%)°

F(23) F(n22s)2¢pq(C)'
We have
2 1—252 (1—r%)%
e A S Es
I n 2, ¢ + 1¢ — 2r[n¢]?
- (5 )

Since ¢pq is a polynomial, it satisfies a non-isotropic %—Lipschitz condition,

that is, |¢pg(¢) — wpe(n)| < 11 — (72, We have

0 1
(1= )1 2 P om(€) = )| S = i

which gives an 7-integrable function, since s < 1/4. Thus the Dominated
Convergence Theorem gives

tim (1= 12) 2 2§ P, ) () — 10(€)) do )

r—1- Sn

. F(ﬂ + 3)2(_48) ¢pq(n) — @pq({)
a (n2_ 1)'F(28) S ’1 — Cﬁ|n+2s dg(n)

_ 9 n+2s)\2
2
as required.

Observe that the constant in the definition of the non-isotropic fractional
Laplacian has been chosen so that Ky, [ppe] = ((—A)* + I)[@pq]. =
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THEOREM 3.3. Let0 < s < 1/4 and let o € L*(S™) with development ¢ =
Zp’q ©pq in harmonic homogeneous polynomials satisfying Zpg(p + q)¢pq
€ L?(S"™). Then ¢ € Kag[L?] and

20 (1 — 2s) I'(7h2s

tim (1 =212 Pl (rC) = I'(2zs) (=

r—1- or

with convergence in L*(S").

Proof. We begin by observing that K. 2_31 [¢] € L?[S"]. Indeed, by Stirling’s
formula and (3.1, it is enough to show that >~ p*q**pp, € L*(S™). This
is immediate since s < 1/4, and hence p**¢?>* < p + ¢, and by hypothesis
Zp,q(p + Q)‘ppq € LQ(SH)

We now prove that T%Ps [Pl(rQ) =204 T’%PS [©pql(7¢) by showing that
this last series converges uniformly on compacts in B™. Indeed, it is proved
in [3] that any function v such that A, gv = 0 satisfies A, g_1(Rv—fv) =0
and A,_1 g(Rv — av) = 0. In particular, from r% = R+ R, we deduce that

raarv = (Rv — Bv) + (Rv — av) + (a + B)v.

Next, assertion in Theorem shows that P[] is (—2528, —1528)-
harmonic. This fact, together with the above formula and assertion , im-
plies that the series > T%PS[(ppq] (r¢) converges uniformly on compact
subsets of B™.

Following the notations in Lemma [3.2] we have, for any p, ¢,

(1 =720 2 Pyl (rC)
=(1- 7”2)1_257”1417@(7“2)9%(1(0 +(1— 7"2)1_287“Bp,q(7”2)90pq(0-

Let us show that

D (A=) A o (rP)rep ()

P4 n S 2
Care2s)r(vE)”

F(23>[’(TL—TQS)2 KQS [30]()

lim
r—1-

From the expression of Ko, we see that in L2,
20(1 — 2s) 1" (2£2)?
r(@s)r(==)’

—1
Koy le] = Zcpq%aqv
X

where 2F(]. 92 F( n+2s T n+2s
P —2s) I(p+ ™) (g + *5*)
Pq - F(QS) F(p + n—22s)F(p + n—22s) :
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We then have, for any € > 0 and for a fixed IV large enough,

HZ 1 > @pq Zcpq%)q ‘

L2(Sn)
< H ((1 — 1"2)1_287“Ap’q(7“2) - Cpq)QDPQ(')‘ L2(sn)
p+q<N
2\1—2s 2
+ H Z (1 —72) "1 A, 4(17)epg(+) ’L2 sm) H Z cpaPpa(’ ‘LQ(S")
p+q>N pra=N
< H Z (1 - 7“2)17287”419761(7"2) - Cpq)SOPQ(')‘ L2(S™)
p+q<N
+ 2H CpaPpa(- (
pJ;N pa¥Prg(") L2(sm)

provided 1 — 7 is small enough. See (3.3]) and apply the fact that
(1- TQ)I_QSTAp,q(TZ) < Cpg-

To prove that lim, i+ || >, (1 — )25 By o (1%)pg ()| 12(smy = 0, we
argue in a similar way, using the facts that Y (p + q)¢p, € L*(S") and

that by definition B, ,(r?) = %an(r?). Altogether, this gives the

desired convergence in L?. u

REMARK 3.4. The hypothesis on ¢ in the above theorem is fulfilled if
the function is regular enough. For instance, that is the case if ¢ satisfies
LijLijo € L*, 1 < i < j < n. Indeed, in [2, Lemma 3.9] it is proved
that if ppy € H(p,q), then >, . LijLijop, = —2p(q + n — 1)ppg. Thus,
taking into account that the projection from L? to H(p, q) is given in terms
of a kernel in the two variables z,(, which is a harmonic polynomial in (
(see [23]), together with the integration by parts formula (g, fLij(g) do =

— Ysn Lij(f) g do, shows that the development in harmonic polynomials of the
function >, ; LijLijois — >,  2p(q+n—1)ppe. This gives the convergence

in L? of Zp,q(p + q)pq-

In the following theorem and its corollary we give sufficient conditions
on the regularity of ¢ which lead us to express the non-isotropic fractional
Laplacian as lim,_,;- (1 —7‘2)1_257“(% 5[] (r(), and consequently its relation-
ship to the inverse operator of the non-isotropic Riesz kernel K.

THEOREM 3.5. Let 0 < s < 1/4, € > 0 and let ¢ be a function on S"
satisfying a Lipschitz condition |o(¢) —o(n)| < [1—(R**€ for any ¢,n € S*,
or more generally, |o(¢) — ¢(n)| < |1 — ¢A1**|w(¢,n)|, where the function
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¢ fan I'f)_(%%]‘)i do(n) exists and is bounded. Then, for any ( € S,

2r(1 —2s) D(=2)*
I'(2s) F(H_TQS)Z« A)* + 1[e](¢)-

Moreover, the convergence is also in L?(S™).

lim (1 — r2)1_25r§P5[¢](rC) =

r—1-

Proof. The proof in the case that ¢ satisfies a 2s 4 e-Lipschitz condi-
tion is the same as given in the second part of Lemma [3.2] if we consider
the function ¢ instead of the function ¢,, and replace the 2s + e-Lipschitz
condition by the 1 5-Lipschitz condition.

On the other hand, if ¢ satisfies

|0(¢) = e S 11— ¢al* (¢, m,

(¢
[1—=¢n|™
replace in the above proof the estimate |p(¢) — ¢(n)| < |1 — (f**¢ by

lo(¢) — ()] < 11— ¢m|**|w(¢,n)| and end the proof in an analogous way.

where the function ¢ — {g, do(n) is bounded, then it is enough to

The convergence in L? follows by applying the Dominated Convergence
Theorem iteratively. m

REMARK 3.6. Observe that the 7—L1pSCh1tZ condition is fulfilled if the
complex-tangential derivatives of ¢ are bounded (see the details in [6]).

COROLLARY 3.7. Let ¢ be a function satisfying the conditions of Theo-
rem 3.5l Then
(1) ¢ € H>(S").
(2) ¢ = Kas[((=4)" + D¢l

Proof. Since ¢ satisfies the conditions of Theorem [3.5 we have

n S 2
202905 ) (a4 D) = tim (1= 2y,

F(QS)F(”_TZS)Q r—1- or

[£](rC),

with convergence in L?(S™). It is enough to check that if mp, is the orthogonal
projection from L2(S™) to H(p,q), then

(3.6) ¥pq = qu[‘P] = Tpq [K28[((_A)5 + 1) [‘PH]
Indeed, by Theorem

Tpg[((—A)° + I)[¢]]
 Ts)r(ngE )2
- 2r(1—2s)I (%%

P[e)(r) |-

r—1— or

. 95 O
) 5Tpg | lim (1—r2)t=2 =
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The continuity in L?(S™) of the function ¢ + (1 — TQ)I_QS%PSW] for each
r < 1 gives

) )
Pl | = (1= 1) Py

Letting 7 — 1~ and using Lemma[3.2) we deduce that the above limit is
2r(1 = 25) Dlp+ =52)Dla + 252)
F(QS) F(p—{— n—223)[v(q_|_ n—22s) pq
Finally, we obtain (3.6) using the fact that by (3.1),
F(n—gQS))QF(p_i_ n— QS)F(q+ n— 25)

Kos[opg) =
25[¢pq] (F(n—;s) I(p+252) (g + 52%)

Tpq | (1 — 7"2)1_28

@pq. n

3.1. Minimality of the norm in W? of the extensions P[¢]

PROPOSITION 3.8. Let 0 < s < 1/4 and let ¢ be a real-valued function
on B".

