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CONSTRUCTIONS OF SYMMETRICAL SEPARABLE
EQUIVALENCES AND THEIR APPLICATIONS

BY

JUXIANG SUN and GUOQIANG ZHAO

Abstract. Let Λ and Γ be symmetrically separably equivalent Artin algebras. We
prove that there exist symmetrical separable equivalences between certain endomorphism
algebras. As applications, we provide several methods to construct symmetrical separable
equivalences from given ones and discuss when the rigidity dimension is invariant un-
der symmetrical separable equivalence. Moreover, we show that symmetrical separable
equivalence preserves the Frobenius-finite type, an Auslander-type condition, the (strong)
Nakayama conjecture and the Auslander–Gorenstein conjecture.

1. Introduction. As a weakening of Morita equivalence, the notion of
(symmetrical) separable equivalence was introduced in [20, 22], with many
interesting applications (see [3, 4, 5, 20, 21, 22, 23, 36] for details). The fun-
damental examples are separable split Frobenius ring extensions and stable
equivalences of adjoint type [34]. It was proved in [21] that two rings Λ
and Γ are symmetrically separably equivalent if and only if they are linked
by a biseparable Frobenius bimodule. It has been known that two symmet-
rically separably equivalent Artin algebras share many important proper-
ties of homology and representation, such as global dimension, representa-
tion dimension, finitely generated cohomology, and dominant dimension (see
[3, 20, 23, 36] for details).

The first part of the present paper is devoted to providing several methods
to produce a new symmetrical separable equivalence from a given one. Our
main construction is the following result.

Theorem A (Theorem 3.1). Let Λ and Γ be Artin algebras symmet-
rically separably equivalent by means of bimodules ΛMΓ and ΓNΛ. Let U
be a finitely generated Λ-module and V a finitely generated Γ -module with
N ⊗ΛU ∈ add ΓV and M ⊗Γ V ∈ add ΛU . Then the endomorphism algebras
End ΛU and End ΓV are symmetrically separably equivalent.
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As applications of Theorem A, we have the following constructions which
show that there do exist algebras and modules satisfying all conditions in
Theorem A.

Theorem B (Theorems 3.2 and 3.4). Let Λ and Γ be symmetrically
separably equivalent Artin algebras.

(1) Assume that Λ and Γ are representation-finite. Then their Auslander
algebras are also symmetrically separably equivalent.

(2) The Frobenius parts of Λ and of Γ are symmetrically separably equiva-
lent.

As another consequence of Theorem A, we construct a new symmetrical
separable equivalence from a given stable equivalence of adjoint type and a
tilting module.

Theorem C (Theorem 3.7). Let Λ and Γ be stably equivalent of ad-
joint type by means of ΛMΓ and ΓNΛ, and let m be a positive integer. If
T is an m-tilting Λ-module, then the endomorphism algebras End ΛT and
End Γ (N ⊗Λ T ) are symmetrically separably equivalent.

As applications of the theorems above, the invariant of the rigidity di-
mension, the Frobenius-finite type and the tilting property of algebras under
symmetrical separable equivalence are investigated.

The second part of this paper is devoted to investigating invariant prop-
erties of the Auslander-type condition and we obtain the following result.

Theorem D (Theorem 4.5). Let Λ and Γ be left and right noetherian
rings. Suppose that Λ and Γ are symmetrically separably equivalent. Then Λ
satisfies the Auslander-type condition if and only if Γ does.

All proofs of the results above will be given in Sections 3 and 4 after we
recall some necessary notations and results in Section 2.

2. Preliminaries. Throughout this paper, all rings are left and right
noetherian rings, and all modules are left modules unless stated otherwise.
For a ring Λ, we denote by ModΛ (resp. modΛ) the category consisting of
all (resp. finitely generated) left Λ-modules. We write pd ΛM (resp. id ΛM ,
fd ΛM) for the projective dimension (resp. injective dimension, flat dimen-
sion) of M , and the global dimension of Λ is denoted by gl.dimΛ. Let M,N
be finitely generated Λ-modules. We denote by addM the subcategory of
modΛ consisting of all direct summands of finite copies of M , and we write
N |M if N is isomorphic to a direct summand of M .

Definition 2.1 ([20, 22]). Let Λ and Γ be two rings, and let ΛMΓ and
ΓNΛ be bimodules, finitely generated projective as one-sided modules. Then
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Λ and Γ are said to be separably equivalent by means of ΛMΓ and ΓNΛ if
there exist bimodules ΛXΛ and ΓYΓ and bimodule isomorphisms

ΛM ⊗Γ NΛ
∼=Λ ΛΛ ⊕Λ XΛ and ΓN ⊗Λ MΓ

∼=Γ ΓΓ ⊕Γ YΓ .

If furthermore (M ⊗Γ −, N ⊗Λ −) and (N ⊗Λ −,M ⊗Γ −) are adjoint pairs,
then Λ and Γ are said to be symmetrically separably equivalent.

Remark 2.2. Let Λ and Γ be symmetrically separably equivalent as in
Definition 2.1.

(1) If the bimodules ΛXΛ and ΓYΓ are the zero modules, then Λ is Morita
equivalent to Γ .

(2) If ΛXΛ and ΓYΓ are projective as bimodules, then Λ and Γ are stably
equivalent of adjoint type (see [34]).

Example 2.3. (1) ([20]) For a ring Λ, Mn(Λ) (the matrix ring of Λ
degree in n) and Λ are symmetrically separably equivalent.

(2) ([27, Proposition 2]) Let k be a field of characteristic p > 0, and let
G be a finite group. If H is a Sylow p-subgroup of G, then kG and kH are
symmetrically separably equivalent.

(3) ([5, Lemma 1]) Let Λ be a ring and G be a finite group. If the order
of G is invertible in Λ, then the skew group ring ΛG and Λ are symmetrically
separably equivalent.

(4) ([29, Lemma 4.6]) Let Λ be a finite-dimensional algebra over an al-
gebraically closed field k, and F be a finite separable field extension of k.
Then Λ and Λ⊗k F are symmetrically separably equivalent.

More examples of symmetrically separable equivalences can be found
in [27].

We need the following fact.

Lemma 2.4 (see [20, 29]). Let Λ and Γ be symmetrically separably equiv-
alent as in Definition 2.1. Then

(1) ΛMΓ and ΓNΛ are projective generators as one-sided modules;
(2) N ⊗Λ − and M ⊗Γ − are exact functors and take projective modules to

projective modules;
(3) there are natural isomorphisms (M⊗Γ −)◦(N⊗Λ−)→ IdModΛ⊕(X⊗Λ−)

and (N ⊗Λ −) ◦ (M ⊗Γ −) → IdModΓ ⊕ (Y ⊗Γ −);
(4) gl.dimΛ = gl.dimΓ .

