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Abstract

There are numerous generalizations of the celebrated Priestley duality for bounded distributive
lattices to the nondistributive setting. The resulting dualities rely on an earlier foundational
work of such authors as Nachbin, Birkhoff-Frink, Bruns—Lakser, Hofmann—Mislove—Stralka, and
others. We undertake a detailed comparative study of the existing dualities for arbitrary bounded
(nondistributive) lattices, including supplying the dual description of bounded lattice homomor-
phisms where it was lacking. This is achieved by working with relations instead of functions. As a
result, we arrive at a landscape of categories that provide various generalizations of the category
of Priestley spaces. We provide explicit descriptions of the functors yielding equivalences of these
categories, together with explicit dual equivalences with the category of bounded lattices and
bounded lattice homomorphisms.
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1. Introduction

There is a well-developed duality theory for distributive lattices. It was first established
by Stone [Sto37] as a generalization of his celebrated duality for boolean algebras [Sto36].
The resulting spaces are known as spectral spaces, which also arise as prime spectra of
commutative rings [Hoc69] (see also [DST19]). An alternative duality was established by
Priestley [Pri70), [Pri72] in the language of ordered Stone spaces, which became known as
Priestley spaces. Cornish [Cor75] showed that the two approaches are two sides of the
same coin by establishing an isomorphism between the categories Spec of spectral spaces
and Pries of Priestley spaces (see Chapter [2| for details).

The above approaches heavily depend on the Prime Filter Lemma (that distinct ele-
ments of a distributive lattice can be separated by a prime filter), which is no longer
available for arbitrary lattices. Over the years, various approaches have been devel-
oped to generalize Stone and Priestley dualities to arbitrary (nondistributive) lattices.
The first such approach was undertaken by Urquhart [Urq78], followed by Hartung
[Har92|, Plos¢ica [Plo95], Dunn and Hartonas [HD97], Hartonas [Har97|, Gehrke and
van Gool [Gv(G14], and Jipsen and Moshier [MJ14]. More recent approaches include
[Har18, [CG20, BD™ 24, [Har25].

While some of these authors pointed out connections with earlier works, a compre-
hensive comparison of all these dualities is still lacking, and it is the goal of this article
to fill in this gap. In addition, we provide an axiomatization of the category arising
from the Dunn—Hartonas approach, and describe the morphisms dual to arbitrary lat-
tice homomorphisms that was missing in the approaches of Urquhart, Hartung, Plos¢ica,
and Gehrke—van Gool. This is done by working with relations instead of functions be-
tween the appropriate spaces, a technique that originates in modal logic and has been
used to describe duals of morphisms of distributive and implicative semilattices (see
[Cel03D), [Cel03al, BJ11), BJ13]). In the nondistributive case it was used by Celani and
Gonzalez [CG20)].

An important underlying theme in these considerations is Nachbin’s well-known cor-
respondence between semilattices and algebraic lattices [Nac49] (see also [BF48]), and
the resulting Pontryagin-style duality for semilattices [HMS74]. This can be achieved by
working either with join-semilattices and the ideal functor or with meet-semilattices and
the filter functor. Since most of the above approaches follow the latter, so will we.

Every algebraic lattice is a continuous lattice, and hence carries the Scott and Law-
son topologies (see, e.g., [GHT03|), which are central to some of the dualities mentioned
above. These topologies can be defined in the more general setting of posets, giving rise
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6 G. Bezhanishvili, L. Carai and P. J. Morandi

to a more general approach to various Stone-like dualities. We refer to |[GHT03| as well
as to [Em91l [Ern93| [Ern04] and the references therein. For our purposes, working with
the Scott topology yields the Jipsen—-Moshier duality for semilattices, and working with
the Lawson topology the BDGM duality [BD™24|. If the semilattice under consideration
is a lattice, then the corresponding algebraic lattice is arithmetic (binary meets of com-
pact elements are compact). While it is not necessary, it is convenient (and common) to
restrict one’s attention to bounded lattices. This results in further restriction that the
top element of an arithmetic lattice is compact (equivalently, finite meets of compact
elements are compact). Borrowing the terminology from pointfree topology [Joh82|, we
call such complete lattices coherent. Then Jipsen—Moshier duality for bounded lattices
is established by working with the Scott topology (see Chapter [3)), while the BDGM
duality by working with the Lawson topology on coherent lattices (see Chapter 4. The
equivalence of the two approaches is then a simple matter of appropriate restriction of
the Cornish isomorphism between Spec and Pries.

It is interesting to note that the spaces that Hartonas works with in [Har97] are
nothing other than BDGM-spaces in disguise. Thus, we derive Hartonas duality from the
BDGM duality (see Chapter |5]).

While in nondistributive lattices we do not have sufficient supply of prime filters, we
do have sufficient supply of the filters that are meet-irreducible elements of the lattice
of filters. This allows to represent arbitrary (semi)lattices as subbasic closed sets of the
topology on the set of meet-irreducible filters, an approach undertaken in [CG20] (see
also [Har25]). This approach is outlined in Chapter @ where we discuss how to go back
and forth between the Jipsen—Moshier and Celani-Gonzéalez spaces.

Dunn-Hartonas work not only with the filters Filt(A4), but also with the ideals IdI(A)
of a lattice A, and the relation R C Filt(A) xIdI(A) given by F R1I iff FNI # @. They call
such triples canonical L-frames and develop their duality in the language of these triples.
We provide an axiomatization of such objects, and show that the resulting category is
equivalent to the category of Hartonas spaces. This yields an equivalence between the
Jipsen—Moshier, Bezhanishvili et al., Celani-Gonzélez, Hartonas, and Dunn—Hartonas
approaches (see Chapter @

The remaining approaches are more faithful to the Priestley approach to distributive
lattices in that these authors work with not all filters and ideals, but smaller collections
that are big enough to separate distinct elements of the lattice. As a consequence, axiom-
atizations of the corresponding spaces are more involved. We show that the Gehrke—van
Gool spaces can be obtained from Dunn—Hartonas spaces (X, R, Y") by selecting appropri-
ate closed subspaces of X and Y and restricting the relation R to those (see Chapter .
This is done by working with distributive joins and meets, an idea that goes back to
MacNeille [Mac37] (see also [BL70l, [HKT71]), which allows us to work with an appropriate
weakening of the notion of prime element. Distributive joins and meets are also known
as exact [Bal84] (see also [BPP14, BPW16]). Hartung spaces can then be obtained by
further restricting Gehrke—van Gool spaces to subsets Xy of X and Y; of Y that are
maximal in certain sense, and taking Ro = RN (Xo x Yp) (see Chapter [9). We point out
that Xy and Y are no longer closed subsets of X and Y. Because of this, instead of the
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subspace topology of the original topology, we work with the subspace topology of the
open downset topology, which is not as well behaved (see |[GvG14l, pp. 447-448]).

Urquhart spaces can be obtained from Hartung spaces (Xo, Ro, Yo) by working with
the subset Z of Xy x Yy consisting of pairs (z,y) such that z is y-maximal and y is
x-maximal, which is equipped with two natural orders <; and <5 (see Chapter .
Ploscica spaces can be thought of as an alternative presentation of Urquhart spaces,
where the two quasi-orders <; and <5 are replaced by a single reflexive relation R
(see Chapter [LI). Finally, we show that each Urquhart space (Z,<1,<s) gives rise to
the Dunn—Hartonas space (X, R,Y"), thus completing the circle of correspondences (see
Chapter .

We point out that the approaches of Urquhart, Hartung, Plos¢ica, and Gehrke—van
Gool did not have morphisms fully developed. For example, Urquhart and Hartung de-
veloped duals of onto bounded lattice homomorphisms, while Gehrke-van Gool did the
same for the more general class of admissible homomorphisms (see [GvG14, Def. 3.19]).
These duals are described by appropriate pairs of functions. This approach does not gen-
eralize to arbitrary bounded lattice homomorphisms, which could be explained by the
fact that restrictions of a Dunn-Hartonas morphism (f,¢): (X,R,Y) — (X', R, Y’) to
various subsets of X, X’ and Y,Y” that the other authors work with may no longer be
well-defined functions. We overcome this by working with pairs of relations between var-
ious such subsets, instead of pairs of functions, thus yielding a series of functors from
the appropriate categories which we show are equivalences (see Chapter . As a result,
we arrive at the diagram of equivalences in Figure [I} which captures in a nutshell how
these various dualities for lattices relate to each other. In the diagram, the double arrows
represent isomorphism and the single arrows equivalence of categories. In Table [I] we
describe the main categories at play.

Cohlat, M CG

[

CohlLaty, +—— BDGM «—— Hs

DH Urg Plo

|

GvG — Hg

Fig. 1. Diagram of the equivalences

Letting Lat be the category of bounded lattices and bounded lattice homomorphisms,
we show that composing each of the above equivalences with the corresponding dual
equivalence with Lat yields a diagram that commutes up to natural isomorphism (see
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Chapter . We conclude the paper by demonstrating how each of these dualities re-
stricts to the distributive case. As expected, the dualities of Celani—Gonzalez, Gehrke—van
Gool, Hartung, Urquhart, and Plos¢ica all collapse to Priestley duality. We also indicate
how each of the above dualities works on a nondistributive lattice, thus showcasing the
similarities and differences between all these different approaches (see Chapter .

Table 1. Table of the categories

Category  Objects Location
CohlLat, Coherent lattices with Scott topology Def.
CohLaty Coherent lattices with Lawson topology Def.
M Jipsen—Moshier spaces for lattices Def.
BDGM BDGM-spaces Def.
Hs Hartonas spaces for lattices Def.
CG Celani—Gonzélez spaces Def.
DH Dunn—Hartonas spaces Def.
GvG Gehrke—van Gool spaces Def.
Hg Hartung spaces Def.
Urq Urquhart spaces Def.
Plo Ploséica spaces Def.

2. Preliminaries

In this preliminary chapter we recall the Cornish isomorphism [Cor75| between Spec and
Pries, the Nachbin theorem [Nac49] connecting semilattices with algebraic lattices, and the
resulting Pontryagin-style duality between semilattices and algebraic lattices [HMST4].
We also specialize this to an equivalence between bounded lattices and what we term
coherent lattices (the term that we borrow from pointfree topology |[Joh82l p. 65]).

For a topological space X, let O(X) be the frame of opens of X. We recall [Joh82|
Sec. 11.3.4] that X is coherent if the compact opens form a bounded sublattice of O(X)
that is a basis for X. Observe that each coherent space is compact. A nonempty closed
subset C' of X is irreducible if it cannot be written as the union of two proper closed
subsets. The space X is sober if each closed irreducible subset is the closure of a unique
point. Observe that each sober space is Ty. If X is coherent and sober, then X is called a
spectral space [Hoc69, p. 43] (see also [DST19, Def. 1.1.5] or [Joh82l p. 65]; in the latter
these spaces are called coherent). A map f: X — Y between spectral spaces is a spectral
map provided the pullback of a compact open is compact open. Note that each spectral
map is continuous. Let Spec be the category of spectral spaces and spectral maps.

A compact ordered space X is a Priestley space if it satisfies the Priestley separation
axiom: If x € y, then there is a clopen upset U containing x and missing y. Let Pries be
the category of Priestley spaces and continuous order-preserving maps.

THEOREM 2.1 (Cornish’s isomorphism [Cor75|). Spec is isomorphic to Pries.

REMARK 2.2. We recall the functors establishing this isomorphism. If (X, 7) is a spectral
space, then (X, 7, <) is a Priestley space, where 7 is the patch topology and < is the
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specialization order of 7. Conversely, if (X, 7, <) is a Priestley space, then (X,7) is a
spectral space, where 7 is the topology of open upsets. In addition, a map between
spectral spaces is spectral iff it is continuous and order-preserving with respect to the
corresponding Priestley spaces.

We next recall Nachbin’s well-known result [Nac49| that algebraic frames are exactly
the ideal lattices of join-semilattices. By a join-semilattice we mean a poset in which all
finite joins exist. In particular, each join-semilattice has a least element 0.

An element k of a complete lattice L is compact if k& < \/.S implies k¥ < \/ T for
some finite ' C S. Let K (L) be the set of compact elements of L. Then it is easy to see
that K (L) is a join-semilattice, where the order on K (L) is the restriction of the order
on L. The following definitions are well known (see, e.g., [GHT03, Def. 1-4.2|, [Joh82]
p. 252]).

DEFINITION 2.3. We call a complete lattice L

(1) a compact lattice if 1 € K(L);

(2) an algebraic lattice if K(L) join-generates L;

(3) an arithmetic lattice if L is algebraic and K (L) is closed under binary meets;
(4) a coherent lattice if L is a compact arithmetic lattice.

REMARK 2.4. Tt is immediate from the definition that an algebraic lattice L is coherent
iff K(L) is a bounded sublattice of L.

For a join-semilattice A, let IdI(A) be the lattice of ideals of A.
THEOREM 2.5 (Nachbin’s theorem [Nac49]). Let L be a complete lattice.

(1) L is algebraic iff L = 1dI(A) for a join-semilattice A.
(2) L is arithmetic iff L 2 1dI(A) for a lattice A.
(3) L is coherent iff L 2 1dI(A) for a bounded lattice A.

Nachbin’s theorem has an obvious reformulation for the filter lattices of meet-semi-
lattices (by which we mean posets in which all finite meets exist). Following the standard
practice in duality theory for lattices, we will have a blanket assumption that all lattices
are bounded. We will thus concentrate on the following two results, where Filt(A4) is the
lattice of filters of a meet-semilattice A:

e L is an algebraic lattice iff L = Filt(A) for a meet-semilattice A;
e L is a coherent lattice iff L = Filt(A) for a bounded lattice A.

There are several natural topologies on Filt(A). To recall them, we introduce the
following standard notation:

NOTATION 2.6. Let X be a poset.

(1) For S C X, we write 15 for the upset and .S for the downset generated by S. Then S
is an upset if S =15 and a downset if S = |S.
(2) For S,T C X we write —S for set-theoretic complement and S — T for set difference.

DEFINITION 2.7 (JGHT03| Def. II-1.3]). Let L be an algebraic lattice. An upset U of L
is Scott open if \/ S € U implies SNU # & for each directed S C L.
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The Scott open subsets of L form a topology, known as the Scott topology and denoted
by o(L). In what follows we will freely use the following well-known facts about the Scott
topology (see |[GHT03, Secs. II-1, I1-2]).

THEOREM 2.8. Let L be an algebraic lattice.

preserves directed joins.
We next recall the Lawson topology (see |[GHT03) Sec. III-1]).
DEFINITION 2.9. Let L be an algebraic lattice.

(1) The lower topology w(L) on L is generated by the subbasis {—tx : « € L}.
(2) The Lawson topology A(L) is the join of the Scott and lower topologies.

We will freely use the following well-known facts about the Lawson topology (see
[GHT03l Secs. I1I-1, V-5]). A meet-semilattice homomorphism between two meet-semi-
lattices is a map f: L — M that preserves finite meets (and hence f(1) = 1).

THEOREM 2.10. Let L be an algebraic lattice.

(1) The Lawson topology on L is the patch topology of the Scott topology.

(2) An upset of L is Lawson open iff it is Scott open.

(3) Let f: L — M be a meet-semilattice homomorphism between algebraic lattices. Then
f is Lawson-continuous iff [ is Scott-continuous and preserves arbitrary meets.

REMARK 2.11.

(1) Putting together Theorems 2.8|14)), and [2.10(|1), for each algebraic lattice L, we
find that (L, o (L)) is a spectral space and (L, A(L), <) is the corresponding Priestley

space.

(2) In |GH™03|, meet-semilattices are not assumed to have a top, and hence meet-
semilattice homomorphisms need not preserve the top. Under our definition of meet-
semilattice homomorphisms, |[GHT03, Thm. ITI-1.8| takes the stronger form of The-
orem (namely, preserving nonempty meets becomes equivalent to preserving
arbitrary meets).

We next define the categories of algebraic lattices with the Scott topology and alge-
braic lattices with the Lawson topology to which the Cornish isomorphism restricts.

DEFINITION 2.12.

(1) Let AlglLat, be the category of algebraic lattices with the Scott topology and Scott-
continuous maps that preserve arbitrary meets.

(2) Let Alglaty be the category of algebraic lattices with the Lawson topology and meet-
semilattice homomorphisms that are Lawson-continuous.
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REMARK 2.13. Clearly isomorphisms in both AlglLat, and AlglLaty are order-isomor-
phisms. Let f: L — M be an AlgLat,-morphism. We show that f is spectral. Let U C M
be compact open. It is enough to show that f~!(U) is compact. By Theorem , it
suffices to assume that U = 1k for some k € K(M). Set x = A\ f~1(U), so f~1(U) C tu.
Because f preserves arbitrary meets, f(x) = A{f(z) : z € f~1(U)}. This shows that
k < f(x). Therefore, z € f~1(U), and hence f~*(U) = tz. Thus, f~*(U) is compact
since each principal upset is compact. Consequently, Alglat, is a (nonfull) subcategory
of Spec. Similarly, AlglLaty is a (nonfull) subcategory of Pries.

As an immediate consequence of the above we obtain:

THEOREM 2.14. The Cornish isomorphism between Spec and Pries restricts to an iso-
morphism between AlglLat, and AlglLat).

REMARK 2.15. Since the Scott and Lawson topologies are intrinsic to algebraic lattices,
each of Alglat, and Alglat, is also isomorphic to the category AL, considered in [GHT03,
Def. TV-1.13], whose objects are algebraic lattices and whose morphisms are maps pre-
serving arbitrary meets and directed joins.

Now suppose that L, M are coherent lattices and f: L — M is an AlglLat,-morphism.
Since f preserves arbitrary meets, it has a left adjoint £: M — L. By |[GHT03, Cor. IV-
1.12], /[K(M)] C K(L). In addition, we have:

LEMMA 2.16. Let f: L — M be an Alglat,-morphism with left adjoint £. The following
are equivalent:

(1) £ preserves finite meets.

(2) ¢ preserves finite meets of compact elements.

(3) f~! preserves finite joins of principal filters.

(4) f~1 preserves finite joins of principal filters of compact elements.

Proof. (1)<(2) One direction is obvious. For the other, let S C L be finite. Because ¢ is
order-preserving, £(A S) < A{l(z) : x € S}. To see the equality, let x € S and k € K(M)
with & < £(x). Since ¢ preserves arbitrary joins, £(z) = \/{(m) : m € la N K(L)}. As k
is compact and this join is directed, there is m € K (L) with m < z and k < ¢(m). Now,
it k e K(M) with k < A{l(x) : x € S}, then for each z € S there is m, € K(L) with
m, < x and k < ¢(m,,). Since ¢ preserves finite meets of compact elements,

k<t(Nma e st)<e(A\S).

This yields the reverse inequality, and hence ¢ preserves all finite meets.
(1)<(3) Since f~1(1y) = 1(y) for each y € M, for S C M finite we have

= (Vityiwesy) = (TAS) = Te(A\s)
Vi (y) iy e sy =\/{1t) :ye S} =T \{tw) : y € S}.

From this we see that f~' preserves finite joins of principal filters iff ¢ preserves finite

meets. Therefore, (1) and (3) are equivalent.
(2)<(4) This follows from the same argument as for (1)< (3). m

and
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DEFINITION 2.17.

(1) Let CohLat, be the category of coherent lattices and Alglat,-morphisms whose left
adjoint preserves finite meets.

(2) Let CohLaty be the category of coherent lattices and AlgLaty-morphisms whose left
adjoint preserves finite meets.

Clearly CohLat, is a (nonfull) subcategory of Alglat, and Cohlaty is a (nonfull)
subcategory of AlglLaty. As an immediate consequence we obtain:

THEOREM 2.18. The isomorphism of Theorem restricts to an isomorphism between
CohLat, and CohLaty.

We recall from the introduction that Lat is the category of bounded lattices and
bounded lattice homomorphisms. Let also SLat be the category of meet-semilattices and
meet-semilattice homomorphisms.

THEOREM 2.19.

(1) The categories Alglat, and Alglaty are each dually equivalent to SLat.
(2) The categories CohlLat, and Cohlaty are each dually equivalent to Lat.

Sketch of proof. In [HMS74, Thm. 1.3.9] (see also [GHT03, Thm. IV-1.16]), Nachbin’s
theorem was generalized to a duality between SLat and the category of Stone semilattices.
Since the latter is (isomorphic to) Alglaty, the result follows by applying Theorem

The dual equivalence of AlgLaty and SLat restricts to a dual equivalence of CohLaty
and Lat (see, e.g., [HMS74, Prop. 3.19]). Now apply Theorem n

REMARK 2.20.

(1) Theorem together with Remarkimplies that SLat is also dually equivalent
to AL (see [Ern91l Cor. 5.9(3), |JGH™03, Thm. IV.1.16]).

(2) The functors establishing the dual equivalences of Theorem are described as
follows. One functor sends a semilattice or lattice A to Filt(4) and a morphism
a: A — Btoa™l:Filt(B) — Filt(A). The other sends an algebraic or coherent lattice
L to (K(L),>) and a morphism f: L — M to the restriction of its left adjoint.

3. The Jipsen—Moshier approach

In [MJ14], Jipsen and Moshier defined two categories of topological spaces and showed
that they are dually equivalent to SLat and Lat. In this chapter we show that these two
categories of spaces are isomorphic to AlgLat, and CohLat,, respectively.

For a topological space X, we write < for the specialization order on X. A nonempty
subset F' of X is a filter if for each z,y € F, there is z € F with z < x,y. Observe that
when X is a meet-semilattice, this notion is equivalent to the standard notion of filter.
Let OF(X) be the open filters and KOF(X) the compact open filters of X. A subset A
of X is F-saturated if it is an intersection of open filters. For A C X, set

fsat(A) = [{U € OF(X): AC U}.
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Then fsat is a closure operator on X, and so its fixpoints form the complete lattice
FSat(X), where meet is given by intersection and join by \/S = fsat(|JS) (see, e.g.,
[DPGZ, Prop. 7.2(ii)]).

DEFINITION 3.1.

(1) Let X be a topological space. We call X a Jipsen—Moshier space, or JM-space for
short, if X is sober and KOF(X) forms a basis that is closed under finite intersections.

(2) Let JMgLat be the category of Jipsen—Moshier spaces and maps f: X — Y satisfying
U € KOF(Y) implies f~1(U) € KOF(X).

REMARK 3.2. JM-spaces are called HMS-spaces in [MJ14], to emphasize their reliance on
Hofmann—Mislove—Stralka duality for semilattices [HMS74]. The definition of a JM-space
is a strengthening of the definition of a spectral space in that the coherence condition
on compact open subsets holds for the smaller collection KOF(X), and similarly for
morphisms. Observe that KOF(X) is a meet-subsemilattice of FSat(X) and every JMg -
morphism is automatically continuous.

Because we will be viewing algebraic lattices as topological spaces, we will typically
denote them by X, Y, Z. We recall the following results from [MJ14] Secs. 2, 3].

THEOREM 3.3. Let X be a topological space and < its specialization order.

(1) A filter of X with respect to < is compact iff it is principal.
(2) X € Mg iff (X, <) is an algebraic lattice and the topology of X is the Scott
topology.

REMARK 3.4. We briefly comment on the proof of Theorem . Using Theorem
it is easy to see that each algebraic lattice with the Scott topology is a JM-space. The
key then is to prove that a JM-space is an algebraic lattice and the topology is the Scott
topology. This can be seen as follows. Since every JM-space is sober, directed joins exist.
This together with the fact that compact open filters are principal implies that arbitrary
meets exist, and hence X is a complete lattice. In addition, X is algebraic since compact
open filters are precisely the principal upsets of compact elements, which also implies
that the topology is the Scott topology.

Putting Theorem|2.8|(2]) and Theorem 3.3|(1]) together yields the following result, which
will be used throughout.

LEMMA 3.5. Let X be an algebraic lattice. Viewing X as a topological space with the Scott
topology, KOF(X) = {tk: k € K(X)}.
We next turn our attention to morphisms. The next result can be derived from [MJ14]

Sec. 5]. To keep the paper self-contained, we give a short proof.

LEMMA 3.6. Let f: X — Y be a map between algebraic lattices. Then [ is a JMgat-
morphism iff f is an AlgLat,-morphism.

Proof. Suppose that f is a Alglat,-morphism. Let U € KOF(Y). By Remark [2.13] f
is spectral, and hence f~!(U) is compact open. In addition, since f preserves arbitrary
meets, f~1(U) is a filter. Thus, f~1(U) € KOF(X), and so f is a JMg| s-morphism.
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Conversely, let f be a JMg|y-morphism. Then f is Scott-continuous by Remark
and Theorem . If U is compact open, then U is a finite union from KOF(Y'). There-
fore, f~1(U) is a finite union from KOF(X). Consequently, f is spectral. To see that
f preserves arbitrary meets, first observe that f is order preserving since the orders
on X and Y are the specialization orders for the Scott topology by Theorem [2.8)(1)).
Now let S C X and set + = AS. Then f(z) < A f[S]. For the reverse inequality, let
l € K(Y) with I < A f[S]. Then | < f(z) for each z € S. By Lemma there is
k € K(X) with f=*(1) = tk. Therefore, if z € S, then k < z. This yields k < x, and so
I < f(k) < f(z), again since f is order preserving. Because A f[S] is the join of all such I,
we get A f[S] < f(z), and hence f(x) = A f[S]. Thus, f preserves arbitrary meets, and
hence is an AlglLat,-morphism. =

THEOREM 3.7. Alglat, is isomorphic to JMg 4.

Proof. By Theorem, X € Alglat, iff (X, 0(X)) € JMst. Moreover, by Lemma
f € Homaggrat, (X, Y) iff f € Homypmg,,, (X, Y). Thus, the assignment X — (X, 0(X)) and
f — f defines the desired isomorphism of categories. m

The next result is an immediate consequence of the above and Theorem [2.19((L]).
COROLLARY 3.8 (|[MJ14, Thm. 5.2]). JMsiat is dually equivalent to SLat.

REMARK 3.9. The functors yielding the duality of Corollary [3.8] are essentially those
described in Remark That is, X € JMg 4 is sent to KOF(X), which is isomorphic
to (K(X),>), and A € Slat to Filt(A). A JMg a-morphism f: X — X’ is sent to the
restriction of f~1 to KOF(X’), and a SLat-morphism f: A — B to f~!: Filt(B) — Filt(A).

We now consider a (nonfull) subcategory of JMs| o that is dually equivalent to Lat.

DEFINITION 3.10. Let JM be the category of Jipsen—Moshier spaces such that KOF(X)
forms a bounded sublattice of FSat(X) and JMs| ,.-morphisms f such that f~! preserves
finite joins of compact open filters.

Putting Theorem [3.3|(2]) together with [MJ14, Thm. 3.2] yields:

LEMMA 3.11. Let X € JMgiat. Then X € JM iff X is a coherent lattice and the topology
of X is the Scott topology.

REMARK 3.12. The key idea of the proof is as follows. By Lemma KOF(X) is iso-
morphic to (K(X),>). Thus, KOF(X) is a bounded sublattice of FSat(X) iff K(X) is a
bounded sublattice of X.

In addition, putting Lemmas [2.16] [3.5] and [3.6] together yields:

LEMMA 3.13. Let f: X — Y be an AlglLat,-morphism between coherent lattices topolo-
gized with the Scott topology. Then f is a CohlLat,-morphism iff f is a JIM-morphism.

We thus obtain:
THEOREM 3.14. Cohlat, is isomorphic to JM.

Proof. By Lemma X € Cohlat, iff (X,0(X)) € JM. By Lemma|3.13] we know that
f € Homcontat, (X, Y) iff f € Homym(X,Y"). Therefore, the isomorphism between AlglLat,
and JMsg) 5 restricts to an isomorphism between CohlLat, and JM. =
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The next result is an immediate consequence of the above and Theorem [2.19([2)).
COROLLARY 3.15 ([MJ14, Thm. 5.2]). JM is dually equivalent to Lat.

REMARK 3.16. The functors yielding the duality of Corollary [3.15] are the restrictions of
those given in Remark [3.9]

4. The Bezhanishvili-Dmitrieva—de Groot—Moraschini approach

In this chapter we consider the spaces introduced in [BDT24], which we term BDGM-
spaces. The same way JM-spaces are a strengthening of spectral spaces, BDGM-spaces
are a strengthening of Priestley spaces, and the Cornish isomorphism between Spec and
Pries restricts to an isomorphism between the categories of JM-spaces and BDGM-spaces.
As we pointed out in the previous chapter, these categories come in two flavors, depending
on whether we want to obtain a dual equivalence for SLat or Lat. We thus arrive at two
categories BDGMg o+ and BDGM. We show that BDGMgy 4 is isomorphic to Alglaty, from
which we deduce that BDGMg) ,; is isomorphic to JMg,:. We then show that the above
isomorphism restricts to an isomorphism between BDGM and Cohlaty, from which we
deduce that BDGM is isomorphic to JM.