(1) If ¢ satisfies the conditions of Theorem and v € CZ(B"), then
Re (v, PS[QODWSQ = Chn,s S UK2_51 ] do,
N

where Cn s 18 a positive constant.
(2) If ¢ satisfies the conditions of Theoremﬂ and v € CZ(B"), then

Re (v, Psll)wz = Cns | v((—2)° + Dgldo = Cy s | vE; 0] do.
NG Nig
_ Proof. In case (1), we consider the form v((—1)"2 + 2), where 2 and
(2 are as in (2.2]), with u = Ps[p]. Then we have

~ _a2)1-2s
d(v((=1)"2+ £2)) =2Re {WRURU

(1— |z v _osf M —2s 2 _
+Z ’Z‘Q LijvLiju+ (1—|2[*)7? ( 5 ) UU}w(z)/\w(z).

1<J

Stokes’” Theorem applied to B, = B(0,) gives, for any 0 < r < 1,
| d(-1"2+2) = | v((-)"2+ ).
B, Sp

Since the restrictions to the spheres S of the summands in {2 that include
terms of the form (Z;w;(z) — Z;jw;(2)) are zero, using the facts that the limit
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in Theorem is in L2(S") and that R+ R = rd%, we deduce that
: (1 —-r )1_28 nm, ! = e
lim S ———v((—1)"Ruw'(z) ANw(Z) + Ruw'(Z) Aw(z))

(1 _ 7“2)1_25
= Nncp lim 5
r—1+ r

v(Ru + Ru) do
Sy

= n

2(1 — 2s) (I'(2522))?
( 5)( ( 2 2)) SUKQ_Sl[SD]dU,
n—2s
r@Es)(r"3*))" s
where ¢, is as in Proposition We obtain the desired formula, using

| dw((=1)"2+ 2)) = 2c, Re (v, u)yy2.
B

Case is proved analogously, taking into account Corollary "

COROLLARY 3.9. Let u = Pslp], where ¢ is a real-valued function on
B™ that satisfies the conditions of Theorem |3.3] - (or Theorem |3 , and let
vi,va be C? real-valued functions on B" such that vy = vy on S"™. Then
Re(v1, u)yyz = Re(vz, u)yy2.

The next corollary gives the proof of assertion in Theorem

COROLLARY 3.10. Let ¢ € H*(S"). Then || Ps[o]llwz = (¢l s (sn)-

Proof. We first observe that, by density, it is enough to consider C*
real-valued functions in H*(S"). By Proposition if u = Ps[y], we have

[ullfye =~ | K5 ] do.
Sn
Next, we observe that if ¢ = Z 4 Py then

B F(n 2s p+ n— QS)F(q+ n—2s)
SS SOK251 [90] do = n+25 2 Z n+23)F(q_|_ n—§2s) 7 (Sn)»
whereas )
n—s n—s
—11, 712 ) F(‘H’ 2 ) 2
Ssn|Ks [pl|" do = n+8 42 nH) F(q—l—"TH) ||90p7q||L2(S")‘

But by Stirling’s formula, there exists C’ > 0 such that
_ 2
1 _Tlp+"") Cp+ ")
C = Ip+™%) r(p+n52)?
with similar estimates for the expression for ¢q. Thus,

2 2
1Pslelllye = el s sn)- =
The next corollary shows that among all the possible extensions of a
function ¢ to Ws, the function Ps[y] has minimal norm.

<C, p=>1,
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COROLLARY 3.11. Let ¢ be a real-valued function on the unit sphere sat-
isfying the conditions of Theorem (or Theorem and v a C? function
on W2 such that wsn = . Then [ Ps[elllwz < llullyyz-

Proof. As Re(u, Ps[¢])yy2 = (Ps[o], Ps[p])y2 by Corollary we have
HUH%/vg = (u, uhyz = (u — P[], u — Ps[p])yy2
+2Re (u, Ps[pl)wz — (Pslgl, Pslehwe
= (u = P[], u = P[]z + (P[], P[]z
— Nlu = Pulgllye + IRz,

and in particular || Ps[g]|l5,e < [lul[}y2. =

3.2. A remark on ||- H%VQ We next obtain a useful technical result that
we will need later; it shows that in || - ||3,, we can replace (1 — |z|*)~2%|ul|?
by (1 —|2*)!72%|u|? and obtain an equivalent expression.

PROPOSITION 3.12. Let 0 < s < 1/2 and let ¢ € C*(B"). Then, for any
€ > 0, there exists C: > 0 such that

37 Vel =) dv(z)
B (1 _ |Z’2)1—25

< Ce Y o)A = [z 7aV (2) + e | |Ro(2) EE

B~ B

dVv(z).

In particular,
(1 _ ’2‘2)1728
lellwe = § {2 I
B’!L

(1—z[*)~> Lo 201 _ [212)1-25 L g1
A R D o 1Ligel® + leP(1 = |2 (2).
1<j
Proof. 1t is enough to consider ¢ real-valued. Set
2= (1) 7% (2) Aw(2).
Stokes” Theorem shows that if ¢, is as in Proposition [2.2] then
0= | 0do= | do={(1-25)1-121")""*0*(2)w(z) Aw(2)

N B B~
= J (=291 [2) P (2)w(z) Aw(2)
B
+ § (1= 2P 720(2)R(2)p(2)w(z) Aw(2)
B

+n | (1= )PP (2)w(z) Aw(2).
Br
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Hence,

n | (1=29)(1 = [21) 726 (2) dV (2)
B
=cn | (n+1—25)(1— 2] "%0%(2) dV (2)
]BTL
+on | (1= 12172 20Re(2) dV (2),
IBTL

which, using Holder’s inequality, gives (3.7)). =

Observe that Theorems and and their corollaries, prove asser-
tion in Theorem This, together with Corollary |3.10, ends the proof
of Theorem

We finish the section by obtaining an equivalence of the boundedness
of a bilinear form on H*(S™) in terms of the extensions Ps. These results

will be used in Section [§ where a characterization of these bilinear forms is
obtained.

THEOREM 3.13. Let 0 < s < 1/4 and let g be a real-valued function
in L?(S™) such that Kagg] satisfies the conditions of either Theorem or
Theorem [3.5 The following assertions are equivalent:

(1) Ngn pvgdol <l s smll¥l s sny, w50 € CR(S™);
(2) [Re(Pspv], Ps[Kaslglwz| S @l mssmy ¥l s sny, @59 € CR2(S™);
(3) [Re(Ps[] P[], Ps[KaslglDwz| S lellmssny ¥l mssny, ¢: 9 € CR2(S™).

Proof. In Proposition we consider u = Ps[Ka,[g]] and v = Ps[p)].
We then have

Re(Py[p], Ps[Kaslgl)we = Cns | 00Ky, [Koslgl] do = Cr s | ppgdo,
g Ng

which gives @. The equivalence (2)<(3]) is a consequence of Corol-
lary [3.9] since Pi[pt)] and P[] Ps[¢)] have the same restriction to S™.

4. Weighted estimates for a non-isotropic weighted area func-
tion. We consider a vector-valued kernel K : B" x S* — C which for
every ¢ € L?(S") defines a function K[p] : B® — C¥ given by K[p](z) =
§on K(2,Q)(¢) do(¢). The area function associated to K is the function
on S™ defined by

, 1/2
(4.1 G0 = (| IKIAGIP )

where D(¢) = {z € B" : |1 — 2¢| < (1 — |2|*)}, @ > 1, is the admissible
region with vertex (.
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A weight w is in the A, class in S™ with the non-isotropic metric, 1 <
p < 00, if there exists C' > 0 such that for any ball B € S", B = B((,r) =
{nes™:|1—-¢q"? <r}, we have

(0(13) i wda) ((7(13) | wits da)pl <

THEOREM 4.1. Let K : B"xS" — CV be a vector-valued kernel satisfying
the following conditions:
(1) IGxlellen) < Crllgllaen, for any o € LA(S™).
(2) There exists € > 0 such that |[K(z,¢)| < |(11 Zlalnis for any z € B", ¢ € S".
(3) There exist ,6 > 0 such that for any z € B" and ay, s € S™ such that
|1 — 06162| < 5|1 - Za1|,
(1 — |2*)°]1 — aaa|®
‘1 — z@ﬂ””f
(4) There exist €,0 > 0 such that for any ¢ € S" and ai,az € S" with
|1 — 04162‘ < 5’1 — O[lq,

‘K(Z7 041) - K(Z’ 042)‘ 5

(1 —r?)|1 — anawaf
|1 — rag(|nt2e

|K(7’O{1, <) - K(TOQa C)| 5

Then, for any w € Ap,

(4.2) G [@]ll Lr(w) S lellnr(w)-

Before we prove the theorem, we recall the dyadic decomposition of a
quasi-metric space given in [I1] (see also [17, [I8]). We state the decomposi-
tion for S” and the quasi-metric p({,n) = |1 — (7].