Let Λ be an Artin algebra, and let C be a subcategory of modΛ. The
morphism category [1], denoted by Morph(C), is defined as follows. The
objects in Morph(C) are all the morphisms f : C1 → C0 in C, denoted
by (C1, C0, f). The morphism from an object (C1, C0, f) to another object
(C ′

1, C
′
0, f

′) is a pair (α1, α0), where αi : Ci → C ′
i for i = 0, 1, such that

α0f = f ′α1. For two objects f : C1 → C0 and f ′ : C ′
1 → C ′

0, let RC(f, f
′) =
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{(α1, α0) : (C1, C0, f) → (C ′
1, C

′
0, f

′) such that there is some β : C0 → C ′
1

with α0 = f ′β}. It is not hard to check that RC gives an additive equivalence
relation on Morph(C). The following lemma is due to [24, Lemma 2.4].

Lemma 2.5. Let Λ and Γ be Artin algebras and U ∈ modΛ. Then there
is an equivalence HA : Morph(add ΛU)/RU → modA, where A = End ΛU
and RU = RaddΛU , given by HA((U1, U0, f)) = Coker(HomΛ(U, f)) for any
object (U1, U0, f) in Morph(add ΛU), and the unique morphism

HA(α1, α0) : HA((U1, U0, f)) → HA((U
′
1, U

′
0, f

′))

that makes the diagram

HomΛ(U,U1)

(U,α1)
��

(U,f)
// HomΛ(U,U0)

(U,α0)
��

// HA((U1, U0, f))

��

// 0

HomΛ(U,U
′
1)

(U,f ′)
// HomΛ(U,U

′
0)

// HA((U
′
1, U

′
0, f

′)) // 0

commute, for any morphism (α1, α0) from an object (U1, U0, f) to another
object (U ′

1, U
′
0, f

′).

Let K be a finitely generated Λ-module. Recall that an exact sequence

0 → K → C0 → C1 → · · · → Cn → 0

in modΛ with all Ci in C is called an n-C-coresolution of K. An n-C-
coresolution of K is said to be proper if it is also HomΛ(−, C)-exact. Dual to
[15, Lemma 4.2], we have the following result.

Lemma 2.6. Let Λ be an Artin algebra, and let X,X1 and T be Λ-modules
such that X1 ∈ addX. If X has a proper n-addT -coresolution

0 → X
f0−→ T0 → · · · → Tn−1

fn−→ Tn → 0,

then X1 also has a proper n-addT -coresolution

0 → X1
f ′
0−→ T ′

0 → · · · → T ′
n−1

f ′
n−1−−−→ T ′

n → 0.

Let Λ be a left and right noetherian ring and let

0 → Λ → I0(Λ) → I1(Λ) → I2(Λ) → · · · → In(Λ) → · · ·
be the minimal injective coresolution of ΛΛ. Following [32], the dominant
dimension of Λ, denoted by dom.dimΛ, is defined to be the minimal number
n such that In(Λ) is not projective. If the Ii(Λ) are injective-projective for
all i ≥ 0, then dom.dimΛ = ∞. For a positive integer n, recall from [8] that
Λ is said to be an n-Gorenstein ring if fd ΛI

i(Λ) ≤ i for any 0 ≤ i ≤ n− 1,
and Λ is said to satisfy the Auslander condition if Λ is an n-Gorenstein
ring for all n. As a nontrivial generalization of the notion of the Auslander
condition, Huang and Iyama [14] introduced an Auslander-type condition
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as follows. For any n, k ≥ 0, Λ is said to be Gn(k) if fd ΛI
i(Λ) ≤ k + i for

all 0 ≤ i ≤ n − 1. It is easy to see that Λ is an n-Gorenstein ring if and
only if Λ is Gn(0). Auslander-type conditions play a significant role in the
representation theory of algebras, homological algebra and noncommutative
algebraic geometry (see [13, 14, 16, 17, 18] for details).

Finally, let us list some homological conjectures, which are still open.

Auslander–Gorenstein conjecture. An Artin algebra satisfying
the Auslander condition is a Gorenstein algebra (that is, the left and right
self-injective dimensions of Λ are finite).

Nakayama conjecture. An Artin algebra Λ with dom.dimΛ = ∞ is
self-injective.

Gorenstein symmetric conjecture. Let Λ be an Artin algebra.
Then id ΛΛ = idΛΛ.

Strong Nakayama conjecture. Any finitely generated module M
over an Artin algebra Λ with Ext≥0

Λ (M,Λ) = 0 is zero.

3. Construction of symmetrical separable equivalences. In this
section, all rings are Artin R-algebras, where R is a commutative Artin
ring, and all modules are finitely generated left modules. We assume that
Λ and Γ are symmetrically separably equivalent by means of bimodules
ΛMΓ and ΓNΛ. That is, there exist bimodules ΛXΛ and ΓYΓ and bimodule
isomorphisms ΛM ⊗Γ NΛ

∼= ΛΛΛ ⊕ ΛXΛ and ΓN ⊗Λ MΓ
∼= ΓΓΓ ⊕ ΓYΓ .

We define functors TN = N ⊗Λ − : ModΛ → ModΓ and TM = M ⊗Γ − :
ModΓ → ModΛ, which are exact functors such that (TM ,TN ) and
(TN ,TM ) are adjoint pairs by Lemma 2.4(2) and our assumptions.

Theorem 3.1. Let Λ and Γ be symmetrically separably equivalent by
means of ΛMΓ and ΓNΛ. Let U be a Λ-module and V a Γ -module such that
N ⊗ΛU ∈ add ΓV and M ⊗Γ V ∈ add ΛU . Then the endomorphism algebras
End ΛU and End ΓV are symmetrically separably equivalent.

Proof. We use some ideas of [24, Theorem 1.1].
Let A = End ΛU and B = End ΓV . Clearly, A and B are also Artin

algebras. By Lemma 2.5, there exist equivalences of categories

HA : Morph(add ΛU)/RU → modA,

HB : Morph(add ΓV )/RV → modB.

Since N ⊗Λ U ∈ add ΓV , we define a functor

T̃N : Morph(add ΛU)/RU → Morph(add ΓV )/RV

by
T̃N ((U1, U0, f)) = (TN (U1),TN (U0),TN (f)),
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for any object (U1, U0, f) in Morph(add ΛU)/RU . And for a morphism
(α1, α0) + RU (f, f

′) from (U1, U0, f) to (U ′
1, U

′
0, f

′), we define

T̃N ((α1, α0) +RU (f, f
′)) = (TN (α1),TN (α0)) +RV (TN (f),TN (f ′)).