DEFINITION 4.1.

(1) We call an ordered topological space X a BDGM-space if it is a compact space, a
meet-semilattice, and the following strengthening of the Priestley separation axiom
holds:

If x £ y, then there is a clopen filter F such that z € F and y ¢ F.

(2) A BDGM-morphism between BDGM-spaces is a continuous meet-semilattice mor-
phism.
(3) Let BDGMgy 4t be the category of BDGM-spaces and BDGM-morphisms.

REMARK 4.2. It is clear from the above definition that each BDGM-space is a Priestley
space, and so < is a closed order on X. In particular, tx, |« are closed for each x € X.
Moreover, an argument similar to that for Priestley spaces shows that

{F—G:F,G e CLF(X)}

is a subbasis for the topology of X, where CLF(X) denotes the collection of clopen filters
of X.

It is trivial to see that each algebraic lattice with the Lawson topology is a BDGM-
space. The following lemma shows the converse.

LEMMA 4.3. Let X be a BDGM-space.

(1) X is a complete lattice.
(2) CLF(X) = {tk: k€ K(X)}.
(3) X is an algebraic lattice and the topology is the Lawson topology.
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Proof. Since 1 € X, it is enough to show that A S exists in X for each nonempty
S C X. Let T be the set of all finite meets from S. Because X is compact and each |t is
closed, (" {}t : t € T} is nonempty. This intersection is the set S’ of lower bounds of S.
Ifzq,...,2, € Stand tq,...,t, € T, then z; < t; for each 4, j, so

LA Aty € Ty NNy Nt N0 .

Therefore, {tx : 2 € S'} U {|t : t € T} has the finite intersection property, and hence
compactness implies that there is

sGﬂ{Tm:xESl}ﬁm{U:teT}.
Thus, s = A S.

Let F € CLF(X). Then {F} U {lz : © € F} is a collection of closed sets with
the finite intersection property. Therefore, there is k € F'N ({lx : © € F'}, which forces
F = 1k. To see that k € K(X), suppose that S C X with k <\/S =: s. Then 1s C 1k,
so N {tz: 2z € S} =1s C k. Since each tz is closed and 1k = F is clopen, compactness
implies that there are x1,...,x, € S with fxy N---Ntz, CTk,andso k <z V---Vz,.
Thus, k is compact.

Conversely, let k € K(X). The separation axiom for BDGM-spaces shows that the
filter Tk is an intersection of clopen filters. Therefore, by the previous paragraph, there
is S € K(X) with Tk = ({1 : € S}. This implies that k = \/ S. Since k is compact, k
is a finite join from S, and hence Tk is a finite intersection of clopen filters. Thus, Tk is
clopen.

By , for X to be an algebraic lattice, it is enough to show that each x € X
is a join from K (X). By the separation axiom for BDGM-spaces and , we have Tz =
N{tk: ke K(X), k <z}. Thus, x = \V({z N K(X)). Since {tk -1l : k,l e K(X)} isa
subbasis for the topology on X, the topology must be the Lawson topology. m

PROPOSITION 4.4.

(1) Let X be an ordered Stone space. Then X € BDGMsg 4 iff X € Alglat,.
(2) Amap f: X =Y is a BDGMg| ot-morphism iff f is an AlglLaty-morphism.

Proof. As we pointed out above, if X € Alglaty, then X € BDGMsg| 5;. The converse
follows from Lemma [4.3|(3)).

By , X,Y € BDGMg,; iff X,Y € AlglLaty. Furthermore, the topology on a
BDGM-space is the Lawson topology by Lemma. Thus, f is a BDGMg| s-morphism
iff f is an AlglLaty-morphism. =

As an immediate consequence, we obtain:
THEOREM 4.5. BDGMg) 4 is isomorphic to AlglLaty.
As a corollary, we obtain:
COROLLARY 4.6.

(1) (|IBD™24, Rem. 2.15|) The Cornish isomorphism restricts to an isomorphism between
JMSLat and BDGMSLat.
(2) (|JBD™24, Thm. 2.11]) BDGMsy . is dually equivalent to SLat.
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Proof. For apply Theorems and and for apply Theorems [2.19|(1))
and 5] =

REMARK 4.7. The duality between BDGMg| 5+ and Slat is obtained by sending X to
CLF(X) and f: X - Y to f~': CLF(Y) — CLF(X). For the other direction, A is sent to
Filt(A) and a: A — B to a~': Filt(B) — Filt(A).

We now consider a (nonfull) subcategory of BDGMg,: that is dually equivalent to
Lat.

DEFINITION 4.8. Let BDGM be the category of BDGM-spaces satisfying
e finite joins of clopen filters are clopen,
and BDGM-morphisms f: X — Y satisfying

e f(x) =1 implies z = 1;
e y' Az < f(x) implies that there are y, z with ¢’ < f(y), 2/ < f(z), and y A z < z.

REMARK 4.9. The above spaces and morphisms were introduced in [BDT24| under the
name of L-spaces and L-morphisms.

For the next lemma, observe that if f is a BDGMs) ;t-morphism, it has a left adjoint
by Proposition .

LEMMA 4.10. Let f: X — Y be a BDGMg o -morphism and £ its left adjoint. The follow-
ing are equivalent:

(1) f is a BDGM-morphism.

(2) f~1 preserves finite joins of principal filters.

(3) f~! preserves finite joins of principal filters of compact elements.
(4) ¢ preserves finite meets.

(5)

5) £ preserves finite meets of compact elements.

Proof. By Lemma conditions (2) to (5) are equivalent. Therefore, it is enough to
show that (1) and (4) are equivalent.

(1)=(4) Since 1 < f(1), we have f¢(1) = 1, which yields ¢(1) = 1. Therefore, ¢
preserves the empty meet. Let ¢/, 2’ € Y. Then ' A 2’ < fe(y' A 2). Since f is a BDGM-
morphism, there are y,z € X with ¢ < f(y), 2’ < f(2), and y A z < (y’ A 2’). Thus,
Uy") <y and ¢(z') < z, which imply that £(y’) A €(z") < £(y’ A 2'). Because ¢ is order-
preserving, we conclude that it preserves finite meets.

(4)=() If f(x) =1, then 1 = ¢(1) < ¢f(x) < x. Therefore, z = 1. Next, suppose that
z € X and y,7 €Y with y' A2/ < f(z). Then £(y') A(2') = Ly AN Z') < z. We also
find that 3’ < f(y') and 2’ < fe(2'). Letting y = £(y’) and z = £(2') yields ' < f(y),
2 < f(2), and y A z < z. Thus, f is a BDGM-morphism. =

PROPOSITION 4.11. Let X, Y € BDGMg,: and f: X — Y be a BDGMg ,t-morphism.

(1) X € BDGM iff X € CohlLat,.
(2) f is a BDGM-morphism iff f is a CohLaty-morphism.
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Proof. By Proposition , X € Alglaty. Now, X € BDGM iff finite joins of clopen
filters are clopen. By Lemma , this occurs iff K(X) is closed under finite meets,
which is equivalent to X € CohlLat,.

By Proposition 7 f is an AlglLaty-morphism. Thus, it is sufficient to apply
Lemmas 2.76] and [£.10l =

As an immediate consequence, we obtain:
THEOREM 4.12.

(1) BDGM is isomorphic to CohLaty.
(2) (|JBDT24, Rem. 2.15]) The Cornish isomorphism restricts to an isomorphism between
JM and BDGM.

Proof. For (1) apply Theorem and Proposition and for (2) apply (1), Theo-
rems and and Corollary [4.6([1). =

Putting Theorem together with Theorem [2.19([2]) yields:
COROLLARY 4.13 (|[BD™24, Thm. 2.14]). BDGM is dually equivalent to Lat.
REMARK 4.14. The duality above is a restriction of the duality given in Remark [£.7]

The following diagrams show the relationships between the various categories of Chap-
ters 2] to [@l Double arrows with no label represent isomorphisms of categories and dual
equivalences when labeled with d.

. AlgLat, +— JMg 4t CohlLat, «+— JM

d
ST W ]
d\) d\

AlglLaty «+—— BDGMg ot CohlLaty +—— BDGM

SLat

5. The Hartonas approach

In this chapter we consider the spaces introduced by Hartonas [Har97|, giving rise to two
categories that we show are isomorphic to BDGMg 5+ and BDGM, respectively.

As usual, for a poset (X,<) and A C X, we let A“ be the set of upper bounds
and A' the set of lower bounds of A. We then have the closure operator I' on X given by
['(A) = A™. SoTX = {T'(A) : A C X} is a complete lattice, where meet is intersection,
join is given by \/ A; = I'({J; 4:), top is I'(X) = X, and bottom is I'(@) = X*, which
is {1} if X has a top, and @ otherwise. We note that I'({z}) = fz for each = € X.

DEFINITION 5.1. If X is a partially ordered Stone space, we set
AX ={U €TX : U is clopen}.

We recall that a subset S of a complete lattice X is meet-dense in X if each element
of X is a meet from S.
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DEFINITION 5.2.
(1) Let X be a partially ordered Stone space. We call X an Hartonas space if

(a) X is a complete lattice;
(b) the topology on X is generated by AX U{-U : U € AX};
(¢) AX is meet-dense in T'X.

(2) Let Hsgpat be the category of Hartonas spaces and continuous maps f: X — Y such
that U € AY implies f~1(U) € AX.

REMARK 5.3.

(1) Our definition generalizes that of Hartonas [Har07, Def. 4.3] to obtain a category
equivalent to BDGMsg| o+ and dually equivalent to SLat. The axiom [Har97, Def. 4.3(2)]
which is dropped from Definition [5.2] will be added in Definition [5.10] to obtain a
category equivalent to BDGM and dually equivalent to Lat.

(2) In Definition we start with a partial order < on a Stone space X and define I
from it. On the other hand, Hartonas starts with I' on X which arises from a binary
relation <, and defines < by = < y if T'(y) C I'(z). The partial order < and the
closure operator I' are definable from one another, but we prefer to start with <
since it is easier to connect the resulting duality with BDGM-duality.

(3) The condition that X is a complete lattice is equivalent to Hartonas’s condition that
I'X = {tx : © € X}. Also, the compactness condition in [Har97, Def. 4.2(1)] is
superfluous since it follows from compactness of X.

(4) Let € X. Then Tz is closed since Tz € T'X, so is an intersection from AX by
Definition , and hence is an intersection of clopen sets. (Note that AX is
closed under finite intersections.)

(5) By Definition , each Hsgy si-morphism is continuous.

LEMMA 5.4. Let X be an algebraic lattice. Viewing X as a topological space with the
Lawson topology, AX = {1tk : k € K(X)} = CLF(X).

Proof. By definition, AX C CLF(X). By Proposition , X is a BDGM-space. There-
fore, CLF(X) = {1k : k € K(X)} by Lemma [4.3|2). Finally, tk € AX for each k € K(X)
since it is a clopen principal filter, hence an element of AX since I'X = {fz : z € X}

(see Remark [5.3|(3))). =
REMARK 5.5. Putting Lemma together with Lemma yields KOF(X) = CLF(X)
for each algebraic lattice X.

PROPOSITION 5.6.

(1) A partially ordered Stone space is an Hartonas space iff it is a BDGM-space.
(2) A map f: X =Y is a BDGMgyai-morphism iff [ is an Hsg|a-morphism.

Proof. Let X be an Hartonas space. Then X is compact. If £ y, then Ty € Tz.
Since AX is meet-dense in I'X, there is F' € AX with 1ty € F and T C F. Therefore, F’
is a clopen filter containing x but not y, and hence X is a BDGM-space.

Conversely, let X be a BDGM-space. By Lemma [L.3|[1), X is a complete lattice, so

Definition [5.2|(1a)) follows. By Lemmas and AX = CLF(X). By Remark
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{F -G : F,G € CLF(X)} is a subbasis for the topology of X, so Definition
follows. Finally, for Definition , if AeTX, then A =1x for some z € X. Because
1z is the intersection of clopen filters, we see that AX is meet-dense in I'X. Thus, X is
an Hartonas space.

Let f be a BDGMgy ,-morphism. Then f~1(F) € CLF(X) for each F € CLF(Y).
Now apply Lemma [5.4] to conclude that f is an Hsgj s-morphism.

Conversely, let f be an Hsg|,.-morphism, so f~*(AY) C AX. Since AY is meet-dense
in 'Y, we find that f~1(I'Y") C T'X. Therefore, f~* pulls principal filters to principal
filters. Thus, there is a map £ : Y — X satisfying f~!(ty) = 1¥(y). This says exactly
that ¢ is left adjoint to f. Therefore, f preserves all meets, and so is a SLat-morphism.
Thus, f is a BDGMg| si-morphism. =

Proposition [5.6] yields:
THEOREM 5.7. Hsspat is isomorphic to BDGMg) ,¢.
COROLLARY 5.8.

(1) Hsspat is isomorphic to Alglaty and JMs| .
(2) HssLat is dually equivalent to SLat.

Proof. (1) That Hssi, is isomorphic to AlgLaty follows from Theorems and and
that Hsg) 4 is isomorphic to JMgy 4 then follows from Theorems and [3.7]

(2) Apply (1) and Theorem [2.19|(1]). =

REMARK 5.9. The functors that yield the duality of Corollary|5.8(|2)) are those of BDGM-
duality (see Remarks [4.7 and [4.14)).

We now restrict the objects and morphisms of Hsg ¢ to yield a category dually equiv-
alent to Lat.

DEFINITION 5.10. Let Hs be the category of Hartonas spaces such that AX is a bounded
sublattice of I'X, and Hsg,-morphisms f: X — Y such that f~': AY — AX preserves
finite joins.

REMARK 5.11. The spaces defined in Definition are the same as those of [Har97,
Def. 4.3] (see Remark ) Since Hartonas only works with semilattice morphisms
between lattices, the extra condition on morphisms does not appear in [Har97|. This
extra condition is necessary to establish duality between Hs and Lat.

PROPOSITION 5.12. Let X,Y € Hsg) at.

(1) X € Hs iff X € BDGM.
(2) Let f: X =Y be an Hsga-morphism. Then f is an Hs-morphism iff [ is a« BDGM-
morphism.

Proof. Let X € Hsgat. By Proposition [5.6)(1)), X € BDGMg| 5. Moreover, CLF(X) =
AX by Lemma[5.4] Therefore, CLF(X) is closed under finite joins iff AX is closed under
finite joins. Thus, X € Hs iff X € BDGM.
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Let f: X — Y be an Hsg|-morphism. By Proposition [5.6{(2), f is a BDGMgj at-
morphism. Thus, by Lemmas and f is a BDGM-morphism iff f is an Hs-

morphism. m

As an immediate consequence of Theorem and Proposition [5.12] we obtain:
THEOREM 5.13. Hs is isomorphic to BDGM.
COROLLARY 5.14.

(1) Hs is isomorphic to JM.
(2) Hs is dually equivalent to Lat.

Proof. (1) Apply Theorems and [4.12{(2)).
(2) Apply Theorem and Corollary n

REMARK 5.15.

(1) The functors yielding the duality of Corollary are the restrictions of those
given in Remark [5.9]

(2) Hartonas worked with meet-semilattice homomorphisms between lattices. Because of
this, the lattices he considered only required having top but not necessarily bottom.
His duality theorem [Har97, Thm. 4.4] can be obtained by replacing coherent lattices
with arithmetic lattices and Hs-morphisms with Hsg| ,i-morphisms.

6. The Celani—Gonzalez approach

In this chapter we describe the Celani-Gonzélez approach [CG20] (see also [Har25]). Like
Jipsen and Moshier, they first describe the category CGsia¢ dual to SLat and show that
CGsLat is equivalent to JMg) 5. Next, they restrict their attention to the category CG and
prove that it is dual to Lat. It follows that CG is equivalent to JM. In this chapter we
show that the functors yielding the equivalence between CGgla and JMg| 4 restrict to
give an equivalence between CG and JM. As a consequence, we conclude our series of
equivalences of the upper part of Figure[l| (see the introduction).

Celani and Gonzalez work with pairs C = (X, K) where X is a topological space and K
is a fixed subbasis of X. We set

LC={-U:Uek}
and define the corresponding closure operator Ac by
Ac(Y)=[[{AeLC:Y C A}
We call the fixpoints of this closure operator Ac-closed sets.
Let Y C X be Ac-closed. A family Z C LC is a Y -family if for all A, B € Z, there
are H € LC and C € Z such that Y C H and AN H,BN H C C. For a binary relation

S C X1 x Xo, define Og: p(Xa) — p(X1) between the powersets by OgB = —S~![—B].
The notation (g is motivated by its use in modal logic (see, e.g., [CZ9T, p. 64]).
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DEFINITION 6.1 (JCG20, Defs. 3.5, 3.14]).

(1) Let X be a topological space with a fixed subbasis K. The pair C = (X,K) is a

Celani—Gonzdlez space, or CG-space for short, provided

(a) X is a Tp-space and X = |JK;

(b) each U € K is compact open and K is closed under finite unions (so @ € K);

(¢c) for each U,V € K, if x € UNV, then there are W, D € K with x € D — W and
DCUNV)UW;

(d) if Y is A¢-closed and Z C LC is a Y-family such that Y — A # @ for all A € Z,
then Y NN{-A4:4ec Z} # @.

(2) Let C; = (X1,K41) and Co = (X2,K3) be CG-spaces. A relation S C X; x Xo is a

CG-morphism provided

(1) if B € LCy, then OgB € LCq;

(2) S[z] is Ac,-closed for each z € X;.
(3) Let CGspat be the category of CG-spaces and CG-morphisms.

It is proved in [CG20L Sec. 3] that CGgy 4 is indeed a category, where the composition
So xS of two CG-morphisms Sy, .55 is defined by

xz(S2x 51 )z <= =z € 0g0g,B implies z € B for each B € LC3

and the identity morphism of (X, K) is the dual < of the specialization order C of X.
REMARK 6.2. Let C = (X, K) be a CG-space.

(1) K is a join-semilattice, where join is union and bottom is @. Consequently, LC is
a meet-semilattice, where meet is intersection and top is X. Since open sets are
C-upsets, elements of L C are <-upsets.

(2) If x € X, then oz = ({B € LC : x € B}, where 71 is calculated with respect to <.
To see this, the inclusion C is clear since each B € LC is a <-upset by . For the
reverse inclusion, if © £ y, then y IZ x, and since K is a subbasis, there is U € K with
y€ U and x ¢ U. Letting B = —U, we have B € LC, z € B, and y ¢ B, completing
the proof.

(3) The first condition of a CG-morphism is equivalent to: If V € Ka, then S7[V] € K.

DEFINITION 6.3 (JCG20, Defs. 3.25, 3.29]). Let CG be the category of those (X,K) €
CGsLat that satisfy

(1) X e K;
@ U{Wek:WCUNnV}eKforall UV €K,

and of those CG-morphisms S C X; x X5 that satisfy

(3) S[x] # @ for each x € X; (that is, S is serial);
(4) DsAc2 (Bl U Bz) - Acl (DsBl U Dng) for all By, By € LCs.

REMARK 6.4. Let C = (X, K) be a CG-space.

(1) Definition[6.3(2) says that if U,V € K, then the meet U AV exists in K. Consequently,
both K and L C are bounded lattices. The bottom of LC is @ by Definition .
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(2) The reverse inclusion in Definition holds automatically, so the condition says
that (g preserves binary joins in LC. This is equivalent to S~! preserving binary
meets in .

Clearly CG is a (nonfull) subcategory of CGsiat. By [CG20, Thm. 3.24], CGgpat is
dually equivalent to SLat, and CG is dually equivalent to Lat by [CG20, Thm. 3.32].
Consequently, CG is equivalent to JM. To obtain the equivalence of the upper part of
Figure [I} we give a direct proof of CG being equivalent to JM, from which the duality
between CG and Lat follows by Corollary

We start by recalling the functor M: JMg ;e — CGsrar of [CG20]. For X € JMgat
let X, be the set of meet-irreducible elements of X, where we recall that x € X — {1} is
meet-irreducible if © = y A z implies that x = y or © = z. Set

Kx ={X,, —U :U € KOF(X)},

so Kx = {X,, — 1k : k € K(X)} by Lemmal[3.5] By [CG20, Thm. 5.20], Cx = (X, Kx)
is a CG-space.

REMARK 6.5. The topology on X,, is the subspace topology of the lower topology on the
algebraic lattice X. To see this, the lower topology on X has {fz : x € X} as a subbasis
of closed sets. Since fx = {tk: k€ K(X),k <z}, -tz =UJ{-Thk: ke K(X),k <x}.
Thus, {—1k : k € K(X)} is a subbasis of open sets for X, and so {X,, —Tk: k € K(X)}
is a subbasis of open sets for X,,,. Therefore, the topology on X, is the subspace topology
of the lower topology on X.

If f: X =Y is a JMg_a-morphism, define Sy C X,, x Y, by
rSpy <= f(z)<y.
Then Sy is a CGspa-morphism, and the assignment X +— Cx and f +— Sy defines the

functor M: JMgpa: — CGgrae [CG20, Thm. 5.30]. Proposition shows that M restricts
to a functor JM — CG, the proof of which requires the following two lemmas.

LEMMA 6.6. Let X € JMgia, € X, and k,l € K(X).

(1) (JCG20, Lem. 5.11]) = = A(Tz N X.).
(2) (JCG20, Prop. 5.13]) X,,, =1k C X,, — N <=k <.

LEMMA 6.7. Let f: X =Y be a JM-morphism and £ its left adjoint.

(1) If k € K(Y), then Og, (Tk NYy,) = T4(k) N Xpp,.
(2) If k,l € K(Y), then Ac, (TkNY))U(MNNY,)) =1(kAD)NY,,.
Proof. For z € X,,,, we have
x € Os, (Th N Xn) S¢lx] €Tk N X,
)N X, CtkNX,,
k< f(x)
€ fHTR) N X,y
x € M(k)N Xy,

where the third equivalence follows from Lemma [6.6{|1)).

1rete
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By Lemma [6.6/2)), for each m € K(Y) we have
(TkNY)U(NY,) CtmnY, < m<k,l
<— m<kAI
— MNEkAL CTm.
Because k Al € K(Y) and A¢, (B) = N {tmNY,, : B C tm} for each B C Y,, (see
Lemma, the result follows. m
PROPOSITION 6.8.
(1) If X € JM, then Cx € CG.
(2) If f: X - Y is a IM-morphism, then Sy C X, X Yy, is a CG-morphism.

Proof. (1) First, Cx € CGsiat by [CG20, Thm. 5.20]. Since X € JM, 11 € KOF(X),
0 Xm = X;m — 11 € Kx. Next, let U,V € Kx. Then there are k,! € K(X) with
U=X,—TkandV =X,,— M. Let W € Lx with W CUNV, and write W = X,,, —Tm
for some m € K(X). Then m < k,l by Lemma , som < kAl Because X is
coherent, k Al € K(X), so 1(k Al) € KOF(X). Thus, W C X,, — 1(k Al). This shows
that J{W e Kx : W CUNV} CX,, —1(kAl), and the reverse inclusion holds since
Xm — (kA1) € Kx. Consequently, Cx € CG.

(2) By [CG20,, Prop. 5.24], Sy is a CGga-morphism. Let z € X,,,. If £ is the left
adjoint of f, then f(x) = 1 implies z = 1 (because £(1) = 1). Thus, since 1 ¢ X,,, we
have f(x) # 1. Therefore, Lemma yields y € X,, with f(z) < y. Consequently,
y € Sylx], so Sy[z] # @. Next, let By, By € LCy. Then there are mi,ms € K(Y) with

B; =1tm; NY,,. By Lemma ,
ACY (Bl U BQ) = ACY((Tml N Ym) U (ng N Ym)) = T(ml A\ m2) n Ym,
S0
Dsf ACY (B1 U BQ) = Tf(ml A\ m2) N X,,
by Lemma . Also, using Lemma again,
Ac, (DSfBl U DSfBQ) =Acy (Dgf (tm1NYy,)U Dsf (tma NYy))
= Acy (M(ma) N Xom) U (P(m2) N X))
=1(l(m1) Al(ma)) N X,p.
Because £(my A ma) = £(mq) A £(ms), we conclude
DSfACy (Bl UBy) = Tﬂ(ml Amg) N X,
= (M(m1) AN l(m2)) N X,
= A(;X (DSfBl U DSfBQ).
Consequently, S is a CG-morphism. =

We next recall the functor H: CGgi st — JMgi ot (defined immediately before [CG20L
Thm. 5.30]). Let C = (X, K) be a CG-space. Set

H(C) = {USgp(X):SQIC},
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and for U € K set
Uy ={HeH(C):UCH}

By [CG20), Thm. 5.9], if we topologize H(C) with the subbasis {¥y : U € K}, we obtain
H(C) € JMg| 4. In particular, it is a complete lattice, where join is union, and meet is
given by AS=U{U e K:UCNS}

Let C; = (X1,K1) and Cy = (X3,K2) be CG-spaces. For a CGg| o-morphism S C
X1 x Xo, define fs: H(C1) = H(Cs) by

fs(H) = J{VeKy: ST [V] C H}.

Then fs is a JMg|-morphism, and the assignment C — H(C) and S — fs defines the
functor H: CGspat — JMg ot [CG20, Thm. 5.30]. Proposition shows that H restricts
to a functor CG — JM, the proof of which requires the following:

LEMMA 6.9. Let C = (X,K) be a CG-space.

(1) KOF(H(C)) = {Wy : U € K}.
2) K(H(C)) = K.

Proof. This is proved in [CG20] Prop. 5.7].
Since Wy = MU for each U € K, it is enough to observe that H(C) € JMg| and
apply and Lemma "

PRrROPOSITION 6.10.

(1) IfC € CG, then H(C) € IJM.
(2) If C1,C2 € CG and S: C; — Cy is a CG-morphism, then fs: H(C1) — H(C2) is a
JM-morphism.

Proof. (1) Let C = (X, K). By [CG20, Thm. 5.9], H(C) € JMsiat. To see that H(C) € JM,
we need to see that KOF(7(C)) is a bounded sublattice of FSat(#(C)). By Lemma [6.9|(1]),
we need to show that if U,V € I, then ¥y vV ¥y € KOF(H(C)), where the join is taken
in FSat(H(C)). Because U AV € K, the join is contained in Wyay. If F is an open filter
of H(C) containing ¥y Uy, then U,V € F,so UAV € F, and hence ¥y C F. Thus,
Uy VU, =Ppyay € KOF(H(C)). Since {X} = Uy, the result follows.

(2) Let C; = (X1,K1) and Cy = (X2,K3). By [CG20, Prop. 5.27], fs is a JMgpat-
morphism, and hence an AlglLat,-morphism. By Lemma to see that fg is a JM-
morphism, it suffices to show that the left adjoint of fg preserves finite meets of compact
elements. But the left adjoint of fg is given by S~1: H(Ca) — H(Cy) (which is well defined
by Remark ) By Remark , S~ preserves binary meets from Cy. The result
follows since K (H(C2)) = K2 by Lemma [6.9((2)). =

We are ready to prove that CG is equivalent to JM.

THEOREM 6.11. The functors M and H restrict to yield an equivalence between CG
and JM.

Proof. By [CG20, Thm. 20|, M and H yield an equivalence between JMg 5 and CGgy ;.
Therefore, in view of Propositions [6.8 and [6.10] it is enough to observe that each JMgj -
isomorphism is a JM-isomorphism and each CGg t-isomorphism is a CG-isomorphism.
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The former is obvious since these are order-isomorphisms. To see the latter, let S be a
CGs) at-isomorphism from C; to Cy with inverse S’. It is sufficient to show that S is a
CG-morphism. By [CG20, Thm. 3.24], Og: LCy — LC; is an SlLat-isomorphism between
lattices. Therefore, (g is a Lat-isomorphism, and so S satisfies Definition . To see
that it also satisfies Definition [6.3|(3)), let S[z] = @. Then z € OsOg B for each B € LC;.
Thus,

(Va' € X1,VB € LCy) (z(S" xS )2’ = 2’ € B).

Since < = S’ S, we have
(Vo' € X1,VB € LCy) (x <2’ =2’ € B),

and hence tz = (L C;. On the other hand, since |JK = X, we see that ((LC; = @.
The resulting contradiction shows that S[x] # @&. Thus, each CGg|at-isomorphism is a
CG-isomorphism, concluding the proof. m

As an immediate consequence of the above theorem and Corollary we obtain:
COROLLARY 6.12 (J[CG20L Thm. 3.32]). CG is dually equivalent to Lat.

REMARK 6.13. The functor from CG to Lat sends C = (X,K) to LC and S: C; — Cz to
Os: LCy — LCy. To describe the functor in the other direction, for a lattice A, let X 4
be the set of meet-irreducible filters of A, let s: A — (X 4) be the Stone map

s(a) ={xr € Xa:ac€uz}
and let K4 = {—s(a) : a € A}. Then the functor from Lat to CG sends A to the pair
C(A) = (X4,K4)and a: A — B to So: X — X4 given by y S, x if a=t(y) C .

