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The finite Hilbert transform acting on L*
by

GUILLERMO P. CURBERA, SUSUMU OKADA and WERNER J. RICKER

Abstract. The action of the finite Hilbert transform defined on L*°(—1, 1) and taking
its values in the Zygmund space Lexp(—1,1) is studied in detail. This is a reciprocal
situation to the investigation, recently undertaken by the present authors, of the finite
Hilbert transform defined on the Zygmund space Llog L(—1,1) and taking its values in
L'(—1,1). The fact that both L°°(—1,1) and Lexp(—1,1) fail to be separable generates
new features not present in [Ann. Scuola Norm. Sup. Pisa 25 (2024), 1527-1557].

1. Introduction. The finite Hilbert transform T(f) of f € L' :=
L'(—1,1) is the principal value integral

t—e

1
T(f)(t) :== lim 1(5 + S)f(””) dr,
t+e

e—0t+ T x—1

which exists for a.e. t € (—1,1) and is a measurable function. Its study was
motivated by problems in aerodynamics (see [CR54) [R49| [S54, T511 [T57])
and in elasticity theory (via the study of one-dimensional singular integral
operators; see [D79,G90, |GK92-1| |[GK92-2| MP86, IM67]). These applications
arise via the solution of the airfoil equation
1

(1.1) 1 p.v. S f@) dr = g(t), ae te(—1,1),

us ST t
where ¢ is given and f is to be found.

Due to M. Riesz’s Theorem, the finite Hilbert transform operator maps
the space LP := LP(—1,1) continuously into itself whenever 1 < p < co. By
the 1990s the LP theory for the finite Hilbert transform (FHT, for short)
was well established; see [K09, Ch. 11|, [OE91] and [T57, §4.3]. In 1991,
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a celebrated paper of Gel'fand and Graev, [GG91], renewed an interest in the
FHT by exposing its role in the inversion of the Radon transform, and hence
its applications to image reconstruction in tomography; see, for example,
[APS16, BKT16l [KT12l [SP05].

The LP theory for the FHT on (—1,1) is rather different than for the
Hilbert transform on R or its periodic version on T. Namely, Tricomi showed
that T': LP — LP is a Fredholm operator for 1 < p < 2 (with full range
and one-dimensional kernel) and for 2 < p < oo (injective and with one-
codimensional kernel); see [ORS08, Example 4.21]. A deeper understanding
of the FHT is obtained when considering its action on rearrangement in-
variant (r.i., for short) spaces on (—1,1); see [COR19, [COR21-1l [COR21-2,
COR24-1]. For example, for the FHT operator Tx: X — X acting on a r.i.
space X with non-trivial Boyd indices, the following alternative for its fine
spectrum holds:

(a) the point spectrum: opt(Tx) # 0 < L C X,
(b) the residual spectrum: o, (Tx) # ) & X C L>!,
(c) the continuous spectrum: o.(Tx) = o(Tx) < L** ¢ X and X ¢ L*}
where L>! and L% are the usual Lorentz spaces [COR21-2], Proposition 5.1].

Note that while the FHT operator maps LP continuously into itself for
1 < p < o0, it does not map neither L into itself nor L' into itself. In the
latter case, L' is mapped continuously into L°(—1,1), due to Kolmogorov’s
Theorem [BS88|, Theorem I11.4.9(b)]. In [COR24-2|] we studied the situation
when T': Llog L — L', where Llog L is the classical Zygmund space, which
is a 1.i. space close to L' in the sense that it contains all L? spaces for p > 1.

The aim of the present paper is to study the action of the FHT on L.
In this case, the operator T': L°° — Lexp, denoted by T, maps L contin-
uously into Lexp,, where the classical Zygmund space Ley, is a 1.1. space close
to L™ in the sense that it is contained in all LP spaces for p < oo. With the
objective of solving the airfoil equation (|1.1)), we also need to investigate the
auxiliary operator T defined by

w
withw(x) := V1 — 22 forz € (-1, 1), and to show that T: L>® — Lexp bound-
edly. This, together with the characterization of the range T'(L>) C Lexp
of Ts, allows us to identify the inverse operator T-!: T(L>®) — L*°, and
hence to solve the airfoil equation. We end the paper by showing that T, is
optimally defined, that is, T': L®>® — Leyp, does not admit a continuous, linear,
Lexp-valued extension to any strictly larger r.i. domain space within L'

2. Preliminaries. The measure space considered in this paper is the
Lebesgue measure p on R restricted to the Borel o-algebra B of the open
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interval (—1,1), which we again denote by p. The vector space of all C-
valued, B-simple functions is denoted by sim B. Denote by L° := L°() the
vector space of all C-valued measurable functions on (—1,1). Measurable
functions on (—1,1) which coincide a.e. are identified. With respect to the
a.e. pointwise order for its positive cone, L is a complex vector lattice. The
space LU is also a metrizable topological vector space for the topology of
convergence in measure.

An order ideal X of LY is called a Banach function space (briefly, B.f.s.)
over the measure space ((—1,1), B, ) if sim B C X (equivalently, L C X)
and if X is equipped with a lattice norm || - || x for which it is complete. For
brevity, we speak of X as a B.f.s. over (—1,1). Since p is a finite measure,
necessarily X C L' (cf. [BS88, Section I1.1, Definitions 1.1 and 1.3]) with a
continuous inclusion (as it is a positive linear map between Banach lattices).
A typical example of a B.f.s. over (—1,1) is the Lebesgue space LP := LP(u)
for each 1 < p < o0.