Noting thatTN (RU (f, f
′)) ⊆ RV (TN (f),TN (f ′)), it is not hard to check that

T̃N is well defined. Similarly, we have a functor T̃M : Morph(add ΓV )/RV

→ Morph(add ΛU)/RU , because M ⊗Γ V ∈ add ΛU .
We denote by F the composition

modA
H−1

A−−→ Morph(add ΛU)/RU
T̃N−−→ Morph(add ΓV )/RV

HB−−→ modB,

and by G the composition

modB
H−1

B−−→ Morph(add ΓV )/RV
T̃M−−→ Morph(add ΛU)/RU

HA−−→ modA,

where H−1
A (resp. H−1

B ) is the inverse of HA (resp. HB). Clearly, F and G are
additive functors.

We divide the following proof into four steps.

Step 1: We show that F and G are exact functors.
Let 0 → D1 → D2 → D3 → 0 be a short exact sequence in modA. By

the definition of HA : Morph(add ΛU)/RU → modA, one has H−1
A (D1) =

(U1, U0, f) and H−1
A (D3) = (U ′

1, U
′
0, f3), where Ui, U

′
i ∈ add ΛU , for i = 0, 1.

Then there are projective presentations

HomΛ(U,U1)
(U,f1)−−−−→ HomΛ(U,U0) → D1 → 0 of D1,

HomΛ(U,U
′
1)

(U,f3)−−−−→ HomΛ(U,U
′
0) → D3 → 0 of D3.

Note that there are isomorphisms HomΛ(U,Ui) ⊕ HomΛ(U,U
′
i)

∼=
HomΛ(U , Ui ⊕ U ′

i) for i = 0, 1. By the horseshoe lemma and Yoneda’s
lemma, there exist αi : Ui → Ui ⊕ U ′

i and βi : Ui ⊕ U ′
i → U ′

i for i = 0, 1 and
f2 : U1⊕U ′

1 → U0⊕U ′
0 such that the following exact diagram is commutative:

(3.1)

ε1 0 // HomΛ(U,U1)

(U,f1)

��

(U,α1) // HomΛ(U,U1 ⊕ U ′
1)

(U,f2)

��

(U,β1) // HomΛ(U,U
′
1)

(U,f3)

��

// 0

ε0 0 // HomΛ(U,U0)

��

(U,α0) // HomΛ(U,U0 ⊕ U ′
0)

��

(U,β0) // HomΛ(U,U
′
1)

��

// 0

0 // D1

��

// D2

��

// D3

��

// 0

0 0 0

where ε0 and ε1 are canonical split exact sequences.
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Let Ki = Ker fi for i = 1, 2, 3. By Yoneda’s lemma and the snake lemma,
there exists an exact commutative digram in modΛ as follows:

(3.2)

0

��

0

��

0

��
0 // K1

��

α2 // K2

��

β2 // K3

��

ε3 0 // // U1

f1

��

α1 // U1 ⊕ U ′
1

f2

��

β1 // U ′
1

f3

��

// 0

ε2 0 // U0
α0 // U0 ⊕ U ′

0

β0 // U ′
0

// 0

where the exact short sequences ε2 and ε3 are split. In particular, we have a
short sequence in modΛ,

(3.3) 0 → K1
α2−→ K2

β2−→ K3.

Since the functor HomΛ(U,−) is left exact and Di = CokerHomΛ(U, fi)
for all i = 1, 2, 3, by applying the functor HomΛ(U,−) to the commutative
exact diagram (3.2) and taking the cokernels, we have the following exact
commutative diagram:

(3.4)

0

��

0

��

0

��

0 // HomΛ(U,K1)

��

(U,α2) // HomΛ(U,K2)

��

(U,β3) // HomΛ(U,K3)

��

ε1 0 // HomΛ(U,U1)

(U,f1)

��

(U,α1) // HomΛ(U,U1 ⊕ U ′
1)

(U,f2)

��

(U,β1) // HomΛ(U,U
′
1)

(U,f3)

��

// 0

ε0 0 // HomΛ(U,U0)

��

(U,α0) // HomΛ(U,U0 ⊕ U ′
0)

��

(U,β0) // HomΛ(U,U
′
1)

��

// 0

D1

��

D2

��

D3

��
0 0 0

Comparing the diagram (3.1) with (3.4), we see that there exists an exact
sequence

(3.5) 0 → HomΛ(U,K1)
(U,α2)−−−−→ HomΛ(U,K2)

(U,β2)−−−−→ HomΛ(U,K3) → 0

by the snake lemma.
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On the other hand, noting that the functor TN is exact, applying TN to
the diagram (3.2) gives rise to the following commutative exact diagram in
modΓ :

(3.6)

0

��

0

��

0

��

0 // TN (K1)

��

TN (α2) // TN (K2)

��

TN (β2) // TN (K3)

��

ε5 0 // TN (U1)

TN (f1)

��

TN (α1)// TN (U1 ⊕ U ′
1)

TN (f2)

��

TN (β1)// TN (V1)

TN (f3)

��

// 0

ε4 0 // TN (U0)
TN (α0)// TN (U0 ⊕ U ′

0)
TN (β0)// TN (V0) // 0

where the short exact sequences ε4 and ε5 are split.
Recall that the functor HomΓ (V,−) is left exact and we have F(Di) =

Coker(HomΓ (V , TN (fi)) for i = 1, 2, 3. By applying the functor HomΓ (V,−)
to the diagram (3.6) and taking cokernels, one obtains the following exact
commutative diagram in modB:

0

��

0

��

0

��

0 // HomΓ (V,TN (K1))

��

(TN (α2))∗ // HomΓ (V,TN (K2))

��

(TN (β2))∗ // HomΓ (V,TN (K3))

��

0 // HomΓ (V,TN (U1))

(TN (f1))∗

��

(TN (α1))∗ // HomΓ (V,TN (U1 ⊕ U ′
1)

(TN (f2))∗

��

(TN (β1))∗ // HomΓ (V,TN (U ′
1))

(TN (f3))∗

��

// 0

0 // HomΓ (V,TN (U0))

��

(TN (α0))∗ // HomΓ (V,TN (U0 ⊕ U ′
0)

��

(TN (β0))∗ // HomΓ (V,TN (V0))

��

// 0

F(D1)

��

F(D2)

��

F(D3)

��
0 0 0

where (−)∗ stands for HomΓ (V,−).
We claim that (TN (β2))∗ in the diagram above is epic. Indeed, applying

the exact functor TN to the short exact sequence (3.3) yields the following
exact sequence in modΓ :

(3.7) 0 → TN (K1)
TN (α2)−−−−−→ TN (K2)

TN (β2)−−−−→ TN (K3).