Putting together the results of Chapters [2] to [6] we arrive at the isomorphisms and
equivalences of the upper part of Figure

CohLat, ERE! M CIT CG
Im 14.12
CohLat, BDGM «+— BEI8  , Hg

7. The Dunn—Hartonas approach

Prior to Hartonas [Har97], Dunn and Hartonas [HD97| developed another duality for
Lat. For this they introduced the notion of an F-space (filter space), a canonical L-frame
(lattice frame), and proved that the category of canonical L-frames is dually equivalent
to Lat. An explicit axiomatization of the category of canonical L-frames was not given
in [HD97]. We fill in this gap and show that it is equivalent to CohLaty, thus recovering
Dunn-Hartonas duality from Hartonas duality.

DEFINITION 7.1 (JHD97, Def. 2.1]). A topological space X is an F-space if X is a partially
ordered Stone space such that
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(1) X is a complete lattice;

(2) there is a family X™* of principal clopen upsets such that X*U{-V : V € X*} is a
subbasis of open sets;

(3) the set {x € X : Tz € X*} is join-dense in X;

(4) X* is closed under finite intersections.

We show that F-spaces are precisely algebraic lattices with the Lawson topology. For
this we require the following lemma.

LEMMA 7.2. Let X be an F-space.

(1) The set {x € X : tx € X*} is closed under finite joins.
(2) 1z is closed for each x € X.

(3) If 1z clopen, then z € K(X).

(4) X*={tz:z € K(X)}.

Proof. If S is a finite subset of {z € X : Tz € X*}, then 1V S = N {tz : z € S}.
Therefore, \/ S € {x € X : o € X*} by Definition [7.1|{).

Let x € X. By Definition [7.1|[3]), z = \/ S for some S C X with 1k € X* for each
k € S. Therefore, ( {1k : k € S} = tz. Because each 1k is clopen, 1z is closed.

Let 1t be clopen and < \/ S for some S C X. Then ({ty:y € S} C Tz. Since
each Ty is closed by (2) and fz is open, compactness shows that there are yi,...,y, € S
with Ty N -+~ N1y, C tx. Therefore, z < y; V -+ V y,, and so x € K(X).

If to € X*, then z € K(X) by (3). For the reverse inclusion, z € K(X) and
Definition imply that z is a finite join x = ky V --- V k,, for some k; € X with
Tk; € X*. Thus, Tz =Ttk N--- N Tk, € X* by Definition . m

PROPOSITION 7.3. Let X be a partially ordered Stone space. Then X is an F-space iff X
is an algebraic lattice with the Lawson topology, and X* = CLF(X).

Proof. Let X be an F-space. Then X is a complete lattice by Definition . By
Definition and Lemma , X is algebraic. Because

{Mk:ke K(X)}Uu{-1l:le K(X)}
is a subbasis for the Lawson topology, the topology of X is the Lawson topology by

Definition [7.1][2)). Moreover, Lemmas and [7.2J|4) show that X* = CLF(X).

Conversely, suppose that X is an algebraic lattice. Then X is a complete lattice, so
Definition [T.I|(I)) holds. We set X* = {1k : k € K(X)}. Then Definition holds since
{tk: ke K(X)} U{-1l:1 € K(X)} is a subbasis for the Lawson topology. Because X
is an algebraic lattice, K(X) is join-dense in X, so Definition holds. Finally, X*
is closed under finite intersections since K (X) is closed under finite joins. Thus, X is an
F-space. =

By [HD97, p. 399], the canonical L-frame associated to a bounded lattice A is the
triple (Filt(A), R,IdI(A)) such that FRI iff F NI # &. In order to axiomatize such
triples, it is more convenient to work with the complement —R of the relation R since
it turns out to be an interior relation. For Stone spaces X,Y we recall (see, e.g., [EsaT8|
Def. 6], [BGT19, Def. 5.1]) that a relation R C X x Y is interior provided that
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(1) R[z] is closed for each x € X and R[U] is clopen for each clopen U C X;
(2) R1[y] is closed for each y € Y and R~![V] is clopen for each clopen V C Y.

REMARK 7.4. We recall [Hal62], p. 53] that a relation R between Stone spaces X and YV
is continuous if R[xz] is closed for each z € X and R™![V] is clopen for each clopen
V C Y. Interior relations are strengthening of continuous relations in that R is interior
iff R and R~! are continuous.

The next two definitions are reminiscent to what happens in positive modal logic; see
[Gol89, [CJ99] or more recent [Gol20, IMB23].

DEFINITION 7.5. Let X,Y € AlglLaty and R C X x Y be a relation. We call R a DH-
relation provided

(1) R is an interior relation;

(2) for each z € X and y € Y, both —R[z] and —R™1[y] are filters;
(3) R[z] C R[z'] = 2’/ < x;

(4) R SRy =y <.

REMARK 7.6. By Definition , the reverse implications in Definition also
hold. To see the reverse implication of Definition [7.5([3)), suppose 2’ < . If R[z] € R[2'],
then there is y € R[z] such that y ¢ R[z']. Therefore, 2’ € —R™![y]. Since —R™1[y] is a
filter and 2’ < z, we have * € —R™![y], so y ¢ R[z], a contradiction. The argument for
the reverse implication of Definition is similar.

DEFINITION 7.7.

(1) We call a triple (X, R,Y) a Dunn—Hartonas space, or DH-space for short, provided
X,Y € CohlLaty and R C X x Y is a DH-relation.

(2) A DH-morphism between DH-spaces (X1, R1,Y1) and (Xa, Rp,Ys) is a pair of
CohlLaty-morphisms f: X; — X5 and g: Y7 — Y5 which satisfies

(a) if z Ry y, then f(z) R2g(y):
(b) if 2’ Ry g(y), then there is x € X; with 2 Ry y and 2’ < f(x);
(c) if f(x) Rey/, then there is y € Y7 with Ry y and ¢’ < g(y).
(3) Let DH be the category of DH-spaces and DH-morphisms, where composition is
given by (fa,92) o (f1,91) = (f2 0 f1,92 0¢1) and (1x, 1ly) is the identity morphism
on (X,R,Y).
REMARK 7.8. Let (X1,R1,Y7), (X2, R2,Y2) € DH and f: X7 — X5 and g: Y7 — Y, be
a pair of functions. It is straightforward to verify that (f,g) is a DH-isomorphism iff f, g

are order-isomorphisms such that x Ry y iff f(x) R g(y). When this occurs, (f~1,¢g71) is
the inverse of (f,g) in DH. This will be used throughout.

We now establish an equivalence between DH and CohLaty. It follows from Defini-
tion that there is a forgetful functor DH — CohLaty:

PROPOSITION 7.9. There is a functor F: DH — CohlLaty defined by F(X,R,Y) = X and
F(f,g) = f for each (X,R,Y) € DH and each DH-morphism (f, g).

To define a functor in the opposite direction, we require some preparation.
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NOTATION 7.10. Let R C X x Y be a DH-relation. Using the notation of [Bir79, p. 124],
we denote by ¢: pX — Y and 9: pY — pX the induced (antitone) Galois connection
maps associated to the complement —R of the relation R. Therefore,

pA=—R[A] and ¢B=-R'[B]

for each A C X and BCY.If z € X and y € Y, we write ¢(z) for ¢({z}) and ¥(y)
for ¥ ({y}).
LEMMA 7.11. Let R C X XY be a DH-relation with X,Y € Alglat).

(1) Ify €Y, then ¥(y) is an open filter of X.

(2) If x € X, then ¢(x) is an open filter of Y.

(3) YU =U for U € CLF(X) and ooV =V for V € CLF(Y).

(4) ¢ and ) restrict to yield dual isomorphisms between CLF(X) and CLF(Y").

Proof. . . By Definition [7.5| n , ¥(y) and ¢(x) are filters. They are open by Defini-
tion [7.5(1).
Let U € CLF(X). Then U = 1k for some k € K(X) by Lemma 5.4 We have
YoU = —R7'~R[U]] = {z € X : R[z] C R[1k]} = {x € X : R[z] C R[K]}
={reX: k<z}=U
where the third equality holds since R™1[y] is a downset for each y € Y, and the fourth

equality by Remark Similarly, if V' € CLF(Y), then V = ¢V
Let U € CLF(X). Then ¢U is clopen since R is interior, and

¢U = —R[U] = — | J{R[z] : 2 € U} = {o(2) : x € U}
is a filter by (2). Thus, ¢U € CLF(Y). A similar argument, using (1) rather than (2),
shows that ¥V € CLF(X) for each V' € CLF(Y). Since ¢ and ¢ are order-reversing maps,
it suffices to apply (3). =

REMARK 7.12. Let R C X xY be a DH-relation with X, Y compact algebraic lattices. By
Lemmal[7.11}{), CLF(X) and CLF(Y") are dually isomorphic meet-semilattices. Therefore,
each is a bounded lattice. It then follows from Lemma that K(X) and K(Y) are
bounded lattices, and hence X and Y are coherent lattices. In particular, the bounds of
CLF(X) are 11 and X = 10, and join and meet are given by

kvt =1kAl) and ThAN=TkNN =" kVI])
for k,l € K(X).

LEMMA 7.13. Let X € CohlLaty. Then OF(X) is isomorphic to IdI(CLF(X)). Conse-
quently, OF(X) € CohLaty and K(OF(X)) = CLF(X).

Proof. Every open filter is a Lawson-open upset, so a Scott-open set by Theorem [2.10{(2)).
Therefore, it is a union from CLF(X) by Theorem and Lemma This union is
a directed union by the description of join in CLF(X) given in Remark It is then
straightforward to see that the desired isomorphism is the map f: OF(X) — IdI(CLF(X))
defined by f(F) = {U € CLF(X) : U C F}, whose inverse g: |dI(CLF(X)) — OF(X) is
given by g(I) = J{U € CLF(X) : U € I'}. Thus, OF(X) € CohLat, by Theorem [2.5({3),
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and K (OF(X)) = CLF(X) because the compact elements of IdI(CLF(X)) are the principal
downsets, which are sent to CLF(X) via g. m

Recalling that we are axiomatizing the complement of the relation of a canonical
L-frame, we define:

DEFINITION 7.14. If X € CohlLaty, define R C X x OF(X) by x RU if x ¢ U.
PROPOSITION 7.15. If X € Cohlaty, then (X, R,OF(X)) € DH.

Proof. Since X € CohlLat)y, we have OF(X) € CohLaty by Lemma We show that R
is a DH-relation. For Definition [7.5([2), if z € X, then —R[z] = {U € OF(X) : € U} is
clearly a filter. If U € OF(X), then —R™'[U] ={z € X : 2 € U} = U, so is a filter. For
Definition [7.5|(3)), suppose that R[z] C R[z']. If 2’ £ x, then thereis k € K(X) with k <
and k € x. f V =1k, then V € OF(X) with V € R[z] and V ¢ R[2']. This contradiction
shows that 2’ < z. To see Definition [7.5({)), let U,U’" € OF(X) with R~![U] C R™[U"].
If U' € U, then there is z € X with z € U’ —U. Therefore, z € R7'[U] and = ¢ R™{[U’],
a contradiction. Thus, U’ C U.

It is left to verify Definition [7.5|[[). Let z € X. To see that R[z] is closed, let
V € —RJz], so z € V. Because to = {1k : k € K(X), k <z}, compactness of the Law-
son topology shows that there are k1, ..., k, € K(X) with each k; < x and Tk N---NTk,
CV.Setk=k V---Vk,. Then k € K(X) with k <z and Tk =1k N---N1Tk, C V. Let
U =1k, so U € CLF(X) by Lemmal[5.4] Then Wy := {F € OF(X) : U C F} is Scott-open
by Lemma [7.13] and hence Lawson-open. Therefore, Wy is an open neighborhood of V.
Furthermore, if ' € Wy, then k € F, so x € F, and hence z R F. Thus, Wy C —R]z],
and so R[] is closed.

Next, let C' be clopen in OF(X). By Theorem , we may assume that C' =
Wy — Wy with U,V € CLF(X). If C = @, then R7![C] = @ is clopen. Otherwise,
V € U. We show that R7[C] = —U. If z € R7Y[C], then there is W € C with x RW.
This means that U C W, V € W, and ¢ W. Therefore, x ¢ U, and so z € —U.
Conversely, if # € —U, then U € C and 2 RU, so x € R~*[C]. Thus, R~*[C] = —U, and
hence is clopen. This implies that R is a continuous relation, and so R~1[F] is closed for
each F' € OF(X) (see, e.g., [Esal9, Thm. 3.1.2]).

Finally, let U be clopen in X. To see that R[U] is clopen in OF(X), by Theorem
it suffices to assume that U = Tk — {1 for some k,l € K(X). If U = & then R[U] = @
is clopen, so we assume that U is nonempty, which means that [ £ k. We claim that
R[U] = —W;. To see this, if V € OF(X) with V' € R[U], then there is z ¢ V with k < z
and [ £ x. Therefore, k ¢ V, so Tk € V, and hence V' € —W,y,. For the reverse inclusion,
if V.e —Wsy, then k ¢ V. Therefore, k € U and k ¢ V, so V € R[U]. Thus, R[U] is
clopen, and hence R is an interior relation.

Consequently, R is a DH-relation, yielding (X, R,OF(X)) € DH. =

LEMMA 7.16. If f: X — Y is a CohLaty-morphism, then f=*: OF(Y) — OF(X) has a
right adjoint r: OF(X) — OF(Y') which is a CohLaty-morphism.

Proof. Since f is a Cohlaty-morphism, it is a JM-morphism by Theorem and
Lemma and hence f~!: OF(Y) — OF(X) preserves arbitrary joins by [MJ14]
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Lem. 5.3]. It therefore has a right adjoint r: OF(X) — OF(Y) which preserves all meets.
Recall that if U € OF(X), then r(U) = \/{W € OF(Y) : f~}(W) C U}. Because this
family is directed and each W € OF(Y') is a union from CLF(Y'), we may write

r(U) = J{V e CLF(Y): f71(V) C U} (7.1)

To show that r is a CohLaty-morphism, it suffices to show that r preserves directed
joins (see Theorems and [2.10|(3)). Let S C OF(X) be directed and set U = JS.
Since f~! preserves joins, {V € CLF( L(V) C U} is directed. Therefore,

Y):f~

r(U) = J{V e CLF(Y) : f71(V) C U}
= J{vecClFy): f~
= U{’/‘(W) W eS}t= \/{’I“(W) W e Sy,

where the second equality holds since f~1(V) is compact for each V € CLF(Y) and S is
directed, and the final equality holds since the set {r(W) : W € S} is directed. m

YV) C W for some W € S}

PROPOSITION 7.17. There is a functor E: CohLaty — DH which sends each X € CohLat)
to E(X) = (X, Rx,OF(X)) and each CohLaty-morphism f: X1 — Xo to E(f) = (f,r),
where Rx is defined in Definition and v is right adjoint to f~1: OF(X2) — OF(Xy).

Proof. By Proposition E(X) € DH. Let f: X; — X» be a CohLaty-morphism. We
show that (f,r) is a DH-morphism. The map r is a CohLaty-morphism by Lemma
Recall from that r(U) = [J{V € CLF(Xy) : f~1(V) C U} for each U € OF(Xy). If
z € X1 and U € OF(X) with z Rx, U, then z ¢ U. If V € OF(X,) with f~1(V) C U,
then = ¢ f=Y(V), so f(x) ¢ V. Therefore, f(z) ¢ r(U), and hence f(x)Rx,r(U), so
Definition holds.

Next, suppose that ' Rx, r(U) for some 2’ € X5 and U € OF(X;). Then ' ¢ V for
each V € CLF(X3) with f=1(V) C U. We have 12’ = ({V € CLF(X3) : ' € V}, so
12y = N{fH(V) 2’ € V. If f~1(ta’) C U, then compactness of X; implies that
there are Vi,...,V, € CLF(Xy) with f=*(V))n---nf~YV,) CU. IV =ViN---NV,,
then V € CLF(X5), 2’ € V, and f~1(V) C U, a contradiction to x’ ¢ r(U). Therefore,
f~t(12'") € U, so there is x € f~*(12') — U. Thus, z Rx, U and 2’ < f(z), and hence
Definition holds.

Finally, suppose that f(z) Rx,V for some z € X; and V € OF(X3). Then f(z) ¢
V,sox ¢ fYV). If U = f~Y(V), then U € OF(X;), so V C r(U) and z Rx, U.
Consequently, Definition holds, and thus (f,r) is a DH-morphism. =

In what follows we will require the following result from modal logic ([Esa74), Lem. 3|,
[BBH15), Lem. 2.17]). We recall that a relation R C X x Y between topological spaces is
point-closed if R[x] is closed for each x € X.

LEMMA 7.18 (Esakia’s Lemma). Let R C X XY be a point-closed relation between compact
Hausdorff spaces. If {C; : i € I} is a (nonempty) down-directed family of closed subsets

of Y, then
R! [ﬂ CZ} =N R cl.
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LEMMA 7.19. Let (X,R,Y) € DH.

(1) If W € OF(X), then there isy € Y with W = ¢(y).
(2) The map v: Y — OF(X), defined by v(y) = ¥(y), is a CohLaty-isomorphism.

Proof. Let W be an open filter of X. Because W is a union from CLF(X) and R
commutes with unions, oW = N{¢U : U € CLF(X),U C W}. Since X is coher-
ent, {U € CLF(X) : U C W} is up-directed. Therefore, {¢pU : U € CLF(X), U C W} is
a down-directed family of closed sets, as each ¢U is clopen (since R is interior). Conse-
quently, by Esakia’s lemma,

R W] = ({R}oU] : U € CLF(X), U C W},
and so

YW = =R oW] = | J{-R '[¢U] : U € CLF(X), U C W}

= J{oU : U € CLF(X), U CW} =W
since YoU = U for each U € CLF(X) by Lemma . Also, Lemma [7.11{{4) and
Lemmashow that ¢U = tly for some Iy € Y. Therefore, W = ({1ly : U C W} =1y
for y = \/{ly : U C W}. Thus, W = oW = (1y) = —R™1[1y] = —R7[y] = ¥(y).

By Lemma [7.13|{1), v: ¥ — OF(X) is well defined, and is onto by (I). If y < v/,
then R71[y’'] € R~1[y] since R~1[y] is a downset. Therefore, v(y) C v(y’). Conversely, if

y £y, then R™'[y'] € R~![y] by Definition [7.5|4). Consequently, v(y) Z v(y'). Thus, v
is an order-isomorphism, and hence a CohlLaty-isomorphism. =

PROPOSITION 7.20. Let D = (X, R,Y) be a DH-space. Define
kp: (X, R,Y) — (X, Rx,0F(X))
by kp = (1x,vp), where vp is defined in Lemma . Then both kp and its inverse
(1x, 1/51) are DH-morphisms, and k: 1py — EF is a natural isomorphism.
Proof. Let (z,y) € X x Y. Then
TRy <= z€ R 'y &= ¢ —-R [y =vp(y) < xRxvp(y).

Therefore, Lemma and Remark|7.8|show that both kp and k' are DH-isomorphisms.

To show that s is natural, we need to show that the following diagram commutes
for each pair of DH-objects D = (X, R,Y),D’ = (X', R'|Y’) and each DH-morphism
(f,9): D— D"

(X,RY) —L2  (x' R.\Y
(X,Rx,OF(X)) L2 (X', Rx/, OF(X"))
This amounts to showing that r o vp = vps 0 g. By (7.1]) we have
r(vp(y)) = (J{V' € CLF(X") : f7(V') Cup(y)}.

Let 2’ € r(vp(y)). If 2’ ¢ vp/(g(y)), then o’ R’ g(y). Therefore, by Definition [7.7|[2b)),
there is * € X with x Ry and 2’ < f(z). Because 2’ € r(vp(y)), there is V' € CLF(X")

with 2/ € V' and f=1(V’) C vp(y). Thus, f(x) € V' since V' is an upset, so z € f~1(V’),
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and hence z € vp(y) = —R™![y]. This means that z Ry, a contradiction. Consequently,

z' € vp(9(y)).

For the reverse inclusion, let ' € vp/(g(y)). Then there is V' € CLF(X’) such that
2 e V' Cup(gly). If x € f~1(V'), then f(x) € vp(g(y)), so f(x) R g(y). Therefore,
x Ry by Definition . This means that z € vp(y), and so f~1(V') C vp(y). Thus,
' €r(vp(y)). m

Proposition together with FE = 1conrat, yields:
THEOREM 7.21. E and F establish an equivalence of categories between CohlLaty and DH.
COROLLARY 7.22.

(1) DH is equivalent to JM, BDGM, Hs, and CG.
(2) [HD97, Thm. 2.15] DH is dually equivalent to Lat.

Proof. The first item is an immediate consequence of Theorems [2.18] [3.14] [£.12] [5.13]
and and the second item follows from Theorems [2.19((2)) and n

REMARK 7.23. The duality in Corollary can be described directly as follows.
A triple (X,R,Y) € DH is sent to CLF(X) and a DH-morphism (f,¢g): (X,R,Y) —
(X',R",)Y’') to f~1: CLF(X') — CLF(X). Going the other direction, A € Lat is sent to
(Filt(A), R,1dI(A)) € DH, where R is given by F RI if F NI = &, and a Lat-morphism
a: A= Bto (e Meirm), o as))-

8. From Dunn-Hartonas to Gehrke—van Gool

In this chapter we connect the Dunn—Hartonas approach to the Gehrke—van Gool ap-
proach. The resulting spaces were introduced and studied in [GvG14]. The notion of
morphism considered by Gehrke and van Gool dually characterizes special lattice homo-
morphisms [GvG14, Def. 3.19]. We generalize their notion of morphism by working with
relations instead of functions, thus giving rise to the category GvG. We show that there is
a functor from DH to GvG. In Chapter [L3] we will show that this functor is an equivalence
and in Chapter [[4] that GvG is dually equivalent to Lat. Therefore, our generalized notion
of morphism captures all bounded lattice homomorphisms.

Let R C X x Y. Motivated by a standard technique in modal logic (see, e.g., [CZ97,
p. 64]), we define Og,Or: p(Y) — p(X) by

OrB =R '[B] and OB =-R'[-B]
for each B C Y. Similarly, define ¢z, Mg: o(X) — p(Y) by
0RA == R[A] and .RA = —R[—A]

for each A C X. We will mainly work with ¢z and (g, and when there is no danger of
confusion, we simply write ¢ and [J.

The following well-known lemma (see, e.g., [Pri84, Prop. 2.6], [Esal9, Thm. 3.2.1])
will be used throughout.
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LEMMA 8.1. Let X be a Priestley space and let C' be a closed subset of X. For each x € C
there is m € maxC with x < m.

DEFINITION 8.2. Let X,Y be Priestley spaces and R C X X Y a relation. Define
Xy = U{maxR_l[y] cy€eY} and Yy = U{maxR[w] cx e X}

DEFINITION 8.3 (|[GvG14, Def. 4.18]). We call a triple (X, R,Y) a Gehrke—van Gool
space, or GuG-space for short, if X,Y are Priestley spaces and R C X X Y is a relation
satisfying

(1) « <o iff R[] C R]x];

(2) y<y iff R7[y] C R M[y];

(3) if U is a clopen upset of X, then U is a clopen downset of Y;

(4) if V is a clopen downset of Y, then [0V is a clopen upset of X;

(5) if Ry, then there is a clopen upset U C X such that U = U,z € U, and y ¢ $U;
(6) if U is a clopen upset of X with Xo NC14U C U, then U = T$U;

(7) if V is a clopen downset of Y with Yo NV C 40V, then V = ¢0OV.

REMARK 8.4.

(1) The order on X in the definition above is dual to the order used in [GvGI14] and is
more convenient to compare GvG-spaces to DH-spaces.

(2) In [GvG14] Condition (5) is phrased using clopen sets U C X and V C Y. The latter
can be recovered as V = ¢U.

(3) R is a closed subset of X x Y, and so both R and R~! are point-closed.

(4) For each U C X and V C Y, we have C4U = {x € X : R[z] C R[U]} and
0V ={y €Y : 3z with Ry and R[z] C V}.

(5) Since 400V = —M — V, Definition is equivalent to Yo ") —V C —V implies
V = 60V, which is how it is phrased in [GvG14] Def. 4.18].

DEFINITION 8.5. Suppose that G = (X, R,Y) is a GvG-space. We let ClopUp(X) be the
clopen upsets of X, and set

LG ={U € ClopUp(X) : U =0U}.
REMARK 8.6. If G is a GvG-space, then LG is a bounded lattice, where meet and join
are given by
U1 A UQ = U1 QUQ and U1 \/U2 = D‘(Ul UUQ)
for each Uy,Uy € LG. Moreover, X is the top and @ is the bottom of L G. To see the

latter, let 2 € Xy. Then z Ry for some y € Y, so R[z] # &. Therefore, z ¢ O = L4,
and so Xo N 42 = &. By Definition [8.3|(6), & = (142, and hence & € LG.

LEMMA 8.7. Let G = (X, R,Y) be a GuG-space.

) te=N{Ue€LG:2€U} for eachz € X.

(2) LG is a basis for the open upset topology of X.
B)ly=N{®U:Uec LG yc®U} foreachycY.

(4) {®U : U € LG} is a basis for the open downset topology of Y.

(5) IfU € LG and x ¢ U, then there is ' € Xo with x <z’ and 2’ ¢ U.
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Proof. The inclusion C is clear. For the inclusion D, let # £ z’. Then R[z'] € R[z] by
Definition , so there is y € Y with 2/ Ry and = Ry. Therefore, by Definition ,
there is U € LG with z € U and y ¢ #U. Since 2’ Ry, we have 2’ ¢ U.

Because each open upset is a union of clopen upsets, it is enough to see that each
clopen upset V is a union from LG. Let z € V. If 2’ ¢ V|, then z £ 2/, so (1)) implies that
there is U,y € LG with ¢ € Uy and ¢’ ¢ U,s. The set {—U, : 2’ ¢ V} is an open cover
of =V, so compactness implies that there are 2/, ..., 2/, with =V C —Uy U -U=Uy, . Let
U=UyN---NUy,.Thenz € U, U € LG (since LG is closed under finite intersections),
and U C V.

The proofs of and are similar.

Let z ¢ U. Since U = 04U, there is y € Y with z Ry and y ¢ R[U]. Clearly
12 N R~[y] is nonempty, and it is closed by Remark . Therefore, by Lemma
there is 2’ € max(tx N R~[y]). Thus, z < 2/ and 2’ € max R~![y] C X,. Since 2’ Ry
and y ¢ R[U], we have 2’ ¢ U, concluding the proof. m

Morphisms considered by Gehrke and van Gool are pairs of functions between GvG-
spaces that dually characterize special bounded lattice homomorphisms (called admissible
homomorphisms in [GvG14] Def. 3.19]). To characterize all bounded lattice homomor-
phisms in the language of GvG-spaces, we need to work with pairs of relations.

DEFINITION 8.8. Let G = (X, R,Y) and G’ = (X', R',Y’) be GvG-spaces. A pair (S,T)
of relations S C X x X’ and T CY x Y’ is a GvG-morphism provided

1) if U' € LG, then OgU’ € LG and 405U’ = O 4'U’;

2) if z § ', then there is U’ € LG’ with x € OgU’ and 2’ ¢ U’;

3) if y 7 ¢/, then there is U’ € LG’ with y ¢ Or4'U’ and v € $'U’;

4) if x Ry, then there are 2’ € X’ and ¢ € Y’ with 2 Sz’, yTy', and 2’ R’ ¢/'.

A~~~

REMARK 8.9. Let (S,7T): G — G’ be a GvG-morphism.

(1) Both S and T are closed relations. To see that S is closed, let (z,2') ¢ S. Then
z $ ', so by Definition B.§[2), there is U’ € LG’ with z € OgU’ and 2’ ¢ U’. By
Definition B.§|(I)), OsU’ x —U’ is an open neighborhood of (z,z’) disjoint from S.
Thus, S is closed. A similar argument using Definition shows that T is closed.

(2) Because the converse of Definition is obvious, we have x Sz’ iff for each U’ €
LG, if x € OgU’, then 2’ € U’. The same applies to Definition [3.8|(3)).

(3) If x € X and y € Y, then S[z] and T[y] are upsets. To see this, suppose that = S a}
and x) < xb. If = $ 2, by Definition there is U’ € LG with z € OgU’ and
xh ¢ U’. The former implies that S[z] C U’, so 2} € U’. Because U’ is an upset,
xh, € U’. This contradicts the latter, yielding « S . A similar argument shows that
T[y] is an upset.

