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UNIVERSAL MAPPINGS WITH FIXED RANGE IN R"
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DIMITRIOS GEORGIOU, ATHANASIOS MEGARITIS and FOTINI SERETI

Abstract. We prove the existence of universal elements in classes of continuous and
semi-open mappings having the same range Y. Our study is based on the so-called sat-
urated classes of topological spaces. Based on this result, we also prove the existence of
universal elements in the class C*°P(E, R™) of all continuous and semi-open mappings with
domains in a saturated class E of topological spaces and range R™. We apply our results
to various saturated classes E.

1. Introduction. The continuous mappings are studied in various math-
ematical branches. For example, we can find relations of continuous mappings
with dimensions of spaces and convergences of sequences/nets [Chl, [Enl, [En1l,
Ke, N1l N2, [P]. Among related studies, we can find types of continuous map-
pings such as open and semi-open mappings [AC, B, BMT| [Cl, [GMS| [Kiml, M].

In this connection, a natural question arises: Given a fized space Y and
a class of continuous mappings with range Y, does there exist a universal
mapping in this class? That is, does there exist a continuous mapping the
study of which can give information for all other mappings belonging to the
same class? Here by a universal mapping for a class F of continuous Y-
mappings (i.e. continuous mappings with the same range Y) we mean a
mapping f belonging to this class such that for every g € F there exists a
Y-embedding of g into f (see [I] and Definitions and [2.5)).

In the book [I], we can find the first answer, where the saturated class of
topological spaces was defined. Saturated classes of Ty-topological spaces of
weight less than or equal to a fixed infinite cardinal 7 have universal elements.
In particular, saturated classes of spaces give the way to construct so-called
containing spaces. These spaces yield the existence of universal spaces and
of universal mappings with domains these containing spaces.
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THEOREM 1.1 (Universal mappings [I|). Let T be a fized infinite cardinal.
Having a saturated class E of To-spaces of weight less than or equal to T, in
the class C(E,Y) of all continuous mappings with domain in E and range
the same Ty-space Y of weight less than or equal to T, there exist universal
mappings.

More specifically, we get a positive answer to the above question in classes
of continuous and open mappings:

THEOREM 1.2 (Universal open mappings [I|). Let 7 be a fized infinite
cardinal. Having a saturated class E of To-spaces of weight less than or equal
to T, in the class C°P(E,Y") of all continuous and open mappings with domain
in E and range the same Tg-space Y of weight less than or equal to T, there
exist universal mappings.

2. The universality problem. The study of universal mappings and
saturated classes of spaces begins with the universality problem for topolog-
ical spaces.

DEFINITION 2.1 ([I]). If L is a class of topological spaces, then a topolog-
ical space T is called universal in LL if the following conditions are satisfied:

(i) Tel,
(ii) for every X € L, there exists an embedding of X into T.

A topological space T which satisfies the second condition only is called a
containing space for the class L.

Problems concerning universal objects appeared in topology in its early
development, when special classes of separable metrizable spaces were con-
sidered. Firstly, for a given class of spaces one seeked to find a universal
element with no general method for constructing such elements. Then, in [I
the author presented such a method. In particular, given an indexed collec-
tion S of Ty-spaces of weight less than or equal to a given infinite cardinal
T, a containing space T for S was constructed. Based on this method, many
results related to universal elements were proved. For example, for a fixed
infinite cardinal 7, there exist universal elements (see [I1} I, MS])

(i) in the class of all Ty-spaces of weight less than or equal to T,
(ii) in the class of all regular Ty-spaces of weight less than or equal to 7,
(iii) in the class of all completely regular Ty-spaces of weight less than or
equal to T,
(iv) in the class of all almost regular Ty-spaces of weight less than or equal
to 7.

Studying the universality problem, the notion of saturated class of spaces
can give an answer. The existence of universal elements is not sufficient for a
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class of spaces to be saturated. However, saturated classes of spaces certainly
have universal elements. In particular, the following main result was proved.