PROPOSITION 4.2. Given a fixed parameter 0 < § < 1 small enough and
a fived point xog € S", there exists a finite collection of families of sets, D7,
j=1,...,M, called adjacent dyadic systems, such that each D7 is a family
of Borel sets Qﬁ, k € Z, a € Iy, called dyadic cubes, which are associated
with points C&, which we will call the center points of the cubes Q¥, having
the following properties:

(1) 8" =Uaer, QF (disjoint union) for each k € Z.

(2) If k <1, then either QfB NQRE =0 or Qlﬁ c Qk.

(3) There ezist c1,C1 > 0 such that B(CF,e16F) ¢ QF < B(¢k, C16%) =:
B(QL)-

(4) If k <1 and Q4 C Q%, then B(Q%) C B(Q%).

(5) For any k € Z, there exists a such that xg = C*, the center point of Q.

(6) There exists C > 0, only depending on 0, such that, for any non-isotropic
ball B(C,r) C S™ with 6*+3 < r < 6**2, there exist j and QF € DI such
that B(¢,r) C QF and diam QF < Cr.
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The family D = Ujj\il DI is called a dyadic decomposition of S® and we
say that the set Q¥ is a dyadic cube of generation k centered at ¢ with radius
QL) = o*.

We next state a lemma that follows from well-known techniques of split-
ting functions, which come from a method stated by A. P. Calderén and
A. Zygmund, and that shows that the area function satisfies a weak L! es-
timate (see, for instance, [10]):

LEMMA 4.3. There exists C > 0 such that for any A > 0 and ¢ € L*(S"),

(s Grlil(n) > A} 5 LEEAa)

The proof of the theorem is based on the ideas in [14], where a weighted
LP estimate is obtained for a Littlewood—Paley square function associated
to a function ¢ € S with zero integral. We also use some results of [19]. We
recall that the Fefferman-Stein sharp function ¢! is given by

1
u _ .
©"(¢) = sup inf —— \ |p(n) — c|do(n).
(©) <eQeDCU(Q)é|() | do(n)
. . 1/6
If 0 < d < 1, we write @2(() = SUP¢cQep mfc(ﬁ SQ lo(n) — c\‘sda(n)) /3.
Applying [19, Theorem 3.1 and estimate (4.1)] , we have the following:

THEOREM 4.4 ([19]). Let 1 < p < oo. For any w € Ap(S"), 6 < 1 and
for any integrable function o on S™, we have

HM[()O] HLP(w) S} H ‘@’g“,;p(w)v

where M[p] is the non-isotropic Hardy—Littlewood mazimal function and the
constants depend only on p, n and the weight w. In particular,

(4.3) el oy S Nelill oy
Proof of Theorem [4.1. We claim that it is enough to show that for 0 <
0 <1,
(4.4) Gklpls S M[g).
Indeed, by (4.3) and (4.4)), we see that if w € A,(S™), then
IGK [Pl o) S 1GKIE I w) S 1M1 o) S ol ooy,

which gives the desired estimate (4.2)).
So, we are left to prove the claim. It is enough to show that for any
Co € S™ and any cube Q € D with (p € Q, there exists cg such that

1 1/5
(U(Q) [ 1Gx[l(¢) — cQPda) < Mel(G).
Q
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We write ¢ = ¢1 + g, where 1 = @@+, and
Q" = AB(Q), where X\>1.
We then have

! {c °d v
(d@)é Kl41(6) ~ cql’do

L 5 1/ L e 1/5_
§<0(Q)§2GK[%] (do) +((,(Q>C§2|GK[¢2]<<> ol'do)  =T+T1

We use the weak (1, 1) estimate of Gk given in Lemmaand Kolmogorov’s
Lemma to obtain

1
‘MQS)GK[%]&(O do 5

1 _ 5
@7 @ (1 leilda)” < (M1A0))

Q

which gives the desired estimate for I.

Let U = U(n) be the group of unitary operators on the Hilbert
space C™, that is, the group of linear operators U that preserve inner prod-
ucts: (Uz,Uw) = (z,w) for z,w € C". Observe that if U(¢) = n, then
U(D(¢)) = D(n).

In order to obtain the estimate for II for some chosen cg we begin by
noting that since § < 1, we have

1 1/6 1
<U(Q) S Gk [p2](¢) — col da> < Q) S |Gk 2] () — cql do(¢).
@ Q
We choose
- L S (IR
27 5(Q) nESQ(DaS(n)!K[@z}( )| = ‘Z|2)n+1> do(n)

We then have

2|2 1/2
Grlea(©) — col = \( S( )m dv<z>)
Do (¢

1 Kled P )
o(Q) neSQ <D§(n) (1— |Z|2)n+1’ av( )) d (77)‘

We now choose U, € U satisfying Uy(n) = ¢ and [[Id — U,|| < I(Q). Then
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the above can be bounded by

1 Klead () i)
o(Q) WGSQ|:(DL§(C) (1— [2[2)nH] av ( ))

_ Kl @) o ) o
(Df(o Qe @) aro

R Klpa](2) = Klga (U2 N\
ol )n'ESQ<Dc§(C) (1= [zt W )> 4o,

Hence, applying Minkowski’s inequality, we find that

| 1Gklpal(©) = coldo(Q)
CeQ

- S( | i) - Kol Uy2)” dv(z)>”2

(1 _ ‘Z|2)n+1

IN

do(n) do(()
N€EQ “2€Dq(¢)

1 IK(z,w) — K(Uyz,w)|dV(z) 1/2
<l | (] Kt )

§M\@Q* “z€Da(()
X p2(w) do(w) do(n) do(C).

Using the hypothesis on the kernel K, observing that ||Uyz| = =],
since U, € U, and that ||Id — U,|| < I(Q), we deduce that if z = |z|2g and
Upz = |2|Uyzo with zo € 8™, then

11— 20Unzo| < |20 — Upzo| < [1d = Uyl S UQ) < 6|1 — 2],
due to the fact that w € S" \ Q*. Hence,

[ K - K@z 2
4eDu(0) (1—12%)
< (1= [2)2)f1 — 2Upzo\*  dV(2)
~ D (C) ’1 _ Zw’n—l-Qs (1 _ ’2’2)71—&-1
< | 1(Q)* v (2)
~ . (C) ’1 _ Zw’2n+45 (1 _ ‘Z|2)n+1—2€'

Next, observe that if z€ Dy (¢) and weS™ \ Q*, then |1 — (w| |1 — 2.
We break the above integral over z € D,({) in two pieces, II; and Ils corre-
sponding to the integral over the sets (1 — |2|?) < |1 — (w| and (1 — |2|?) >
|1 — (w|, respectively, and estimate them separately. For Iy, the estimates
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|1 —(w| < |1 —z2w| and 1 — |z| < |1 — zw| and polar coordinates give

me | Q)™ av ()
N RS 11— zw[2ntie (1 — [z2)nti-2e
(Q)* | dv(z)
— — (7g]2n+4 2\n+1-2
ER e R (R D L

S dr _ Q)
(

~ ‘1 _ Cw‘2n+48 1— 7")1_25 ~ ‘1 _ Cw‘Qn—&—Za'

0
For II5, we have
1

dr 1(Q)*
112 S Z(Q) : S S (1 — T2)2n+1+25 S |1 _ <w|2n+25'
1-|22>]1-¢@| 1|

Finally, we deduce that

1
(0 <§Q Gxle2)(Q) = cql do(Q)
=5 ) G DT () do(w) do(n) do(C)
T o@) CESQ (@) neSQ weSTSL\Q* |1 — Cw|?nte ?
l € 1
> TG el dote) S 3 Ml @)

This ends the proof of the claim, and hence of Theorem

5. Estimates for the kernels K and J. In this section we will check
that when we consider the functions (or their derivatives) that appear when
we extend the non-isotropic potentials in H® through the kernel P;, the
associated kernels satisfy the conditions in Theorem [£.I] These technical
results will be essential in the proof of Theorem

More precisely, we consider the non-isotropic vector-valued kernels

(=) ¢ Van .Py(z,1)

5.1 K = d 7 B",
( ) (27 C) |Z’ on |1 _ Cﬁ‘n—s 0(77) z e

(1 yees | Bszm) n
(52) J(Z7<) - (1 |Z| ) SSn |1 _ gﬁ|n,s dg(n)a z € B ’

where 313"7 »u is the complex vector-valued gradient of u with components
(1 —[2[)Rou, (1 — |2>)Rou, (1 —|2|*)Y2L; j.u and (1 — |2|*)Y/2L; j ,u, for
1 < j. In what follows, we will skip the subindex z if there is no confusion.
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LEMMA 5.1 ([3]). Let 0 < s < 1/2. Then:
_ 32 2s
(1) [Von,-Py(zm)] S S22 2.