(4) If 2/ € X" and 3 € Y, then S~![2'] and T~'[y'] are downsets. For this, suppose
71 < x5 and w3 € S71[2’]. Then 2’/ € S[xy]. If x1 $2’, by Definition there
is U € LG with 2y € OgU’ and 2’ ¢ U’. Because OgU’ € LG, it is an upset,
so xo € OgU’. This implies that S[xs] C U’, a contradiction since ' ¢ U’ and
2’ € S[xa). Thus, z1 € S71[2']. A similar argument shows that T71[y/] is a downset.
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Composition of two GvG-morphisms is not relation composition, which is reminiscent
of what happens in the category of generalized Priestley spaces [BJ11l p. 106].

DEFINITION 8.10. Let (S1,71): Gi1 — Go and (S2,T%): G2 — G3 be GvG-morphisms.
(1) Define Sy xSy by x (S2%.51) z if © € Og,0g,U implies z € U for each U € L Gs.
(2) Define To x Ty by y (To » T1) w if w € U implies y € Oq, O, #U for each U € L Gs.
(3) Set (SQ, Tg) * (Sl, Tl) = (SQ * Sl, T2 * Tl).
REMARK 8.11. Let (S1,71): G1 — G2 and (S2,T3): G2 — G be GvG-morphisms.
(1) Sy081 € Sy%S; and Ts o Ty C Ty +x T3, but the equalities may not hold in general.
(2) (Sg*sl)[.’ﬂ] = ﬂ{U cLGy:ze DSIDSQU} = ﬂ{U € LGs: 5251[5(}] - U}
(3) (TQ *Tl)_l[w} = m {(TQ OTl)_l’U Tw e ’U7 U e ng}
LEMMA 8.12. Suppose that (S1,T1): G1 — G2 and (S2,T2): G — Gz are GuG-morphisms.
IfU € LGs, then
Osye5,U = Us,05,U  and  Oryur, $U = O, O, $U.

Proof. For each z € X, by Remark [8.11{[2),

(82*51)[1‘] CU <= n{W € LGs: 8251[1‘] - W} CU <= SgSl[:v] cU.
Thus, DSg*SlU = Ds’llngU-

For each y € Y7 we show that y € Or,., #U iff y € O, O, #U. It is enough to show
that (To x T1)[y] N #U # @ iff (To o T1)[y] N U # &. By Remark [8.11|(1)), (7% o T3)[y] C
(To »T1)[y], and hence (T o T1)[y] N #U # @ implies that (T5 * T1)[y] N €U # @. For the
converse, suppose that (ToxT1)[y] 14U # @. Then there is w € U with y € (ToxT1) ™ [w].
Therefore, by Remark [8.11{(3]),

y e ({(T2oTy) '6W :w e 8W, W € LG} C (ThoT1) 80,
which gives (To o T1)[y]| N U # . u
PROPOSITION 8.13. Suppose that (S1,T1): Gi — G2 and (S2,T2): Go — Gs are GuvG-
morphisms.
(1) (S2,T2) % (S1,T1) is a GuG-morphism.
(2) If G = (X,R,Y) is a GuG-space, then (<x,<y): G = G is a GvG-morphism and is
the identity morphism for G.
(3) The operation x is associative.
Proof. To simplify notation, we write S = SoxS1 and T = To*xT3. Let U” € L G3 and
set U’ = 0Og,U”. Then U’ € L Gy since (S2,T2) is a GvG-morphism. By Lemma
DsU” = |:|51|:|SQUH = DslU/ e LG

because (S1,77) is a GvG-morphism.

In addition, since (Sy,71) and (S2,7») are GvG-morphisms, by Lemma [8.12]

405U = #0s,(05,U) = O, #05,U = O, O, #U = O #U.

This shows that Definition [8.8|(1])) holds.
Suppose z § z. By Remark([8.11][2)), thereis U € L G5 withz € Og,0g,U and z ¢ U. By
Lemma Os,0s,U =0gU, so x € OgU and z ¢ U. Hence, Definition [8.§|[2]) holds.
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Suppose y7 w. By Remark , there is U € LG3 with w € U and y ¢
Or, O, 4U. By Lemma y ¢ Or U, Thus, Definition holds.

Suppose x R1y. Then there are ' € X5 and ' € Y, with 2’ Ryy/, 512/, and
yT1y'. From this there are " € X3 and ¢y’ € Y3 with 2" Rz y”, 2’ Soz”, and v T /.
Since Sy 057 C S and Tb o T7 € T by Remark , we have x Sz” and y T y”. This
verifies Definition . Consequently, (S x S1, T2 *T1) is a GvG-morphism.

Let G = (X, R,Y) be a GvG-space. We have O<, U = U for any upset U C X
and O<, V =V for any downset V' C Y. Therefore, Definition is trivially satisfied.
Thus, (<x,<y) is a GvG-morphism.

Let (S,T): G — G" and (S',T"): ¢’ — G be GvG-morphisms. Since O< , W = W for
any upset W C X, we have z (S * <x)y iff x € OgU implies y € U for each U € LG'.
On the other hand, S o <x =S by Remark , which by Remark is equivalent
to x € OgU implies y € U for each U € LG'. Therefore, Sx<x = So<x = 5, and
similarly, T * <y = T o <y = T. Thus, (5,T) * (<x,<y) = (5,T), and an analogous
argument gives (<x,<y)* (S',T7") = (5',T"). Consequently, (<x,<y) is the identity
morphism for G.

Let (Sl,Tl)Z g1 — gg, (SQ,TQ)Z g2 — gg, and (Sg,Tg)Z gg, — g4 be GvG-
morphisms. By Lemma [8:12} for each U € L G4, we have

U(s3485)x5, U = Us,Ug,45,U = g, Us,Ug, U.

Therefore, x ((S3 * S2) * S1)w iff x € Og,0g,0g,U implies w € U for each U € LGy.
A similar calculation shows that x (S3x (S2 % S1)) w iff z € Og,0g,0g,U implies w € U.
Thus, (S3 + S2) * S1 = S5 % (S3 % S1). A similar argument shows that (T3 x T3) x 11 =
T3+ (To = T1). Consequently, * is associative. m

The previous lemma shows that we have a category, motivating the following defini-
tion.

DEFINITION 8.14. Let GvG denote the category of GvG-objects and GvG-morphisms.

The rest of the chapter is dedicated to defining a functor G: DH — GvG. To define
G on objects, we recall the notion of distributive joins and meets, which goes back to
MacNeille [Mac37, Def. 3.10] (see also [BL70, [HK7I]). Distributive joins and meets are
also known as exact [Bal84] (see also [BPP14, BPWI6]). As in [GvG14]|, we will be
working with finite distributive joins and meets. Let L be a lattice. For M C L finite, we
say that A\ M is a distributive meet if

a\//\M:/\{a\/m:mGM}
for each a € L. Distributive joins are defined similarly. The next definition weakens the
standard definition of a (meet-)prime element |GHT03, Def. 1.3.11].
DEFINITION 8.15. Let Z be a coherent lattice.

(1) An element © € Z is d-prime if © # 1 and whenever A M is a finite distributive meet
in K(Z) and A M <z, then m < z for some m € M.
(2) Let Z, be the set of d-prime elements of Z.
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LEMMA 8.16. Let Z € Cohlaty. Then Z, is Lawson-closed in Z. Therefore, Z, is a
Priestley space with the subspace topology and induced order.

Proof. Let x ¢ Z,. Then x is not d-prime, so there is a distributive meet k = k1 A--- Ak,
in K(Z) with k <z but all k; £ x. Let U = 1k— (Thk1U---UTk,). Then U is Lawson-open
and x € U. Moreover, if 2’ € U, then k < 2’ and k; £ o’ for all ¢, so 2’ ¢ Z,, and hence
UnNZ,=. Thus, Z, is closed in Z, implying that Z, is a Priestley space. m

To associate with each DH-space a GvG-space, we need the following lemma.
LEMMA 8.17. Let X, Y be Priestley spaces and R C X XY a closed relation.

(1) If x Ry, then there is x’ € max R™[y] with x < x'.
(2) If z Ry then there is y' € max R[z] with y < y'.

If in addition (X, R,Y) is a DH-space, then
(3) = A(tx N Xy) for each x € X;
(4) y= A(tyNYo) for each y € Y.

Proof. Suppose that 2 Ry. Because T N R™1[y] is a nonempty closed subset of X by
Remark [8.4{(3), there is 2’ € max(tz N R~![y]) by Lemma Therefore, x < ' and it
is clear that 2’ € max R™1[y].

The proof is similar to that of .

(B) The inequality « < A(Tz N Xo) is clear. For the reverse inequality, suppose that
z < AN(tzNXoy). If 2 £ @, then R[z] € R|[z] by Definition [7.5{{3). Therefore, there is y € Y
with z Ry and z Ry. By (1), there is 2/ € max R™![y] C X, with « < 2’. Thus, z £ 2’/
since R71[y] is a downset. This contradiction shows that z < x, so z = A(tz N Xp).

(4) The proof is similar to that of . m

DEFINITION 8.18. For each (X, R,Y) € DH we set R, = RN (X, x Yp).

If (X,R,Y) € DH, then we can apply Definition starting from (X,R,Y) or
(Xp, Rp,Y,). The following lemma shows that we get the same result.

LEMMA 8.19. Let (X, R,Y) € DH. Then Xy = (X,)o and Yy = (Yp)o-

Proof. To start, we prove that Xo C X,, and Yy C Y,. Let « € X,. Then z € max R™![y]
for some y € Y. Suppose that k = ky A--- Ak, is a distributive meet in K (X) with k& < z.
Suppose that k; € x. Then x < z V k;, so (x V k;) R y. If this happens for each i, then
[(xVE1)A-+A(zVky,)] R y by Definition[7.5([2). We show that 2Vk = (zVki)A- - -A(zVk,),
which will show that (z V k) R y, a contradiction since k < x and z Ry. The inequality
xVk < (xVk)A---A(xVk,) is clear. For the reverse inequality, it suffices to show that
m < xVk for each m € K(X) with m < (xVki)A---A(xV k). Given such m, we have
m < z V k; for each i. Because m € K(X) and X is algebraic, there is m; € K(X) with
m; <xand m<m;Vk;. Set s=mqV---Vm,. Then s <z and m < sV k; for each i.
Therefore, since k = k1 A -+ A ky, is a distributive meet, sVk = (sVki) A---A(sVky).
This implies that m < sV k < xV k. Thus, v € X,,. A similar argument shows that
Yy CY,.

We next show that (X))o € Xo. Let # € (Xp)o. Then 2 € max R;'[y] for some
y € Y,. Suppose there is 2’ € X with # < 2/ and 2’ Ry. By Lemma , there is
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z” € max R™'[y] with 2/ < 2. Therefore, 2" € X, C X,, which forces 2/ = x. Thus,
x € max R™1[y], and hence z € Xj.

For the reverse inclusion, let 2 € Xy. Then 2 € max R~![y] for some y € Y. Therefore,
z € Xo € X,. By Lemma , there is 3y € Yy with z Ry’ and y < 3. Thus,
y €Yy CY, sozR,y. By Lemma X, and Y, are Priestley spaces. Moreover,
R, C X, xY, is a closed relation by definition. Hence, Lemma applies, by which
there is 2’ € max R, '[y'] with 2 < 2’. Because ' Ry’ and y < 3/, we have z’ Ry. From
x € max R™'[y] it follows that 2’/ = x. Therefore, z € max R, '[y'] € (X,)o. This yields
the reverse inclusion. A similar argument shows that (¥,)p = Y;. =

Given (X, R,Y) € DH, we recall from the beginning of this chapter that we write O, ¢
for Or, #r. We also write [, ¢, for Ug,, #r,

LEMMA 8.20. Let (X,R,Y) € DH.

(1) fU=U"NX, withU" an upset of X, then ¢,U = ¢U' NY,.

(2) fV=Vv'nY, with V' a downset of Y, then 0,V =0V' N X,,.

(3) Let U' =1ky U---Utk, with k; € K(X) and set U =U'NX,. Then ,U =Y, —1i
for some I € K(Y'). Therefore, if U is a clopen upset of X, then #,U is a clopen
downset of Yy,.

(4) Let V' = —(TlhU---UTl,) withl; € K(Y) and set V =V'NY,. Then O,V = tkNX,
for some k € K(X). Therefore, if V' is a clopen downset of Y, then O,V is a clopen
upset of Xp.

(5) If U =1k N X, with k € K(X), then O,4,U =U.

6) If V=Y, =1l withl € K(Y), then ¢,0,V =V.

Proof. (1) Since ,U = R,[U], the inclusion 4,U C U’ NY,, is clear. For the reverse
inclusion, suppose that y € Y, with z Ry for some z € U’. By Lemma , there is
x' > z with 2’ € Xy and 2’ Ry. Therefore, 2’ R,y because Xy C X, by Lemma
Since U’ is an upset, ' € U’, so 2’ € U. Thus, y € ¢,,U.
(2) We have O,V = {z € X, : Ry[z] CV} and OV’ = {x € X : R[z] C V'}. If
z € OV'NX,, then z € X, and R[z] C V'. Therefore, R,[z] = R[z]NY, CV'NY,=V.
Thus, x € O,V. For the reverse inclusion, let x € O,V and y € Y with x Ry. By
Lemma , there is ¢y’ > y with 3/ € Yy and z Ry’. By Lemma Yo C Y.
Therefore, y' € R,[z], s0y’ € V C V'. Because V' is a downset, y € V'. Thus, R[z] C V',
soxz € OV NX,,.
(3) By (1) and Lemma[7.11|{4)),
& U=0U'NY,=(8tkyU---Utk,)NY,
=[(-=1) U U (1) NY,
=Y, — (M =Y, 1
for some I; € K(Y), where [ =13 V---Vi,,s0l € K(Y).
If U is a clopen upset of X,,, then U = U’ N X, for some clopen upset U’ of X.
Therefore, U = (k1 U- - -UTky,) N X, for some k; € K(X). The previous paragraph shows
that #,U is a clopen downset of Y.
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(4) By Lemma [T.11J{),
OV = R 'L U Ut = (R U---URT11,])
= RN N =R =1k N - N1k

for some k; € K(X). By (2), 0,V =1kNX,, where k =k V---Vk,, so k € K(X).

If V is a clopen downset of Y}, then V' = V' NY,, for some clopen downset V' of Y.
Therefore, V.= —(1l; U---U1l,)NY, for some l; € K(Y'). The previous paragraph shows
that J,V is a clopen upset of X,,.

(5) Set U =tk N X, with k € K(X). By (1), (2), and Lemma [7.11|(3),

O, ¢,U =0, 4,(Th N X,,) = U, (416N Y,) = D8(Tk) N X,
=Yp(th)N X, =1kN X, =U.
(6) Let V =Y, — 1 with I € K(Y). By (1), (2), and Lemma [7.11}(3),
¢,0,V = @,0,(—1NY,) = ¢,(0(-1)NX,) = e0(-1)NY,
=-BONNY,=—-pp(t)NY,=-NNY,=V. n

LEMMA 8.21. Let (X,R,Y) € DH. If x R, y, then there is a clopen upset U C X, with
zeU,y¢ &U, and O, ¢,U =U.

Proof. Suppose that z R, y. Then z ¢ R™'[y], and since R![y] is a closed downset of X,
there is k € K(X) with k <2 and tkNR™![y] = @. Let U = kN X,. Then U is a clopen
upset of X, and & € U. By Lemma B20|[), U = 0, 4,U. If y € $,U, then 2’/ R,y for
some 2’ € U. Therefore, k < 2/, so k Ry by Definition . This contradicts the choice
of k. Thus, y ¢ ¢,U. m

Let Z € Cohlaty and U be a clopen upset of Z,. Since Z, is a closed subset of Z by
Lemma U =U’'NZ, for some clopen upset U’ of Z by Priestley duality. Therefore,
U' =1k U--- U1k, for some k; € K(Z) by Theorem and Theorem [2.10}(2)).
LEMMA 8.22. Let (X,R,Y) € DH.

(1) Let U be a clopen upset of X,,. Write U = U'N X, with U =1k, U---UTk, for some
ki € K(X). If O,4,UNXo CU then k := ki A--- AN ky is a distributive meet and
U =1kNX,. Therefore, J,4,U =U.

(2) LetV be a clopen downset of Yy,. Write V. =V'NX, with V' = —(1, U---U*l,) for
somel; € K(Y). If YonV C ¢,0,V then i =13 A--- Al is a distributive meet and
V =Y, —1l. Therefore, 4,01,V =V.

Proof. Suppose that U, 4,U N Xy C U. If k is not a distributive meet, then there is
l e K(X) withiVk<(IVk)A---A(Vk,). By LemmaR.I7@), there is x € Xy with
IVk<zand IVk)A---AN(IVEk,) £x. Wehave k <IVEk <z If k; <z for some i,
then | V k; < z, a contradiction, so k < x and each k; £ x. This shows that « ¢ U. If
y € Ry[z], then x Ry, so k Ry by Deﬁnition. If k; Ry for each 4, then k Ry, again
by Definition|[7.5|2)), which is false. Therefore, k; Ry for some i. This yields y € R,[U], and
so Ry[z] C R,[U]. Thus, XoNO,4,U Z U, a contradiction. Consequently, k = k1 A-- Ak,
is a distributive meet. We finish by showing that this implies that U = 1tk N X,,. The
inclusion U C 1k N X, is clear. For the other inclusion, if z € Tk N X, then k¥ <z and =
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is d-prime. Therefore, some k; < z,so x € U. Thus, U = kN X,, and hence U, 4,U = U
by Lemma [8.20{(5]).
(2) is proved similarly. m

PRrROPOSITION 8.23. If (X, R,Y) is a DH-space, then (X,, R,,Y),) is a GuG-space.

Proof. Since the orders on X, and Y, are the restrictions of the orders on X and Y,
respectively, the first two properties of Definition [8:3] hold. The remaining properties

hold by Lemmas [8.16] and [8.20] to [8.22] =

The above proposition associates a GvG-space with each DH-space. We extend this
correspondence to a functor from DH to GvG. For this we require the following two facts.

PROPOSITION 8.24. Let D = (X,R,Y) € DH and G = (X,,R,,Y,). Define the map
vp: CLF(X) — LG by vp(U) = UN X, for each U € CLF(X). Then vp is a Lat-

isomorphism.

Proof. That ~p is well defined follows from Lemmas and [8.20§F)), and it is clearly
order-preserving. To see that it is order-reflecting, let U,V € CLF(X) with U € V. By
Lemmal5.4 U = 1k and V = 11 for some k,l € K(X). Therefore, I £ k, so Lemma[8.17|(3)
implies that there is € Xo with & <z and [ £ 2. By Lemma [8.19 Xo € X, so z € X,
and hence UN X, Z VN X,. Thus, vp(U) € vp(V). Finally, to see that vp is onto, let
U € LG. Then ,4,U = U, so XoN0,4,U C U. By Lemma 82I), U = 1k N X,
for some k € K(X). Therefore, tk € CLF(X) and vp(1k) = U. Thus, vp is an order-
isomorphism, and hence a Lat-isomorphism. =

PROPOSITION 8.25. Let (f,g): (X,R,Y) = (X', R, Y’) be a DH-morphism. Define rela-
tionsngprXI') andTgQprYp’ by
/

zSra’ = f(x) <2’ and yT,y <= g(y) <y
Then (Sy,Ty) is a GvG-morphism.
Proof. Set G = (X, Ry, Y,) and G’ = (X, R}, Y,), where R, and Rj, are the appropriate

restrictions of R and R/, respectively. We ﬁist pverify Definition . Let U' € LG'.
By Lemma and Proposition there is [ € K(X') with U’ = 11 N X,. Since
Stla] =1f(z) N X},

Os,U' ={z€X,:Spla] CU}={z € X, : 1< f(a)} = fT (1) N X,.
By Lemma 11 € CLF(X'). Thus, since f is a CohLaty-morphism, f~1(1l) € CLF(X).
Therefore, f~1(11) = 1k for some k € K(X), and hence Os,U" = 1tk N X,, which implies
that DSfU/ e Lg.

Next, let y € Or, 4,U’. Then there is y' € Y, with y T,y and 2’ € U’ with 2’ R}, /.
We have g(y) < ¢/, so ' R’ g(y) by Definition [7.5|[2). Therefore, there is 2 € X with
xRy and 2’ < f(x) by Definition . Furthermore, we may assume that x € X, by
Lemma and Lemma Because z' € U’, we have S¢[z] = 1f(x) N X, C U’, so
Yy € 0p|:|3f U'.

Conversely, if y € 4,0s,U’, then there is x € X, with R,y and Sy[z] C U’. Since
z Ryy, we have z Ry, so f(z) R’ g(y) by Definition [7.7|[2a). By Lemmas and
there are 2’ € X}, and y’ € Y, such that f(z) < 2', g(y) < ¢', and 2’ R}, y/'. Therefore,
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xSy x’ and yTyy'. Since Syx] C U’, we have 2’ € U’. This shows that y" € T, [y] N 4,U".
Consequently, y € O, QLU’ and hence ¢,05,U" = O, 0’pU’.

We next verify Definition . If  g;a’, then f(x) £ o’. Therefore, there is [ €
K(X') with I < f(z) and | £ 2". Set U' = 11N X,. By Lemmaﬂ. U =0,6U",
Tfx)NX, CU',and 2’ ¢ U'. Thus Selz] =1f(x )ﬂX’ CU',soxecUs, U

We now verify Definition . If y7yy', then g(y) £ v/, so there is [ € K(Y') with
1 <g(y)and I Ly'. Set U' = D;(Yp’ —11). Then #,U" =Y, — 1l by Lemma , and
hence y' € #,U’. On the other hand, Ty[y] = Tg(y) NY, CHNY,, so Ty[y] N #,U" =
and hence y ¢ O, O;U’.

We finally verify Definition B.8|[4). If z Ry, then f(x) R’ g(y) by Definition [7.7|[2a).
There are 2/ € X, and 3y € Y] with f(x) < 2/, g(y) < ¢/, and 2’ R'y' by Definition

. Thus, by Lemma [8.19} 2" € X, v’ € Y}, xSy 2, and y T, o/
THEOREM 8.26. There is a functor G: DH — GvG sending (X, R,Y) to (X,, R,,Y,) and
(f.9) to (S5, Ty).

Proof. Proposition shows that G is well defined on objects, and Proposition [8.25)
proves that it is well defined on morphisms. Let (X, R,Y) € DH. The identity morphism
for (X,R,Y) is (1x,1y). Since G(1x,1ly) = (<x,<y), we see that G sends identity
morphisms to identity morphisms by Proposition .

It is left to show that composition is preserved. Let (f,¢): (X,R,Y) — (X', R,Y")
and (f',¢"): (X',R,)Y') — (X", R",Y") be DH-morphisms. Set S = Sy xSy and T =
Ty * T,. We wish to show that (S,T) = (Spy,Ty4). We prove that S = Sy ; the
proof for T' is similar. First suppose that xSy ;z”, so f'f(z) < 2”. Let U € LG",
where G” = (X}, R, Y}’). By Lemma [5.4] and Proposition ’% U = 1kN X, for some
ke K(X"). If z € OgU, then z € Os,Us,, U by Lemma [8.12} so Sy Sylx] C 1k, and
hence k < f'f(x). Therefore, k < 2", so 2" € tkN X,/ = U. Thus, xS z". Conversely,
suppose that = Sz”. If f'f(z) £ z”, then there is k € K(X") with k¥ < f'f(x) and
k £ 2" Set U = tkN X,/. Then U € LG" by Lemma and Proposition It
z € Sy S¢[z], then there is 2’ € X, with f(z) < 2’ and f'(2') < 2. Therefore, f'f(z) < 2
Thus, Sy Sylz] € Tk, and so € OgU by Lemma Since z Sz”, we then have
z" € U C 1k, which is a contradiction. Consequently, f'f(z) < z”, and so = Sy a”.
Hence, Sy y = Sy xSy, completing the proof that G is a functor. m

9. From Gehrke—van Gool to Hartung

In this chapter we connect the Gehrke—van Gool approach to that of Hartung. The
resulting spaces were introduced and studied in [Har92]. The morphisms that Hartung
considered dually correspond to onto bounded lattice homomorphisms [Har92), Sec. 3.1].
We introduce a more general notion of morphism between Hartung spaces, which dually
correspond to all bounded lattice homomorphisms. This gives rise to the category Hg.
We show that there is a functor from GvG to Hg. In Chapter [I3] we will show that this
functor is an equivalence and in Chapter [I4] that Hg is dually equivalent to Lat.
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Let R C X XY be a relation. We write ¢, for the Galois connection associated
to —R (see Notation [7.10). We then have pA = —4A for each A C X and v B = —0B
for each B C Y. As in Chapter [8] we write [ for Oz and ¢ for ¢g.

DEFINITION 9.1. Let X,Y be topological spaces and R C X x Y a relation. Setting
H=(X,RY), let

LH={ACX:A=04A, Aand —4A are closed}.
DEFINITION 9.2. Let R C X X Y be a relation.

(1) Define <x on X by z <x 2’ if R[z'] C R]x].

(2) Define <y on Y by y <y ¢ if R7'[y/] € R™1[y].

(3) If z € X and y € Y with « Ry, then z is y-maximal if whenever x <x z’ and 2’ Ry,
then 2’ = x.

(4) If x € X and y € Y with z Ry, then y is z-mazimal if whenever y <y ¢y’ and z Ry/,
then y' = y.

DEFINITION 9.3. Let X,Y be topological spaces and R C X x Y a relation. The triple
H=(X,R,Y) is a Hartung space provided

(1) <x and <y are partial orders;

(2) R is a compact subset of X x Y (with respect to the product topology);

(3) LH is a subbasis of closed sets for X, and {—4A: A € LH} is a subbasis of closed
sets for Y

(4) A C X closed implies (14 A closed, and B C Y closed implies BOB closed;

(5) if z € X, then there is y € Y such that x is y-maximal, and if y € Y, there is z € X
such that y is z-maximal;

(6) if x Ry, then thereis A € LH with x € A and y ¢ $A.
REMARK 9.4.

(1) The definition above is a reinterpretation of [Har92, Def. 2.2.3] to connect more
directly with the notion of GvG-space.

(2) If H is a Hartung space, then L H is a bounded lattice whose top is X, bottom is &,
join is given by A; V Ay = #(A; U As), and meet by A; A Ay = A1 N As.

(3) Hartung associates to H = (X, R,Y") the lattice

{(A,B) € p(X) x p(Y): B=¢A, A=¢B, and A, B are closed}.

Because B is determined from A, our definition is isomorphic as a lattice to Hartung’s,
and is more convenient for us.

(4) We work with the complement of Hartung’s relation, which is more convenient to
compare with the other categories we consider.

LEMMA 9.5. Let H = (X,R,Y) be a Hartung space, x € X, andy € Y.
(1) If A€ LH, then A is an upset and #A is a downset.
2)te=N{Ae€LH:xec A}

(3) ty={-#A:Ac LH, yc—#A).

(4) R[z] Nty and Tz N R~[y] are compact.
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(5) If © Ry, then there are ' € X and y' € Y such that x <x ', &’ is y-mazimal,
y <y 9, and y' is x-mazximal.

Proof. Since A€ LH, A=014¢A, so
A=—-R'-0A = J{R 'y} : y € — A} = {-R'[y] : y € —#A}.

Definition implies that R~![y] is a downset for each y. Therefore, A is an upset.
A similar argument shows that ¢ A is a downset.

The inclusion C is clear since each A € LH is an upset by . For the reverse
inclusion, suppose that « €x z’. Then R[z'] € R]x], so there is y with 2’ Ry and x Ry.
Therefore, there is A € L'H with z € A and y ¢ #A. Since 2’ Ry, we have 2/ ¢ A,
completing the proof.

(3) This is proved similarly to (2]).

By ([2) and (3), T2 x ty is closed in X x Y, so RN (Tz x 1y) is closed in R, and
hence compact because R is compact by Definition [9.3|[2). Let m: X x Y — Y be the
projection map. Since 7 is continuous and RN (T X 1y) is compact, 7[R N (tz x 1y)] is
compact. But 7[R N (T x ty)] = R[z] N1y, so R[z] N1y is compact. A similar argument
shows that to N R™1[y] is compact.

Let x Ry. We show that there is ¥’ € Y such that y <y %' and ¥’ is z-maximal.
Let T be the set of all totally ordered subsets of R[x] N1y, ordered by inclusion. Then
T is nonempty since {y} € T. Because the union of a chain of totally ordered subsets of
R[z] N Ty is again totally ordered, Zorn’s lemma shows that there is a maximal element
C € T. The collection {R[z] N1z : z € C} is a family of closed subsets of R[z] N Ty
by , and it clearly has the finite intersection property. Therefore, by , N{R[z]N1z:
z€C}#@. Take ¢y € N{R[z]N1z: 2z € C}. Then y <y y' and x Ry’. To see that 3/ is
z-maximal, let y' <y y” with £ Ry”. Then y” >y 3/ >y z for each z € C, so CU{y"} is
a totally ordered subset of R[z] N Ty containing C. Maximality of C' shows that y” € C,
forcing ¢y’ <y ', and hence y” = y'. Thus, ¢y’ is z-maximal. That there is 2’ € X
such that * <y 2’ and 2’ is y-maximal is proved similarly but uses that 1z N R™![y] is
compact. m

We next define the notion of a Hartung morphism which is based on that of a GvG-
morphism (see Definition .