THEOREM 2.2 (Universal spaces [I|). In any saturated class of To-spaces
of weight less than or equal to a fized infinite cardinal T there exist universal
elements.

Moreover, in [I2, I] classes of mappings and their universal elements have
been studied as well. As in [I], all mappings considered in this paper are
assumed to be continuous. We denote by Dy and Ry the domain and the
range of the mapping f, respectively. Also, in the rest of the paper, we
suppose that a fixed Tg-space of weight less than or equal to a fixed infinite
cardinal 7, denoted by Y, is given.

DEFINITION 2.3. A mapping f is said to be a Y-mapping if Ry =Y

DEFINITION 2.4. Let f and g be two Y-mappings. An embedding i of
D, into Dy is said to be a Y -embedding of g into f if f oi = g, that is, the
diagram of Figure [l|is commutative.

Df*)Y

T/

Fig. 1. Embedding of g into f

DEFINITION 2.5. An element f of a class F of Y-mappings is said to be
universal in F if for every g € IF, there exists a Y-embedding of g into f.

DEFINITION 2.6. A class F of Y-mappings is said to be topological if for
any Y-mappings f and g and for every homeomorphism i of D, onto Dy
such that f oi = g, the condition f € F implies g € F.

In what follows all the classes of Y-mappings under consideration are
assumed to be topological. Also, {Dy : f € F} is called the domain-class.

In this paper, we study the universality problem for classes of semi-open
mappings with the same range Y, that is, for semi-open Y-mappings. We
prove that in the class of semi-open Y-mappings, where each semi-open
mapping of this class has its domain in a saturated class of spaces, there
exist universal elements. Based on this main result, we give positive answers
to the universality problem in various classes of Y-mappings determined by
the semi-open property, verifying the existence of corresponding universal
elements.

DEFINITION 2.7. Given two topological spaces X and Y, a mapping
f: X =Y is called semi-open if Inty (f(U)) # () for every non-empty open
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subset U of X, where Inty (f(U)) denotes the interior of the set f(U) in the
space Y.

A bibliographic investigation of semi-open mappings shows that such
mappings were considered under other names: “feebly open mapping” [F],
“somewhat open mapping” |GH|, “quasi-open mapping” [Kao| and finally,
“semi-open mapping” [HZZ]. Also, semi-open mappings are studied for
example in [AC| B, BMT, [C, [GMS, Kiml [M]. Each open mapping is semi-
open, but the converse does not hold, as shown by the following example.

ExaMPLE 2.8. We consider the continuous mapping f : R — R defined
by
2z if x <1/3,
fle)=<1—-2 if1/3<x<2/3,
20 —1 if2/3 < x.

It is easy to see that f is semi-open (see [HZZ]). Since f((1/4,3/4)) =
[1/3,2/3], f is not open. Now, let f; : R - R, i=1,...,n, be n copies of f.
We consider the product g =[], fi : R” — R™. The mapping g is not open
|[Enl Proposition 2.3.29]. However, ¢ is semi-open [Kim| Proposition 7].

In addition, in [GMS], the universality problem for classes C*°P(EE, L) of
continuous and semi-open mappings were studied. In particular, the following
result was proved.

THEOREM 2.9 (Universal semi-open mappings [GMS]). Let 7 be a fized
infinite cardinal. Having two topological saturated classes B and I of Ty-
spaces of weight less than or equal to T, in the class C°P(E,LL) of all contin-
uous and semi-open mappings with domain in E and range in 1L there exist
universal mappings.

In Theorem we consider classes C*°P(E,LL) of continuous and semi-
open mappings with different ranges but in the present paper we study classes
C*°P(E,Y") of continuous and semi-open mappings with the same range Y.
The main result of this article is not a special case of the above theorem,
as considering I = {Y'}, we fail to have a saturated, or even a topological,
class of spaces. Thus, we apply another method to prove the existence of
universal mappings in such classes of continuous and semi-open mappings
with the same range.