Since (TM ,TN ) is an adjoint pair and the functors HomΛ(TM (V ),−) and
HomΓ (V,−) are left exact, by applying the functor HomΛ(TM (V ),−)
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to (3.3) and HomΓ (V,−) to (3.7), respectively, we obtain the commutative
exact diagram

0 // HomΛ(TM (V ),K1)

∼=
��

(α2)†
// HomΛ(TM (V ),K2)

∼=
��

(β2)†
// HomΛ(TM (V ),K3)

∼=
��

0 // HomΓ (V,TN (K1))
(TN (α2))∗

// HomΓ (V,TN (K2))
((TN (β2))∗

// HomΓ (V,TN (K3))

where (−)† stands for HomΛ(TM (V ),−). Because of TM (V ) ∈ addU and
the exactness of the sequence (3.5), we see that (β2)† in the diagram above
is epic, and hence so is ((TN (β2))∗, as claimed.

By the snake lemma again, there is an exact sequence 0 → F(D1) →
F(D2) → F(D3) → 0 in mod B, which means that the functor F is exact.

Similarly, we find that the functor G is exact.
Step 2: We verify that F and G take projective modules to projective

modules.
Let P0 be a projective A-module. By Lemma 2.5, there exists a Λ-

module U0 ∈ add ΛU such that P0 = HomΛ(U,U0), which implies H−1
A (P0) =

(0, U0, 0). Notice that TN (U0) ∈ add(TN (U)) ⊆ addV , and T̃NH−1
A (P0) =

(0,TN (U0), 0). Hence F(P0) = HomΓ (V,TN (U0)) is a projective B-module.
The case of G can be proved in a similar way.
Step 3: We verify that F and G induce a separable equivalence between

A and B.
Since F and G are additive exact functors, there exist natural isomor-

phisms F ∼= F(A)⊗A − : modA → modB and G ∼= G(B)⊗B − : modB →
modA, where F(A) = HomΓ (ΓVB, ΓN ⊗Λ UA) is a (B,A)-bimodule and
G(B) = HomΛ(ΛUA, ΛM ⊗Γ VB) is an (A,B)-bimodule, by Watt’s theorem
(see [28, Theorem 3.33]). Noting that F takes projective modules to projec-
tive modules, we see that BF(A) ∼= BF(A) ⊗A A is a projective B-module.
On the other hand, since F ∼= BF(A)⊗A − is an exact functor, we find that
F(A)A is also a projective right A-module. Similarly, we deduce that AG(B)B
is projective as a one-sided module.

Since F and G are additive exact functors, so is the composition of F
and G. By Watt’s theorem again, we have G ◦ F ∼= GF(A)⊗A − : modA →
modA, where GF(A) = HomΛ(ΛUA, ΛM ⊗Γ N ⊗Λ UA) is an A-bimodule.
On the other hand, there are natural isomorphisms

G ◦ F ∼= (G(B)⊗B −) ◦ (F(A)⊗A −) ∼= (G(B)⊗B F(A))⊗A −.

Thus, we have an A-bimodule isomorphism AG(B)⊗B F(A)A ∼=A GF(A)A =
HomΛ(ΛUA,M ⊗Γ N ⊗Λ UA).

Since Λ and Γ are symmetrically separably equivalent by assumption,
there exists a Λ-bimodule isomorphism ρ = (ρ1, ρ2) : M ⊗Γ N → Λ ⊕ X.
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Note that A = HomΛ(UA, UA) and X ′ =: HomΛ(ΛUA,ΛX ⊗Λ UA) are A-
bimodules. It is not hard to check that the natural isomorphism

ρ̄ : HomΛ(U,M ⊗Γ N ⊗Λ UA) → HomΛ(U,U)⊕HomΛ(ΛUA,ΛX ⊗Λ UA)

given by ρ̄(f) = (µ(ρ1 ⊗ IdU )f, (ρ2 ⊗ IdU )f), where µ : Λ ⊗Λ U → U is the
multiplication map, is an A-bimodule isomorphism. Therefore, AG(B) ⊗B

F(A)A ∼= A⊕X ′, as desired.
Similarly, there exists a B-bimodule isomorphism F(A)⊗AG(B) ∼= B⊕Y ′,

where Y ′ = HomΓ (ΓVB, ΓY ⊗Γ VB) is a B-module.

Step 4: We show (F(A)⊗A−,G(B)⊗B−) and (G(B)⊗B−,F(A)⊗A−)
are adjoint pairs.

Since N ⊗Λ U ∈ addV and B = HomΓ (V, V ), we have the isomorphisms

HomB(F(A), B)

= HomB(HomΓ (V,N ⊗Λ U),HomΓ (V, V ))
∼= HomΓ (N ⊗Λ U, V ) (by Yoneda’s lemma)
∼= HomΛ(U,M ⊗Γ V ) (by the adjoint pair (N ⊗Λ −,M ⊗Γ −))

= G(B).

Thus, for any B-module L,

G(B)⊗B L ∼= HomB(F(A), B)⊗B L ∼= HomB(F(A), L),

sinceF(A) is a projectiveB-module. This implies that (F(A)⊗A−,G(B)⊗B−)
is an adjoint pair. In a similar way, we see that (G(B)⊗B −,F(A)⊗A −) is
also an adjoint pair. The proof of Theorem 3.1 is complete.

As applications of Theorem 3.1, we shall construct new symmetrical sep-
arable equivalences from given ones.

Recall that an Artin algebra Λ is said to be representation-finite, if there
exist finitely many nonisomorphic indecomposable Λ-modules. Recall that a
Λ-module U is called an additive generator if add ΛU = modΛ. It is clear
that an Artin algebra is representation-finite if and only of it has an additive
generator. Let Λ be a representation-finite Artin algebra. The endomorphism
algebra of an additive generator for Λ is called the Auslander algebra of Λ,
which is unique up to Morita equivalence. According to Theorem 3.1, we
have the following result.

Theorem 3.2. Let Λ and Γ be representation-finite. If Λ and Γ are
symmetrically separably equivalent, then so are their Auslander algebras.

Proof. Let ΛU and ΓV be additive generators for Λ and Γ , respectively.
Then U and V satisfy the conditions in Theorem 3.1, which yields the as-
sertion.
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Let Λ be an Artin algebra. Recall from [11] that a projective Λ-module
P is said to be ν-stable projective if νi(P ) is projective for all i ≥ 1, where
ν = DHomΛ(−, Λ) is the Nakayama functor of Λ. We denote by Λ-stp the
subcategory of modΛ consisting of all nonisomorphic ν-stable projective
Λ-modules. Following [11], we define the Frobenius part of Λ, which is self-
injective and unique up to Morita equivalence, to be the endomorphism
algebra of a projective Λ-module V with add ΛV = Λ-stp. Moreover, Λ
is said to be Frobenius-finite if its Frobenius part is representation-finite.
Frobenius parts of Artin algebras and Frobenius-finite algebras play crucial
roles in the study of the Auslander–Reiten conjecture, dominant dimensions
and stable equivalences (see [7, 11, 25, 35, 37] for details).