~ [1—zq[nt2s
(2) The vector-valued function ¢(z) = g, ?BnJPS(z,n)da(n) is radial
and satisfies |ps(2)| < (1 — |2]2)%|2|, z € B".
We state without proof the following three simple technical lemmas.

LEMMA 5.2. Assume that 0 < a < 1 and a,b > 0. Then
1 1 < la — b](a™ + b*)

a® b~ a%b*(a+b)
Moreover, for any a > 0 and 0 < a < b,

_ 1/2 _ . 1/2
(5.3) i_i<b a<b a
a® b "™ aqb Y qapl/2
LEMMA 5.3. Let 0 < s,t and s+t <n. Then
S 1 1 1
|

d ~
TGP [L—agpt 7 = Tgap

0<r<l1,(,aeS™

Sn
LEMMA 5.4. Let ai,an,n € S™ such that |1 — a17| < |1 —aq7|. Then, for
any 0 <r <1,
' 1 1 < |l — aqag|t/?

1—ra1n 1 raof| ~ |1 —ragq| |1 — ragn|t/2’

THEOREM 5.5. Let 0 < s < 1/4.Then the vector-valued kernels K and J

defined in (5.1)) and (5.2)) respectively satisfy the hypotheses in Theorem .
Consequently, for any w € A*(S"), we have |Gx[¢]llr2w) S llell2@w) and

1G3lelll L2 w) S el 22 w)-

We present in Sections 5.1-5.4 the proof of Theorem for K. The
estimates for J are obtained analogously, taking into account that

|§ Pz dotn)| S 1.
£

5.1. Proof of (1) in Theoremfor K. The estimate ||Gk[#]]|L2(sn)
S llellz2(sny is an immediate consequence of Fubini’s Theorem and Corol-

lary

5.2. Proof of (2) in Theorem for K. We observe that if to prove
the estimate for K given by (5.1)), we had used directly |?Bn7 Ps(z,m)] S

_|~12)2s
%, we would have obtained an integral which does not converge as
|z| — 1. Instead, we will add and subtract the term ——~—— before we enter

|1—2¢|n—s
the modulus inside the integral. This argument will be used repeatedly in
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what follows. We Write

K(2,0)| < “‘H' S oo Py

& N B
‘ZHI—ZZ’n—s SSn B ,zPs( 777)d (77)) + b.

>|\ !
ST =g~ 1= 2

do(n)

_l’_

To estimate A, we use the fact that, by Lemma |€]Bn,zps(2,77)| S
(A—[z%)**
[1—2(|n+2s - -~
|1 — (7| > |1 — 2¢|} and So:={neS":|1 — (7| <|1 — 2¢|}; we denote by A;
(respectively Ag) the corresponding integrals. Using (5.3), Lemma and
s<1/4, we find that

|z|, and we decompose the domain of integration into S; :={n e S":

O e |1 — 27"/
«4 < (11— P 2\—s ( - do
FR OB e g e
< L | (1= J2*)° 1 o(n) < m
~ |1 _ ZC|nfs 3 |1 _ Zﬁ|n+25—1/2 |1 _ Cﬁ‘1/2 ~ |1 _ Z<|n+s
1
Similarly, using again (/5.3]) and Lemma we prove that As %

Finally, by Lemma E , we have
_ 2\—=s(1 _ 2)\2s _ 2\s
P e D e O
- [1—z(|ns L =
5.3. Proof of (3) in Theorem for K. We will show that there exist
g,0 > 0 such that for any z € B"” and oy, g € S™ with |[1—a ;| < 0|1—zay],
(1= |21 — @)
|1 _ Zal|n+25

[K(z, 1) = K(z,02)| S

Let z = rzg € B", where 29 = z/|z|. We first observe that by choosing §
small enough, and aj, as € S™ such that |1 — agas| < 0|1 — z@g|, we obtain
|1 — 2z | ~ |1 — zae).

Since |1 —zaq| ~ (1 —7)+ |1 — zpa|, we consider the following two cases,
with k£ to be chosen later:

CASE 1: 1 — 7 > k|1 — zp07].

CASE 2: 1 —r < k|1 — zp07].

In Case 1, we have |1 — zag| ~ 1 — r. We assume, in addition, that the
points in the region of integration satisfy |1 — 17| < |1 — 7| (the other
case is proved analogously). Then, using Lemma we find that

1 1 - 11— ayan|'/?

1—am" 1 —aoq" |~ |1 — ar7["=|1 — agp|L/2”
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Thus, by Lemmas 5.3] and the fact that we are in Case 1, we get

(1—|2%)* 11— ayag)'/?
K ~K < d
| (Z7a1) (Z,Oéz)| ~ Ssn ’1 _ Zﬁ|n+2s |1 — Otlﬁ|n_s|1 _ 062ﬁ|1/2 0'(7])
< 11— aqag)'/? S do(n)

S AR = ari oL — agn]/2

|1—a1072\1/2 |1 — ajazl®

RN e T R (e R
|1 — Oél@g’s
~ (] — s_1- —-el
< ‘ ‘ ) ’1 _ Zail‘n—i_QS’

which is the estimate that we wanted to prove.
In Case 2, we see that |1 — zpaq| ~ |1 — zaq| ~ |1 — zaz|. We have

K(z, 1) — K(z,a9)|

(1—|z]?)~s 1
<G ZlE) WP -
~ |Z| Ssn B,z 5(2777) |1 _ Ollﬁ’nis
1 1 1
- - d
|1 —zoar|®™5 |1 — agn|™~* - 11— Zoa2|"_8> U(n)’
(1—1z2%) < 1 1
RS o AV n )d _
L S B, =Py (2,m) do (1) 11— zoar|"® |1 — zgoig|"~
=A; + As.

Using Lemmas and we deduce that Ay < (1 — |2])* L))

Mz +2

Now, we deal with the term .4;. We decompose the integral into .4; ; and

Aj 2, corresponding to the integrals over the sets By = 8™\ B(zp, d|1 — za)
and By = (zo,5|1 — zaq|). Then

(R 1 1
Aig < Vg - d
1,1 S ’ ’ ]_§ | B z ‘ ‘1_041%’”_5 ’1_042%‘”_5 0(77)
1
(1—2?) i 1
—_— n — d .
+ |Z’ S ’ B z 77)‘ ll_a’lﬁ’n_s |1—Oé2ﬁ’n_s U(U)

By Lemmas E. - 2[ and |5 n, and using the fact that if n € Bj, then

1 1 1/2
|1 — zo7| > 0|1 — zpaq|, we deduce that A; 1 S ( |1|Z‘Z)a|‘n+0;ﬁ?‘2

So we are left to estimate A; o, that is, n € By = B(20,0|1 — zaq)).
Let a(u),B(v), u,v € [0,1], be two complex-tangential curves such that
a(1) = a1, a(0) = a3, Long(a) < 2|1 — ar@s|'/?, and B(0) = zo, B(1) = n,
Long(8) < 2|1—27|'/? (a proof of the existence of these curves can be found,

for instance, in [6]). As a consequence, for any u, v we have |1 — a(u)5(v)| ~
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|1 — zoarr|. We then find that

1 1 1 1
T—am T—a>) \T-azl - aszm]"

Ld ( 1 1 )
S— — — —— | du
Jdu\ |1 —a(un* |1 —a(u)my*

1/2

’ _ |1 = axaa]2]1 — 2
1= a(@B)— 1Y = ]

Hence, since |1 — 297 < 0|1 — zaq| for n € Bg, we have

(1—[21»)° 1 — w21 — 27|/

Ao < d
L2 S BSI |1 _ Zoﬁ’n+25 |1 _ ZOm‘n-}—l—s O'(T])
o (L - v

~ 1 — 2o et/

5.4. Proof of (4) in Theorem for K. We have to prove that there
exist £,6 > 0 such that for any z € B" and a1, a € §" with [1 — ayae| <
5|]- - a1C|7
(1 — T2)€|1 — 05152|6

K(rai, () — K(rag, ()| S 11— réag|ntee

We fix a1, ag, ( € S" such that |1 —ajan| < 4[1 —a1C|. Then we find that
|1 — 1] ~ |1 — ae(]. Without loss of generality, in the region of integration,
we will assume that |1 — a7 < |1 — ao7| and we will denote this set by ST.