The paper is organized as follows: In Section [3| we present the basic
notions and notations related to containing spaces and saturated class of
spaces. In Section ] we prove our main result, solving the universality prob-
lem in a class of semi-open Y-mappings, having their domains in a saturated
class of spaces. This result also answers the universality problem in other
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classes of Y-mappings determined by the semi-open property. We apply the
main theorem of this section to the n-Euclidean space R™, n =1,2,....

3. Containing spaces. In this section we present the method of con-
structing containing spaces (which lead to the existence of universal spaces)
in a given indexed collection S of Ty-spaces of weight less than or equal to a
given infinite cardinal 7. The method presented below is given in [I1] and in
more details in [I2]. Throughout, we denote by 7 a fixed infinite cardinal, by
71 the least cardinal greater than 7, by F the set of all finite subsets of T,
and we assume that all spaces are Ty-spaces of weight less than or equal
to 7.

Moreover, we shall use indexed sets. An indexed set is a mapping F' of
a set A into a set Y. Hence, I is a subset of A x Y and its elements have
the form (A, yy), where A € A and yy = F(\). However, for simplicity each
element (A, yy) of F' is identified with the element yy of ¥ and the indexed
set F' is denoted by {yy : A € A}.

An indexed set F': A — Y is said to be an indezation of Y if F(A) =Y
and the set A is called the indexing set of F'. Usually, in order to emphasize
the use of A, F'is called a A-indezed set.

For every X € S we fix an indexed base M~ = {U§ : § € 7} and consider
the indexed collection M = {MX : X € S}, which is called a co-mark
of S. Then we consider an indexed family R = {~* : s € F} of equivalence
relations on S. On the set of all pairs (z, X), where z € X € S, we consider a
new equivalence relation, denoted by N%’I. The set of all equivalence classes
of ~M is denoted by T(M,R). Under some conditions on R, we define a
base BT for a topology on the set T(M,R) such that the corresponding
space is a Tg-space of weight less than or equal to 7. This space will be the
required containing space.

Marks and co-marks for spaces. Any 7-indexed base
M={Us:0€er}

of X is called a mark of X and a space X is called marked if a mark of X is
chosen. An S-indexed collection

M={{Uf:6e7}: X €S},
where {UzX : § € 7} is a 7-indexed base for X, is called a co-mark of S. The
co-mark M of S is said to be a co-extension of a co-mark

Mt ={{Vf:6er}:X €S}
of S if there exists a one-to-one mapping 6 of 7 into itself such that for every
X € S and for every § € T, V;SX = Ug((é). The corresponding mapping 6 is
called an indicial mapping from M™ to M.
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Indexed families of equivalence relations. We shall deal with F-
indexed families of equivalence relations on S. For such a family

R={~":s5€F}

CR) = J{C(~"): s € F},

where C(~*%) denotes the set of all equivalence classes of ~*. We will fre-
quently refer to the minimal ring of subsets of S containing C(R), which is
denoted by C°(R).

Let Ry = {~f : s € F} and Ry = {~§ : s € F} be two F-indexed families
of equivalence relations on S. We say that R is a final refinement of Ry if
for every s € F, there exists t € F such that ~{ C ~58.

An F-indexed family R = {~®: s € F} of equivalence relations on S is
said to be admissible if the following conditions are satisfied:

(i) ~? =8 xS,
(ii) for every s € F the number of ~*-equivalence classes is finite,
(iii) ~* C ~tift Cs.

we shall write

M-standard family of equivalence relations. Let S be an indexed collec-
tion of spaces and M = {{U{ : § € 7} : X € S} be a co-mark of S. For
every s € F \ {0}, an equivalence relation ~3,; on S is defined as follows:

Two elements X and Y of S are ~3;-equivalent if there exists an isomor-
phism i of the algebra of subsets of X generated by {UgX : § € s} onto the
algebra of subsets of Y generated by {UY : 6 € s} such that i(U) = UY
for every § € s. We also set N%/[ =S x8S.