A function f in a B.f.s. X over (—1, 1) has absolutely continuous norm if
lfxa,ll 4 0 whenever A,, | 0 in B. The subspace X, of X consisting of all
functions which have absolutely continuous norm is an order ideal in X . That
is, X, is a closed linear subspace with the property: f € X, and |g] < |f]
p-a.e. implies that g € X,. A B.f.s. X has o-order continuous (or absolutely
continuous) norm if X = X, that is, for f € X given, || f,||x J 0 for every
sequence (f,)%; C LY satisfying |f| > |fn| I 0 p-a.e. For these facts and
notions, see [BS8Y, Section 1.3|. If L>® C X,, then X, is also a B.f.s. over
(—1,1). It is known that (L>°), = {0}. A B.f.s. X has the Fatou property if,
whenever (f,)22, is a norm bounded, increasing sequence of non-negative
functions in X for which f = sup,,cy fn exists in L?, then necessarily f € X
and || fullx T 11f]x-

The associate space X' of X is the vector sublattice of LY defined by
X' :={ge LV: fg € L' for every f € X} equipped with the lattice norm
llgllx’ := sup{| Sl_l fgdpl : f € X with ||f||x < 1}. It turns out that X' is
a closed linear subspace of the dual Banach space X* of X. Moreover, X’
is also a B.f.s. over (—1,1) which always has the Fatou property. If X has
o-order continuous norm, then X’ = X*; see, for example, [LT79, p. 29].

The decreasing rearrangement f*: [0,2] — [0, 0] of a function f € L is
the right continuous inverse of its distribution function: A — p({t € (-1,1) :
|f(t)] > A}) for A > 0. A rearrangement invariant space X over (—1,1) is a
B.f.s. with the Fatou property such that, if ¢* < f* with f € X, then g € X
and ||g|lx < ||fllx- In this case, its associate space X' is also a r.i. space
[BS88, Proposition I1.4.2].

For a > 0, the Zygmund space L& := LS . (—1,1) consists of all mea-

exp exp

surable functions f on (—1, 1) for which there exists a constant A = A(f) > 0
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such that
1

| exp(Af(@))!/* da < oo
-1

[BS88, Definition IV.6.11]. For o = 0 the space LY, is interpreted to be L.

exp
For each o > 0 the space Lgy, is a r.i. space with respect to the norm

Sg f*(s)ds
a = —_ € L
e = (80, Hiogery 1 & Fow
[BS88, Lemma IV.6.12]. A norm equivalent to the above norm in Lg, is
given by
f(@)
sup —————, eLg.;
o2 Tog(ae/ye 1 € Fo

see [KPS82, §11.5.2, p. 115, Theorem 5.3]. The spaces Lgy,, are non-separable,
and hence their norms are not o-order continuous. They are close to L* in

the sense that L>° C L% _ C LP for all « > 0 and all 1 < p < oo; for the

exp

case @ = 1, see [BS88, Theorem IV.6.5]. Observe that Lg,, C L5, for all
0<a<p.

For a = 1, the Zygmund space Leyp, = Léxp consists of all functions

having exponential integrability [BS88|, Definition IV.6.1 and Lemma IV.6.2],

or equivalently, all functions f on (—1,1) for which there exists a constant

¢ = c(f) > 0 such that

2
(@) gclog<t€>, 0<t<2.

The r.i. space Lexp is a non-separable Marcinkiewicz space, and the closure
of sim B in Leyp,, denoted by (Lexp)p, is the B.f.s. consisting of all measurable
functions f on (—1,1) satisfying
t
*(s)d
(21) lim M =0
t—0+ tlog(2e/t)
IKPS82, §11.5.2, p. 116, Lemma 5.4|; it coincides with the separable space
(Lexp)a and does not have the Fatou property. The r.i. space Leyp is also an
Orlicz space [BS88, Section IV.8|. Define a Young function ¢ on [0, c0) by
&(t) := €' —t — 1, which satisfies
1 1 1
{oUfhdn< | elau<3+2 | a(f)du, feL’
-1 -1 -1

The previous inequality implies that the corresponding Orlicz space coincides
with Leyp (With equivalent norms) as @ is equivalent to the Young function
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given in [BS88, Example IV.8.3(d)]. Accordingly,

1
(2.2)  (Lexp)a = (Lexp)p = {f € Lexp : S M dp < 0o for every X > 0};
~1
see [LT79, p. 120] (and [L55, Ch. 2, Sect. 3, Theorem 1| for a proof). It
follows that L>® C (Lexp)a & Lexp. Indeed, direct calculations via ([2.2)
show that f(z) := [log(z)|x[,1)(*) and g(x) := X|o,1)(z) log(1 + [log(z)|), for
€ (—1,1), belong to Lexp \ (Lexp)a and (Lexp)a \ L, respectively.
For a > 0, the Zygmund space L(log L)® consists of all measurable func-
tions f on (—1,1) for which either one of the following two equivalent con-
ditions holds:

1 2 “
@ * % o0
| 17 fox(z+ 17" do < o0r | £ <f><10g<t>> i<

IBS88|, Definition IV.6.11, Lemma IV.6.12]. The space L(log L)® is r.i. with
o-order continuous norm given by

2 a
sty =770 (105 ) ) e, 1€ Litog Ly,

0
For each a > 0, the associate space of the space L(log L)* is LS, [KPS82,

ex
§I1.5.2, p. 112, Theorem 5.2|. Since L(log L) has o-order contmupc))us norm,
(L(log L)*)* = (L(log L)*)" = L&, The spaces L(log L)* are close to L' in
the sense that LP C L(log L)* C L' for all @« > 0 and all 1 < p < oo; for the
case o = 1, see [BS88, Theorem IV.6.5]. Moreover, L(log L)? C L(log L)*
forall 0 < a < pB.