With an abuse of notation we write

1— 7“2 2s 1—lz 2\2s
S (=P o (-

[T a5 = T

‘z:rocl

Since by Lemma , the function ¢,(2) := {3, ?BnPS(Z,C) do(() is ra-

dial, we obtain

(54)  [K(rai,() — K(ras, C)’

r on ‘1 _ 7"0417]|n+25 |1 _ Ta2r,7”l’b+28 |1 _ nc‘nfs
(1 _ 7“2) s S ?Bn (1 _ 7“2)25 B an (1 _ ,,,2)25
r o |1 _ Talmn—ﬂs ‘1 _ ’I”Oézﬁ|”+2s

1 1
— — — d .
. (|1 —glns - m1<|n—s) 0(")‘
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We need to obtain a suitable estimate for

i

|1 _ 7’05177|”+25 |1 _ 7‘012?7’”+25

25

(5.5)

The proof is straightforward, by evaluating carefully the different deriva-
tives involved in (j5.5)). For the radial derivative R, (the argument for R, is
completely analogous), we obtain, using Lemmas and

R ((1 - 1212)23> _R ( (1- \z\2)23>
z — z —
1 =225 ) | 1 =272 )

|1 — a1072|1/2

(1-1%)

< (=)

|1 — ra || t2s|1 — ragn|t/2

A careful calculation gives

1 — |z]2)2s 1 — |2]2)2s
Lij (%) - Lij <(|Z|nl28>
|1 7277| ‘z:ral |]' 7Zn| |z:7‘a2

‘1 o 041072’1/2

(1 o 7‘2)1/2

r(l —r?)2s .
( ) |1 — ra | +2s|1 — raomn| /2

Thus, we have obtained for (5.5 the estimate

‘?ans B ?Bn (1 —T2)25

1— 7"0[1’!’]‘”+25 ‘1 _ Ta2ﬁ|n+25

|1 — a1072|1/2

|1 — ra | t2s|1 — ragn|t/2

On the other hand, using again Lemma [5.2] we get

[1—n¢n=s |1 —ra¢n=s
< |1 — rai7| N |1 — ra;7|
> = agPelt — rarC 72 U= g2~ e

We can now finally proceed to bound (/5.4)). If we choose 0 < € < 1/2—2s,
and use |1 — agaz| < |1 — a7, we conclude, by the above estimates, that

‘ 1 1

1/2 1/2

[K(rai1, ) — K(rag, ()|
(1 — 7‘2)S|1 — 041072|1/2

< - -
o [T = raaq" 2|1 — ragm| /2

% ( E — ’I”Oélﬁ|1/2 _ + E - ?”Oélﬁ|1/27 > dO’(T})
L=t —rail L= 2L = vl
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S (1—72)%1 — arazft
|1 _ T‘Oélﬁ|n+25_l/2+€

<

~

N

X < — L = + — L = ) do(n)
1= n¢["=5[1 = raa¢[V/2 1= ¢V 1 = rag (e
< (1 — 7“2)S|1 — 041072|E
|1 — rag¢|ntste
This ends the proof of Theorem

6. K;'K; 'Ky is a Calderén—Zygmund operator. We begin the
section by recalling a fundamental result (see for instance [I5, Thm. 7.11]
for the version in R", [5] for the homogeneous version, and the references
therein).

THEOREM 6.1. Assume T is a Calderon—Zygmund kernel on S™ x S™ \
{¢ =n}, that is, it satisfies the following assumptions:
(1) T defines a bounded operator from L?*(S™) to L?(S™).
@) T S ke
(3) There exist €,0 > 0 such that if |1 — (1(a| < €|l — (17|, then

_ |1—c1¢2|>5 1
T - Tl s (el

(4) There exist £,0 > 0 such that if |1 — mmz| < |1 — (1], then

|1n1772|>5 1
— <
IT(¢,m) — T, m)| S ( o) T

Then, for any weight w in the Muckenhoupt class A%(S"), the operator T is
bounded from L?(w) to L*(w).

Observe that the non-isotropic operator K; 'K 1Ky, is not the identity.
Using the above result, we will prove that it is a Calderé6n—Zygmund operator:

THEOREM 6.2. Let 0 < s < 1/4 and let T = K; 'K, Kas. Then T is
a Calderon—Zygmund operator, and in particular, for any weight w in the
Muckenhoupt class A%2(S™), T is bounded from L*(w) to L*(w).

We first prove the following proposition:

PROPOSITION 6.3. Let 0 < s < 1/4. Then the operator Ks_lKgs on
L?(S™) is defined by a kernel ¢(C,n) that satisfies the following estimates:

(1) [e(C,ml = W
(2) There exists € > 0 such that if |1 — mmz| < €|l — (71|, then

|1 — m7pl*
’¢(C7771) - ¢(Ca"72)‘ S W
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(3) There exist € > 0 such that if |1 — (1G] < €|l — (17], then

_ 71/273
6(Gm) = ()] S o

_ C1ﬁ|nfs+1/2fs ’

Proof. We first observe that K ![Ka] is an operator from L2(S") to
itself, since it is enough to consider the expression of both operators K !
and Kss on harmonic polynomials (see (3.1)).

We also observe that by Corollary on regular functions, K; [¢)] =
((—A)*/? + I)1p. We will then infer that on regular functions, the operator
K '[Kas] is defined by the kernel

(6.1)  ¢(¢m)

S 1 ( 1 1 )d () + k
= — — — — g T o o
on ’1 _ Cw|n+s ‘1 _ wn‘n—?s ‘1 _ <n’n—28 ‘1 _ Cn’n—Qs

We begin by proving assertion . Since the second summand on the
right of has a better estimate than the one in , we just have to deal
with the first summand. By Lemma [5.2]

1 1 1 1
_ d < -
S 1 — Cwfnte (\1 —wn 1= Cnl”‘25> U<w)‘ ~L-cyne

\i:e next prove . There exists C' > 0 such that
(6.2)
o(6om) = oCmll £ § 1= | T ~ T
- (jr=rs ~ s
1 1
i arE -

The estimate for the second summand is immediate, since by Lemma

1 B 1 11— mipl'/? 11— mipl'/?
|1 _ Cm’anS ’1 _ C%|n72s ~ |1 _ gm’n—?s-&—l/Q |1 _ C%\”_QSH/T
which is an estimate of the type .
We next deal with the first summand. We decompose the unit sphere into
two regions and estimate each of the corresponding integrals separately:

e B(C, %), k > 0 large enough to be chosen later on,

o B¢ S

We begin with the estimate of the integral over B((, %), which we denote

by .Al.
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We choose € > 0 small enough and k£ > 0 large enough so that the points ¢
and w € B((, |1 — ¢71|/k) and 11, n2 can be joined by two complex-tangential
curves a(t) and B(u) of lengths bounded, up to a constant, by |1 — (w|'/?
and |1 —m7z|"/2, respectively (see [6]), and in addition, for any t,u, we have
11— a(®)8(u)| ~ |1 — ¢7x]. Then, for w € B(C, [1 - C7rl/F),

(6.3) ’ 1 1 ( 1 1 > ’
: ’1 _ wm’n—% ’1 _ Cm‘n—?s ‘1 _w%‘n—Qs ‘1 _ C%’n—Qs

-l (u A )

0
SS 1 ' _ =@V 1 — ]2
dudsu a(t)B(u)|n—2s A S G/

Plugging the above estimate into the integral over B((, |1 — (71|/k), we get

A g | 1 —m|"/?
~ |1 — gw‘n-&-s—l/?‘l _ Cm’n—Qs—‘rl

do(w)
B(¢ =)
< |1 — 771%‘1/2
The estimate of the integral over B((, |1 —(7|/k)* follows from Lemmal5.2]
Next, we prove . We assume that |1 — (1(2| < €]1 — (177|. Arguing as
in the previous statement, using Corollary we have to estimate

1 1 1
6.4 _
(04 Sgn{rl—<1w|n+s<|1—wn|n28 |1—Cm|”25>

1 ( 1 1 )} dor ()
— — ag\Ww
|1 _ <2@‘n+5 |1 _ wﬁ|n72s |1 _ Czﬁ’anS

Lo mGGl -GG
|1 _ Clﬁ|n—23+1/2 |1 _ C2ﬁ|n—2s+1/2 ’

It is clear that the two last summands on the right satisfy the required
estimate. So it remains to estimate the first one. We consider the region of
integration {w : |1 — (1w| < |1 — (2w|}, the argument being analogous for the
complementary region.