We denote by

Rm={~{1:s€F}
the indexed admissible family of equivalence relations ~3; on S, which is
called M-standard. An admissible family R of equivalence relations on S is
said to be M-admissible if R is a final refinement of Rpg.

The containing space T = T(M,R). Let R = {~* : s € F} be an
M-admissible family of equivalence relations on S. On the set of all pairs
(z,X), where X € S and x € X, we consider an equivalence relation defined
~M as follows: (z,X) ~M (y,Y) if and only if X ~° Y for every s € F, and
either z € U and y € U} for every 6 € 7, or z ¢ U and y ¢ U} for every
der.

The set of all equivalence classes of N%/[ is denoted by T(M, R) or simply
by T, that is, T = C(~N). (It is assumed that T(M,R) = 0 if all elements
of S are empty.)

For every H € C®(R) the set of all a € T(M,R) for which there exists
an element (z, X) € a such that X € H is denoted by T(M,R,H) = T(H).
These subsets T(H), H € C®(R), of T are called primary. For every § € 7
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and H € C®(R) we denote by UJ (H) the set of all a € T(M,R) for which
there exists an element (z, X) € a such that X € H and = € U(SX.
We denote by BT the family of all sets of the form U(;T(H)7 where § € T,

H € C(~!) and ~! C Nl{\i}' The set Bl is a base for a topology on T. The
set T equipped with this topology will be called the containing space for the
indezed collection S corresponding to the co-mark M and the family R. Since
\B:ﬂ < 7, the weight of T is less than or equal to 7. Also, T is a Ty-space
|I, Proposition 1.2.9].

For every subset s of 7 and L € C?(R) we set

I'={UufH):6cxand He CR)},
Bgﬁ ={U{f(H):6 € x and H € C°(R)},
Bl ={Uf#H) eB! :HCL},
%.={Us (H)€Bf, : HCL}

If for every X € S the family {UgX : § € k} is a base for X, then the families
BT and BT are bases for T and the families BY and BL are bases for T(L).

The famlhes Bl and BY (respectively, B}; and BL ) are called k-standard
bases (respectlvely, (&, /@) standard bases) for T and T(L), respectively.

The natural embedding. Let S be an indexed collection of Ty-spaces
of weight less than or equal to 7 and let X € S. Then for every x € X, there
exists a unique element a of the containing space T which contains the pair
(7, X). We define a mapping i7 of X into T setting

if (z) = a,
which is called natural.
It was proved that for X € S, the mapping z% is an embedding of X
into T [I, Proposition 1.2.10].
The above construction of containing spaces leads to the following defi-
nition of a saturated class of spaces, which is very useful for the universality
property as in any saturated class of spaces there exist universal elements.

DEFINITION 3.1 ([I]). A class P of spaces is said to be saturated if for
every indexed collection S of elements of P, there exists a co-mark M™ of
S satisfying the following condition: for every co-extension M of M there
exists an M-admissible family R* of equivalence relations on S such that
for every admissible family R of equivalence relations on S, which is a final
refinement of R*, and for every element L € C®(R), the space T(L) belongs
to P.

The co-mark M™ is called an initial co-mark of S corresponding to the
class P, and the family R* is called an initial family of S corresponding to
the co-mark M and the class P.
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4. Universal semi-open mappings with fixed range. In this section
we give our main result, proving that in classes of semi-open Y-mappings
there exist universal elements. Corollaries of this result prove the existence of
universal semi-open Y-mappings in various other classes of continuous map-
pings and the existence of universal semi-open mappings with fixed range R",
n=12,....

The following lemma enables studying semi-open mappings by investi-
gating sets of bases.