For a = 1 the Zygmund space L(log L) is, of course, Llog L. The case
when « = 0 is interpreted as L(log L) = L.

The lower and upper Boyd indices of a r.i. space X are two indices, ax
and @y, which measure the effect of dilations in X and satisfy 0 < ay
<ax <1 [BS88| Definition III.5.12]. The boundedness of the finite Hilbert
transform 7T': X — X is equivalent to X having non-trivial Boyd indices,
that is, 0 < ay <@y < 1; see [KPS82, §I1.8.6, pp. 170-171].

For additional details concerning the Zygmund spaces L(log L)* and L,
we refer to [BR80, Ch. III], for example.

3. The finite Hilbert transform on L°°. In this section we establish
some basic properties of the finite Hilbert transform when it acts on L and
takes its values in Lexp.

The following result, a combination of Theorem 3.1 and Corollary 3.3 in
[COR24-2|, will be repeatedly used.
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PROPOSITION 3.1. Let f € L' and g € Llog L satisfy fT(gxa) € L' for
every set A € B. Then gT(f) € L' and the following Parseval formula is
valid:

1 1
(3.1) V 11(9) == | 9T(p).

-1 -1
In particular, if f € L* and g € Llog L, then the above assumptions are
satisfied, and hence (3.1]) is valid.

PROPOSITION 3.2. The finite Hilbert transform T: L&, — L&kl is a
bounded operator for o > 0. In particular, T: L> — Lexp 5 a bounded

operator.

Proof. Tt is known that T: L(log L)**! — L(log L)® is a bounded oper-
ator [COR24-2, Proposition 4.4]. Accordingly, its adjoint operator 7% maps
L% — L2F! boundedly.

ex ex
IE}iven fpe Le, € L' and g € L(Llog L)**' C Llog L, it follows from
Proposition that ¢7(f) € L' and
1 1 1
Vor(h) ==\ rT(9) == | g7 ().
-1 —1 -1

Thus, T(f) € L&L! It follows that T* = —T'. Consequently, T': L&, — L&tH!
boundedly.

For a = 0, we have LY, = L™ and L{, = Lexp and so T': L™ — Leyy,
boundedly. u

When convenient, the operator T': L™ — Ly, will also be denoted
by Tso, where the subscript indicates briefly that the domain space is L°°.

REMARK 3.3. It is shown in [COR24-2, Proposition 4.15| that T': Llog L
— L' is not compact. According to Schauder’s Theorem also its adjoint
operator T': L> — Leyp, (cf. the proof of Proposition 3.2) is not compact.
A similar argument, via Gantmacher’s Theorem, shows that T': L™ — Leyy,
is not a weakly compact operator (since this is the case for T': Llog L — L'
[COR24-1, Theorem 4.7]).

Moreover, the operator T': L® — Leyp, is not order bounded. For, other-
wise, there exists 0 < f € Leyp such that |T(xa)| < f for all A € B. Since
Lexp € L?, say, also f € L?, and so {T'(xa) : A € B} is an order bounded
subset of L2. This is a contradiction to [COR20, Proposition 3.2(vii)], with
X = L? there.

A central role is played by the bounded, continuous function

(3.2) w(z) :=v1—2a%2 xe(-1,1).
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PROPOSITION 3.4. The finite Hilbert transform T': L°® — Lexp, is injec-
tive.

Proof. Theorem 3.4 in [COR24-2] implies, for f € Llog L, that T'(f) =0
if and only if f = ¢/w for some ¢ € C. Since 1/w ¢ L, it follows that
T: L™ — Lexp is injective. m

PROPOSITION 3.5. The smallest r.i. space over (—1,1) which contains
T(L*®) is Lexp-

Proof. Let X be a r.i. space over (—1,1) such that T'(L*>°) C X. Then
T(X(-1,1)) € X. From the definition of 7" it follows that T'(x(_11))(7) =

%log (i—i) for x € (—1,1). Direct calculation also shows that

fos(122)) =ton(5). 0<i<2

Consider the function F(z) := 1+ ‘log(ﬁ—;)’ for x € (—1,1), which belongs
to X (as the constant function 1 € L*> belongs to X). Then

o) =1+ <log<1+5;>>*(t) > 1og<2:>, 0<t<2.

Let f € Lexp. Then there exists a positive constant My such that f*(t) <
Mylog(2e/t) for 0 < t < 2. It follows that f*(t) < MyF*(t) for 0 <t < 2.
Since X is r.i. and F' € X this implies that f € X |[BS88, Theorem I1.4.6].
SO, Lexp g X. m

REMARK 3.6. In the proof of Proposition [3.5] it was noted that h :=
7T (x(~1,1)) satisfies h*(s) > log(2e/s) — 1 for s € (—1,1), that is,

{ n*(s) ds N [ (log(2¢/s) — 1) ds
tlog(2e/t) — tlog(2e/t)

, O<t<2.