DEFINITION 9.6. Let H = (X, R,Y) and H' = (X', R’,Y’) be Hartung spaces. We call a
pair (S,T) of relations with S C X x X’ and T CY x Y’ a Hartung morphism provided

(1) if A’ € LH, then OsA’ € LH and #05A’ = Oré' A';

(2) if 2 2, then there is A’ € LH' with € OgA’ and 2’ ¢ A;

(3) if y7'y', then there is A’ € LH' with y ¢ 074’ A’ and ¢ € ¢'A’;

(4) if x Ry, then there are 2’ € X’ and ¢y € Y/ with 2 Sz’, yTy', and 2’ R’ ¢/'.

As in Remark we have:

REMARK 9.7. Let (S,T): H — H' be a Hartung morphism between Hartung spaces
H = (X,R,Y)and H' = (X', R, Y").
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(1) Definition [9.6/(2) is equivalent to
Sy < (VA eLH)(xeOgd =2’ €A,
and an analogous statement holds for Definition [9.6/(3)).
(2) S[z] is an upset of X’ for each € X and T[y] is an upset of Y’ for each y € Y.

(3) S71[2’] is a downset of X for each 2/ € X’ and T~![y] is a downset of Y for each
y eY'.

Composition of Hartung morphisms is defined as that of GvG-morphisms:
DEFINITION 9.8. Let (S1,71): H1 — Hz and (S3,T2): He — Hz be Hartung morphisms.

(1) Define So * S1 by x (S2 % S1) z provided that + € Og,0g, A implies z € A for each
A€ LHs.

(2) Define Ty x Ty by y (T2 * T1) w provided that w € A implies y € Op, O1, $#A for each
A€ LHs.

(3) Set (S2,T2) x (S1,T1) = (S2 % S1,Ta = T1).
An argument similar to that of Lemma yields:

LEMMA 9.9. Suppose that (S1,T1): H1 — Ho and (S2,T2): Ho — Hs are Hartung mor-
phisms. IfA € LHg, then DS2*51A = DSIDS2A and <>T2*T1 A = <>T1 OTQ‘A'

An analogous proof to Proposition yields:
PROPOSITION 9.10. Suppose that (S1,T1): H1 — Ha and (S2,T2): Ho — Hs are Hartung

morphisms.

(1) (S2,T2) % (S1,T1) is a Hartung morphism.

(2) If H = (X,R,Y) is a Hartung space, then (<x,<y): H — H is a Hartung morphism
and is the identity morphism for H.

(3) The operation x is associative.

The previous proposition shows that we have a category, motivating the following
definition.

DEFINITION 9.11. Let Hg denote the category of Hartung spaces and Hartung morphisms.

In the rest of the chapter we define a functor H: GvG — Hg. Let G := (X, R,Y) € GvG
and, as in Definition [8:2] let

XO:U{maXRfl[y]:er} and Y0=U{maxR[x]:xeX}.

We topologize X with the subspace topology of the open downset topology on X, and
topologize Y} similarly. Set Rg = RN (X xYp). Our aim is to show that H := (Xo, Ro, Yp)
is a Hartung space, which we do in a series of lemmas.

LEMMA 9.12. Define <x, on Xo and <y, on Yy by Definition |9.2|1] applied to Ry.
Then <x, and <y, are the restrictions of the partial orders of X and Y, respectively,
and thus are partial orders.

Proof. Let x,2' € Xy. By Definition [8.3|(1)), if z < ', then R[z'] C R[z]. Because
Ro[z'] = R[] N Yy and Ro[z] = R[x] NYy, we have Ry[z'] C Ry[z], so z <x, z’.
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Conversely, suppose = <x, z’, so Ro[z'] C Rolx]. Let y € R[2']. By Lemma [8.17|(2),
there is ¢y’ € Yy with y < 3’ and 2’ Ry/’. This yields =’ Ry y’, so

y' € Ro[2'] C Rolz] C R[z].

Because y < y’, Definition gives y € R[z]. Thus, R[z'] C R[z], and hence = < 2’
by Definition .

A similar argument shows that <y, is the restriction of the partial order of Y. m

LEMMA 9.13. Ry is a compact subset of Xy x Yy with respect to the product topology on
XO X Y().

Proof. By Remark , R is a closed subset of X x Y, hence is compact. Therefore, R
is a compact subspace of the weaker topology of the product of the open downset topolo-
gies on X and Y. We show that R = |Ry, where | is calculated with respect to the
product order on X x Y of the Priestley orders of X and Y. Let (z,y) € R, so z Ry.
By Lemma [B.17(L, 2)), there are 2’ € X and 3y’ € Y with < 2/,y < ¢/, and 2/ Ry/,
so ' Roy'. Hence, (2',y’) € Ry and (z,y) < (2/,9'). Thus, R C |Ry. For the reverse
inclusion, suppose that (z,y) < (z',y’) € Ro. Then 2’ Ryy’, so ' Ry’. This yields z Ry’
by Definition [0.2{(l), and hence z Ry by Definition [9.2J(2), concluding the proof that
R = |Ry. By Lemmal[J.12] <x, is the restriction to X of < on X, and similarly for <y .
Since < is the specialization order of the open upset topology, which is dual to the spe-
cialization order of the open downset topology, we find that the specialization order of
Xo x Yp is the dual of the restriction of the product order on X x Y. Therefore, from
R = | Ry it follows that R is the saturation of Ry. Thus, since R is compact, we conclude
that Ry is compact (see, e.g., [GHT03, p. 43]). =

The previous two lemmas show that H satisfies Definition |9.3|(1, 2).

LEMMA 9.14. Suppose that A’ C X is an upset and B’ CY is a downset. Set A = A'NX,
and B=B'NYj,.

(1) 40A=¢A'NY,.

(2) OoB = OB’ N X,.

(3) Oo4oA =064 N X,.

(4) m,),B=0ROB'NY,.

(5) If A is closed, then Oo#gA is closed.
(6) If B is closed, then ByQoB is closed.

Proof. The inclusion 49A C 4A’ NYy is clear. For the reverse inclusion, let y €
A’ NY,. Then x Ry for some z € A’. By Lemma , there is 2’ € X with z < 2’
and 2’ Ry, so 2’ Ryy. Since A’ is an upset, ' € A’ N Xy = A. Therefore, y € Ry[A],
yielding the equality.
The proof is similar to that of .
By and applied to B’ = ¢A’, we have
Oo#oA = To (A’ NYy) = 0eA N X,.

The proof is similar to that of .
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If A is closed, we may assume that A’ is closed (since the topology on Xj is the
subspace topology of the open downset topology on X). Therefore, A’ = (U; for some
family {U;} of clopen upsets of X (see, e.g., [DP02, Lem. 11.21]), and we may assume
the family is down-directed. Since R™*[y] is closed for each y € Y (see Remark ),
Lemma [7.18] shows that ¢ A’ = (| #U;, and so J4A’ = (\O#U; since O commutes with
arbitrary intersections. Each (14U is a clopen upset, so (14 A’ is a closed upset. Therefore,
Oo4oA = OeA' N Xy is closed.

@ The proof is similar to that of . [

LEMMA 9.15.

(1) LH is a subbasis of closed sets for X.
(2) {Yo— #U : U € LG} is a subbasis of closed sets for Yy.

Proof. Let C' C X be a closed set. Then C' = D N X for some closed upset D of X,
and D = (" U; for some family {U;} of clopen upsets of X. By Lemma , each Uj; is
a finite union from L G, and the result follows.

The proof is similar, but uses Lemma instead of B.72). w

Lemma shows that H satisfies Definition [9.3|(3]), and [6) that H satisfies
Definition [9.3][4).

LEMMA 9.16. H satisfies Definition [9.3)[5}[6).

Proof. For Definition , let x € Xg. Then x is y-maximal for some y € Y. By
Lemma [8.17([2), there is 3’ > y such that y’ is z-maximal, so 3’ € Y. Suppose that
x < &’ with 2’ Ry'. Then 2’ Ry (see Definition 8.3|2))). Thus, 2’ = x since z is y-maximal.
Consequently, z is y-maximal for some y € Yy. The other half of Definition is
proved similarly.

For Definition (9.3((6]), if = Ro y, then x Ry, so by Definition there is U = CI¢U
with x € U and y ¢ U. Set A = U N Xy. Then 2 € A and ¢A = U NY; by

Lemma [9.14([1), so y ¢ #pA. =

The above lemmas verify that H satisfies the conditions of Definition We thus
have:

PROPOSITION 9.17. If G = (X, R,Y) is a GuG-space, then H = (Xo, Ro, Yo) is a Hartung
space.

It follows from [GvG14, Ex. 4.1] that in general X, is properly contained in X.
The example of Gehrke—van Gool is infinite. The next proposition shows that this is
unavoidable as Xy = X in the finite case (see [GvG14] Ex. 5.4]):

ProprosITION 9.18. If G = (X, R,Y) is a finite GvG-space, then Xo = X.

Proof. Let x € X and set U = (T2 N Xyp). Then U is an upset, and hence a clopen upset
of X because X is finite, hence discrete. Clearly U C 1x. For the other inclusion, observe
that tz € LG since the intersection in Lemmal[8.7|(1) is finite and L G is closed under finite
intersections. Therefore, U C 1z implies (U C tz. Thus, Xo NO@U C XgN1tx C U,
so (U = U by Definition [8.3|(6]), and hence U € LG. If z ¢ U, then by Lemma [8.7|(5)
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there is 2’ € Xy with ¢ < 2’ and 2’ ¢ U, contradicting the definition of U. Consequently,
U =1z, and so z € X since U =1(tz N Xp). m

We define a functor H: GvG — Hg by setting H(X, R,Y) = (Xo, Ro, Yp) for each
(X,R,Y) € GvG and H(S,T) = (So,Tp) for each GvG-morphism (S,7): (X,R,Y) —
(X', R, Y"), where Sy = SN (Xo x X)) and Top = T'N(Yp x Yy). That H is well defined on
objects follows from Proposition[9.17} In order to see that H is well defined on morphisms,
we require the following two facts.

PROPOSITION 9.19. Let G € GvG. Then the map dg: LG — LH defined by ég(U) =
U N Xy is a Lat-isomorphism.

Proof. Lemma, shows that dg is well defined, and clearly it is order-preserving.
To show it is order-reflecting, let U,V € LG with U € V. Then there is x € U — V. By
Lemma , there is 2’ € Xy with 2 < 2/ and 2/ ¢ V. We have o’ € U since U is an
upset. Consequently, dg(U) Z dg(V).

To see that dg is onto, let A € LH. Since A is closed in Xy, there is a closed upset A’
of X with A = A’ N X,. Therefore, there is a down-directed family {U;} of clopen upsets
of X with A’ = U;. Because A x —49A C —Ry, we have

Ron({(UinXy) x — A} = 2.

Compactness of Ry implies that a finite intersection is empty. Since {U;} is a down-
directed family, there is a clopen upset U 2 A’ with Ro N (U N Xy) x —4gA) = &. This
forces UN Xy C Cp4pA = A, and so A = UN Xy. We then have A = Cly4gA = U N X
by Lemma [9.14)3). Because U € LG, we conclude that A = dg(U). Thus, dg is an

order-isomorphism, and hence a Lat-isomorphism. m

LEMMA 9.20. Let G = (X, R,Y) and G’ = (X', R',Y") be GuvG-spaces. Let (S,T): G — G’
be a GvG-morphism. If U' € LG’ and A’ = U’ N X, then

Os, A =0sU'NXe and Op,4hA = Or4'U' N Y.

Proof. Let x € OgU’ N Xp. Then Splz] = Slz]N Xy C U NX) = A", sox e Og A
Conversely, suppose that © € Og, A’. If ¢ OgU’, then S[z] € U’, so there is 2’ € X’
with z S2’ and 2’ ¢ U'. Since U’ € LG' and 2’ ¢ U’, R[z'] € R[U'] (see Remark [8.4[4)).
Therefore, there is y € Y with 2/ Ry and y ¢ R[U’]. By Lemma [8.17|(L), there is 2’ € X|)
with 2’ < 2’ and 2’ Ry. Thus, 2z’ ¢ U’ since y ¢ R[U’]. By Remark RB.9[3), S[z] is an
upset, so 2z’ € S[z]N X} = So[x]. This forces 2’ € A’ C U’ a contradiction. Consequently,
x € DSU’ N Xp.

For the second statement, the inclusion Or4'U' NYy C Op, 4 A’ is straightforward.
For the reverse inclusion, let y € Op, #,A". If y ¢ Or4'U’, then T[y] Z #U’, so there
is ¢/ with y Ty and ¢’ ¢ 4U’. By Remark and Lemma [B.17|(2), there is 2’ € Yj
with 3/ < 2’ and y T 2’. Therefore, y Ty 2/, so 2’ € Ty[y]. Because U’ is a downset and
y' ¢ ¢U’, we have 2z’ ¢ §U’. This is a contradiction to y € O7, #(A’. Thus, y € Or¢'U’. u

PROPOSITION 9.21. Let G,G’ € GvG, H = H(G), and H' =H(G'). If (S,T): G —- G isa
GvG-morphism, then (So,To): H — H' is an Hg-morphism.
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Proof. We first verify Definition[9.6][T). Let A’ € LH'. By Proposition[9.19] we may write
A" =U'NnXy with U’ € LG'. Then Og, A’ = OgU’' N Xy and O, 44" = Or4'U' NY,
by Lemma and Og, A" € LH by Proposition and Definition . Thus, by
Lemma and Definition ,

¢, A" = (05U N Xp) = 80U NYy =0r €U ' NYy = O, #A".

We next verify Definition [9.6][2). Suppose that z $y2’. Then x 2/, and since (3, T)
is a GvG-morphism, there is U € LG’ with x € JgU’ and o’ ¢ U’. If A’ = U’ N X, then
A’ € L'H by Proposition We have Og, A’ = OgU’ N X by the previous paragraph.
Therefore, z € Og, A’ and 2’ ¢ A’. A similar argument verifies Definition [9.6{[3).

Finally, we verify Definition [9.6)|4). Suppose that x Ry y. Then x Ry, and since (S, T)
is a GvG-morphism, there are 2,y with z Sa’, y Ty, and 2’ R'y. By Lemma[8.17} there
are " € X() and y” € Yy such that o’ < 2",y < y”, and " R'y", so 2" R y". Also,
xSa"” and yTy”, hence x Sox” and y Ty y”. This completes the proof that (Sp, Tp) is an
Hg-morphism. =

THEOREM 9.22. There is a functor H: GvG — Hg sending (X, R,Y) to (Xo, Ro, Yy) and
(S, T) g — g, to (So,To).

Proof. By Propositions [0.17] and [0.21] H is well defined on objects and morphisms. Let
G=(X,R,Y) € GvG. Then 1g = (<x, <y). Therefore, by Proposition [9.10(2),

H(<x,<y) = (<x0, <v) = lr(g)s

so H preserves identity morphisms.

To show that composition is preserved, let (S,T): G — G’ and (5", 7"): G' — G" be
GvG-morphisms. Set S = S’ xS and T = T’ x T. We show that S = S} * Sp; the
proof that T{ = T} x Tp is similar. Let z € Xy and 2”7 € X{/. Then z (S} x Sp) 2" iff
z € Ug,0g; A” implies 2" € A" for each A” € L'H". By Proposition we may write
A" =U"NX{ for some U"” € LG". Then x (S’ *S) 2" iff € Og0g:U"” implies " € U”
for each U” € LG'. We show that = (S} Sp) 2’ iff 2 (S’ * S)«”, which will show that
Sy = Sy * So. First, let © (S * So)z”. Let U” € LG"” and set A” = U"” N X{/. Suppose
that z € OgOg U"”. By Lemma

DSODS[’)A” =Ug, (DS/U” N X(/)) =050 U" N X. (91)

Therefore, » € Os0g U" N Xo = Os,0g;, A", so 2" € A”, and hence 2" € U". This shows
that = (S * .S) a”.

Conversely, let z (5" x S) 2" and A” € LH". Suppose z € Ug,[s, A”. By Proposi-
tion there is U” € L G" with A” = U”nXg. By (9.1), Og,04 A" = Os0s:U" N X.
Thus, € OsOgU”, so 2”7 € U”, and hence =/ € U” N X = A”. This shows that
x (S * So) . Consequently, S = S{ * So, as desired. Therefore, H preserves composi-
tion, and hence is a functor. m
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10. From Hartung to Urquhart

In this chapter we connect the Hartung approach to that of Urquhart. The resulting
spaces were introduced and studied in [Urq78|. The morphisms that Urquhart considered
dually correspond to onto bounded lattice homomorphisms [Urq78| Sec. 5]. We introduce
a more general notion of morphism between Urquhart spaces, which dually correspond
to all bounded lattice homomorphisms. We show that there is a functor from Hg to the
resulting category Urq of Urquhart spaces. In Chapter [13| we will show that this functor
is an equivalence and in Chapter [14] that Urq is dually equivalent to Lat.

Let Z be a topological space with two quasi-orders <; and <. We write Up(Z, <;)
for the upsets of (Z,<;) for i = 1,2. By [Urq78| Lem. 1], we have the Galois connection
¢: Up(Z,<1) = Up(Z,<2) and ¢: Up(Z,<5) — Up(Z, <;) given by

pA=—],A and YA=—-| A,
where |; A is the <;-downset of A.
DEFINITION 10.1. For a topological space U = (Z, <1, <) with two quasi-orders, let
LU={CeUp(Z,<):C =9¢C, C and ¢C are closed}.
Following [Urq78| p. 46], we call the triple (Z, <1, <) a doubly ordered space if
<y yand x <y yimply z =y.

DEFINITION 10.2. Let U = (Z,<1,<3) be a topological space with two quasi-orders.
Then U is an Urquhart space provided

(1) Z is compact and doubly ordered,;

(2) the family LU U {¢C : C € LU} is a subbasis of closed sets for the topology on Z;
(3) if C1,Cq € LU, then ¢(Cy N Cy) and ¥(dCq N @pCy) are closed;

(4) if x £1 y, then there is C € LU with z € C and y ¢ C;

(5) if L5 y, then there is C € LU with z € ¢C and y ¢ ¢C.

REMARK 10.3. Urquhart calls a doubly ordered space doubly disconnected when it sat-
isfies . Observe that every Urquhart space is T7. Indeed, if z,y € Z with = # y,
then ¢ €7 yor x Lo y. If x £; y, there is C € LU with z € C and y ¢ C. Therefore, —C
is an open set containing y but not . If €5 y, there is C € LY with z € ¢C and y ¢ C.
Thus, —¢C' is an open set containing y but not x. It follows that Z is T7.

Also observe that if I/ is an Urquhart space, then LU is a bounded lattice, where top
is X, bottom is @, C1 ACy = C1NCy, and C1 V Cy = ¢(dC1 NepCy) for each C1,Cy € LU.

We next define Urquhart morphisms.

DEFINITION 10.4. Let U = (Z,<1,<3) and U’ = (Z’, <}, <)) be Urquhart spaces. Let
also ¢, ¢ be the Galois connection maps for U and ¢', ¢’ for U’. A pair (P, Q) of relations
P,Q C Z x Z'is called an Urquhart morphism provided

(1) if C" € LU, then OpC” € LU and ¢OpC" = Cod'C";

(2) if z P 2, then there is C' € LU’ with z € OpC” and 2’ ¢ C;
(3) if 2@ 2/, then there is C' € LU’ with z € Og¢C’ and 2" ¢ ¢C”;
(4) if z € Z, then P[z] N Q[z] # @.
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Note that in Definition ,
2@z <= thereis C' € LU with z ¢ Qg — ¢C" and 2’ € —¢C’,
which is more in line with Definition .

Composition of Urquhart morphisms is defined similarly to that of GvG-morphisms
and Hartung morphisms:

DEFINITION 10.5. Let (P, Q1): Uy — Us and (Ps, Q2): Us — Us be Urquhart morphisms.
(1) Define Py x Py by x (P2 * Py) z if € Op,0p,C implies z € C for each C' € LUs.
(2) Define Q2+ Q1 by y (Q2% Q1) w if y € Og,Og, ¢C implies w € ¢C for each C € LUs.
(3) Set (P2, Q2) x (P1,Q1) = (P2 % P, Q2% Q).
Observe that in Definition ,
Yy(@QerxQi)w <= (VC € LUs) (w € —¢C =y € O, 0, — ¢C),

which is more in line with Definition[9.8||2)). We have the following analogue of Remark
for Urquhart morphisms:

REMARK 10.6. Let (P,Q): U — U’ be an Urquhart morphism.
(1) 2PZ & (VC e LU ) (e OpC =2 € 0).
(2) 2Q72 & (VC e LU') (2 € OgoC = 2’ € ¢C).
(3) P[z] is a <;-upset and Q[z] is a <s-upset of Z’ for each z € Z.
(4) P~1[2'] is a <;-downset and Q~1[2'] is a <y-downset of Z for each 2’ € Z'.
An argument similar to that of Lemma yields:
LEMMA 10.7. Let (P1,Q1): Uy — Us and (P, Q2): Us — Us be Urquhart morphisms. If
C e LZ/[3, then ng*plc = Dplﬂpo and DQ2*Q1¢C = DQIDQQQﬁC.
An analogous proof to Proposition 813 yields:

PROPOSITION 10.8. Let (P1,Q1): Uy — Us and (P2, Q2): Us — Us be Urquhart mor-
phisms.

(1) (P2, Q2)* (P1,Q1) is an Urquhart morphism.
(2) If U = (Z,<1,<2) is an Urquhart space, then (<1,<s) is the identity morphism
forlU.

(3) The operation x is associative.
We thus arrive at the following definition.

DEFINITION 10.9. Let Urq denote the category of Urquhart spaces and Urquhart mor-
phisms.

In the rest of the chapter we define a functor U: Hg — Urq.
DEFINITION 10.10. Let H = (X, R,Y") be a Hartung space.

(1) Set Z3 = {(z,y) € X xY : z is y-maximal and y is z-maximal}.
(2) Topologize Z3; with the subspace topology of the product topology on X x Y.
(3) Define <; and <5 on Zz by setting

(z,y) <1 (@y) ifx <x 2’ and (2,y) <2 (2/,y) ify <y ¥/
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REMARK 10.11. Let # = (X, R,Y) € Hg.

(1) Zy is a subset of R and <;, <5 are quasi-orders on Zy.

(2) Lemma shows that if # Ry, then there is y’ with y <y %’ such that ¢ is
z-maximal. Applying it again yields 2’ with z <x 2’ such that z’ is y’-maximal. It
then follows that (z/,y') € Zy.

(3) For each z € X, there is ¢y’ € Y with (z,y’) € Zy. To see this, by Definition ,
there is y € Y such that z is y-maximal. Since = Ry, (2)) yields ¢ >y y such that /'
is z-maximal. To see that z is y’-maximal, suppose x <x 2z’ with 2’ Ry’. Then 2’ Ry
by Definition , so ' = z as x is y-maximal. Thus, z is 3’-maximal, and hence
(,y') € Zy. A similar argument shows that for each y € Y, there is 2/ € X with
(@',y) € Zy.

LEMMA 10.12. For H = (X,R,Y) € Hg set U = (Z+,<1,<3). Suppose that A C X and
B CY are upsets.

(1) ¢((AxY)N Z) = (X x —4A) N Zy.
(2) Y((X x B)N Z3) = (—OB x Y) N Zy.
(3) V(A X Y) N Zy) = (DA X Y) N Zy.

Proof. (1) Set C = (AxY)NZ3 and let (x,y) € ¢C. To show that y € —4A, let w € A.
If w Ry, then by Remark there is y1 >y y with (w,y1) € Z3. Because ¢C is
a <g-upset and (z,y) <2 (w,y1), we have (w,y1) € ¢C. From ¢C N C = &, it follows
that (w,y1) ¢ C, so w ¢ A. This contradiction shows that w Ry. Therefore, y € —¢A,
so (z,y) € (X x —4A) N Zy, and hence ¢C C (X x —4A) N Zy.

For the reverse inclusion, suppose that (x,y) ¢ ¢C. Because —¢C = |,C, there is
(2',y") € C with (z,y) <2 (2/,y'). We then have y <y ¢’ and 2’ € A. Since 2’ Ry’
and y <y ¢/, it follows that 2’ Ry (see Definition )7 so y € ¢A. Consequently,
(2,y) ¢ (X x —0A)N Zy.

(2) The proof is similar to (1).

(3) By (1) and (2) applied to B = —4 A, we have

YO((AXY)NZy) = (X x —9A)NZy) = (-0 — ®AXY) N Zy
— (O8AXY)N Zy. m
Let (X,R,Y) € Hg and U = (Z3, <1, <2). To show that U is an Urquhart space, we

require the following two results.

LEMMA 10.13 ([Urq78, Lem. 5]). LetU = (Z,<1,<2) be a compact doubly ordered space.
Suppose that S is a bounded sublattice of LU such that whenever x €1 y, there is C € S
withz € C andy ¢ C. Then S = LU.

ProrosITION 10.14. Let H = (X, R,Y) € Hg and U = (Zy,<1,<32). Then the map
un: LH — LU, defined by puy(A) = (A X Y)N Zy, is a Lat-isomorphism.

Proof. The map fi3; is well defined by Lemma [10.12{(3), and it is clearly order-preserv-
ing. To see that it is order-reflecting, let Ay, Ay € LH with Ay € As. Then there is
z € A; — Ay. By Remark [10.11)[3)), there is y € YV with (z,y) € Zy. Consequently,
(2.3) € (Ar x Y) N\ Zy and (2.9) ¢ (As x ¥) ) Zrg. Thus, psg(Ar) € pre( o).
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To see that pz is onto, let S = {(AxY)NZy : A € LH}, s0o S C LU by
Lemma [10.12{(3). By Lemma to see that LU = &S, it suffices to show that S is
a bounded sublattice of LU such that if (z1,y1), (2, y2) € Zy with (z1,y1) €1 (22,y2),
then there is C' € S with (z1,y1) € C and (z2,y2) ¢ C. First, since @, X € LH, we have
@ = (@ xY)NZy and Zy = (X x Y) N Z3 are both in S. Next, let C1,Cy € S, so
Cy=(A; xY)NZy and Cy = (A X Y) N Zy for some Ay, Ay € LH. Then

ClACQZClﬂCQZ((Al ﬂAg) XY)ﬂZ’H eS
since A1 N Ay € LH. Also, by Remark [10.3] and Lemma [10.12]
Civ(Cy= 77[}((2501 N (2502) = w((X X —’Al) NZy N (X X —‘Ag) N ZH)
= w((X X (_’Al n —’Ag)) n Z’H) = w((X X _’(Al U Ag)) N ZH)
= (7<> — ’(Al U Ag) X Y) n ZH = (D‘(Al U AQ) X Y) N Z}[ esS (101)
since (J4(A4; U As) € LH. Finally, suppose that (x1,y1) €1 (22,y2). Then 1 £x 5.
Therefore, by Definition [9.3((6)), there is A € LH with 1 € A and 25 ¢ A. If C =

(AXY)NZy, then C € S and (x1,y1) € C but (x2,y2) ¢ C. Thus, L'H =S, and hence
1y is onto. Consequently, 3 is an order-isomorphism, and so a Lat-isomorphism. =

ProprosiTION 10.15. If H = (X,R,Y) € Hg, then U = (Z4,<1,<3) € Urq.

Proof. To verify Definition , R is a compact subset of X x Y by Definition .
To see that Z3, is compact, by |[GHT03, p. 43] it suffices to show that R = 173, where 1 is
taken with respect to the product order on X x Y. If (z,y) € R, by Remark [10.11][2)) there
is (2, y') € Zy with x <x 2’ and y <y y'. Therefore, (x,y) < (2’,y’), and so R =1Z4.

To see that U is doubly ordered, suppose that (x,y) <; (2/,y') and (z,y) <z («/, ).
Then z <x 2’ and y <y y’. We have 2’ Ry, so 2’ Ry by Definition . Because z is
y-maximal, ¥’ = x. Similarly, 3’ = v.

Next, to verify Deﬁnition, the topology on Z3 is the subspace topology of the
product topology of X x Y. Definition shows that

{AxY :Ace LH}U{X x —4A: Ac LH}
is a subbasis of closed sets for X x Y. We have LU = {(AxY)NZy : A€ LH} by
Proposition [I0.14] and
{pC:Ce LU} ={(X x —0A)NZy: A LH}

by Lemmas |10.12{|1) and [10.14] Thus, LU U {¢C : C' € LU} is a subbasis of closed sets
for Zy.