Lemma 3.3. Let Λ and Γ be symmetrically separably equivalent by means
of bimodules ΛMΓ and ΓNΛ, and let K be a Λ-module and L a Γ -module.

(1) For any i ≥ 1,

νiΓ (N ⊗Λ K) ∼= N ⊗Λ νiΛ(K) and νiΛ(M ⊗Γ L) ∼= M ⊗Γ νiΓ (L).

(2) If Λ-stp = add ΛK, then Γ -stp = add Γ (N ⊗Λ K),
(3) If Γ -stp = add ΓL, then Λ-stp = add Λ(M ⊗Γ L).

Proof. (1) We only prove νiΓ (N ⊗Λ K) ∼= N ⊗Λ νiΛ(K).
Note that (M ⊗Γ −, N ⊗Λ −) and (N ⊗Λ −,M ⊗Γ −) are adjoint pairs

by assumption. Thus

νΓ (N ⊗Λ K) = DHomΓ (N ⊗Λ K,Γ ) ∼= DHomΛ(K,M)
∼= D(HomΛ(K,Λ)⊗Λ M) (because ΛM is projective)
∼= HomΛ(M,νΛ(K)) (by the adjoint isomorphism)
∼= HomΛ(M ⊗Γ Γ, νΛ(K)) ∼= HomΓ (Γ,N ⊗Λ νΛ(K))
∼= N ⊗Λ νΛ(K).

Hence ν2Γ (N ⊗Λ K) ∼= νΓ (νΓ (N ⊗Λ K)) ∼= νΓ (N ⊗ νΛ(K)) ∼= N ⊗Λ ν2Λ(K).
The assertion is obtained by induction.

(2) For any i ≥ 1, we know from (1) that νiΓ (N ⊗Λ K) ∼= N ⊗Λ νiΛ(K).
Since K ∈ Λ-stp, νiΛ(K) is projective, so is N ⊗Λ νiΛ(K) by Lemma 2.4(2),
which yields N ⊗Λ K ∈ Γ -stp. For any L ∈ Γ -stp, it follows from (1) that
νiΛ(M ⊗Γ L) ∼= M ⊗Γ νiΓ (L) is projective. Thus M ⊗Γ L ∈ Λ-stp = add ΛK,
and hence N⊗ΛM⊗Γ L ∈ add(N⊗ΛK). Noticing that ΓL|Γ (N⊗ΛM⊗Γ L)
by Lemma 2.4(3), we have Γ -stp = add(N ⊗Λ K), as desired.

(3) The proof is similar to that of (2).

Theorem 3.4. Let Λ and Γ be symmetrically separably equivalent. Then

(1) the Frobenius parts of Λ and of Γ are symmetrically separably equivalent;
(2) Λ is Frobenius-finite if and only if Γ is.
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Proof. Assume that there exist a Λ-module K and a Γ -module L such
that Λ-stp = addK and Γ -stp = addL, respectively.

(1) From Lemma 3.3(2)(3), it follows that N ⊗ΛK ∈ Γ -stp = addL and
M ⊗Γ L ∈ addK. Hence End ΛK and End ΓL are symmetrically separably
equivalent by Theorem 3.1.

(2) Assume that Λ is Frobenius-finite. Then End ΛK is representation-
finite. Noting that End ΛK and End ΓL are symmetrically separably equiv-
alent by (1), we see that End ΓL is representation-finite by [27, Theorem 6],
which means that Γ is Frobenius-finite, as desired.

Analogously, we can prove that Λ is Frobenius-finite when Γ is.

As a consequence of Theorem 3.4, we get the following corollary, in which
the second result is [11, Corollary 5.4].

Corollary 3.5. Let Λ be an Artin algebra and G be a finite group such
that the order of G is invertible in Λ. Suppose that ΛG is the skew group
algebra of Λ by G. Then

(1) the Frobenius parts of ΛG and of Λ are symmetrically separably equiva-
lent;

(2) Λ is Frobenius-finite if and only if ΛG is.

Proof. According to [5, Lemma 1], Λ and ΛG are symmetrically separably
equivalent, and the corollary follows from Theorem 3.4 immediately.

Let Λ be an Artin algebra. Recall from [26] that a finitely generated
Λ-module T is said to be an m-tilting module if the following conditions are
satisfied: (1) pd ΛT ≤ m; (2) Ext≥1

Λ (T, T ) = 0; (3) ΛΛ has an m-addT -
coresolution 0 →Λ Λ → T0 → T1 → · · · → Tm → 0. Recall from [9] that an
Artin algebra is called a tilted algebra if it is the endomorphism algebra of a
1-tilting module over a hereditary algebra. It is clear that an Artin algebra
Λ is a tilted algebra if and only if there is a 1-tilting Λ-module such that its
endomorphism algebra is hereditary.

In the following, we shall construct a new symmetrical separable equiv-
alence from a given stable equivalence of adjoint type and a tilting module.

Lemma 3.6. Let Λ and Γ be stably equivalent of adjoint type via ΛMΓ

and ΓNΛ, and let T be an m-tilting Λ-module. Then

(1) N ⊗Λ T is an m-tilting Γ -module;
(2) M ⊗Γ N ⊗Λ T ∈ add ΛT.

Proof. By assumption, there exist projective bimodules ΛPΛ and ΓQΓ ,
and bimodule isomorphisms ΛM ⊗Γ NΛ

∼= Λ⊕ P and ΓN ⊗Λ MΓ
∼= Γ ⊕Q,

such that (N ⊗Λ −,M ⊗Γ −) and (M ⊗Γ −, N ⊗Λ −) are adjoint pairs.
(1) Note that the exact functor N⊗Λ− takes projective Λ-modules to pro-

jective Γ -modules by Lemma 2.4(2). One has pd Γ (N ⊗Λ T ) ≤ pd ΛT = m.
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On the other hand, since (M ⊗Γ −, N ⊗Λ −) is an adjoint pair and MΓ is
projective, for any i ≥ 1 we have

ExtiΓ (N ⊗Λ T,N ⊗Λ T ) ∼= ExtiΛ(M ⊗Γ N ⊗Λ T, T )

∼= ExtiΛ((Λ⊕ P )⊗Λ T, T )

∼= ExtiΛ(T ⊕ (P ⊗Λ T ), T )

∼= ExtiΛ(T, T )⊕ ExtiΛ(P ⊗Λ T, T ) = 0

from the fact that P ⊗Λ T is a projective Λ-module.
Since T is an m-tilting Λ-module, there exists an m-addT -coresolution

0 → Λ → T0 → T1 → · · · → Tm → 0.