Di leulati L hat 1i Sg(log(2e/s)—1)ds -1 0 d h
irect calculation shows that lim, o+ "= omrm— = # 0 and so h ¢

(Lexp)a; see (2.1). Accordingly, T(L*®) € (Lexp)a. Since (Lexp)q does not
have the Fatou property, it is not a r.i. space and so the previous observation
does not follow from Proposition [3.5

4. The auxiliary operator T on L*®. Let f € L! satisfy f/w € L.
Kolmogorov’s Theorem ensures that T'(f/w) € L° and so the function
T(f) € L°, given pointwise a.e. in (—1,1) by

(4.1) F(f) = —wT(f),

w
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is well defined. For f € L, the function 7' (f) € LY, given pointwise a.e. in
(_17 1) by

(4.2)

S

()= = Tlwh),

is also well defined.

The operator f — f( f) arose when solving the airfoil equation
(i.e., for the inversion of T') for T: LP — LP with 1 < p < 2, and, more
generally, for T: X — X with X a r.i. space satisfying 1/2 < ay < ax < 1.
The operator f — T( f) arose when determining the solution of the airfoil
equation for T: LP — LP with 2 < p < oo and for T: X — X with X
a r.i. space satisfying 0 < ay < ax < 1/2. We refer to [COR19| and the
references therein.

In this section we investigate the operators T and T acting between
(possibly) different pairs of r.i. spaces X and Y, with no restriction on their
Boyd indices.

It is well known that positive operators between B.f.s.’s are (automat-
ically) continuous. The finite Hilbert transform is far from being positive.
However, a related result is available.

LEMMA 4.1. Let X,Y be B.f.s.’s over (—1,1).

(i) IfT(X)CY, thenT: X =Y is continuous.
(i) If T(X)CY, thenT: X =Y is continuous.
(i) IfT(X)CY, thenT: X =Y is continuous.

Proof. (i) Let f, — 0in X and T(f,) — g in Y. Since X C L! continu-
ously, also f, — 0in L. Kolmogorov’s Theorem implies that T'( fn;) — Oae.
for some subsequence { fy,; }32 of { fu}pZ;. Also T'(fn;) — gin L' (asY C L!
continuously) and so T'(f,, ) — g a.e. for some subsequence {f,; }32; of
{fn;}521. Since T(fn; ) — 0 a.e., we can conclude that g = 0. By the Closed
Graph Theorem, T': X — Y is continuous.

(ii) Let f, = 0in X and T'(f,) = g in Y. Since |wf,| < |fn| for n € N,
also (wf,) — 0 in X. Hence, (wf,) — 0 in L'. Kolmogorov’s Theorem
implies that T'(wfy;) — 0 a.e. for some subsequence {fn;}32; of {fn}52;.
Then also (—=1/w)T(wfn;) = f(fnj) — 0 a.e. Moreover, f(fn]) — gin L!
and so T ( f"jk) —g a.e. for some subsequence { fny, 1oy of {fn, 321 Since
(=1/w)T(wfn;, ) = T(fn,,) = 0 a.e., we can conclude that g = 0. By the
Closed Graph Theorem, T: X — Y is continuous. .

(iii) Let f, — 0 in X and T'(f,) — ¢ in Y. We point out that 7" de-
fined on X means that f/w € L! for every f € X and that T(f) € Y.
Accordingly, the positive linear operator f € X + f/w € L! is well defined,
and hence it is continuous. So, f,/w — 0 in L!. Kolmogorov’s Theorem
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implies that T'(f,,/w) — 0 a.e. for some subsequence { fnj} °,of {fn}oe,.
Then also —wT'(fp,/w) = T(fn]) — 0 a.e. Moreover, T(fn ) = g in L!
and so T'( fny ) = g ae. for some subsequence {f,; }72; of {fn;}72;. Since
—wT(fp,, /w) = T(fnjk) — 0 a.e., we can conclude that g = 0. By the
Closed Graph Theorem, T: X — Y is continuous. =

The following result makes the relation between T and T precise.

THEOREM 4.2. Let X,Y be r.i. spaces such that X C LlogL and
L% C Y. Suppose that T: X — Y boundedly. Then
T:Y = X'
boundedly. Moreover, for all f €Y' and g € X,
1 1

(4.3) | To)f =— | oT(h).

-1 ~1
If in addition both X and Y are separable, then (f)* =-T.

Proof. Let f € Y'. Observe that f/w € L' because f € Y’ C (L?>>)
= L*!' and 1/w € L?>*. Hence, T(f) = —wT(f/w) € L°. Let g € X. Given
A € B, note that T'(gx4) € Y, and so Holder’s inequality yields

gT(WQXA) = —fT(gxa) € L.

This allows us to apply Proposition |3.1| (with f /w € L' in place of f and
gw € Llog L in place of g) to conclude that —gT(f) = gwT(f/w) € L' and

1 1 f 1
o7 =~ {aur(L) =

~1 -1 -1
This verifies and, because fT' (g) € L' for every g € X, also shows that

T(f) e X'. Hence T(Y'") € X' and so Lemma implies that T: Y — X'
is bounded.

When X and Y are both separable (equivalently, have o-order continuous
norms [BS88, Corollary 1.5. 6]) we have X*=X'and Y* =Y. The identity

(T)* = —T is then clear from n

COROLLARY 4.3. The operator T': Ly — ng} is bounded for each

a > 0. In particular, T:L® - Lexp is bounded.
Proof. We can apply Theorem.to X = L(log L)* and Y = L(log L)

since 7T': L(log L)*™1 — L(log L)® boundedly [COR24-2, Proposition 4.5],
with X C Llog L and L[> CY.n

g [
=
|
|

| e
~
=
S
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REMARK 4.4.