To verify Definition [10.2{[3), let C1,C2 € LU, and write C; = (4; x Y) N Zy for
i =1,2. By Lemma [10.12](T),
¢(Cl N OQ) = gf)(((Al N AQ) X Y) N Z'H) = (X X *‘(Al N Ag)) N Z’H,

so is closed since AjNAy € LH, and hence —4(A1NAz) is closed in Y by Definition |9.3)|4)).
Furthermore, by (10.1)), ¥(¢Cy N ¢Cs) = (O#(A1 U A2) X Y) N Zy, so is closed because
D’(Al U Az) € LH.
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We next verify Definition @ Let (21,91), (22, y2) € Zy with (z1,y1) €1 (22,92).
Then 7 £x x2. By Lemma , there is A € L'H with z; € A and 23 ¢ A. Letting
C = (AXY)NZy, we have C € LU (see Proposition, (z1,y1) € C,and (z2,y2) ¢ C.

Finally, we verify Definition[10.2|(5). Suppose that (z1,y1) €2 (z2,y2). Then y1 £y yo.
By Lemma, thereis A € LH withy; ¢ A and yo € #A. Letting C = (AXY)NZy,
we find that C € LU, (z1,y1) € ¢C, and (x2,y2) ¢ ¢C. This completes the proof that
UeUrg. n

THEOREM 10.16. There is a functor U: Hg — Urq which sends H = (X,R,Y) to
U= (Zy,<1,<2) and (S,T): H = H to (P,Q): U = U, where

(z,y) P(z',y) <= xSz’ and (2,y)Q(2",y) < yTy.

Proof. If H € Hg, then U € Urq by Proposition [10.15, Let (S,7): H — H' be an
Hg-morphism. We show that (P,Q): U — U’ is an Urg-morphism. To verify Defini-
tion[10.4Y(T)), let C" € LU’. By Proposition[10.14 C’ = (A’ xY")NZyy for some A’ € LH'.
We have

(z,y) € OpC’ < P[(z,y)] CC' < S[z|C A" < zelsA"

Therefore,
OpC’' = (0gA' xY)NZy € LU (10.2)
by Definition and Proposition
For the second statement of Definition [10.4{[1)), we have ¢'C" = (X' x —¢'A") N Z3y
by Lemma |10.12|(1). Moreover,
(z,y) € Oq¢'C’ <= Q|(z,y)] € ¢'C" <= T[y] C —¢'A’
= yeclr— A < ye—0Or¢ A
> (z,y) € (X x =07 4'A")N Zy.
Therefore,
DQ¢/C, = (X X —QT’/A/> N Z’H = (X X —0[]5’14’) N Z’H
=¢((0sA" xY)N Zy) = 0pC’, (10.3)
where the second equality holds by Definition [9.6{(1)), the third by Lemma [10.12{[1]), and

the final one by .

For Definition[10.4J[2)), suppose (z,y) P (2’,y'). Then = § z’. By Definition[9.6|[2), there
is A€ LH with x € OgA’ and 2’ ¢ A’. Set C' = (A’ x Y')N Zy. Then C' € LU’ by
Proposition and (z,y’) ¢ C’. Moreover,

Pl(w, )] = {(1,1) € Zor + (w,9) P (21,90} = {(@1,91) € Zwr s 0 S 1}
= {(l‘l,yl) €y x1 € S[l‘]} - (A/ X Y/) NZy = C/,
so (z,y) € OpC".

To verify Definition [10.4{(3)), suppose that (z,y) @ (z',y’). Then y7y’, so by Defini-
tion [0.6{(3), there is A’ € LH' with y ¢ Or-#'A’ and y' € #'A". Set C' = (A’ x Y') N Zy.
Then ¢'C’ = (X' x —¢'A") N Z3 by Lemma [10.12|(1]). Therefore, (2/,y') ¢ ¢'C’, and
(z,y) € Oge¢'C’ by ([10.3).
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Finally, to verify Definition [10.4{[4), let (x,y) € Zz. Then z Ry and by Defini-
tion[9.6|(4), there are 2’ € X',y € Y/ withx Sa’,y Ty, and 2’ R'y'. By Remark[10.11{{2),
there is (z”,y") € Zy witha’ <x 2" and y’ <y y”. By Remark[9.7(2), z S2” and y T y"".
Therefore, (z”,y") € P[(z,y)] N Q[(z,y)]. Thus, (P, Q) is an Urquhart morphism.

We next show that U sends identity morphisms to identity morphisms. Let ‘H € Hg.
By Proposition[9.10|(2), the identity morphism for H is (<x, <y).If (P,Q) = U(<x, <v),
then

(zy) P(ay) <= z<x2’ and (2,9)Q"Y) <= y<yv V.
Therefore, U(<x, <y) = (<1, <2), which by Proposition [10.8|(2) is the identity morphism
for U(H).

To finish the proof, we show that U preserves composition. Consider Hg-morphisms
(Sl,Tl)Z Hi1 — Ho and (SQ,TQ)Z Ho — Hs. Set (57 T) = (SQ7T2)*(51,T1)7 S0 S = S5% S,
and T =Ty *T1. If (x,y) € Z1 and (2,y') € Zs, then

(,y) P(2',y) = xS52" <= x(S2x 51
Also,

(z,y) (Py*x Py) (2',y) < (VC € LU3) ((z,y) € Op,0p,C = («',y') € O).
Given such C there is A € LH3 with C' = (A x Y3) N Z3. By ((10.2]),
DPIDPQC = Dpl((DSQA X Yg) n ZQ) = (DslmszA X Y]_) N Zl-
Therefore,
(z,y) (Pox P) (2',y)) < (VA€ LH3) (x € Us,05,A = 2" € A)
< T (SQ *Sl) x'.

A similar calculation shows that

(2,9) (Q2x Q1) () = y(TaxTh)y".
Thus, (P,Q) = (P2, Q2) x (P1,Q1), which shows that U preserves composition. m

11. Ploscica spaces: an alternative approach to Urquhart spaces

In [P1o95], Ploscica showed that the two quasi-orders of an Urquhart space can be replaced
by a reflexive relation. In this chapter we introduce the category Plo of Plos¢ica spaces
and Plos¢ica morphisms and show that it is isomorphic to Urg. Following Chapter [§] for
a relation R, we write [, ¢ instead of (i, ¢ g when the context is clear.

DEFINITION 11.1. For the pair P = (Z, R), where Z is a topological space and R is a
relation on Z, we set

LP={CCZ:C=04C and C,—4C are closed}.

DEFINITION 11.2. Let P = (Z, R) be a topological space with a reflexive relation R. We
call P a Ploscica space provided

(1) Z is compact and Ti;
(2) the family LPU{—4C : C € L'P} is a subbasis of closed sets for the topology on Z;
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(3) if C1,Cy € LP, then —4(Cy N C3) and T4(Cy U Cy) are closed;

(4) if R[y] € R[z], then there is C € LP with x € C and y ¢ C;

(5) if R7[y] € R~'[x], then there is C' € L'P with z ¢ 4C and y € 4C;
(6) if 2 Ry, then there is z € Z with R[z] C R[z] and R™![2] € R™[y].

REMARK 11.3. Definition implies that L P is a bounded lattice whose top is X,
bottom is @, Cy A Cy = C; N Cy, and C V Cy = 04(Cy U Cy) for each C,Cs € LP.

DEFINITION 11.4. Let P = (Z,R) and P’ = (Z', R") be Plos¢ica spaces. We call a pair
P, Q) of relations P,Q C Z x Z' a Plosc¢ica morphism provided

(
(1) if C" € LP’, then OpC’ € L'P and 40pC" = O ¢'C’;

(2) if z 2, then there is C' € L'P’ with z € OpC’ and 2’ ¢ C’;

(3) if @) 2/, then there is C' € L'P’ with z ¢ Oo#'C’ and 2’ € ¢'C";
(4) if z € Z, then P[z] N Q[z] # @.

We define composition of Plos¢ica morphisms exactly as for Urg-morphisms.
DEFINITION 11.5. Let (P1,Q1): P1 — P2 and (Ps, Q2): P2 — P3 be Plos¢ica morphisms.

(1) Define Py x Py by x (Py * Py) z provided that z € Op,0p,C implies z € C for each
C e LPs.

(2) Define Q2 * Q1 by y (Q2 * Q1) w provided that y € Og,0g, — 4C implies w € —4¢C
for each C' € L Ps.

(3) Set (P2,Q2) * (P1,Q1) = (P2 * P1,Q2x Q1).

DEFINITION 11.6. For a Plos¢ica space P = (Z, R), define <; and <5 on Z by
<12 < R[Z]CR[z] and y<sz < R '[z]C R [yl
REMARK 11.7.
(1) By the above definition, we can phrase Definition @ as follows:
If x Ry, then there is z with z <; z and y <5 z.
(2) If C € LP, then C is a <j-upset and 4C is a <s-downset.

The same argument as in Proposition m (which is analogous to that in Proposi-
tion [8.13) yields:

ProOPOSITION 11.8. The Ploscica spaces and Plos¢ica morphisms form a category Plo
where composition is given by x and the identity morphism for P is (<1, <s).

We next define a functor P: Urq — Plo.

DEFINITION 11.9. Let U = (Z,<1,<3) be a topological space with two quasi-orders.
Define Ry C Z x Z by
cRyy < Jz€Z:x<yzand y<s 2.

REMARK 11.10. It is immediate from the above definition that Ry, = >2 o <;, and hence
Ry[C] = 1,1,C and Ry,'[C] = ,11,C for each C C X.

As follows from [Plo95l Thm. 2.1], we can recover <; and <, from Ry:
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LEMMA 11.11. Let U = (Z,<1,<3) be an Urquhart space and x,y € Z.

(1) @ <1y iff Ruly] € Rulz).
(2) = <oy iff By'[y) C Ry [2].
Proof. Suppose that  <; y. Then ty C tyz, so Ryly] = loTy C loTiz = Rylx].
Conversely, suppose that z €1 y. By Definition [10.2|(4)), there is C' € LU with z € C and
y ¢ C. Because C = ¢¥¢C = —|,¢C, there is z € ¢C with y <7 z. On the one hand,
z € Ty C Lyt y = Ryly]- On the other hand, since z € ¢C = —|,C and T,z C C, we
have z ¢ |1 @ = Ry[z]. Thus, Ryly] € Rulz].

The proof is similar to that of . n

If U € Urq, it is clear that Ry is a reflexive relation, and that <;, <, are definable in
terms of Ry by Lemma [TT.11]

PRrOPOSITION 11.12. Let Z be a set, R a relation on Z, and <1, <s quasi-orders on Z
such that for all z,y € Z,

TRy <— JzeZ:x<yzandy<s 2.
Let also ¢, 1) be the Galois connection maps defined in Chapter [10, C' a <;-upset, and D
a <g-upset.

(1) ¢C = —4C.
(2) yD=0-D.
(3) $oC = OHC.

Proof. By Remark [L1.10| 4C = R[C] = |,1,C = |,C. Thus, —4C = —|,C = ¢C.
The proof is similar to that of .
Let C be a <i-upset. Then —4C' is a <,-upset by . Consequently, by and
applied to D = —4C, we have Y¢C = (—¢C) = T04C. n

LEMMA 11.13.

(1) LetU = (Z,<1,<2) € Urq and P = (Z,Ry). Then LP = LU.
(2) Let P = (Z,R) € Plo, and define <1,<3 as in Definition [11.6] If U = (Z,<1,<2),
then LU = LP.

Proof. Let C € LU. By definition, C, ¢C are closed and ¢¢C = C. Therefore,
C € LP by Proposition Conversely, if C € LP, then C,—4C are closed and
C6C = C. Remark shows that C is a <;-upset, so Proposition implies
that ¢C' is closed and ¥¢C = C. Thus, C' € LU, and hence L'P = LU.

(2) The proof is similar to that of . L]

ProposITION 11.14. If U = (Z,<;,<3) € Urq, then P := (Z, Ry) € Plo.

Proof. To verify Definition [11.2|()), the space Z is compact by definition, and it is 7} by

Remark Lemma [11.13|[1)) shows that LP = LU, and so Definition [I1.2§{2}[5) follows
from Proposition|l1.12|because U € Urq (see Definition [10.2)). To verify Definition|11.2([6)),

suppose that x Ry y. Then there is z € Z with z <; z and y < z. By Lemma [11.11]
Ryl2] € Ry[z] and R;,'[z] C R;;'[y]. Thus, P € Plo. m
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PropoSITION 11.15. If (P,Q): U — U’ is an Urq-morphism, then (P,Q): P — P’ is a
Plo-morphism, where P = (Z, Ry) and P' = (Z', Ry).

Proof. By Lemma |11.13(|l)), L P = LU. Thus, by Proposition [11.12] Definition i)
implies Definition [11.4(i) for each 1 <4 < 4. Consequently, (P, Q) is a Plo-morphism. m

THEOREM 11.16. There is a functor P: Urq — Plo given by P(U) = (Z, Ry) for each
U € Urq, and P(P,Q) = (P, Q) for each Urq-morphism (P, Q).

Proof. Proposition [11.14] shows that P is well defined on objects, and Proposition [11.§
that it is well defined on morphisms. It is clear that P preserves composition and identity
morphisms. Thus, P is a functor. m

We now show that P is an isomorphism of categories. For this we require the following
lemma.

LEMMA 11.17. Let P = (Z,R) € Plo. If z,y € Z, then x Ry iff there is z € Z with
r<yzandy < z.

Proof. One direction follows from Remark . For the other direction, suppose that
there is z € Z with ¢ <; z and y <3 z. From x <; z we get R[z] C R[z]. Because R is
reflexive, z € R[z], so z € R[z]. Therefore, z R z, and hence z € R™![z]. Because y <3 z,
we have R™1[z] € R™![y]. Consequently, x € R™![y], yielding x Ry. m

THEOREM 11.18. P: Urq — Plo is an isomorphism of categories.

Proof. By [MLTI, p. 14|, to see that P is an isomorphism of categories, it suffices to show
that P is a bijection on objects and on morphisms. If U = (Z, <1, <s), then <;,<, are
determined by Ry, by Definition [11.6] and Lemma This shows that P is 1-1 on
objects. To see that P is onto on objects, let (Z, R) € Plo, and set U = (Z, <4, <3), where
<4, <5 are given in Definition We show that U € Urqg. To see that U/ is a doubly
ordered space, suppose that z,y € Z with z <; y and x <5 y. If © # y, since Z is T,
there is a closed set C' containing z but not y. We may assume that C' is a subbasic
closed set. Therefore, Deﬁnition yields that either C' € LP or C' = —4D for some
D e LP.If C € LP, then C is a <j-upset by Remark ; and C contains z but
not y, a contradiction to x <y y. If C = —4D, then C is a <s-upset, again yielding a
contradiction since x <5 y. Therefore, x = y. This shows that I/ is a doubly ordered
space. By Lemma, LU = LP. Thus, Deﬁnitionand Propositionshow
that U € Urq. If z,y € Z, then by Lemma [I1.17} « Ry iff there is z € Z with z <; z and
y <s z, which happens iff Ry, y. Consequently, R = Ry, so P = P(U), and hence P is
onto on objects.

By Proposition [I1.15] if (P,Q): & — U’ is an Urq-morphism, then (P,Q): P — P’ is
a Plo-morphism. Conversely, if (P,Q): P — P’ is a Plo-morphism, then Lemma
and Proposition show that (P,Q): U — U’ is an Urquhart morphism, so P is
one-to-one and onto on morphisms, completing the proof that P is an isomorphism of
categories. m
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12. From Urquhart back to Dunn—Hartonas

In Chapters [§] to [L0] we defined the functors
DH & GvG & Hg 5 Urq

and in Chapter we saw that P: Urq — Plo is an isomorphism. In this chapter we
complete the circle by defining a functor D: Urq — DH.

DEFINITION 12.1. Let U = (Z,<1,<5) € Urq. Set

LCU ={D € Up(Z,<;) : D is closed, 9D = D},
RCU = {E € Up(Z,<,) : E is closed, oy E = E}.

We order LCU and RCU by reverse inclusion.

REMARK 12.2. In [Urq78| Thm. 3], elements of LCU are called left-closed stable sets and
elements of RCU right-closed stable sets, hence the notation.

We show that LCU and RCU are coherent lattices. For this we require the following
lemma.

LEMMA 12.3. LetU = (Z,<4,<s) € Urq.

(1) If De LCU and C € LU, then D C C iff DN ¢C = @.

(2) If E€RCU and C € LU, then E C ¢C iff CNE = @.

(3) If S C LCU and C € LU with S C C, then there are Dy,...,D, € S with
Din---ND, CC.

(4) If S € RCU and C € LU with S C ¢C, then there are Ey,...,E, € S with
Ein---NE,C¢C.

(5) If D € LCU, then D =({C € LU : D C C}.

(6) If E € RCU, then E = {6C : C € LU, E C ¢C).

Proof. This follows from [Urq78, Thm. 2b|. For the reader’s convenience, we give a
short proof. If D C C, then DN¢C C CNeC = @. Conversely, suppose that DN¢C = @.
Then D C —¢C = |,C. Therefore, ¢p({,C) C ¢D. But ¢p(1,C) = —|5d,C = —],C = ¢C.
Thus, ¢C C ¢D, so YD C 1p¢C, and hence D C C since C € LU and D € LCU.

The proof is similar to that of .

If S C C, then NS C —¢C because C N ¢C = &. Since —¢C' is open, com-
pactness implies that there are Dy,...,D, € S with DynN---N D, C —¢C. Since LCU
is closed under finite intersections, shows that Dy nN---ND, CC.

The proof is similar to that of .

(5) The inclusion C is obvious. For the reverse inclusion, suppose that z ¢ D. Since
D = ¢¢D, we have © € |;¢D = |,(—]yD). Therefore, x <; y for some y € —|,D.
Consequently, y Zo z for each z € D. By Definition [L0.2|f]), there is C. € LU with
y € ¢C, and z ¢ ¢C,. Because D C |J{—¢C, : z € D}, compactness implies that there
are z1,...,2n € D with D C —¢C,, U---U—¢C,, . Let C = ¢p(¢C,, N---N@pC,, ). Then
C € LU by Remark Since ¢C,, N---NPC, = d(Cy, U---UC,, ) and ¢ppd = ¢, we
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have

¢C = ¢¢(¢CZ1 n---nN ¢Czn) = ¢¢¢(C.21 U---u Czn)
=¢(C,,U---UC,, ) =0¢C,, N---NeC,,,

so DN ¢C = @. This implies that D C C by . Moreover, y € ¢C, yielding y ¢ C.
Finally, since C is an upset and = <; vy, it follows that = ¢ C.
@ The proof is similar to that of . [

PROPOSITION 12.4. Let U € Urq.

(1) LCU,RCU € CohLat,.
(2) K(LCU)=LU and K(RCU) ={¢C : C € LU}.
(3) The map &y : LU — CLF(LCU), defined by £y (C) = 1C, is a Lat-isomorphism.

Proof. Define u: Filt(LU) — LCU and v: ldI(LU) — RCU by

w(F)=()F and o(Z)=[\{¢C:C eI}

for each F € Filt(LU) and Z € IdI(LU). Tt is straightforward to see that u and v are
well defined and, with respect to reverse inclusion on LCY and RCU, both are order-
preserving. To see that u is onto, let D € LCY. If F = {C € LU : D C C}, then it
is straightforward to see that F is a filter and D = (| F follows from Lemma [12.3{[).
A similar argument using Lemma shows that v is onto.

To see that u is order-reflecting, we show that 7 = {C € LU : w(F) C C} for each
F € Filt(LU). The inclusion C is clear by the definition of u. For the reverse inclusion,
suppose that u(F) C C for some C € LU. Because u(F) =) F, Lemma implies
that there are C1,...,C, € F with C; N ---NC, C C. Therefore, C € F. Thus, for
F,F' € Filt(LU),

FCF = uF)CulF) < u(F)<u(F).

A similar argument, using Lemma instead of Lemma [12.3|3)), shows that v is
order-reflecting. Thus, v and v are order-isomorphisms, and hence LCU, RCU € Cohlaty.

Since LCU is ordered by 2, it follows from Lemma[I2.3|3)) that Lt/ C K(LCU). For
the reverse inclusion, by Lemma, each D € LCU is a join in LCY from LU. There-
fore, if D € K(LCU), then it is a finite join from L. Since a finite join in LCY is a finite
intersection and LU is closed under finite intersections, D € LU. Thus, K(LCU) = LU.
The argument for RCY/ is similar but uses Lemma instead of Lemma.

Apply , , and Lemma n
For U € Urq, define Ryy C LCU x RCU by
DRyE < DNE#g,
and set D(U) = (LCU, Ry, RCU).

PrOPOSITION 12.5. If U € Urq, then D(U) € DH.
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Proof. By Proposition 12.47 LCU,RCU € CohLaty. It is left to show that Ry is a
DH-relation. For Definition [7.5{(1]) let D € LCU. Then

RylD] = {E €RCU:DNE + o)}
—{E€RCU:CNE#2VC € LU with D C C},

where the second equality holds by Lemma and compactness. For £ € RCY and
C € LU, Lemma [12.3|2) shows that CNE # @ iff E € ¢C iff ¢C £ E. Consequently,

RylD]={E e RCU : ¢C £ EVC € LU with D C C}
—{Ee€RCU:E e —1¢CVC € LU with D C C}
=[{~1¢C: C € LU with D C C}.

Since each —1¢C' is clopen by Lemma and Proposition , we conclude that
Ry[D] is closed. A similar argument shows that R;,'[F] is closed for each E € RCU.

Next, we show that Ry[V] is clopen for each clopen V C LCU. If V = &, then
Ry[V] = @, so is clopen. Suppose V # &. By Proposition [12.4)(2)) and Theorems [2.8(3)),
B0,

{1CN—1CiN--N=1Cy : C,Cy,...,Cy € LU}

is a basis for the Lawson topology of LCU. Since Ry, preserves unions, it suffices to assume
that V =1CnN—-1CyN---N—1C, for some C,C1,...,C, € LU with C € C; for each 1.
This implies that C' € V (recall that LCU is ordered by reverse inclusion). We show that
Ry[V] = —1¢C. For one inclusion, by Lemma [12.3|2)),

EFe 1¢C <— EZL¢C <— CNE#g,

and so C Ry E. Therefore, —1¢C C Ry[V] since C' € V. For the reverse inclusion, if
E € Ry[V], then DN E # @ for some D € V. Because D € V, we have D C C, and
so CNE # @. Thus, E € ¢C, and hence E € —1¢C. Consequently, Ry[V] = —1¢C,
and so Ry[V] is clopen. A similar argument shows that R;,;'[W] is clopen for each clopen
W C RCU. This completes the proof that Ry is an interior relation.

We next verify Definition . Let D € LCU and F € RCU. Since the top of RCU
is @, we have D Ry, @ for each D € LCU. Similarly, @ Ry, E for each E € RCU. Thus,
LCU— Ry[D] and RCU— R;,*[E] are nonempty. Because D Ry E iff DNE # @ and the or-
ders on LCU and RCU are each reverse inclusion, Ry[D] is a downset of RCU and R;,'[E]
is a downset of LCU. Therefore, LCU — Ry[D] and RCU — Ry, '[E] are upsets. Finally, to
see that LCU — Ry[D] is closed under binary meets, let D1, Dy € LCU and E € RCU.
Suppose that D1 Ry E and Dy Ry E. Then D1 N E = @ = Dy N E. By Lemma [12.3{(5)
and compactness, there are C; € LU with D; C C; and C; N E = & (i = 1,2). Therefore,
E C ¢C; by Lemma [12.3)(2), so E C ¢C1 N ¢Cy. Then C := 1 (pC1 N ¢Cs) CYE. By
Remark C € LU. From C C YE we get C N E = @. Because D1, Dy C C, we
have C' < Dy, Dy in LCU, and hence C' < Dy A Do, which means that Dy A Dy C C.
Consequently, (D1 A D2)NE = @. Thus, (D1 A D2) Ry E. This proves that LCU — Ry [D]
is closed under binary meets. The proof that RCU — R;,'[E] is closed under binary meets
for each F € RCU is similar.
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For Definition [7.5|[3), let D, D’ € LCU. Suppose that Ry[D] C Ry[D']. Let C € LU
with D’ C C. By Lemma @, D' Ry ¢C, so D Ry ¢C, and hence D C C. Therefore,
D C D’ by Lemma (]E ,s0 D' < D. The proof of Deﬁnition is similar but uses
Lemma [12.3|(2, 6]) instead of Lemma [12.3(|1, 5)). This completes the proof that Ry is a
DH-relation, and thus (LCU, Ry, RCU) € DH.

We next associate a DH-morphism to each Urg-morphism.

DEFINITION 12.6. Let (P,Q): U — U’ be an Urg-morphism. For each D € LCUY and
E € RCU, define

pr(D) = ﬂ{C” eLU :D - DPC/},
grq(E) =[{¢'C': C" € LU, E C Ogp¢/'C'}.

Because fpg(D) is an intersection from LU’, we have fpg(D) € LCU’, and similarly
grg(E) € RCU'. Therefore, fpg: LCU — LCU' and gpg: RCU — RCU’ are well-
defined functions. In order to prove that (frg, grg): D(U) — D(U’) is a DH-morphism,
we require the following lemma.

LEMMA 12.7. Let (P,Q): U — U’ be an Urq-morphism.

(1) If D € LCU and C' € LU, then D C OpC’ iff fpo(D) C C'.
(2) If E € RCU and C' € LU, then E C Ood'C" iff gpo(E) C ¢'C".

Proof. If D C OpC’, then fpo(D) C C’ by definition of fpg. Conversely, suppose
fpq(D) C C". By definition of fpq(D) and Lemma[12.3)[3), there are C1,...,C}, € LU’
with D C OpCY for each ¢ and C; N ---NCJ, C C’. Therefore,

DQDpCiﬂﬂDpC;L:Dp(C{ﬂﬂC;)QDpC’
(2) The proof is similar to that of . L]

PROPOSITION 12.8. If (P,Q): U — U’ is an Urq-morphism, then (fpg,grg): DU) —
D(U’") is a DH-morphism.

Proof. We first point out that fpg is order-preserving. If D, D’ € LCUY with D C D',
then fpo(D) C fpo(D’) follows from the definition of fpg. Because the orders on LCU
and LCY’ are reverse inclusions, this shows that fpg is order-preserving.

We prove that fpg is a CohLaty-morphism. Let D = \/ D; be a directed join. Then
D = (N D, is a directed intersection. Since fpq is order-preserving, \/ fpo(D;) < fpg(D),
which says that fpo(D) C () fro(D;). For the reverse inclusion, by the definition of
frq(D), it suffices to show that if C' € LU with D C OpC’, then there is i with
frq(D;) C C'. Because D = (| D; is a directed intersection, Lemma shows that
D; C OpC’ for some 4, and so fpo(D;) C C'. Thus, fpg preserves directed joins.

To see that fpg preserves meets, suppose that D = A D;. Then fpg(D) < A fro(D;)
because fpg is order-preserving. Since < on LCU is reverse inclusion, Lemma
implies that a meet AS in LCU is the intersection of all C € LU containing JS.
Therefore, for the reverse inequality, it suffices to show that if C’ € LU’ such that
fPQ(Di) g C/ for each i, then fPQ(D) g Cl. If pr(Di) g O/, then Di g DPC/ by
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Lemma [12.7(T). If this happens for each i, then D C OpC’ because D = A D;, and hence
frq(D) C C'. Thus, fpg preserves arbitrary meets.

Observe that the left adjoint ¢ of fpg is given by ¢(D’) = OpD’ for each D' € LCU'.
To see this, since (p preserves arbitrary intersections, by Lemmas [12.3|[5) and [12.7(1),
for each D € LCU we have

D CcOpD' < D CUpC'VC" € LU with D' C '
< fpo(D)CC'VC" e LU with D' CC" < fpu(D) C D'
Thus, OpD’ < D iff D' < fpo(D), showing that ¢(D') = OpD'.

We now show that ¢ preserves finite meets of compact elements. We have K (LCU') =
LU’ by Proposition [12.4|2)). If S C LU’ is finite, then AS in LCU’ is equal to \/ S in
LU’ since the order on LCU’ is reverse inclusion while the order on LU’ is inclusion.
Thus, it is enough to prove the following:

CLamM 12.9. ¢ preserves finite joins from LU.

Proof. Let S be a finite subset of LU. If S = @, then Op (V@) =0p2 = & =\ 2.
Thus, it suffices to prove that ¢ preserves binary joins from LU’. Let C1,Cy € LU'. The
inclusion OpCy vV OpCy C Op(Cy Vv Cy) is clear since (p is order-preserving. For the
other inclusion, let z € Op(Cy V Cs). Since Op(Cy V Cy) = Opy'(¢'C1 N ¢'Cy),

Plz] C4'(¢'C1N¢'Co) = =11 (¢'C1 N ¢'Ca),
so Plz] N ¢'Cy N ¢'Cy = @ because Plz] is a <;-upset.