Applying the functor N⊗Λ− to the sequence above gives rise to the following
exact sequence in modΓ :

0 → N → N ⊗Λ T0 → N ⊗Λ T1 → · · · → N ⊗Λ Tm → 0,

which is a proper m-add(N ⊗Λ T )-coresolution, because Ext≥1
Γ (N ⊗Λ T,

N⊗ΛT ) = 0. Note that ΓΓ |ΓN by Lemma 2.4(1). It follows from Lemma 2.6
that there is a proper m-add(N ⊗Λ T )-coresolution of ΓΓ : 0 → Γ → T ′

0 →
T ′
1 → · · · → T ′

m → 0. Thus, we have proved that N ⊗Λ T is an m-tilting
Λ-module.

(2) By assumption, there is a Λ-module isomorphism M ⊗Γ N ⊗Λ T ∼=
T ⊕ (P ⊗Λ T ). We need to prove P ⊗Λ T ∈ addT . In fact, since N ⊗Λ T is
an m-tilting module, and (N ⊗Λ −,M ⊗Γ −) is an adjoint pair, there exist
isomorphisms

0 = Ext1Γ (N ⊗Λ T,N ⊗Λ T ) ∼= Ext1Λ(T,M ⊗Γ N ⊗Λ T )

∼= Ext1Λ(T, T ⊕ P ⊗Λ T ) ∼= Ext1Λ(T, T )⊕ Ext1Λ(T, P ⊗Λ T ),

which means Ext1Λ(T, P ⊗Λ T ) = 0. According to [33, Lemma 3.3], it follows
that P ⊗Λ T ∈ genT , and hence P ⊗Λ T ∈ addT by the projectivity of the
Λ-module P ⊗Λ T , as desired.

Theorem 3.7. Let Λ and Γ be stably equivalent of adjoint type by means
of ΛMΓ and ΓNΛ. If T is an m-tilting Λ-module, then the algebras End ΛT
and End Γ (N ⊗Λ T ) are symmetrically separably equivalent.

Proof. Since T is an m-tilting Λ-module, one has M⊗Γ N⊗ΛT ∈ add ΛT
by Lemma 3.6. The assertion follows from Theorem 3.1.

As a consequence of Theorem 3.7, a result of [31] is obtained.

Corollary 3.8. Let Λ and Γ be stably equivalent of adjoint type. Then
Λ is a tilted algebra if and only if Γ is.

Proof. Assume that Λ is a tilted algebra. Then there is a 1-tilting Λ-mod-
ule T such that End ΛT is a hereditary algebra. Due to Lemma 3.6, it follows
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that N ⊗Λ T is a 1-tilting Γ -module. Because End ΛT and End Γ (N ⊗Λ T )
are symmetrically separably equivalent by Theorem 3.7, one gets

gl.dimEnd Γ (N ⊗Λ T ) = gl.dimEnd ΛT ≤ 1

by Lemma 2.4(4), which implies that Γ is a tilted algebra.

As another application of Theorem 3.1, we obtain the following result,
which slightly improves [23, Theorem 1.1].

Corollary 3.9. Let Λ and Γ be symmetric k-algebras and let M be
a (Γ,Λ)-bimodule inducing separable equivalence between Λ and Γ . Suppose
that U is a Λ-module and V a Γ -module such that M∗ ⊗Λ U ∈ add ΓV
and M ⊗Γ V ∈ add ΛU . Then the dominant dimensions of End ΛU and of
End ΓV are equal.

Proof. According to [21], Λ and Γ are symmetrically separably equivalent
by means of M and its dual module M∗ = HomΛ(M,Λ). By Theorem 3.1,
End ΛU and End ΓV are symmetrically separably equivalent. The assertion
follows directly from [36, Remark 2.4(1)].

Let Λ be an Artin algebra. Recall from [1] that V ∈ modΛ is said to be
an Auslander generator if V is a generator-cogenerator for Λ-modules. Recall
from [6] that the rigidity dimension of Λ, denoted by rig.dimΛ, is defined to
be

rig.dim(Λ) = sup {dom.dim(End Λ(V )) :

V is an Auslander generator in modΛ}
and the representation dimension of Λ, denoted by rep.dimΛ, is defined to
be

rep.dim(Λ) = inf {gl.dim(End Λ(V )) :

V is an Auslander generator in modΛ}.
The notion of rigidity dimension was introduced by Chen et al. [6] to

measure homologically the quality of the best resolutions of Artin algebras,
and it was proved that it is an invariant of stable equivalence of adjoint type.
The notion of representation dimension was introduced by Auslander [1] to
measure how far away an Artin algebra is from being representation-finite
type in the homological sense.

In the following, we shall discuss the invariance properties of the rigidity
dimension and the representation dimension of Artin algebras under symmet-
rical separable equivalences, and recover a result about the representation
dimension in [36].

Lemma 3.10. Let Λ and Γ be separably equivalent by means of bimodules
ΛMΓ and ΓNΛ, and let V be a Λ-module. Suppose that V is an Auslander
generator for Λ-modules. Then so is N ⊗Λ V as a Γ -module.
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Proof. Since ΛΛ ∈ add ΛV and N is a projective generator for Γ -modules
by assumption, one has Γ ∈ add Γ (N⊗ΛV ). On the other hand, let A be a Γ -
module. Then M ⊗Γ A ∈ modΛ, and so there is a Λ-module monomorphism
f : M ⊗Γ A → V (n) for some positive integer n, because V is a cogenerator
for Λ-modules. Since the functor N⊗Λ− is exact, N⊗Λ f : N⊗ΛM⊗Γ A →
N ⊗Λ V (n) is a Γ -module monomorphism. Notice that ΓA|Γ (N ⊗ΛM ⊗Γ A)
by Lemma 2.4(3). Hence, there exists a split monomorphism i : A → N ⊗Λ

M⊗Γ A. So the composition g = (N⊗Λf)i : A → (N⊗ΛV )(n) is a Γ -module
monomorphism, which means that N⊗ΛV is a cogenerator for Γ -modules.

For a ring Λ, let T be a finitely generated Λ-bimodule. Following Hirata
[10], T is said to be centrally projective over Λ if ΛTΛ ∈ add(ΛΛΛ).