(i) Since fp .= T: LP — LP boundedly for 1 < p < 2 [OE9I, Lemma 2.3],
it follows from Theorem [4.2] that 7, o= T: LV — L7 satisfies (fp)* =
71\;]7/ with 2 < p’ < 00; compare this with [OE91, Proposition 2.6].

(i) Forar.i. space X with 1/2 < ay < ax < 1, it is known that T: X — X
boundedly [COR19, Theorem 3.2]. If X is also separable, then Theo-
rem m implies that 7: X’ — X’ boundedly (denoted by TX/) and
(Tx)* = —Tx with 0 < ay, < axs < 1/2; compare with [CORIY,
Theorem 3.3].

(iii) A proof of Corollary avoiding the use of duality is also possible.
This requires showing, for some constant C' > 0 and some 2 < pg < 00,
that ||T|\Lp_>Lp < Cp for all pg < p < 00, and then applying the clas-
sical result of Zygmund on extrapolation; see [Z59, Theorem XII.(4-41)
on p. 119 of Volume II]. Obtaining the uniform estimate needed for
HT lL»—rr follows, via analogy, the steps established in the correspond-
ing study of the operator f, in particular, by adapting [COR24-2 Lem-
mas 4.6, 4.7 and 6.1].

5. Inversion of the FHT on L°. In this section we study the ac-
tion of T and T on L*®. In particular, the range T (L) of T' in Lexp is
characterized, which is then used to solve the airfoil equation.

Compare the following result with [OE91, Proposition 2.6] and [COR19)
Theorem 3.3].

THEOREM b5.1.

(i) The operator T : L™ — Lexp, 1S injective.
(i) Let f € L. Then T(f) € Lexp and TT(f) = f.
(iii) The operator Q: L™ — L given by
1
Lo f
(5.1) Q(f) = (7T Sl w)X(—l,l)a fer®,
is a bounded, rank-1, projection of L onto span(x(_ljl)) C L satis-
fying ||Q|| Lo 1 = 1. Furthermore,

TT(f)=f-Q(f), felL>

(iv) For each f € L™,
1

S

w
~1

Proof. Proposition[3.4|establishes (i). Let f € L> and fix any 2 < p < oo,

in which case f € LP. It follows from [COR19, Theorem 3.3] for X = L?

i)

=0.
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that (ii), (iii) and (iv) hold. That ||@||z~—r~ = 1 follows from (5.1 and
1
S_l(l/w) =7. m
REMARK 5.2. The operator Qr,,,: Lexp — Lexp given by
1

Loy
QLexp(g) = <7T 81 w)X(—l,l% g € Lexp,
is also a bounded, rank-1 projection of Ley, onto span(x(_lﬁl)) C Lexp-
Indeed, since 1/w € Llog L, Holder’s inequality shows that g/w € L and

11

‘QLexp(g)‘ < | e

||g||Lepr(—171)7 g€ Lexpa
Llog L

implies that Qr.,,(9) € L™ C Lexp and that Q. is bounded with operator
norm

with x(_1,1) € L C Lexp. The previous pointwise inequality on (—1,1)

X1 ey = =
X(=1,) | Lexp = —
LlogL (PO e = 7

1

w

1|11
AN

Llog L
Clearly the range Q.. (Lexp) equals span(x(—1,1)) € L C Lexp-

Suppose now that a function gy € Leyp satisfies T(go) € L, in which
case TT(go) € Lexp. To prove that the identity

(5.2) TT(go) = 90 — QLexy (90)

holds in Leyp, fix any 2 < p < oo, in which case Ley, C LP. Moreover, the
identity

(5.3) TT(g0) = go — Q(go)
1 f

holds in LP [OE91l Proposition 2.6, where Q(f) := (; S£1 E)X(—l,l er?
for f € LP. But both sides of (5.3) belong to Leyxp and the proof of (5.2)) is

complete.

Recall that the function 1/w belongs to Llog L = (Lexp)’. So, it defines
a continuous linear functional ¢y /y,: Lexp — C by

1
1 g
01/w(g) == <97 w> = S o 9°€ Lexp,

which satisfies [|¢1 .|l Observe that

exp < H%HLlogL'

1
Ker(@l/w) = {g € Lexp : S % = O} = Ker(QLeXp)
-1

is a proper, closed, infinite-dimensional subspace of Leyp. Indeed, if g € Lexy,
is any odd function, then Sl_l(g/w) =0 and so g € Ker(¢1/,,)-
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Theorem (iv) implies that T'(L>) C Ker(¢1/,,). In particular, T is
not surjective.

An important consequence of Theorem is the following characteriza-
tion of the range space of Ty.