Suppose that @ ¢ OpCy vV OpCy. Since OpCy V OpCy = ¢¥(¢0pCy N ¢OpCs), we
have x ¢ ¥(¢0pCi N ¢OpCy), so x € |4 (¢0pC1 N ¢OpCy). Therefore, there is y with
x <1y and y € p0pC1 N p0pCsy. By Definition ,

d0pCy N ¢OpCy = Ood'Cr NOg¢'Cay = U (¢'Cr N ¢'Cy).
Thus, Qly] C ¢'C1N¢'Cy. Since x <3 y, we have Ply] C P[x] by Remark[10.6{}4). Because
P[x] N ¢/01 n (b/CQ =@ and Q[y] - ¢/Cl N (b/CQ,

we conclude that Ply] N Q[y] € Plz] N Qy] = @, contradicting Definition [10.4|{4). Con-
sequently, Op(Cy V C3) C OpCy vV OpCy, and hence Op preserves binary joins. m

Applying Lemma completes the proof that fpg is a CohLaty-morphism. Similar
arguments show that gpqg is a CohlLaty-morphism.

Finally, we show that (fpg,gpg) is @ DH-morphism. Because fpg,gpg are CohlLaty-
morphisms, it remains to verify Definition . For Definition , let D € LCU
and E € RCY with DRy E. Then DNE # @. If fpg(D)Ngpg(E) = &, then

({CieLu :DCOpCIn({¢'Cy:Cye LU, ECOp¢'Ch} = 2.

These intersections are directed, so compactness implies that there are C1,C5 € LU’
with D C OpCY, E C Og¢Cy, and C] N ¢'CH = @. Since there is z € DN E, we
have z € OpC{ N Og¢’Cy. Therefore, P[z] N Q[z] € C1 N ¢'C) = @. This is a contra-
diction since P[z] N Q[z] # @ by Definition [10.4|{4). Thus, fpq(D) N frq(E) # @, so
fPq(D) Ry frq(E).



64 G. Bezhanishvili, L. Carai and P. J. Morandi

To verify Definition , suppose D’ Ry gpg(E) and set D = ¢(D’) € LCU.
Then D’ < fpo(D). If DN E = @, because ¢ preserves arbitrary joins in LCY’ (which
are intersections), compactness implies that there is C’ € LU’ such that D’ C C’ and
L(C")NE = @. Since £(C'") = OpC’, we have OpC’' N E = &. Therefore, E C ¢0pC’
by Lemma , and so E C Og¢'C’ by Definition . Thus, gpq(E) C ¢'C’
by Lemma [12.7)[2), and so D' N gpq(E) € €' N¢'C’ = @. This is a contradiction since
D’ Ry gpg(E). Consequently, D N E # @&, and hence D Ry E.

A similar argument verifies Definition , completing the proof that (frq,grq)
is a DH-morphism. =

THEOREM 12.10. There is a functor D: Urq — DH given by D(U) = D(U) for each
U € Urq and D(P, Q) = (frg,grqg) for each Urq-morphism (P, Q), where fpg, gpq are
gwen in Definition [12.6]
Proof. By Proposition D is well defined on objects, and it is well defined on mor-
phisms by Proposition We show that DD sends identity morphisms to identity mor-
phisms. Let U = (Z, <1, <s) € Urq. By Proposition [10.8|[2)), the identity morphism of &/
is (P,Q) := (<1,<9). If 2,2/ € Z, then 2 P2 iff 2 <; 2’. Consequently, OpC = C for
each C € LCU because C is a <j-upset. Therefore, if D € LCU, by Lemma [12.3{[5]),
froD)=({CeLU:DCOpC}=(){CeLU:DCC}=D.

This shows that fpg is the identity on LCU. A similar argument shows that gpq is the
identity on RCU. Therefore, (fpg, gpg) is the identity on D(U).

Next let (P, Q1): Uy — Uy and (Ps, Q2): Us — Us be Urg-morphisms. Set P = Pox Py
and @ =Q2*Q1. To show that D preserves composition, by definition of composition in
DH it suffices to show that fpgo = fp,0,0fr,0, and gpg =gpr,,°9pP Q.- If D € LCU;, then

frq(D) =({C" € LUy : D COpC"} = ({C" € LUs : D C Op,0p,C"}
by Lemma [10.7] Thus,
(fP2@s © fPi@)(D) = froqu(Friqu(D)) = ({C" € LUs : fp,q,(D) € Op,C"}
=({C" € LUz : D € Op,0p,C"} = fpo(D),

where the third equality holds by Lemma [12.7((1). Thus, fro = fr,q, © fP.@,- A similar
argument gives gpg = gr,Q, © gr,Q,, completing the proof that D is a functor. m

13. The resulting category equivalences

In Chapters [§] to [10] we defined the functors G: DH — GvG, H: GvG — Hg, and U: Hg —
Urg; in Chapter we showed that the functor P: Urq — Plo is an isomorphism; and
in Chapter we defined the functor D: Urq — DH. In this chapter we show that the
functors

DH —&— GvG — = Hg v Urq

\_/

D
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yield equivalences of DH, GvG, Hg, and Urq, and hence each of these categories is also
equivalent to Plo. This concludes the circle of our equivalences.

We show that the above four functors are equivalences by producing natural isomor-
phisms between the identity functor of each of the above four categories and the corre-
sponding composition of the four functors. Since various of these natural isomorphisms
have similar proofs, we skip some details towards the end of the chapter.

Let U4 € Urq. By Proposition (LCU, Ry,RCU) € DH. Therefore, by Proposi-

tion ((LCU)p, (Ru)p, (RCU),) € GvG. Thus, by Lemma and Proposition
((LCU)o, (Ru)o, (RCU)p) € Hg. Throughout the chapter, we assume that an Urquhart

space is the triple U = (Z, <1, <2).

LEMMA 13.1.

(1) Let D= (X,R,Y) € DH. Set U = UHG(D) and D = DUHG(D). Then

LU={UxY)NZ:U e CLF(X)},
CLF(LCU) ={1[(U xY)Nn Z] : U € CLF(X)}.

(2) Let G = (X, R,Y) € GVG. Set U = UH(G) and G = GDUH(G). Then
LU={{UxY)NZ:Ue LG},
LG={1{UxY)nZIn(LCU), :U € LG}

(3) Let H=(X,R,Y) € Hg. SetU = U(H), and H = HGDU(H). Then
LU={(AXY)NZ:Ae LH},
LH={t[(AxY)NZIN(LCU)o: A€ LH}.

Proof. Let G = G(D) and H = H(G). Then LG = {UN X, : U € CLF(X)} by

Proposition and L'H = {UNX, : U € CLF(X)} by Lemma and Proposition
Therefore, Proposition yields

LU={((UNXo) xY)NZ:U € CLF(X)}.

We show that (UN Xy) xY)NZ = (U xY)N Z. One inclusion is obvious. For the
reverse inclusion, let (x,y) € Z with x € U. Because Z C X, x Yp, we have x € U N Xj.
Therefore,

LU={{UxY)NZ:U e CLF(X)}.

By Proposition [[2.4)2), K(LCU) = LU. Thus, Lemma [5.4] implies that
CLF(LCU) ={1[(UxY)NZ]:U € CLF(X)}.
The proofs of and are similar to that of . [
LEMMA 13.2.

(1) Let D= (X,R,Y) € DH and set UHG(D) = (Z,<1,<2). Ifx € X and U € CLF(X),
then
rel < (TzxY)NZC(UxY)NZ.

(2) Let G =(X,R,Y) € GVG and set UH(G) = (Z,<1,<9). Ifx € X and U € LG, then
rel <<= (texY)NZC(UXxY)NZ.
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(3) Let H=(X,R,Y) € Hg and set UH) = (Z,<1,<3). Ifx € X and A € L'H, then
r€EA = (TexY)NZC(AXxY)NZ.

Proof. One direction is clear since U is an upset. For the other, suppose that = ¢ U.
By Lemmal[7.11|(3), U = ¢¢U. Therefore, thereis y € ¢U with 2 Ry. By Remark[10.11][2)),
there are #’ > x and y' > y with (2/,y') € Z. Thus, (2',y’) € (tx x Y)N Z. On the other
hand, 2’ Ry’ and y < ' imply that 2’ Ry. Hence, y € ¢U yields 2’ ¢ U. Consequently,
(', y) ¢ (U xY)NZ,andso (tz xY)NZ L (UxY)NZ.

The proofs of (2) and (3)) are similar to that of (I). m

13.1. The natural isomorphism 1py — DUHG
LEMMA 13.3. For each D € DH, there is a DH-isomorphism ep: D — DUHG(D).

Proof. Let D = (X, R,Y). Set U = UHG(D) := (Z,<1,<2) and D = DUHG(D), so
D = (LCU, Ry, RCU). For U € CLF(X) let U = (U x Y) N Z. By Lemma [13.1)(1), we
have LU = {U : U € CLF(X)} and CLF(LCU) = {{U : U € CLF(X)}.

Define a: X — LCUY and 5: Y — RCU by

az)=texY)NZ and B(y)= (X xty)NZ.

Since CLF(X) = {tk : k € K(X)} (see Lemma [5.4), tz = N{U € CLF(X) : = € U}.
Therefore, a(z) = N{U : U € CLF(X),z € U}, an intersection from LU, and hence
ar) € LCU since LCU is closed under intersections. It is easy to see that « is order-
preserving since the order on LCU is reverse inclusion. To see that « is order-reflecting,
suppose that a(z1) < a(z2) in LCU. Then a(z2) C a(z1). By Lemma B.I7[), for each
x € X, we have x = A(Tz N Xy); and by Remark 7 for each z € X, there is
y € Yy with (z,y) € Z. Therefore,

T = /\{z € Xo: 3y €Yo, (2,y) € afzy)}

< /\{z € Xo:Jy €Yo, (2,9) € alxs)} = za.

Thus, « is order-reflecting. To show that « is onto, let D € LCU. By Lemmas and
, there is a family {U;} C CLF(X) with D = (N U;. By Lemma|5.4} for each i there
is k; € K(X) with U; = 1k;. If x = \/ k;, then 12 = (U;. Consequently, a(z) = D. This
shows that « is an order-isomorphism, hence a CohlLaty-isomorphism. Similar arguments
show that 3 is a CohlLaty-isomorphism.

To see that («, 8) is a DH-isomorphism, by Remark it is enough to show that
x Ry iff a(z) Ry B(y). If a(z) Ry B(y), then a(x) N B(y) # &, so there is (¢/,y’) € Z
with z < 2’ and y < y'. Since (2/,y’) € Z, we have 2’/ Ry/, so z Ry by Definition [7.5/{2).
Conversely, if z Ry, by Remark [10.11}{2), there are 2’ > z and y' > y with (z/,y/) € Z,
so a(z) N B(y) # &, and hence a(x) Ry B(y). Setting ep = (o, B) yields the desired
DH-isomorphism. =

PROPOSITION 13.4. There is a natural isomorphism €: 1py — DUHG.

Proof. Let D = (X,R,Y) € DH. Then ¢p is a DH-isomorphism by Lemma To
see that € is natural, let (f,g): D — D’ be a DH-morphism. Set &Y = UHG(D),
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U = UHG(D'), and UHG(f,g) = (P,Q). Then DUHG(f,9) = (frg,grg). We need
to show that the following diagram commutes:

EDJ JGD,

@ (frq.9rPQ) ﬁ

Write ep = (o, 8) and epr = (¢, 5’). We then need to show that o/ o f = fpg o @ and
p'og = gpgopB. Let x € X. Then &/(f(z)), fro(a(z)) € LCU’'. To see that they are
equal, by Lemma [12.3([5)) it suffices to show that

o (f(z)) €C" = fpqla(x)) € C’

for each C" € LU'. Recall that U’ = (Z’,<},<}). Using the notation of Lemma it
follows from Lemma that C' = (U’ xY')NZ' = U’ for some U’ € CLF(X'). Since

o (f(x)) = (1f(x) x Y')N Z', we have o/ (f(z)) C U’ iff f(z) € U’ by Lemma .
By Lemma [12.7((1)), fpq(a(x)) C U iff a(x) C OpU’. Let (21,y1) € Z and (x4, y}) € Z'.
Recalling how U, H, and G act on morphisms, we have
(z1,91) P (21,91) <= z18pa) < f(a1) <af,
where Sy is defined in Proposition [8.25} Therefore,
OpU’ = {(2z1,y1) € Z : (¢, 9)) € Z’ and f(z1) <2} = 2| €U’}
={(z1,;1) € Z: (M f(x)xY"YNZ' C (U xY')YnZ"}
={(z1,01) €Z: f(z1) eU'}=(fT1U)xY)NZ,
where the second-to-last equality follows from Lemma . Thus,
fro(a(@) ST = alx) C OpT7
— (trxY)NnZC(f Y UYxY)nZ
= e fHU) <= f(x)elU’
= (f(=) T,
again by Lemma. Consequently, fpg(a(z)) = o/(f(z)), and hence fpgoa = o/of.

Similar calculations show that gpg o 8 = 8’ o g. Thus, € is natural. =

13.2. The natural isomorphism 1g,c — GDUH

LEMMA 135. Let G = (X,R,Y) and G = (X', R)Y’) be GuG-spaces. Suppose that
a: X = X' and B:Y — Y’ are Pries-isomorphisms satisfying x Ry iff a(x) R’ B(y).
Define So C X x X' andTg CY xY' by

rSy1" = a(z) <z and yTzy <= Bly) <vy.
Then (S, Ts): G — G’ is a GvG-isomorphism.
Proof. Let U’ € LG’'. Since U’ is an upset,
O, U ={zeX:S,x]CU}={reX:tazx) CU'}
={ze€X:a@)eclU}=a Y(U).
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Therefore, because U’ is a clopen upset and « is a Pries-morphism, (g U’ is a clopen
upset. Similarly, 07, ¢'U’ = B~ L(#'U’), and hence O1,4'U'’ is a clopen downset. We show
that (S, T3) is a GvG-morphism. Since «, § are bijections such that = Ry iff a(x) R’ B(y),

o 1OV =087V and € U =p3"1¢'U
for each U’ C X’ and V' C Y’. Therefore, since [V ¢'U’ =U’,
C(0s, U') = O Y (U') =081 (#U') = o (' ¢'T)
=a N U)=0g,U".
Thus, Og U’ € LG. Moreover,
’DSQU/ — ’a—l(U/) — /6_1(‘/(]/) — OTB’/U/-
Consequently, Definition [8.8(|1) is satisfied.
For Definition [8.8(|2)), suppose that z 3, 2, so a(x) £ 2’. By Lemma [8.7|(1), there is
U' € LG with a(z) € U" and o’ ¢ U’. Since U’ is an upset, S,[z] = Ta(z) C U’, so
x € Og, U’. A similar proof holds for T, so Definition [8.8|(3) is satisfied. Suppose that
z Ry. Then a(x) R B(y). Because = S, a(x) and y Ts B(y), Definition [8.8(|4) holds. Thus,
(Sa,Ts) is a GvG-morphism.
Finally, to show that (S,,Tp) is a GvG-isomorphism, (S,-1,Ts-1): G' = G is a GvG-

morphism by the above argument. We prove that (S,-1,Ts-1) * (Sa,T3) = (<x,<y),
the identity morphism for G by Proposition [8.13|{2). Since S,-1S4[7] = tata(z) = 1z,

T (Sq-1%8S4)z <= (YU € LG)(S4-154[z)] CU = 2z€U)
— WelLG)(1xCU=2€U) << z<z

where the final equivalence follows from Lemma [8.7|1). Thus, S,-1 %S, = <x. Similarly,
Tﬁ—l *Tg = <y, so (SQ—I,T[}—I) * (SQ,TB) = (Sx, Sy) A parallel argument shows that
(Sa,Tg) * (Sq-1,Ts-1) = (<x7, <y-). Therefore, (Sa,T3) is a GvG-isomorphism. =

LEMMA 13.6. Let G = (X, R,Y) be a GuG-space. If U = Uy V ---V U, is a join in LG,
then U is a distributive join iff U = Uy U--- U U,.

Proof. One implication is clear since if a finite union of elements of L G is in LG, then
it is the join in L G and it is clearly distributive. For the other, set V =U; U--- U U,,
so U = 04V by Remark [B.6] We show that U = V. If not, then there is z € U — V. By
Lemma [8.7/(5), we may assume that x € Xy. By definition of Xj, there is y € Y with
x € max R™1[y]. Therefore, R~![y] Ntz = {z}, so R~[y]NtzNV = @. Since V is clopen
and te = ({W € LG : x € W} by Lemma , compactness of X implies that there
isWeLGwithzeW and R y]nW NV =@. Thus, y € R[z] and y ¢ R[W N V], so
x ¢ O4(W N V). On the other hand, since U is a distributive join,

WAU=WnNU) V-V (WNU,) =08((WNU)U---U(WNU,))
= Oe(W N V).

This is a contradiction since x € WNU and = ¢ ¢ (WNV). Therefore, U = U;U- - -UU,,. u
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LEMMA 13.7. Let G = (X, R,Y) be a GuvG-space and set U = UH(G).

(1) There are Pries-isomorphisms a: X — (LCU), and B: Y — (RCU), satisfying x Ry
iff o(@) Ry B(y)-

(2) There is a GvG-isomorphism (g: G — GDUH(G) given by (g = (Sa,T3) in the
notation of Lemma [13.5]

Proof. Since U := (Z,<;1,<2) is an Urquhart space, LCU and RCU are coherent
lattices by Proposition [12.4(1]), and hence (LCU), and (RCU), are Priestley spaces by
Lemma [816] For 2 € X and y € Y define

alz)=texY)NZ and By)= (X xty)NZ.
By Lemma [8.7([1)), tz = N {U € LG : = € U}, which shows that
a(z)=({UxY)NZ:Ue LG xecU},

so is an intersection from LU by Lemma . Thus, a(z) € LCU. We show that
a(z) € (LCU)p. Let C,...,C, € LU such that C := C; A--- A C, is a distributive
meet in LCU with C < «(z). By Lemma , there are U,Uy,...,U, € LG with
C; = (Ui xY)NZ for each i and C = (U xY)NZ. Since C is a distributive meet in LCU,
it is a distributive join in LU. Because the map LG — LU sending U to (U xY)N Z is
an isomorphism by Propositions and U=UV---VU, is a distributive join
in L G. Therefore, U = U U---UU, by Lemmal[3.6] From C' < a(z) we get a(z) € C, so
a(z) € (U xY)N Z, and hence € U by Lemma [13.2|[2). Therefore, = € U; for some i,
S0

a@)=TexY)NZC(U; xY)NZ=C;,

which yields C; < a(z). Thus, a(z) € (LCU),.

It is clear that « is order-preserving. To see that « is order-reflecting, suppose that
z £ 2’. By Lemma [8.7|(T), there is U € LG with # € U and 2’ ¢ U. By Lemma [13.2{{2),
a(zx) C(UXxY)NZ and a(2’) € (U x Y)N Z. Therefore, a(z') € a(zx), so a(z) £ a(z'),
and hence « is order-reflecting.

We next show that o is onto. Let D € (LCU),. Then D is an intersection from
LU by Lemma [12.3|F)), and so D = (C' x Y) N Z with C an intersection from LG by

Lemma [13.1{[2)). Set
F ={U € ClopUp(X) : C CU}.

Then F is a filter. We show that F is prime. By Lemma [8.7(2), each clopen upset of X
is a finite union from L G. Therefore, it suffices to show that if Uy,...,U, € LG with
UyU---UU, € F, then some U; is in F. When this occurs, C C Uy U ---UU,. Since C
is an intersection from L G, compactness of X implies that there is V € LG with C C V
and VCUU---UU,. We have V.= (VNU)U---U(VNU,), which is a distributive
join in LG by Lemma [13.6] Thus,

VxY)NZ=((VnU)xY|NnZ)u---U([(VNU,) xY]|NZ)
is a distributive join in LU. Since D = (C xY)NZ C(V xY)N Z, in LCYU we have
((VnU) xYINZ)A---A([(VNU,) xY]NZ)<D.
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Because D € (LCU),, [(VNU;) x YN Z < D for some 4. Therefore,
CxY)NZC(VNnU)xY)NZC (U xY)NZ,

so C C U; by Lemma , and hence U; € F. Thus, F is a prime filter. By Priestley
duality, there is © € X with F = {U € ClopUp(X) : « € U}. Therefore, C = (F = 1z,
soD=(CxY)NZ ="z xY)NZ=a(zx), and hence « is onto.

To see that « is continuous, by Priestley duality it suffices to show that a=*(V) €
ClopUp(X) for each V' € ClopUp((LCU),). By Lemma , it is enough to assume that
V € LG, where we recall that G = GDUH(G). By Lemma .13'1“7 we may assume that
V =1CnN(LCU),, where C = (U x Y)N Z for some U € LG. Therefore,

a ' (V)=at(1C N (LCU),) = {z € X : C < a(z)}
={zeX:ax)CCl={zeX: MexY)NZC(UxY)NZ}
={zeX:zeU}=U,

where the fifth equality holds by Lemma|13.2((2). Thus, « is continuous. It is then a hom-
eomorphism since it is a continuous bijection between compact Hausdorff spaces. Conse-
quently, « is a Pries-isomorphism. Similar arguments show that (3 is a Pries-isomorphism.
Finally, we show that « Ry iff a(x) Ry S(y) for each x € X,y € Y. First suppose z R y.
By Remark [10.11}[2), there are 2’ > z and 3y’ > y with (2/,y') € Z, so a(z) N B(y) # 2,
and hence a(z) Ry B(y). Conversely, if «(z) Ry B(y), then a(z) N B(y) # @. Therefore,
by Remark [10.11{[2)), there are 2’ > z and 3’ > y with (2/,y") € Z. Since (2/,y') € Z
implies that 2’ Ry’, we then have z Ry by Definition [3.3|(T]2).
By and Lemma [13.5 (g is a GvG-isomorphism. =
PROPOSITION 13.8. There is a natural isomorphism (: lg,c — GDUH.
Proof. Let G = (X,R,Y) € GVG. Set U = UH(G) := (Z,<1,<s). Also, set G =
GDUH(G), so G = ((LCU)p, (Ru)p, (RCU),). By Lemma m there is a GvG-isomor-
phism (g = (S4,T3), where a: X — (LCU), and 8: Y — (RCU), are Pries-isomorphisms
given by

az)=tzxY)NZ and By) =X xty)NnZ

forallz € X and y € Y. The relation S, C X x (LCU), is defined by = S, D if a(z) < D.
Since « is a Pries-isomorphism, we may write D = a(z) for some z € X, and so

zSpa(z) <= ax)<a(z) < z <z

The relation Tp is given similarly. To show that ¢ is natural, let (S,7): G — G’ be a
GvG-morphism and set (S,T) = GDUH(S, T). If (P,Q) = UH(S,T) C Z x Z', then

(z,y) P(2',y) <= xzS2’ and (2,y)Q(z",y) < yTy.

Set (frPo.g9pq) =D(P,Q). Then (S,T) = G(frqg.9pq), s0 S = Sfp, and T =Ty, (see
Proposition [8.25), where fpg: LCU — LCU’ and gpg: RCU — RCU’ are given by

frq(D)=({C" e LU' : D COpC'},  gpo(E) =[){¢C":C' € LU', E C Op¢'C'}

for each D € LCU and E € RCU (see Definition |12.6). For U € LG, set U = (UxY)NZ.
By Lemma [13.12), LU = {U : U € LG} and LG = {tU N (LCU), : U € LG}. Let
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x € X. Then, by Lemma ,
a(z) eU US(TQ:XY)QZ = (tzxY)NZCU +—= z¢cU.
Therefore, 1U N (LCU), = a[U], and so
LG =1{aU]:U € LG}. (13.1)
We show that S S, = So xS and T x T = T * T. This will show that the diagram
below commutes, and hence that ( is natural.
s, T
G (8,7)
Cgl l‘:g’
- S, T
g % g/
We verify the first equality by using the following claim. The proof of the second equality
is similar.
CramM 13.9. Letz e X, 2’ e X', Ue LG, and U € LG'.
(1) a( )Sa(a') iff v Sa'.
(2) Og/'[U'] = a[DsU .
(3) DS alU] =

Proof of Claim. . ) We first show that OpU’ = (OsU’' xY)NZ. To see this, (z,y) € OpU’
iff whenever (2/,y') € Z’ and z S 2/, then (2,y’) € U’. Therefore, (x,y) € OpU’ iff x S 2’
implies 2’ € U’. Thus, OpU’ = (DSU’ xY)NZ.

Now let z € X and 2’ € X’. Then

a(z)Sd(z)) <= fpoa(zr) <d(2)) < o' (2') C fpoa(x).
Since OpU’ = (OsU’ x Y) N Z, we have
froa(z) = ﬂ{ﬁ c LU :a(z) COpU}
=(W{U":U' € LG, (tzxY)nZ C (OsU' xY) N Z}
=({U":U' € LG, x € OsU"},
where the last equality holds by Lemma . Because o (2') C U iff 2’ € U’,
o (z') C froa(z) < d'(z') CU’ YU’ € LG with x € OgU’
— ' e U YU’ € LG with x € OgU’
= 57,
where the last equivalence holds by Remark . Thus, a(z) S /(') iff 2 S 2.
Since o' is a Pries-isomorphism, by we have
Ogd/[U'] = {a(z) : o) S/ (z) = &' (") € & [U']}
={a(x):2S2 = 2’ € U'} = a|TsU’].
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We have
Os, alU] ={zx € X : Sy[z] C a[U]} = {z: ta(z) C «[U]}
={z:a(z) €alU]} =1,
where the third equality holds since a[U] is an upset. m
By definition, z (S * S,) o/ (2') iff (VV € LG') (z € Ug,05V = o/(a’) € V). By
(13.1), LG = {o/[U'] : U’ € LG'}. Therefore,
z(S*S,)d (2)) <= (YU € LG') (z € Us,05d/[U'] = &/ (2') € &'[U']).
By Claim [I3.9|2[3),
Os, Oga'[U'] = Os, a[0sU’] = OsU’.
This yields
2(S*x8,)d (2) <= (VWU € LG)(xe0sU = 2" €U') <= xS/,
where the last equivalence follows from Remark . On the other hand,
z(Sa xS8)d/(2') <= (VU' € LG') (x € Os0g_, o/[U'] = d/(z) € /[U'])
— W' eLG)(xelsU = 2' €U’
— zS7'.

Therefore, S S, = So * S. A similar argument shows that T x Ts = T = T. Thus, ( is
natural, and hence is a natural isomorphism. =

13.3. The natural isomorphisms 7: 14 — HGDU and 6: 1yq — UHGD. In this
section we show that there are natural isomorphisms n: 14z — HGDU and 0: lyq —
UHGD, which together with the natural isomorphisms of the previous two sections yield
our desired equivalences (see Theorem . The proofs in this section are largely similar
to those in Section [I3:2] so we mostly skip them and only indicate the differences. We
start with 7: 1y; — HGDU for which we have the following analogues of Lemmas m,
13.7, and Proposition [13.§

LEMMA 13.10. Let H = (X,R,Y),H = (X', R,Y’) € Hg and suppose that a: X — X’
and B:Y — Y are order-homeomorphisms which satisfy x Ry iff a(xz) R’ B(y). If (S, T3)
is defined by © So ' if a(z) <’ and yTay' if By) <y, then (Sa,Tp): H — H' is an
Hg-isomorphism.

LEMMA 13.11. Let H = (X, R,Y) € Hg and set U = U(H).

(1) There are order-homeomorphisms a: X — (LCU)o and 5: Y — (RCU)q satisfying
x Ry iff a(x) Ry B(y).

(2) There is an Hg-isomorphism ny: H — HGDU(H) given by ny = (Sa,Ts) in the
notation of Lemma [13.10}

PROPOSITION 13.12. There is a natural isomorphism n: 1y — HGDU.

While the proofs of these three results are largely the same as the corresponding
proofs in Section an additional argument is needed in Lemma|13.11{[1]) to guarantee
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that o and 8 are well defined and onto. Recalling that U = (Z, <q,<3), for x € X and
y € Y define
az)=(texY)NZ and B(y)=(X x1Ty)NZ.

We only show that « is well defined and onto since the argument for S is similar. By

Lemma [9.5([2), 12 = ({4 € LH : z € A}, which shows that
a(z)=({AxY)NZ:x e Ac LH]},

so is an intersection from LU by Proposition [10.14} Thus, a(z) € LCY. It is left to show
that a(z) € (LCU)o. By Remark [T0.1T|3)), there is y € Y with (2,y) € Z. Therefore,
a(x) Ry B(y). Suppose there is D € LCU with a(x) < D and D Ry B(y), so DNB(y) # @.
Because the order on LCU is reverse inclusion, D C «a(z). If (2/,y") € DNB(y), theny < 3/
and x < 2’. Thus, (z,y) <1 (2/,¢') and (z,y) <o (2/,7'), so (x,y) = (2',y’) because U
is doubly ordered. Consequently, (x,y) € D. By Proposition and Lemma ,
D = (BxY)NZ with B an intersection from L H. Therefore, x € B, so a(x) C D. Thus,
D = a(z), and hence a(z) is f(y)-maximal. Consequently, a(z) € (LCU)o.