Integrating over the ball defined by B((1,e1|1 — ¢(17]), B(n, 1|1 — (17))
and 2 = S"\ (B(C1,e1|1 — (17|) U B(n,e1]1 — (17])), we conclude that the

first summand in (6.4) is bounded by HEC:%% .

The following technical result will be used later on to finish the proof of

assertion of Theorem
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LEMMA 6.4. Let 0 < s < 1/4 and (,w,m1,m2 € S". Then there exists
e > 0 such that if |1 — w(| < g1 —wir| and |1 — M| < |1 —wii|, then

_ 11/2=511 _ 0, 75|28
|p(w,m) — (C,m) — (p(w,m2) — d(¢,m2))| < |1 — ¢l 11— m7|

11— (172
Proof. We have, by Lemma [5.3]
1 1 1 k
pem= an 1= g+ (!1 —egn = i- cmu*) OO T g
—_ k
=: ¢1(CW)+W-

We begin by observing that the part of the estimate corresponding to
the term W follows as in (6.3)), by joining ¢ and w and 7; and

72 by complex-tangential curves with respective lengths |1 — Cw|1/ 2 and
|1 — m7z|"/? and observing that the complex-tangential derivatives are
bounded by H*@Tlﬁ Consequently, these terms are bounded by
11— ¢l |1 — |
11— Cop|n—2s+1 ’
which is better than the desired estimates.

Hence, the lemma will follow once we obtain the desired estimates for ¢
in place of ¢. If we denote by & the integration variable in the definition of
¢1, we will assume in addition that we are in the region 2 = {{ : |1 — &w| <
|1 —&C), 11— &) < |1 — &mal}. The other cases can be proved analogously.

As in the previous cases, for some €1 small enough, we split the unit
sphere into several regions:

Sl = B(C751|1 - Cm‘) N QJ
Sz = B(n, 1]l — ¢mi|) N L2,
S3 = (Sn \ (51 U SQ)) N L.

We observe that
$1(w,m) — d1(¢m) — (d1(w, m2) — d1(¢,m2))

:< 1 B 1 )
= wgr L= g

y < 1 1 1 + 1 >
1 —=&mn=2s 1 =E&mpn=2 |1 —wm|"2 |1 —wip"—2s
1

1= g

9 ( 1 1 1 N 1 >
|1 _ wm|n—25 |1 _ w%‘n—ZS ‘1 _ Cm’n—Zs |1 _ C%‘n—Qs
=A+ B.
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The argument used in (6.3) implies that

— wC|Y/2=8 |1 — ) Y/2 _ 7 L/2=811 _ 028
| 14 do(¢) < |1 — w(] 7\1 mp| < 11— w(] |1 — m7p
S |1 — (|2t 11— cp|n i/

1

Furthermore, using |1 — (w| < |1 — ¢€|, we have

< |1 _ WZ|1/2_S|1 o ,’71%|25

S |B’ dO’(f) ~ |1 . Cm|n+1/2

S1

We follow with the estimates over Ss:

S |A|d0’(£) < |1_WE|1/2|1_771@‘28 |1_WZ|1/2|1_771%|1/2
3 ~ |1 _ Cm|n+s+l/2 |1 _ Cm|n75+1
2

In the estimate of the integral of B over So, we again use the argument

in (6.3) to obtain

1 1 — w¢|'2)L — mip|'?
Bldo(&) < do
= Wl — ]2
~ ‘1 _ Cm’n—s—i—l :

A straightforward calculation also gives

11— w¢]'2)1 — mip|'/?
Al +|B|)d S —
} (1A + |B]) do(€) T — Gt

S3
This ends the proof of Lemma [6.4] =

6.1. Proof of Theorem We recall that we are assuming that
0 < s < 1/4 and we want to prove that T = K; 'K 1Ky is a Calderéon—
Zygmund operator; this will be deduced by checking that T satisfies the
hypotheses in Theorem [6.1]

The fact that assertion in Theorem holds is a consequence of
the developments of Kys and K, ! in harmonic homogeneous polynomials
and the expression of the operator T in terms of its development in
harmonic polynomials.

Let us check in Theorem From Corollary we see that the
kernel associated to K; 1K 1Ko, is T'(¢,n) = T1(¢,n) + Cp(¢,n), where

1
Ti(Cn) = | W@(wﬂ?) = ¢(¢,n)) do(w),
Sn
and ¢ is as in Proposition [6.3] We will follow the methods used in that
proposition, replacing W by ¢(w,n) and taking into account the es-
timates obtained for the kernel ¢. Using the proposition we deduce that
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lo(C,m)| < |1—C%I"*S < |172ﬁ|n' Next, the estimate |T7((,n)| < ﬁ fol-
lows easily by splitting the integral into two parts, over |1 — (@] < e|1 — (7]
and over the complement.

We next examine assertion in Theorem We have

(6.5) |T(C1,m) —T(C251m)
= | g O = 0(G.n) dofe)

Sn Clw’n—i—s

| (6w, m) — GG ) der(w) + C(D(C, ) — DG ).

gn 11— Gowl™*e

Using Proposition , we find that the last summand on the right is

eS|/ L

bounded, up to a constant, by \ll—lﬁ%’f%‘*‘“”‘“ which is better than the
required estimate. So we estimate the first two terms. We consider the inte-
grands over 2 = {w : [1-(1w| < |1—C(2w|} (the other situation is analogous).

We split the integrals into three regions:
e S1 = B(n,e1|1 —n1|) N 2 for some £1 small enough,
e Sy = B(C1,e1]l —nGi|) N L2,
° 53:_(2\(51U52).
We begin with the integrals in (6.5]) over S;. Rewriting the integrand and
using Proposition , we have
1 1
I )(61) = 61 m) o)

g \[1 =G 1= Gwrte

+ S ;(ﬂf)({l,ﬁ) + ¢(C2,n)) do(w)

_ —|n+s
S 11— ¢w

- ’1 _ C16|1/273

We next estimate the integrals in (6.5) over Sp. Since we are assuming
that |1 — (w| < |1 — (w|, we have |1 — (1¢2| < |1 — (ow|. Hence, an easy
calculation gives

) ( 1 - 1 >(¢>(w,n) — ¢(G1,m)) do(w)

INT=gar= 1= Gas

1
|1 _ <2w|n+s

+ | (—6(C1,m) + 6(C2.m)) do(w)

Sa
- |1 . Clg|1/2—25
~ ‘1 _ <1ﬁ|n—23+1/2'
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Next, we prove the estimate of the integrals in (6.5)) over S3. We use the
same decomposition as in S and we obtain (by Proposition )

B
11— Gu|rtst1/2\ 1 —whn=s  [1 =7

S3
1 11— Ciéo|V/? }
+ — do(w
|1 _ C2w|n+s ’1 o C1ﬁ|n—s+1/2 ( )
o 116G 1 1 1-G&l'? . -GG

~ —_ —|n— + — —_ ~ —_ :
1= Guplst/2 I=Gmr=s - 1=Gml® [1=Ganst/2 ™ 1=t/

We now verify assertion in Theorem . We assume that |1 — n1752]
is much smaller than |1 — (71| and we will prove that there exists § > 0 with

1 —mml
T =T < —

We write

T(<7 771) - T(C? 772)
o () — () — (B(wame) — 6(Cm))) do(e)

S =g

+ C(o(¢,m) — (¢, m2))

By Proposition , the second summand satisfies the desired estimate,
so we estimate the first. We proceed by decomposing the sphere into three
sets:

e S| = B((,e|1 — (m1]) with € > 0 small enough,
* 55 = B(m, e[l —mipl),
o SL=S"\(S1USY).
Lemma shows that the integral over Sj is bounded by %
For the integral over S, since we do not have the singularity on ¢, we
estimate separately each of the summands, applying Proposition ,
and we obtain

1
| W(W(wﬂh) — d(w, )| + [#(¢,m) — (¢, m2)|) do(w)
Sa _
11 —mml®
~ L= Gt
Finally, again by Proposition , the corresponding integral over S%

. 1—m73)°
is also bounded by %
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7. Capacities, trace measures for H°(S") and Carleson measures
for P,[H*(S")]

DEFINITION 7.1. Let E C S™ be a closed set in the unit sphere. The
nonisotropic Riesz capacity of E is defined by

Cap,(E) := inf {|[f]3 : Ks(|f]) > 1 on E}.