COROLLARY 5.3. A function g € Lexp belongs to the range space T'(L)
C Lexp if and only if it satisfies both ’_]v’(g) € L* and ¢1/,(g9) = 0. That is,
T(L>) = {g € Ker(p1yw) : T(g) € L7} = {g € Ker(QL,) : T(9) € L}
Proof. Let g € Lexp satisfy T(g) € L™ and Sl_l(g/w) = 0, that is,
QLexy, (9) = 0. Remark ﬂ implies T(T'(g)) = g. Accordingly, g € T(L®).
Conversely, let g € T(L*>). Then there exists f € L* such that g =
T(f) € Lexp. From Theorem (ii) we have T(g) = TT(f) = f € L*.
Moreover, Theorem [5.1f(iv) implies that
§ 9 _ § () _
v 4
REMARK 5.4. We have seen that T, (L) C Ker(y; ,,). This inclusion is
actually proper. Indeed, let X := Llog L, Y := L' and let S: X — Y denote
the finite Hilbert transform 7: Llog L — L', briefly Tiog- Then [COR24-2,
Proposition 4.12(i)] implies that S is not surjective. Moreover, S* = —T,,
is injective. According to |[R73, (a)<(c) in Theorem 4.15|, with S in place
of T' there, it follows that T (L) is not norm-closed in Lexp. S0 Too (L)
cannot be norm-closed in the closed subspace Ker(y ) either.

We seek necessary conditions on a function g to satisfy the condition
T(g) € L* appearing in the characterization of the range space T(L>)
in Corollary In this regard, the following result (cf. [COR24-1, Theo-
rem 2.3|) is relevant. A further class of functions g is given in Corollary .

PROPOSITION 5.5. Let g satisfy a uniform A-Holder condition on (—1,1)
for X € (0,1], that is, for some constant Ky, > 0 we have

l9(s) — g(t)| < Kyls =], s,t € (=1,1).
Then, with B(-,-) denoting the Beta function,
2
w(t)’ <T(g>>(t)‘ <ZK,B(1/2,)), te(-1,1).
T

w
In particular, T(g) € L*™.

The range space T(L*°) has been identified in Corollary The next
result presents various facts aimed at a better understanding of T'(L*°). For
the definition of the weak- topology o (Lexp, Llog L) on Leyp, = (Llog L)*
see [R73l Section 3.14|, for example.
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PROPOSITION 5.6. The following assertions hold for T and T:

(i) T(L*°) is a proper, weak-x dense linear subspace of Ker(¢ ).
(ii) T(L*) g L.
(iif) (Ire — Q)(L>®) € T(L™®) € L*, with Q as defined in (5.1).
(iv) L g T(L>).
(v) L Z T(Lexp) € Lexp-

) Lexp € T(Lexp).

Proof. (i) It was shown in Remark [5.4| that T'(L>°) & Ker (). Recall
that, if X and Y are Banach spaces and S: X — Y is a bounded linear
operator with adjoint operator S*: Y* — X* then the weak-*x closure of
S*(Y*) equals Ker(S)* [R73, Theorems 4.7 and 4.12]. We apply this when
S is the operator Tiog, in which case (Tiog)* = —Too With Tig: L™ — Lexp.
Accordingly, the weak-x closure of T (L) is equal to Ker(Tjog)t. Since
Ker(Tiog) = span(1/w) [COR24-2, Theorem 3.4|, it follows that the weak-x
closure of T, (L) equals Ker(¢1 /)

(vi

(ii) Direct computation shows, for x € (=1, 1), that

o -1 1—2)Y2(14+2)" Y2 +1
T(xp1))(@) = —w(l’)T<X[D71)> (z) = —log ‘ El _ x;1/2gl j: x§_1/2 J_r 1

see [OE9Il proof of Lemma 4.3]. This function is plainly unbounded on
(—=1,1) whereas x(o,1) € L*.
(iii) That T(L>) ¢ L* is clear since T(x(—1,1))(z) = log( ) for
€ (—1,1).
Assume, by way of contradiction, that (I —Q)(L>) C T'(L*). We show
that this implies T'(L>) C L. So, fix g € L. Then (Iz~ — Q)(g) = T(f)
for some f € L™ and so T(g) = T (It~ — Q)(g) + T(Q(g)). But T(1/w) =0

implies that
T(Q(9) = (;1 i Z)wT(i}) = 0.

-1

w

Hence, T(g) = T(Iz~ — Q)(g) = TT(f), which, by Theorem (ii), equals
f € L*. That is, T(L>) C L>, which contradicts (ii).

(iv) Assume, by way of contradiction, that L°° C T(L>). Then T(L>) C
TT(L*®) = Iz —Q)(L>®) C L™ by Theorem (iii). Hence, T'(L>°) C L,
which is not true by part (iii) of the current proposition.

(v) Assuming the contrary, that is, T(Lexp) C Lexp, we will arrive at
the containment f(Llog L) C LlogL, which does not hold, as shown in
[COR24-2, Proposition 4.12(iv)].
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Let f € Llog L and select any g € Lexp. Since 1/w € L% C [3/2 and
g € Lexp C LS, it follows that g/w € L5/5 C LlogL, as 1/(3/2) +1/6 =
1/(6/5). By assumption, for each A € B, the function T(gx4) belongs to Lexp
and so Holder’s inequality yields

(wf)T<iXA> = —fT(gxa) € L.

Since A € B is arbitrary with wf € L' and g/w € Llog L, Proposition
implies that (g/w)T(wf) € L', and hence that

gT(f) = 2T (wf) e L'.

Accordingly, gT\(f) € L for every g € Lexp, and so f(f) € (Lexp)' = Llog L.
Hence, T(Llog L) C Llog L, which was noted to be false.