To see that « is onto, let D € (LCU)g. Then there is E € (RCU)y such that D is
E-maximal. This implies that D Ry E, so DN E # &. Let (x,y) € DN E. As we saw in
the previous paragraph, there is B C X with D = (B x Y) N Z and B is an intersection
from LH. Since x € B and B is an upset, t C B, so a(z) C D. If this is a proper
inclusion, then D < a(x), so a(z) N E = & because D is E-maximal. This is false since
(z,y) € a(x) N E. Therefore, D = a(z). Consequently, a: X — (LCU), is onto.

We next turn our attention to 6: 1yq — UHGD. We have the following analogues of

Lemmas [I3.5] [I3:7] and Proposition [I3.8]

LEMMA 13.13. LetU = (Z,<1,<q),U' = (Z', <}, <) € Urq and h: Z — Z' be a homeo-
morphism and order-isomorphism with respect to both <1 and <5. Define P,,Q, C ZxZ'
by z Pr 2" if h(2) <1 2" and 2Qp 2" if h(z) <5 2. Then (P, Qp) is an Urg-isomorphism.

LEMMA 13.14. Let U := (Z,<1,<3) € Urq and UHGD(U) := (Z, <1, <2).

(1) There is h: Z — Z that is a homeomorphism and an order-isomorphism with respect
to both <y and <s.

(2) There is an Urq-isomorphism 0y : U — UHGD(U) given by Oy = (P, Qp) in the
notation of Lemma [13.13]

PROPOSITION 13.15. There is a natural isomorphism 0: lyq — UHGID.

Since in the case of Urquhart spaces we work with two quasi-orders instead of a
binary relation, the corresponding proofs simplify. For the proof of Lemma [13.13] since
the Galois connections ¢,1) are described by the two quasi-orders, a quick argument
shows that for each ¢! € LU’ we have ¢0p, C' = Og,¢'C’ and y¢Up, C' = Op, C’.
Thus, Op, C" € LU, verifying that (P, Qp) satisfies Definition . The proof that
(Pp, Qy,) satisfies the remaining conditions of Definition is similar to that of (S, Tp)
being a GvG-morphism given in Lemma [13.5

For the proof of Lemma [13.14{[1), define h: Z — Z by h(z) = (1,2, 192). The argu-
ment that h is well defined and onto is similar to that of Lemma , and the rest
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to that of Lemma . Lastly, the proof of Proposition [13.15is similar to that of
Proposition [13.8

Finally, putting Propositions [13.4] [13.8] [[3.12] and [I3.15] together yields the main
result of this chapter:

THEOREM 13.16. The categories DH, GvG, Hg, and Urq are equivalent.

14. Overview of the resulting dualities for lattices

We have provided explicit equivalences between various categories that were proposed in
the literature as extensions of Priestley duality to arbitrary (not necessarily distributive)
bounded lattices. This included developing the duals of bounded lattice homomorphisms
where they were lacking. As a result, we arrive at the diagram in Figure [2] where the
horizontal arrows represent equivalence of categories and the upward arrows dual equiva-
lence. In this chapter we show that each triangle in the diagram commutes up to natural
isomorphism.

Lat

CG — JM —— BDGM Hs DH GvG Hg Urq Plo

Fig. 2. Various dualities for Lat

By Theorem [6.11] there is an equivalence of categories between CG and JM. Re-
mark [3.16] shows that there is a functor Lyv: JM — Lat which sends X € JM to KOF(X)
and a JM-morphism f: X — Y to f~!: KOF(Y) — KOF(X). By Remark there is
a functor L¢g: CG — Lat which sends C € CG to LC and a CG-morphism S: C; — C3 to
Dsl LCQ — LC1

THEOREM 14.1. The following diagram commutes up to natural isomorphism:

Lat
Lca Ljm

CG H M
Proof. Let C = (X,K) € CG. Then
]LC(;(C) =LC= {—U :U € ’C}

and
LimH(C)={Py:UeK}={{HeH(C):UCH}:UeK}.
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Define a¢: LC — KOF(H(C)) by ac(—=U) = Uy for each U € K. It is straightforward to
see that

—UC -V <= ac(-U) Cac(-V)
for all U,V € K. Moreover, a¢ is onto by Lemma . Consequently, a¢ is an order-

isomorphism, hence a Lat-isomorphism. To see that a: Lcg — Ljym o H is natural, we
show that the following diagram commutes:

L Os LC

oo| I
f5t

KOF(H(C')) ———=—— KOF(H(C))

Let U € K'. Recalling from Chapter@ that fs(H) =U{V € K’ : S71[V] C H} for each
H € H(C), we have
acOs(=U) = ac(—=S'U]) = Vg-rjy = {H € H(C) : ST'[U] C H}
—{H € H(C): U C fs(H)} = [H € H(C) : fs(H) € Wy}
= fs'[Vul.
Thus, « is a natural isomorphism, and hence the triangle above commutes up to natural

isomorphism. =

By Theorem , there is an isomorphism of categories between JM and BDGM,
which we denote by B. The functor B sends X € JM, which is an algebraic lattice
with the Scott topology, to (X,\), where A is the Lawson topology. By Remark
there is a functor Lgpgm: BDGM — Lat which sends X € BDGM to CLF(X) and a
BDGM-morphism f: X — Y to f~!: CLF(Y) — CLF(X). Since KOF(X) = CLF(X) by
Remark [5.5] we have Lgpgm © B = Ly, yielding the next result.

THEOREM 14.2. The following diagram commutes:

Lat

Low WM

M B BDGM

By Theorem there is an isomorphism of categories between BDGM and Hs,
which we denote by Hg. By Remark , there is a functor Lys: Hs — Lat which
sends X € Hs to CLF(X) and an Hs-morphism f: X — Y to f~': CLF(Y) — CLF(X).
The next result is then immediate from these facts.

THEOREM 14.3. The following diagram commutes:

Lat
Hs

BDGM Hs

By Theorems 4.12(|1), and [7.21} there are functors
Hs — BDGM — CohlLaty — DH.
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Denote the composition Hs — DH by DH. This functor sends X € Hs to (X, Rx, OF (X))
(see Definition [7.14]) and an Hs-morphism f: X — Y to

(f,r): (X,Rx,0F(X)) — (Y, Ry,OF(Y)),

where 7 is the right adjoint of f~': OF(Y) — OF(X) (see Lemma . By Corol-
lary , this functor is an equivalence. Remark shows that there is a func-
tor Lpy: DH — Lat which sends (X,R,Y) € DH to CLF(X) and a DH-morphism
(f,g9): (X,RY) = (X',R,Y’) to f~1: CLF(X’) — CLF(X). The next result is then
immediate.

THEOREM 14.4. The following diagram commutes:

Lat
Lns Lpn

Hs DH DH

In order to finish proving the commutativity of Figure [2| we need to define functors
from each of GvG, Hg, Urg, and Plo to Lat. We start with the functor from GvG to Lat.

PROPOSITION 14.5. There is a functor Lgyg: GvG — Lat which sends G € GvG to LG
and a GvG-morphism (S,T) to Og.

Proof. By Remark Leve is well defined on objects. If (S,T): G — G’ is a GvG-
morphism, then Og: LG — LG is a well-defined function by Definition . We show
that (g is a Lat-morphism. It is clear that OgX’ = X. Since binary meet in LG is
intersection, we also find that Og(U A V) = OgU A OgV for each U,V € LG. To see
that Og@ = @, if € Og@, then S[z] = @. Consequently, R[x] = & by Deﬁnition.
Therefore, x € [J4, which is false as (142 = @ by Remark Thus, Ug@ = @. It
remains to show that Og preserves binary joins. The inclusion OgU vOgV C Og(UV V)
is clear since Og is order-preserving. For the other inclusion, let ¢ OgU Vv OgV'. Since
OsU VvOgV =06(0sUulgV), thereis y € Y with x Ry and y ¢ ¢(OsU UOgV). By
Definition ,

’(DsU U |:|5V) = ¢0sU U @05V = OT’IU U OT’/V
= Or(#UUNV) = Or(# (UUTV)).

Therefore, y ¢ O (4’ (U UV)). Because z Ry, by Definition there are 2’ € X’ and
y €Y with xSa/, yTy', and 2’ R'y/. If x € Og(U VV) = Og('¢# (U U V)), then
e ¥ (U UV), s0y € (U UV). This implies that y € O (¢ (U UV)), which is
false. Thus, z ¢ Og(U V V). Consequently, Og preserves binary joins, and hence is a
Lat-morphism. This shows that Lg,g is well defined on morphisms.

By Lemma Lgyg preserves composition. If G = (X, R,Y) € GvG, then (<x,<y)
is the identity morphism for G by Proposition[8.13|[2). It is also immediate that O< , U= U
for each U € L G. Therefore, < is the identity morphism of L G, completing the proof
that Lgyg is a functor. m
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THEOREM 14.6. The following diagram commutes up to natural isomorphism:

Lat

DH ¢ GvG

Proof. Let D = (X,R,Y) € DH and G = G(D), so G = (X,,R,,Y,). By Proposi-
tion [8.24] there is a Lat-isomorphism ~vp: CLF(X) — LG given by yp(U) = U N X, for
each U € CLF(X). Let (f,g): D — D’ be a DH-morphism and (Sf,T,) = G(f,g). By
Proposition [8.25

rSpar’ = f(z) <z and yT,y < g(y) <y
To see that v: Lpy — Lgyg oG is natural, we show that the following diagram commutes:

CLF(X") ——s CLF(X)

’Yv’l J{’YD
Os;
LG ——— L¢
Let U € CLF(X’). Then Og,vp/ (U) = Os, (U N X,) while yp(f~1(U)) = f~HU) N X,.
We show that these are equal. If z € f~1(U) N X,, then f(z) € U, so
Stla] =1f(z) N X, CUNX,,

and hence x € Og, (U N X). For the reverse inclusion, suppose that z € Os, (U N X)),
so S¢lz] € U N X,. By Lemma U is a principal upset. Therefore, to show that
f(z) € U, by Lemma it suffices to show that 1f(x) N X3 C U. Since Xj C X},
(see Lemma ,

Tf(@)NXo CTf(x)N X, =Sz] CUNX, CU.

Thus, f(z) € U, so v: Lpy — Lgve © G is a natural isomorphism, and hence the triangle
above commutes up to natural isomorphism. m

We next turn our attention to the functor from Hg to Lat. An argument similar to
that of Proposition [[4.5] yields:

PROPOSITION 14.7. There is a functor Lyg: Hg — Lat which sends H € Hg to LH and
an Hg-morphism (S,T) to Og.

THEOREM 14.8. The following diagram commutes up to natural isomorphism:

Lat

GvG 2 Hg

Proof. Let G = (X,R,Y) € GvG and H = H(G) = (Xo, Ry, Yo). By Proposition
there is a Lat-isomorphism dg: LG — LH given by dg(U) = U N X, for each U € LG.
To show that ¢: Lgyg — Lug o H is natural, let (S,7): G — G’ be a GvG-morphism and
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(So,To) = H(S,T). We show that the following diagram commutes:

Ly —=— LG

agfl L;g

Os

LH —— LH
Let U’ € LG'. Then Og,dg/(U') = Og, (U'NX{) and §g(OsU’) = OsU'N X,. To see that
the two are equal, if x € OgU’ N Xy, then S[z] C U’, so So[z] = S[z] N X C U’ N X,
and hence z € Og, (U’ N X{). For the reverse inclusion, suppose that = € Og, (U’ N X).
Then Solz] C U’'. Let ' € S[z]. If 2/ ¢ U’, by Lemma there is zy € X{, with
2’ < z9 and zo ¢ U'. On the other hand, by Remark B.9[3), S[x] is an upset. Therefore,
xo € S[z] N X{§ = Solx], which implies that xo € U’. The resulting contradiction shows
that 2’ € U’. Consequently, d: Lg,g — Lg o H is a natural isomorphism, and hence the
triangle above commutes up to natural isomorphism. =

We now concentrate on the functor from Urq to Lat.

PROPOSITION 14.9. There is a functor Lyy: Urq — Lat which sends U € Hg to LU and
an Urg-morphism (P, Q) to Op.

Proof. The proof is essentially the same as that of Proposition but uses Claim
to show that if (P, Q) is an Urg-morphism, then Op preserves binary joins. =

THEOREM 14.10. The following diagram commutes up to natural isomorphism:

Lat

LHg W

Hg U Urq

Proof. Let H = (X,R,Y) € Hgand U = U(H) = (Z, <1, <2). By Proposition|10.14] there
is a Lat-isomorphism pg: LH — LU, given by uy (A) = (AxXY)NZ. Let (S,T): H — H’
be an Hg-morphism and (P, Q) = U(S,T). By Theorem [10.16

(z,y) P(a",y) < 282 and (2,9)Q(2"y") = yTy.
We show that the following diagram commutes:

LH —25 1y

o | Iz

L —=2r Ly
Let A’ € LH'. Then Oppy (A") =0p((A' xY')NZ') and uy(OsA’) = (OsA’ xY )N Z,
which are equal by (10.2]). Thus, p: Lyg — Ly o U is natural, and hence the triangle
above commutes up to natural isomorphism. m

By composing P~!: Plo — Urq and Lyq: Urq — Lat, we get a functor Lpj,: Plo — Lat
which sends P to L P (see Lemma|11.13(|2))) and a Plo-morphism (P, @) to Op. The next

result is then immediate.
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THEOREM 14.11. The following diagram commutes:

Lat

= N
P

Urq Plo

We complete the circle of equivalences with our final result of this chapter.
THEOREM 14.12. The following diagram commutes up to natural isomorphism:
Lat
Urg D DH

Proof. By Proposition [12.4|(3)) there is a Lat-isomorphism &y : LU — CLF(LCU), given
by &u(C) = 1C. For naturality, let (P,Q): U — U’ be an Urg-morphism and define

(f,9) = D(P,Q). By Definition [12.6]
f(D)=({C"eLlcu’: D COpC’} and g(E)=[{¢'C":C" € LU',E C Ou¢/'C'}.
We show that the following diagram commutes:

Ly —2 o ru

Eu’l J{fu
1

CLF(LCU') —— CLF(LCU)

Let C' € LU'. Then
e (C)) =110y ={D e LCU : C' < f(D)} = {D € LCU : OpC' < D}
=1(0pC") = &(@pC"),

where the third equality follows from Lemma . Thus, &: Lyrq — Lpn oD is natural,
and hence the triangle above commutes up to natural isomorphism. =

15. Illustrating similarities and differences

In this final chapter, we discuss how each of the dualities for bounded lattices restricts to
the distributive case. As we will see, in this case, Gehrke—van Gool, Urquhart, and Plo¢ica
dualities collapse to Priestley duality, while Celani-Gonzalez and Hartung dualities to
Stone duality for distributive lattices. We then consider the action of each of the dual
equivalences on a nondistributive lattice, thus showcasing the similarities and differences
of the various dualities for bounded lattices considered in the literature.

15.1. The distributive case. Let A be a bounded distributive lattice and X its Priest-
ley space. We recall (see, e.g., [Pri84] or [BB10]) that there is an isomorphism between
Filt(A) and the frame ClosedUp(X) of closed upsets of X (ordered by D). By identifying A
with ClopUp(X), this isomorphism is given by

F > (){U € ClopUp(X) : U € F} and C+ {U € ClopUp(X) : C C U}.
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Similarly, there is an isomorphism between IdI(A) and the frame OpenUp(X) of open
upsets of X, given by

T+ | J{U € ClopUp(X) : U €T} and O+ {U € ClopUp(X) : U C O}.

Jipsen—Moshier approach. The lattice A is sent to (Filt(A), o), where o is the Scott
topology on Filt(A). Therefore, the Jipsen—-Moshier dual of A can be interpreted as
ClosedUp(X) with the Scott topology, whose basis is given by {1U : U € ClopUp(X)},
where 1 is calculated with respect to D.

BDGM-approach. The lattice A is sent to (Filt(A), A), where A is the Lawson topology
on Filt(A). Thus, the BDGM-dual of A can be interpreted as ClosedUp(X) with the Law-
son topology, which is generated by {1U : U € ClopUp(X)} U{—1U : U € ClopUp(X)},
where again 1 is calculated with respect to DO.

Hartonas approach. The Hartonas dual is the same as the BDGM-dual.

Celani—-Gonzalez approach. The lattice A is sent to C(A) = (Xa,K4a) (see Re-
mark. Since A is distributive, X 4 is exactly the set of prime filters of A. Therefore,
X 4 is the Stone dual of A and K4 is the collection of complements of compact opens of
the spectral topology on X 4. Thus, the topology on X 4 is the co-compact topology of
the spectral topology on X 4 (which, when viewing X4 as a Priestley space, corresponds
to the topology of open downsets).

Dunn—Hartonas approach. The lattice A is sent to the triple (Filt(A), R,IdI(A)),
where recalling from Chapter [7] that we are working with the complement of their re-
lation, R is given by FF R iff FNI = &. Interpreting F as {U € ClopUp(X) : C C U} for
some C € ClosedUp(X) and I as {V € ClopUp(X) : V C O} for some O € OpenUp(X),

CCO «= [{U € ClopUp(X):C CU}C| J{V € ClopUp(X) : V C O}
— Nl +# o,

where the second equivalence follows by compactness. Thus, the Dunn—Hartonas dual of
A can be interpreted as (ClosedUp(X), R, OpenUp(X)), where R is given by C RO iff
Ccgo.

Gehrke—van Gool approach. The lattice A is sent to (Filt(A),, Ry, dI(A4),), where
FR,Iiff FNI = @. Since A is distributive, a filter is d-prime iff it is prime. Thus,
Filt(A), = X. Moreover, Idl(4), := Y is the set of prime ideals of A. Therefore, the
Gehrke—van Gool dual of A is (X, R,Y), where z Ry iff t Ny = & for each z € X and
y € Y. Since there is an order-reversing bijection Y — X sending y to —y, we may identify
(X, R,Y) with X, where R is identified with the order on X (see [GvGI4] p. 452]), and
hence interpret the Gehrke—van Gool dual as the Priestley dual of A.

Hartung approach. The lattice A is sent to (Filt(A)g, Ro, IdI(A)o), where recalling from
Remark|9.4|{4]) that we are working with the complement of the Hartung relation, Filt(A)q
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is the set of I-maximal filters for some ideal I, IdI(A)g is the set of F-maximal ideals for
some filter F', and F Ry I iff FNI = & (see [Har92l Def. 2.1.6]). Because A is distributive,
these are precisely the sets of prime filters and prime ideals of A (see [Har92 p. 278]).
Therefore, Filt(A)y = Filt(A),, IdI(A)o = IdI(A),, and Ry = R,,. Thus, as in the Gehrke—
van Gool approach, we may identify the Hartung dual of A with Filt(A4)g, but the topology
of this space is the topology of open downsets. Consequently, the topology of the Hartung
dual of A may be interpreted as the Stone dual of A with the co-compact topology of the
spectral topology.

Urquhart approach. The lattice A is sent to (Z, <1, <s), where Z is the set of maximal
filter-ideal pairs of A, (F,I) <y (F',I") iff F C F', and (F,I) <o (F',I') iff I C I’ (see
[Urq78| p. 47]). Since A is distributive, Z = {(x, —z) : « € X }. Thus, Z may be identified
with X, the quasi-order <; on Z with the order < on X, and <5 with > (see [Urq78|
Thm. 5]). Consequently, we may interpret the Urquhart dual as the Priestley dual of A.

Plos¢ica approach. The Plos¢ica dual of A utilizes the same space as Urquhart (see
[P1o95, p. 76]), but replaces the two quasi-orders with a relation R. Since A is distributive,
it follows from the Urquhart approach that each maximal filter-ideal pair is of the form
(z,—z) for some z € X. Thus, by Definition [[1.9] (z, —2) R (2/, —2') iff there is 2" € X
such that z C 2" and —2’ C —2”, which happens iff z < 2’. Consequently, in view of the
Urquhart approach, we may interpret the Plos¢ica dual as the Priestley dual of A.

We now turn our attention to morphisms. Let ac: A’ — A be a morphism of bounded
distributive lattices. In each of Jipsen—Moshier, BDGM, and Hartonas dualities, « is sent
to a~t: Filt(A) — Filt(A’). The Dunn—Hartonas dual of « is the DH-morphism

(f.9): (Filt(A), R, IdI(A)) = (File(4'), B, 1dI(4")).
where f = a~!: Filt(A) — Filt(A’) and g = a1 IdI(A) — IdI(A"). Let ¢: X — X' be
the Priestley dual of a: A’ — A. Interpreting F' as {U € ClopUp(X) : C C U} for some
C € ClosedUp(X), a1[F] is interpreted as the least closed upset of X’ containing ¢[C].
Also, interpreting I as {V € ClopUp(X) : V C O} for some O € OpenUp(X), a~1[I] is
interpreted as the greatest open upset of X’ contained in ¢[O]. Thus, we may view the
Dunn-Hartonas dual of « as the DH-morphism
(f,9): (ClosedUp(X), R, OpenUp(X)) — (ClosedUp(X"’), R', OpenUp(X")),

where f and g are given by f(C) = 1¢[C] for each C' € ClosedUp(X) and g(O) = —1¢[-0]
for each O € OpenUp(X).

The GvG-morphism corresponding to « is

(8,7): (Filt(A),, Ry, IdI(A),) — (Filt(A"),, R}, 1dI(A"),,).
With the identifications above, we may view these as the relation S C X x X' given by
S = ¢(z)Ca.
This relation, in turn, may be identified with . Thus, the Gehrke-van Gool dual of «

may be thought of as its Priestley dual ¢. The same applies to the Hartung, Urquhart,
and Ploscica duals of «.
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15.2. Illustrating the functors. We conclude by illustrating the action of the functors
described in this paper on the various duals of the lattice A consisting of a countable
antichain Ag together with 0,1 shown in the following picture:

1

ap bO

0

This lattice is sometimes denoted by M, (where M stands for modular and oo for the
infinite antichain in the middle), and was considered by Gehrke and van Gool [GvG14]
Ex. 4.1] in contrasting their duality with Hartung duality. Letting X = Filt(A), we see
that X = {fc: ¢ € A} is dually isomorphic to A, and Y = IdI(A) is isomorphic to A.

Jipsen—Moshier, BDGM, and Hartonas duals. The Jipsen—Moshier dual of A is X
(see Figure [3)) with the Scott topology. Because K(X) = X, the Scott topology is simply
the topology of upsets of X. The BDGM-dual of A is X with the Lawson topology. Since
the lower topology has subbasis {—1z : € X}, it follows that the lower topology consists
of all cofinite subsets of X containing 11. Consequently, each point in {Tc : ¢ € Ag} is
isolated, as is 0. Therefore, the Lawson topology is the one-point compactification of the
discrete space X — {11}. The Hartonas dual of A is the same as the BDGM-dual.

Celani-Gonzalez dual. We know that X,, = {fc : ¢ € Ap} is the set of meet-
irreducible elements of X. The topology on X,, is the restriction of the lower topology
on X, and so is the cofinite topology on X,,. Because each element of X is compact, the
subbasis K of the topology on X, is {X,, —tz: 2 € X}.

Dunn-Hartonas dual. The Dunn—Hartonas dual of A is (X, R,Y). By identifying YV
with A via d — |d, from the previous case we see that the Lawson topology on Y is the
one-point compactification of the discrete space Y — {0} and R is given by

TcRd <= 1TcNld=0 <= c<Ld.

Gehrke—van Gool dual. It is straightforward to see that there are no finite distribu-
tive meets of incomparable elements in X. Consequently, X, = X — {10}. Similarly,
Y, =Y — {1}. Because the topologies on X,, and Y, are the subspace topologies of the
Lawson topologies, the topology on X, is the one-point compactification of X, — {11},
and similarly for Y,,. Moreover, R, is the restriction of R to X, x Y.

Hartung dual. It is easy to see that 11 is not d-maximal for any d € A. Moreover, ta,, is
bo-maximal and 1b,, is ap-maximal for each n. Therefore, Xy = X, — {11} = X — {10, 11}.
Similarly, Yo =Y — {0, 1}. The topologies on X and Yy are the restrictions of the open
downset topologies, which are exactly the cofinite topologies, and the relation Ry is the
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restriction of R,. Thus, Ry is given by Tc Ry d iff ¢ # d. The following picture describes
X, X,, and Xp:

170

Tao Tbo \/‘ .« o ° o
N
X Xp Xo

Fig. 3. X, X,, and Xo

Observe that X is exactly the Celani-Gonzéalez space X,,,. More generally, if X is a
coherent lattice, then Xy, C X,, C X,,. To see the second inclusion, let x € X,,, and let
k1 A -+ A ky be a distributive meet in K(X) with ky A -+ Ak, <2z. Then

x=zV ki AN Nkp)=(xVEk)N--N(xVky),

where the second equality can be proved much as in the proof of Lemma [8:I9 Since
z € X, we have x = x V k; for some 4, and so k; < z. Thus, z € X,,.
To see the first inclusion, let Y = OF(X) and define

xRU <=z ¢ U.

Then (X, R,Y) € DH by Proposition Now, let * € Xy. Then z € max R~}[U] for
some U € Y. If ¢ ¢ X,,,, then & = x1 A x5 for some z1,29 € X with < z1, 5. Since
x € max R™[U], we see that z; RU, so z1,22 € U, and hence x = x1 A x5 € U. Thus,
x RU. The resulting contradiction proves that z € X,,.

Our example shows that the inclusion of X,, into X, may in general be proper. We
currently do not have an example showing that the inclusion Xy into X,, may also be
proper.

Urquhart dual. If ¢,d € Ay with ¢ # d, then fc¢ is d-maximal and vice versa. From
this it follows that Z = {(1¢,d) : ¢,d € Ag, ¢ # d}. The topology on Z is the subspace
topology induced from the inclusion Z C Xy x Yy, where X x Y} is given the product
topology (of two cofinite topologies). The quasi-order <; is given by (T¢,d) <; (1, d’) iff
1¢ C 1¢/, which happens iff ¢ = ¢ since ¢, ¢’ € Ap. Similarly, (1¢,d) <o (1¢,d') iff d = d'.

Plos¢ica dual. The Ploscica relation R on Z is given by (fe¢,d) R(1¢/,d’) iff there is
(tc”,d") € Z with (Te,d) <1 (1¢”,d") and (1, d’) <2 (1¢’,d"). From the description of
<1, <5 above, we see that R is the equality relation on Z.

Finally, we illustrate how the various functors act on morphisms by considering the
inclusion «: A" — A, where A’ is the bounded sublattice {0, ag, bg, 1} of A.
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%
ap bo ao bO

_

Jipsen—Moshier, BDGM, and Hartonas duals. Recalling that X = Filt(A) and
X' = Filt(4’), in all three of these cases a: A’ — A induces the morphism f: X — X’
given by f(F) = a !(F) for each F € X.

Dunn—Hartonas dual. Let D = (X,R,Y) and D' = (X',R',Y’) be the Dunn—
Hartonas duals of A and A’, where using the above identifications, ¥ = A and
Y’ = A’. Then the Dunn-Hartonas dual of « is the DH-morphism (f,g): D — D/,
where f(F) = a~!(F) for each F' € X and g is given by

d ifde A,
g(d)={

0 otherwise.

Gehrke—van Gool dual. Let G and G’ be the Gehrke—van Gool duals of A and A’.
The description of G is given above, while G’ = (X, R}, Y}), where X = {fag, Tho} and
Y, = {ao,bo}. The GvG-morphism (S, T') corresponding to « is given by

teStd if c € {ag,bo} = ¢/ <c¢ and dTd ifdée {ap,bo} = d<d.

Celani—Gonzalez dual. The Celani-Gonzalez duals of A and A’ are X,, and X,

where X,,, is described above and X/ = XZ’). The CG-morphism corresponding to « is
then the restriction of S to X, x X/,.

Hartung dual. Let  and H’ be the Hartung duals of A and A’. The description of H
is given above and H’ = G’. The Hartung morphism (Sp, Tp) corresponding to « is given
by S() :Sm(Xo X Xé) and To :TQ(YQ X YH)

Urquhart and Plos&ica duals. Let U and U’ be the Urquhart duals of A and A’. The
description of U is given above, while U’ = (Z', <}, <)), where Z' = {(Tag, bo), (1o, ao)}-
The two quasi-orders </, </} are both the equality relation. The Urquhart morphism
(P, Q) corresponding to « is given by

(te,d) P (1c',d'") <= c € {ag,bo} implies ¢’ < ¢;
(te,d) Q (1, d') <= d € {ap,bo} implies d < d'.

Finally, let P and P’ be the Plos¢ica duals of A and A’. Since the Plos¢ica dual of « is
(P, @), the Plo-morphism is the same as the Urquhart morphism described above.
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