Theorem 3.11. Let Λ and Γ be symmetrically separably equivalent via
ΛMΓ and ΓNΛ. Assume that M ⊗Γ N is centrally projective over Λ. Then

(1) rig.dim(Λ) ≤ rig.dim(Γ );
(2) rep.dim(Λ) ≥ rep.dim(Γ ).

Proof. (1) If rig.dim(Λ) = ∞, there is nothing to prove.
Assume that rig.dim(Λ) = m<∞. Then there exists an Auslander gener-

ator V for Λ-modules with gl.dim(End ΛV )<∞ such that dom.dim(End ΛV )
= m. It follows from Lemma 3.10 that N ⊗Λ V is an Auslander generator
for Γ -modules.

On the other hand, since ΛM ⊗Γ NΛ ∈ add ΛΛΛ by assumption, we have
ΛM⊗Γ N⊗ΛV ∈ add ΛV . According to Theorem 3.1, it follows that End ΛV
and End Γ (N ⊗Λ V ) are symmetrically separably equivalent. Hence,

gl.dimEnd Γ (N ⊗Λ V ) = gl.dimEnd ΛV < ∞,

dom.dimEnd Γ (N ⊗Λ V ) = dom.dimEnd ΛV = m,

by Lemma 2.4(4) and [36, Remark 2.4(1)]. This shows

rig.dim(Λ) ≤ rig.dim(Γ ).

(2) Assume that rep.dimΛ = m. Then there exists an Auslander genera-
tor V for Λ-modules such that gl.dimEnd ΛV = m. By Lemma 3.10, N⊗ΛV
is an Auslander generator. Since ΓM ⊗Λ NΓ is centrally projective by as-
sumption, it follows from Theorem 3.1 that End ΛV and End Γ (N ⊗Λ V ) are
symmetrically separably equivalent. Hence, gl.dimEnd Γ (N ⊗Λ V ) = m by
Lemma 2.4(4), which implies rep.dimΓ ≤ m, as desired.

Corollary 3.12. Let Λ and Γ be symmetrically separably equivalent by
means of bimodules ΓMΛ and ΛNΓ . Suppose that M ⊗Γ N and N ⊗Λ M are
centrally projective over Λ and Γ , respectively. Then

(1) rig.dim(Λ) = rig.dim(Γ );
(2) ([36, Theorem 1.2]) rep.dim(Γ ) = rep.dim(Λ).
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There are examples of separable equivalences satisfying all conditions of
Corollary 3.12.

(1) Let Λ be a finite-dimensional algebra over an algebraically closed
field k, and F a separable field extension of k. Following [29, Lemma 4.6],
Λ ⊗k F and Λ are symmetrically separably equivalent via Λ⊗kF (Λ ⊗k F )Λ
and Λ(Λ⊗k F )Λ⊗kF . Also Λ(Λ⊗k F )⊗Λ⊗kF (Λ⊗k F ) is centrally projective
over Λ, and (Λ⊗k F )⊗Λ (Λ⊗k F ) is centrally projective over Λ⊗k F .

(2) Let Λ be an Artin R-algebra, where R is a commutative Artin ring.
If Λ is an excellent extension of R, it follows from [30, Lemma 3.11] that Λ
and R are symmetrically separably equivalent by means of ΛΛR and RΛΛ.
Moreover, Λ⊗RΛ and Λ⊗ΛΛ are centrally projective over Λ and R, respec-
tively.

4. The Auslander-type condition and homological conjectures.
In this section, we shall prove that the Auslander-type condition and ho-
mological conjectures, including the Gorenstein symmetric conjecture, the
(strong) Nakayama conjecture and the Auslander–Gorenstein conjecture, are
preserved under symmetrical separable equivalence. We begin with the fol-
lowing observation.

Lemma 4.1. Let Λ and Γ be two rings and let I be a Λ-module and J a
right Λ-module. Suppose that Λ and Γ are symmetrically separably equivalent
bimodules ΛMΓ and ΓNΛ. Then

(1) I is an injective Λ-module if and only if so is N ⊗Λ I as a Γ -module;
(2) J is an injective right Λ-module if and only if so is J ⊗Λ M as a right

Γ -module;
(3) F is a flat Λ-module if and only if so is N ⊗Λ F as a Γ -module.

Proof. (1) Since MΓ is projective and (M ⊗Γ −, N ⊗Λ −) is an ad-
joint pair, for any i ≥ 1 and any Γ -module K there is an isomorphism
ExtiΓ (K,N ⊗Λ I) ∼= ExtiΛ(M ⊗Γ K, I) = 0, which shows that N ⊗Λ I is an
injective Γ -module, as desired.

Conversely, assume that N ⊗Λ I is an injective Γ -module. Then so is the
Λ-module M⊗Γ N⊗Λ I. Noticing that I |M⊗Γ N⊗Λ I, we get the assertion.

(2) The proof is similar to (1).
(3) Let 0 → A → B → C → 0 be an exact sequence of right Γ -modules.

Since −⊗Γ N is an exact functor and F is flat, the sequence

0 → A⊗Γ N ⊗Λ F → B ⊗Γ N ⊗Λ F → C ⊗Γ N ⊗Λ F → 0

is exact, which implies that N ⊗Λ F is flat.
Conversely, assume that N ⊗Λ F is flat. Then so is M ⊗Γ N ⊗Λ F as a

Λ-module. Note that F |M ⊗Γ N ⊗Λ F . Hence F is flat.
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Corollary 4.2. Let Λ and Γ be symmetrically separably equivalent by
means of bimodules ΛMΓ and ΓNΛ, and let V be a Λ-module and W a right
Λ-module. Then

(1) id ΛV = id Γ (N ⊗Λ V );
(2) idWΛ = id (W ⊗Λ M)Γ ;
(3) fd ΛV = fd Γ (N ⊗Λ V );
(4) fdWΛ = fd (W ⊗Λ M)Γ ;
(5) pd ΛV = pd Γ (N ⊗Λ V );
(6) pdWΛ = pd Γ (W ⊗Λ M).

Proof. We only prove (1); the proofs of (2)–(6) are similar.
Without loss of generality, we may consider id ΛV = n < ∞. Then there

is the following exact sequence in ModΛ:

0 →Λ V → E0 → E1 → · · · → En → 0,

with each Ei injective. Since N is a projective right Λ-module, we get a new
exact sequence

0 → N ⊗Λ V → N ⊗Λ E0 → N ⊗Λ E1 → · · · → N ⊗Λ En → 0,

where N ⊗Λ Ei is an injective Γ -module for each 0 ≤ i ≤ n, by Lemma 4.1.
This means id Γ (N ⊗Λ V ) ≤ n.

Conversely, assume id Γ (N ⊗Λ V ) = m. Then id Λ(M ⊗Γ N ⊗Λ V ) ≤ m.
Since ΛV |Λ(M ⊗Γ N ⊗Λ V ) by Lemma 2.4(3), it follows that id ΛV ≤ m.
The assertion follows immediately.