(vi) Assume that Leg, C T(Lexp), in which case T'(Lexp) C TT(LGXP).
Fix 2 < p < oo. As indicated in (5.3), the identity TT(h) = h — Q(h) holds
in L? with each of the individual terms h, Q(h) and TT'(h) belonging to L?. If
g € Lexp then g € LP and so Tf(g) = g—Q(g). From the definition of @ it is
clear that Q(g) € L* C Lexp, and so g — Q(g) € Lexp. Hence, TYV”(g) € Lexp.
It follows that T'(Lexp) € Lexp, that is, T': Lexp — Lexp boundedly (cf.
Lemma 4.1). This is impossible as Lexp has trivial Boyd indices. =

Recall from (1.1)) that the airfoil equation is T'(f) = g, that is,
1
1
— p.v. S /(@) d
w

s dr = g(t), ae te(—1,1).

Given g, an inverston formula is needed to solve this equation for f. Theo-
rem [5.1] and Corollary [5.3] allow us to obtain such an inversion formula for
Too: L% — Lexp.

THEOREM 5.7. Let g belong to the range of Too: L° — Lexp. The unique
solution f € L™ of the airfoil equation (1.1) is

f="T(g) = —wT<g>-

w

Proof. Define f := T(g) and note that f € L° by Corollary Re-

mark m implies that T'(f) = T(T(g)) = g — QL (9)- But g = Teo(h) for
some h € L*> and so Theorem (iv) implies that
1

1 ¢ T(h)
QLo (9) = <7r _81 w>X(1,1) =0.
Hence, T(f) = g. That is, f = T(g) is the unique solution (cf. Proposi-
tion of the airfoil equation. m
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According to Proposition ( ) we can interpret the operator T, as tak-
ing its values in the proper, closed subspace Ker (1 /,,) of Lexp. Theorem [5 .
implies that T: L>° — Ker(¢; /w) is a vector space isomorphism onto its
range T'(L>°) ¢ Ker(y/,,) whose inverse map is the vector space isomor-

phism T': T(L*®) — L.

COROLLARY 5.8. The linear map T: T(L®) — L™ is a closed operator
defined on the proper linear subspace T'(L*) of Ker(py yy).-

Proof. Consider any sequence (g,)52,; C T'(L*°) satisfying ¢, — g in

Ker(¢y,,) and T(gn) — fin L. Let (hy)52; € L™ satisfy g, = T'(hy)
for each n € N, in which case T'(hy) — g in Ker(g; /). On the other hand,
gn = T(hy) implies, via Theorem [5.7] that h, = T(gy) for cach n € N, and
so hp, — f in L*°. By the continuity of Ti: L — Ker(¢y,,,) it follows
that T'(h,) — T(f) in Ker(gol/w) and hence that ¢ = T'(f) with f € L.
That is, g € T(LOO) By the uniqueness statement in Theorem [5.7] we can
conclude that f = ( ). Accordingly, T: T(L>®) — L*™ is a closed linear

operator defined in Ker(y; /). =

REMARK 5.9. Observe that Ker (1 /) is a proper, closed subspace of Ley,
which contains T'(L°°). This does not contradict Propositionas Ker (o1 /1)
is not an order ideal in L°, and hence is not a B.f.s. Indeed, f = X[0,1) — X(~1,0)
is an odd function and so f € Ker(py,). However, |f| = x(_1,1) satisfies
¢1/w(|f]) = and so | f[ & Ker(e1/4)-

6. The optimal domain for 7" taking values in Lc,. In this sec-
tion we prove that the operator To,: L® — Leyp is optimally defined. The
approach used for this is first to explicitly determine the optimal domain
of T' with values in Leyp,, denoted by [T, Lexp), and then to show that it is
isomorphic to L®°. This is the same approach that was used to show that
T: X — X is optimally defined whenever X is a r.i. space with non-trivial
Boyd indices (cf. [COR21I-1} §3]) and also used to show that T': Llog L — L'
is optimally defined [COR24-2| §5]. This strategy required an in-depth study
of the optimal domain (cf. [COR19, Theorem 5.3|, [COR21-1| Theorem|) that
we will also use here.

Define the space of functions

(6.1) [T, Lexp) := {f € L' : T(h) € Lex, for all |h| < |f|},
referred to as the optimal domain of T" with values in Leyp. Proposition
implies that the inclusion L* C [T, Leyp| is valid. It will be shown that the

opposite containment [T, Lexp] € L also holds.

We begin by investigating the structure and exhibiting various properties
of [T, Lexp)-
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PROPOSITION 6.1.

(i) Let f € L'. The following conditions are equivalent:

(a) f € [T Lexp]-

(b) supjpi<if| 1T (A) || Loy, < 00

(c¢) T(fxa) € Lexp for every A € B.

(d) supaes [[T(fXA)|| Lerp < 00

() T(0f) € Lexp for every 8 € L™ with |0] =1 a.e.

(£) supjg=1 1 T(0.)]] Lo, < 00

(g) fT(g9) € L' for every g € LlogL.

(ii) Ewvery function f € [T, Lexp| satisfies the inequalities
Sup [[T(XAS) | Lexp < SUP [|T(0f)|Lexp < sUP [T (7)) Loy
AeB lo|=1 [hI<|f]

< 4sup |[T(XAS) || Lery-
AeB

Proof. The proof of the equivalences (a)<(b)e(c)<(d)<(e)<(f) in
part (i) follows by adapting the proof of [COR19, Proposition 4.1] to the
case when X = Leyp, after observing that the non-triviality of the Boyd
indices of X is not used in these proofs, and by using Proposition [3.1| above
in place of [COR19, Proposition 3.1].