We list some properties of the equilibrium measure for a compact set in
S™, which will be used below and that are essentially due to O. Frostman
(see |1, Theorem 2.2.7]):

THEOREM 7.2. Given a closed set EE C S™, there exists a positive capac-
itary measure vy on S™ such that:

(1) vg is supported on E and vg(E) = Cap,(FE),

(2) qp = K;Ks(vg) > 1 a.e. on E,

(3) qx € B and sl on) < Capy(B),

(4) there is a constant C' > 0 independent of E such that for any ( € S,
qp(¢) < C.

REMARK 7.3. We observe that by Lemma [5.3] if we consider pg :=
Kos(vg) instead of g = K K;[vg|, we have pp ~ gg. The proof of the
non-isotropic version of a result by I. E. Verbitsky (see [20, Chapter 2, Lem-
ma 3.6]) shows that if 1 < a < "5, then both weights p% and ¢% are in
the Muckenhoupt class Ay, that is, for any n € S™ and any § > 0,

1
s | phdo S s,
B(n,0)

7.1. Regularization in S™. Although there is no natural group struc-
ture in S™, the following regularization procedure can be considered in the
unit sphere (see [4]). For any ¢ > 1, we consider a non-negative C* func-
tion g, defined in the unit disc D, radial, supported in |z| < 1/¢ and satisfy-
ing {o, 0¢(1 —¢7) do(n) = 1. If ¢ € C(S™), we define its regularized function
e by

D) = | el = Cm)p(n) do(n).
Sn
We observe that 1), converges uniformly to 1. If 1) € L?(S™), then similar

arguments to the classical case in R™ show that 1, converges to 1 in L?(S").
If v is a finite measure on S”, we define, as usual, its regularization v,. By

ve(¢) = | we(1 = (M) dv(n).
o

It is also clear that v, converges weakly to v.
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For simplicity of notation, if vg is the capacitary measure of a closed
set B, we write vg ¢ := (vg)¢ for the regularization of vg, and also pg :=
(pE)e for the regularization of the function pg.

In [4, Lemma 1] it is shown that if ¢ and h are measurable bounded
functions defined on the unit ball in C! and if ¢,n € S”, then

(7.1) | 9((Cw)h((w,m)) do(w) = | h((¢w))g((w, ) do(w).
sn sn
In particular, applying to gr(2) = W for any 0 < r < 1,

and to h(z) = ¢u(z), and letting r — 1%, we deduce by the Monotone
Convergence Theorem that

Sgn ,1_5””2 SSn @e(1 — nw) dv(w) do(n)
| e |- v do).
sn gl gn

Also, if vg is as above, we obtain pg ¢ = Kos[vg ).

LEMMA 7.4. Let E C S™ be a compact set and let v be the extremal

measure. For £ > 1, let vg, be the regularized measure defined as before.
Then, for any £ > 1,

(1) vEe(S") = Capy(E),
(2) there exists M > 0 such that pg s = Kog[vg e < M.

Proof. is an immediate consequence of Fubini’s Theorem and Theo-
rem ; and is an immediate consequence of the boundedness of pg

by Theorem and Remark . "
PROPOSITION 7.5. If E C S™ is a closed set and 1/2 < «, then
lp% |l < Capy(E).

Proof. Since pf, € C*°(S"), from Corollary Proposition and
Lemma [74] we deduce that

1%,y S 1Ps[ps, 5y = (Pelpmd®, Pslped®)we
~ (Plppd** ™", Pulps.d)we

SpE'élKQs [pEf]dO-N SpEgldVEE<Caps( ) n
Nig sn

12

We recall the characterization of the positive trace measures for H*(S™)
(see for instance [I] for a proof in the isotropic case).

PROPOSITION 7.6. Let 0 < s < 1/2 and let u be a positive Borel measure
on S™. Then p is a trace measure for H*(S™), that is, \g. | f|* dp S ||f||§{S(Sn)
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for every f € H*(S"), if and only if there exists Cy, > 0 such that for any
compact set E C S", u(E) < C,Cap,(E).
DEFINITION 7.7.Let E CS". Then the tent T'(E) over E is defined by T'(E)
=B"\Uggp D(£), where D(§) is the admissible region introduced in Section
REMARK 7.8. If we choose 0 < t < n and we add and subtract the term
W in the integrand defining the function P [lli], and we use the
fact that P4[1] is a bounded function, then Lemmas and give
((ER® o
g Tt S =

Consequently, if for every closed set F in S"” we know that u(T(E)) <
Cap,(E), then p is a Carleson measure for Ps[K(L?*(S™))]. Equivalently,
§sn | P[] > dp < H‘PH%(S(L?(S”)) for every ¢ € K (L?*(S™)) (see [9] and the
references therein).

In the proof of the main theorem in Section [8] we also need the following
result on trace measures which is due to I. E. Verbitsky.

ProprosITION 7.9 (|21]). Let g be an integrable function on S™ such
that |g|P do is a trace measure for K4[LP(S™)]. Let h be a measurable function
on S™ for which there exists C > 0 such that for any weight w in A1,

(7.2) | 1pfrw < C | JglPw.
Sn g
Then |h|P do is a trace measure for K[LP].
In particular, applying Theorem we deduce the following:

COROLLARY 7.10. If |g|? do is a trace measure for Ks[L*(S™)], then so
also is the measure |K; 'K 71 Ko4[g]|? do.

8. Proof of Theorem The theorem is a consequence of the fol-
lowing result:

THEOREM 8.1. Let 0 < s < 1/4 and let g be a function in L*[S"] such
that Kog[g| satisfies the conditions of either Theorem or Theorem .
Then the following assertions are equivalent:

(1) For any ¢ € C™(S"),

[§ lePado| < )3 n)
Sn
_|z[2)1-2s
(2) The measures | RP;[Ka,[g]]|*“=5lo— dV, |T;; Py Ka[g m?% dv
and |Ps[Kas[g]]|?(1 — |2]2)72%dV are Carleson measures for the space
P,[H*(S™)].
(3) The measure dv := |K4[g]|? do is a trace measure for H*(S").
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8.1. Proof of (2)=-(1) in Theorem In fact, we will show that g
satisfies assertion in Theorem [3.13] and consequently in this theorem
is fulfilled. We have

o R(Ps[plPs[y]) = RP[ ]Ps[¢] B[l REs[y],
o Tj(Psle]Ps[¢]) = T Ps[p] Ps[4] + P[] Ty j Ps[9], i < j.

By Holder’s inequality, the hypothesis that %WP [Kas[g]]|? dV (2)

is a Carleson measure for Ps(H?), and Corollary [3.10, we deduce that
[ Oy :

BE RP;[¢] Ps[¢| RPs[Kas[g]] dV ()

B"

| 4]2)1-2s 1/2
<{ ] = irnapavs) |
]Bn

|2[?

_|4[2)1-2s 1/2
|V L re P av ) |
Bn
S ol e

Analogous estimates are obtained for the integral involving Ps[¢]RPs[1)].
The same argument holds for the complex-tangential derivative, by using
instead the fact that %UJP [Kas[g]]|? dV (2) is a Carleson measure
for Ps(H?).
Finally, using again Holder’s inequality and that by hypothesis the mea-
sure |Ps[Kas[g]]|2(1 — |2]?) 724 dV(2) is a Carleson measure for Ps(H*(S")),
we also have

|1 (= 1222 PP P Rasfall aV (2)| S Il e
B

8.2. Proof of (3)=(2) in Theorem We observe that we may
assume that g € L%(S") and is real-valued. We assume that |K[g]|? do is
a trace measure for K [L?(S")]. Since K; 'K, 'Ky, is a Calderén-Zygmund
operator (Theorem , and since

Ks_le_lK%KS[g] = Ks_lKZS[g]a

Propositionimplies that | K, 1 Ko,[g]| do is also a trace measure for H*[S"].
By Remark [7.8] it is enough to show that if E C S™ is any closed set, and L
is either R or T; ; with @ < j or Id, then

| L n gl P av(e) 5 op,(B)
T 2|2 sl ~ AP
(E)
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Let o € (2, m) Noting first that by Remark pep 2 1lae on E,
and then using Fubini’s Theorem, we obtain

_ 22 1—2s
S \RPS[KQS[gn(zW“"ZQQ av ()
T(E)
_ 2,2 1—2s
< § IRR R a0 P s R e v
B I,
— |z 2\1-2s5—n
<1 | IRPKs (P e av () dor()
s D(Q) 12
(1—|z s+l _ 2 dV(z o
- D§O{'|Z’|>\RPS (K a2} o do

=GR K (Ka o2 e

where Gk is the area function defined in (4.1)) with K as in Theorem

We next observe that pg = limypg, in L?(S"), and in particular, there
exists a subsequence such that pg = lim; pg ¢, a.e. in S™. Hence, since p%a €
Ay(S™) (see Remark [7.3)), by Theorem [5.5 the above is bounded by

(§ 1K gl QP () do(0))

Sn
2
< liminf ( § 1K 1K, [6]) () PpEy, () do ()
Sn
Since |K; [Kas[g]]|? is a trace measure for H*(S™), the above is bounded
by liminf; |[p% , [|}. S Capy(E), where the last estimate follows from Propo-
sition
The proof for the complex-tangential part follows by an analogous argu-
ment.