Corollary 4.3. Let Λ and Γ be symmetrically separably equivalent.
Then

(1) id ΛΛ = id ΓΓ ;
(2) idΛΛ = idΓΓ .

Proof. (1) According to Corollary 4.2(1), it follows that id ΛΛ = id ΓN.
Combining this with the fact that ΓN is a projective generator, one gets
id ΛΛ = id ΓΓ .

(2) is dual to (1).

Lemma 4.4. Let

(4.1) 0 → ΛΛ → I0(Λ) → I1(Λ) → · · · → In(Λ) → · · ·
and

(4.2) 0 → ΓΓ → I0(Γ ) → I1(Γ ) → · · · → In(Γ ) → · · ·
be the minimal injective resolutions of ΛΛ and of ΓΓ , respectively. For any
i ≥ 0, we have

(1) fd ΛI
i(Λ) = fd Γ I

i(Γ );
(2) pd ΛI

i(Λ) = pd ΛI
i(Γ ).
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Proof. We only prove (1); the proof of (2) is similar.
Applying the exact functor N ⊗Λ − to the injective resolution (4.1) in-

duces an exact sequence

0 →Γ N → N ⊗Λ I0(Λ) → N ⊗Λ I1(Λ) → · · · → N ⊗Λ In(Λ) → · · · ,

where N ⊗Λ Ii(Λ) is an injective Γ -module for all i ≥ 0 by Lemma 4.1.
Noting that (4.2) is the minimal injective resolution of ΓΓ and N is a
projective generator for Γ -modules by Lemma 2.4(1), it is not hard to
check that Ii(Γ ) |N ⊗Λ Ii(Λ) for all i ≥ 0. Hence, for each i, we have
fd ΛI

i(Γ ) ≤ fd Γ (N ⊗Λ Ii(Λ)) = fd ΛI
i(Λ) by Corollary 4.2.

Dually, we have fd ΛI
i(Λ) ≤ fd Γ I

i(Γ ) for any i ≥ 0.

Theorem 4.5. Let Λ and Γ be symmetrically separably equivalent and
let n, k be integers. Then Λ is Gn(k) if and only if Γ is.

Proof. Suppose that Λ satisfies Gn(k). Then we have fd Ii(Λ) ≤ i+k for
any 0 ≤ i ≤ n− 1. It follows from Lemma 4.4 that fd Ii(Γ ) ≤ i+ k for any
0 ≤ i ≤ n− 1. Thus, Γ satisfies Gn(k).

Similarly, we verify that Λ is Gn(k) when Γ is.

Let n be a positive integer. Following [12], a left and right noetherian ring
Λ is left quasi-n-Gorenstein if the left flat dimension of the ith term in the
minimal injective resolution of Λ as a left Λ-module is less than or equal to
i+1 for any 0 ≤ i ≤ n−1. This is a nontrivial generalization of n-Gorenstein
rings. It is easy to see that a left and right noetherian ring is left quasi-n-
Gorenstein if and only if it is Gk(1). The left quasi-n-Gorenstein rings play
an important role in the study of the Auslander–Gorenstein conjecture and
the Nakayama conjecture (see [12, 13] for details).

According to Theorem 4.5, we have the following corollary.

Corollary 4.6. Let Λ and Γ be symmetrically separably equivalent, and
let n be a nonnegative integer. Then

(1) Λ is n-Gorenstein if and only if Γ is;
(2) Λ is quasi n-Gorenstein if and only if Γ is;
(3) Λ satisfies the Auslander condition if and only if Γ does.

Proof. Note that Λ is n-Gorenstein if and only if Λ is Gn(0), and that Λ
is quasi-n-Gorenstein if and only if Λ is Gn(1). Thus (1) and (2) are obtained
from Theorem 4.5 directly. (3) follows from (1) directly.

Finally, we shall show that symmetrical separable equivalence preserves
the Gorenstein symmetric conjecture, the (strong) Nakayama conjecture and
the Auslander–Gorenstein conjecture.
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Theorem 4.7. Let Λ and Γ be symmetrically stably equivalent Artin
R-algebras. Then

(1) Λ satisfies the Gorenstein symmetric conjecture if and only if Γ does;
(2) Λ satisfies the strong Nakayama conjecture if and only if Γ does;
(3) Λ satisfies the Auslander–Gorenstein conjecture if and only if Γ does;
(4) Λ satisfies the Nakayama conjecture if and only if Γ does.

Proof. (1) According to Corollary 4.3, id ΛΛ = idΛΛ if and only if
id ΓΓ = idΓΓ , and the assertion follows.

(2) Assume that Γ satisfies the strong Nakayama conjecture. Let V be a
Λ-module with Ext≥0

Λ (V,Λ) = 0. It is not hard to check that Ext≥0
Λ (V, P ) = 0

for any finitely generated projective Λ-module P . Since NΛ is projective
and (N ⊗Λ −,M ⊗Γ −) is an adjoint pair, it follows that for any i ≥ 0,
ExtiΓ (N⊗ΛV, Γ ) ∼= ExtiΛ(V,M) = 0. Therefore, N⊗ΛV = 0 by assumption,
which implies V = 0, because NΛ is a projective generator for right Λ-
modules. Thus Λ satisfies the strong Nakayama conjecture.

Similarly, we can prove that Γ satisfies the strong Nakayama conjecture
when Λ does.

(3) Assume that Γ satisfies the Auslander–Gorenstein conjecture and Λ
satisfies the Auslander condition. From Corollary 4.6(3) it follows that Γ
satisfies the Auslander condition, and hence Γ is a Gorenstein algebra (that
is, id ΓΓ < ∞ and idΓΓ < ∞) by assumption, which implies that Λ is a
Gorenstein algebra by Corollary 4.3.

Similarly, we can prove that Γ satisfies the Auslander–Gorenstein con-
jecture when Λ does.

(4) Assume Γ satisfies the Nakayama conjecture and dom.dimΛ = ∞.
Then dom.dimΓ = ∞ by Lemma 4.4(2), so that Γ is self-injective by as-
sumption. It follows from Corollary 4.3 that Λ is self-injective, as desired.

Similarly, we can prove that Γ satisfies the Nakayama conjecture when
Λ does.

As a consequence of Theorem 4.7, we obtain the following corollary, which
improves [38, Theorem 3.3(2)].

Corollary 4.8. Let Λ be an Artin algebra, and let G be a finite group
acting on Λ, whose order is invertible in Λ. Then Λ satisfies the strong
Nakayama conjecture if and only if the skew group ΛG does.
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