Applying the special case of Proposition (i.e., when f € L* and
g € Llog L) we can argue as in [COR19, proof of (d)=-(g) in Proposition 4.1]
to conclude that (b)=(g).

Finally, suppose that (g) is satisfied. Fix any A € B. Then (fx4)T(g)
€ L' for every g € Llog L (by assumption). Apply Proposition to fxa
in place of f to obtain gT(fxa) € L! for all ¢ € LlogL. Accordingly,
T(fxa) € (Llog L) = Lexp, which establishes (c).

The inequalities in part (ii) can be proved exactly as in [CORI19L proof
of the “Moreover” part of Proposition 4.1]. =

PROPOSITION 6.2. The space [T, Lexp) is a linear lattice for the a.e. point-
wise order and, when equipped with the norm

(6.2) Il Lep) 7= SUPLNT ()| e < AL < S} f € [T, Lexpl,
it is a B.f.s. over (—1,1).

Moreover, [T, Lexp)| is the largest B.f.s., within L°, to which Tao: L™ —
Lexp admits an Lexp-valued, continuous linear extension.

Proof. Proposition 6.1 shows that || - |[7,r,,,] is finite on [T, Lexp]. That
[T, Lexp) is a vector space and || - [|(7,L.,,) is @ lattice seminorm follows the
argument given in [CORI9, p. 1850]. To show that || - [/i7,r.,,] 18 actually a
norm, let f € [T, Lexp| satisfy || f|/r,1.,,] = 0- Suppose that f # 0. Choose
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A € B with u(A) > 0 such that fxa € L*™ and f(x) # 0 for all x € A. Since
|fxal <|fl, it follows from that ||T(fxa)llLe, = 0 and so T'(fxa) = 0.
The injectivity of Too: L> — Lexp implies that fy 4 = 0 a.e. This contradic-
tion establishes the claim. Completeness of [T, Lexp| follows the arguments
given in [COR19, proof of Lemma 4.4]. The proof that [T, Lexp| has the Fa-
tou property can be deduced from the arguments used to establish [COR19,
Proposition 4.5].

Establishing the optimality of [T, Lexp] follows [COR24-1) proof of The-
orem 4.6] as explicitly done in [COR20, proof of Proposition 2.7|.

We point out that the proofs from [COR19] indicated above correspond
to the case of [T, X]| when X is a r.i. space with non-trivial Boyd indices.
However, they remain valid in our current setting since the non-triviality of
the Boyd indices is not actually used in those proofs from [COR19]. =

The following remarkable inequality, namely [COR24-1, Theorem 3.11],
will be needed below.

THEOREM 6.3. Let A € B satisfy p(A) > 0. Then
1
3

PROPOSITION 6.4. The inclusion [T, Lexp) € L™ is valid.

Proof. Let f € [T, Lexp). For each n € N, set 4, := {z € (-1,1) : n <
|f(x)] < n+ 1}. Note that nya, < |f| a.e. Let ¢ € Llog L. By applying
Proposition to nxa, € L* and g € LlogL we can deduce that both
9T (nxa,) and nxa,T(g) are integrable and satisfy

1 1

S 9T (nxa,) = — S nxa,T(g), mneN

-1 ~1
Thus, using the equivalence (a)<(g) in Proposition and the inequality
nxa, < |f| yields

IT(ca) | ey >

1 1
§ aTmva)| < | 1/T@)] <. neN
-1

-1

Since the previous inequality holds for arbitrary g € Llog L, it follows that
the set {nT(xa,) : n € N} is weak-* bounded in Ley, and hence, by the
uniform boundedness principle, it is norm bounded in Lex, = (LlogL)*.
That is, for some constant C' > 0, we have

C
||T(XAn)HLexp —_ E’ n e N?

which implies [|T'(x A, )|/ Loy, — O for n — oco. But Theorem implies

1
1T ey > — o5
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for every A € B with u(A) > 0. Consequently, there exists ng € N such
that u(Ay,) = 0 for all n > ng, that is, |f(x)| < ng for a.e. z € (—1,1). So,
felL® n

As announced, we now answer the question regarding the optimal exten-
sion of Too: L — Lexp.

THEOREM 6.5. The identity [T, Lexp] = L™ holds as an order and bi-
continuous isomorphism between B.f.s.’s. Hence, T : L — Leyp does not
admit a continuous, linear, Lexp-valued extension to any strictly larger B.f.s.
within L.

Proof. Propositions and show that L> and [T, Lexp| are equal as
vector spaces.

To prove that L is continuously included in [T, Lexp|, fix f € L. For
each h € LV satisfying |h| < |f| observe that h € L> with ||h||pe < || f|lLs.
Proposition yields |T(h)|| Lo, < [T - [|2llzee < [T - || f]loo and so we
can conclude from that

17 o) < NTN - llzees f € L7,

where ||T|| denotes the operator norm ||T'[|zer,,,. That is, the natural
inclusion L> C [T, Lexp| is continuous.

Since both L> and [T, Lexp) are B.f:s.’s (cf. Proposition [6.2)), it follows
from the Open Mapping Theorem that the natural inclusion L™ C [T, Lexp)
is an isomorphism.

Proposition @ implies that Tt : L — Leyx, does not admit a continu-
ous, linear, Ley,-valued extension to any strictly larger B.f.s. within I
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