Finally, the previous arguments applied to Ps[Kos[g]] in place of
RP,[Kssg]] give

VO IPE[all(2) (1 = [2) 7 dV (2)

T(E)
SV 1= )Y P R (B o] ()2 () (1—dyvz(y§>)n+lda<<>
8™ D(Q)

= (|G [ o] [ 20

Since pQE" € Ay, Theorem and Proposition show that the above is
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bounded by

(§ I Kol PoR () do(€))” < Cap, ().

Sn

8.3. Proof of (1)=-(3) in Theorem We observe that in the proof
of this implication, we again only need to assume that g is in L?(S") and is
real-valued. By the hypothesis , we find that for any ¢,y € Cg°(S™),

|§ evado] < lpllmsien ¥l
Sn

We want to prove that for any compact set £ C S™,

(8.1) V1K[0]l* do S Cap,(E),
E

For 1 </, m € N, we consider the test functions

K [(XEKS [g])é]

. Q
o ) wm = pE,mv
pE,m

Plm =

where pg ., = Kos[VEm|, with vg the capacitary measure of E and with
1
ac (5’ 2(n7125))'
We first observe that since the sequence (xgKs[g]), converges in L?(S™)
to the function xgK;[g], we have

(82)  [[KolPdo = | xpK.[g)K.[g)do = lim | (xpK.[g])e Ko do.
E Sn sn

Next, by hypothesis, for any £,m > 1,
S (XEKS[Q])EKS[Q] do = S Ks[(XEKs[g])ﬁ]ng = ‘ S @Z,md}mg do
Sn Sn Sn
S Nleemllas sy 1¥mll s sny-
We already know by Proposition [7.5] that |4, [|%. < Cap,(E). We claim

that
2

I e

]
pE',m

< | (xeKila))eKg) do.
HS  gn

Using the claim and (8.2)), we deduce that

| K.[g]? do < Cap,(E),
E

which gives ({8.1)).
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So, we are left to show (8.3). By Corollary and Proposition we
see that

(8.4)
H@f H2 L= ‘ KS[(XEKS[QDK] ? < HPS[KS[(XEKS[QDKH 2
el o e = Pzl s
(1= |22 | P K (e Ks(g)e]] |
: IQ{ 2| Plwal
1 — |z Ps Ks Ks ?
P USE, Rl

1<j

PyK[(xpKsla)d] [
Ps LpE,m]a

For k = 1,2, we denote by A;"™ (respectively Agen) the terms obtained when
we differentiate with respect to R or L; j the numerator (or the denominator)
of Ay.

We begin by estimating the terms in A7™™. We first observe that for any
z € B",

+ k(l o ’2’2)1725

}dV::A1—|—A2+A3.

1
U(Iz)

Plppm)(2) 2 | pEm do,

I

where I, = {( € S"; z € D((¢)}, and D(¢) is the admissible region corre-
sponding to (. Then, applying Hélder’s inequality twice, we get

AIllum
_[)2)1-2s m(n)do(n
< (1|‘Z||2)IR(PS[KS[(XEKS[Q])A])|2(S }ZE (|Z|)2)n( )) dv (2)
i
— |x|2)1-2s lm do(n
.
(1leP)' = V) o)
’SSSnD§<>< : |R(P3[Ks[(XEKs[Q])eH)|> T o

Since by Remark p2E"‘m € A, with constants independent of E and m
(and hence also pj;°> € Az), Theorem gives
1

A S N (Ko e o

) ) do(n).

Next, letting first £ — oo, using the convergence of ((xgKs[g])e)e in L2(S™),
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we obtain do(n)
: num g /r]
lim AP < | (Ko S0
sn Em
Then since
dVE.m n
pEm(C) = | ’1—(77|EZ7_)25 2 vEm(S") = Cap,(E),
Sn

the Dominated Convergence Theorem shows (since pg 2 1 a.e. on E) that
lim AP < 1K [g)2(0) dorn).
’ E

We observe that an analogous argument gives the desired estimate for the
terms in A5"™ obtained when we calculate the complex-tangential derivatives
of the numerator. So, up to now we have obtained

(8.5) A AR S K [g] () do(n).
E

Now we proceed to estimate .A‘,ien, k = 1,2. Proposition applied to

Vo = Ps [(Ks [XE[](;OE?JPZP

and Uy = Ps[pE,m] nnphes that Re <'Uzm7um>W52 =

Py E,m

Chs Ssn vo.m Ko [pEm) do, where Cy, s > 0. But
(Ks[(xeKslg))e)*

S ve,ng_Sl [PEm|do = S ot Kgsl [DE,m)
N Sn pE,m
K K 2
_j Bl KalaD)®
N pE7m

As a consequence, Re (vgm, um)w2 > 0, and we then have

(1=[2*) 72 (Po[Ks[(xpKs[g])e]])?
0< —(2a+1) Bsn |Z|2 (Ps [pE’m])zaJrQ

< (= [2P)RPpem] P+ Y 1L Plpemll) 4V (2)
(=22 POk [a))d]
|Z|2 Ps(pE,m)2a+1

+2Re |

Bn
1—12|%)72% = P[K,[(xEK,

+2Re | ( ||Z|’2) > [Ps[g;i]m[fpd]

X Lij Ps[K[(x K [9]) )] Lij Ps[pE,m] AV

RP[K[(xEKSs [g])ZHRPS [PEm]dV

B 1<j

(1= |22y~ B O K DA

+ S PS LPE,m]Qa—H

Bn

Pi(pgm)dV(2).
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From the above estimate and Hdélder’s inequality, we deduce that
A<lien + A(21en

(1— |22 |RP[K,[(xpK,[g)d] 12
< (S 2P Pulppm®® dV(z))

(1 P Rp i) "
N <E§n 1oy 5 L wi)
(§ O PSSR 1 )
- fi LA DRI

< LApm g A 4 e(Af 4 )

2
+ Bsn(l _ ’2’2)—25 |PS[K;£([);§7I§T2[SDZ]” dV(Z)

Hence, using ({8.5]), we obtain

2
At A < § a2 0) do(a)+ | (1o 2 BEROERIL gy )
» Bn s m

and consequently

—os | Ps | Ks[(XEK s 2
Au Ao 5 [ Kl dotn) + |0 oy 2 P R s,

But, applying Proposition |3.12] we see that

2
[ (1o 'PS[K;£<;§IJT2[S]>41| e
B 7
2
< 13351 BNEIREES |PS[K;£<[;Z§2[§>ZH| -
—|—€BSH(1 — |z’2)1_28R<P5[%8[8;582([5])6“> dV(z)_

Altogether this gives A; + Az + A3z < {5 K [6]%(n) do(n) + As.



44 C. Cascante and J. M. Ortega

The estimate for A3 follows by the arguments used in the estimate of A7,

applying Theorem [5.5] to G3j.
So, we have just proved that, using (8.4)),

el S A+ As+ As < | Kolg)*(n) do(n),
E
which finishes the proof of Theorem .

We finish with a characterization of a bilinear problem deduced from
Theorem [R.1]

COROLLARY 8.2. Let 0 < s < 1/4 and let g be a function satisfying the
conditions in Theorem [3.3] or[3.5] Then the following assertions are equiva-
lent:

(1) For any ¢, € C>®(S™),
[§(-2)° + Dew)ado] £ lelaeon ¥l
Sn

(2) The measure dv := |K[K5,'[g]]|? do is a trace measure for H*(S™).
Proof. Since by Corollary ((—A)° + I)(p) = K, [py)], we have

[ (=2) + D(ew)s = | pvbdo,

NG NG
where h = K;sl [g]. Hence, applying Theorem m we finish the proof. »
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