LEMMA 4.1 (JGMS]). Let X be a topological space of weight less than or
equal to 7. A mapping f : X — Y is semi-open if and only if there exists
a base B of X with |B| < 7 such that Inty (f(U)) # 0 for every non-empty
element U of B.

LEMMA 4.2. Let F be a topological class of mappings. Then there exists
an indexed collection F of elements of F such that for every Y -mapping g € F
there exist a Y -mapping f € F and a homeomorphism h of Dy onto Dy such
that foh =g.

Proof. All spaces in this paper are Ty-spaces of weight less than or equal
to 7 and hence of cardinality less than or equal to 27 (see |[Enl Theorem
1.5.1]). Let Z be a fixed set with |Z| = 27, where |Z| denotes the cardinality
of Z. We define

F = {f € F : the domain Dy of f is contained in Z}.

For each Y-mapping g € IF, we consider a “topological copy” Z(g) of D, as
a subset of Z. Let i : Z(g) — Dy be a homeomorphism. Put f = go4. Then
Dy = Z(g). Since we have F is topological and g € IF, f € F. Hence f € F.
Moreover, f oi~! = g, where i~! : Dy — Dy is a homeomorphism. =

THEOREM 4.3. Let E be a saturated class of spaces such that the class
C*°P(E,Y") of all continuous and semi-open mappings with domain in E and
range Y is topological. Then in C°P(E,Y) there exist universal elements.

Proof. Since C*°P(E,Y) is topological, by Lemma there exists an
indexed collection F C C*°P(E,Y") such that for every g € C**P(E,Y") there
exist f € F and a homeomorphism h of D, onto Dy such that foh = g,
that is, the diagram

p; Ly
oA
Dg

is commutative.
Let
SdE{Df:fEF},
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and let M = {Vs: € 7} be a mark of Y. Let also
ME{{U({:éET}:fEF}
be an initial co-mark of S; corresponding to the class E (it exists since

E is saturated). Without loss of generality we can suppose that M is a
co-extension of

M~ ={{f'(Vs):6er}:feF}

Also, we consider an initial family R of equivalence relations on Sy corre-
sponding to the co-mark M and the class E (existing since E is saturated).
Then according to the construction of Section [3 we have the containing
space T(M, R).

We consider the mapping fy : T(M,R) — Y defined by

fr(a) = f(z), where (z,D;)€ac T(M,R).
First, we prove that f{; is well-defined. Let a € T(M,R). We suppose

that (x,Dy), (y, Dy) € a. Then, for every 6 € 7 either x € Ug and y € UJ

or x ¢ Ug and y ¢ Uj. In particular, for every § € 7 either z € f~1(V;) and
ye€g(Vs)orx ¢ f71(Vs) and y ¢ g~ *(Vs), which means that for every
d € 71 either f(x) € Vs and g(y) € Vs or f(z) ¢ Vs and g(y) ¢ V5. Since Y is
a To-space, we have f(z) = g(y).

Secondly, we prove that fg is continuous. Let 6 be an indicial mapping
from M~" to M. We consider the 7-standard base B} for T(M, R) and the
element UX (S,) of BL. We consider here Sy as an element of C(R). It suffices
to prove that for every § € T,

(fy) " (Vs) = UL (Sa),

where 0(6) = e. Let § € 7 and a € (fy)~}(Vs). Let also (z, Df) € a. Then
(@) = f(x) € V5. Hence x € f~1(V;) = U! and therefore a € UX(Sq).
Conversely, let a € UX(S,) and (z,Df) € a. Then z € Ul = 1),
Therefore f(z) = fi(a) € Vj, that is, a € ()71 (Vs).

Now, we show that fif € C5°P(EE,Y), that is, the mapping f;- of T(M, R)
into Y is semi-open. We note that since E is saturated, the domain of this
mapping belongs to E. Then, by Lemma [I.I] we consider the 7-standard

base
={UJ(L):6 €7 and L € C(R)}

for T = T(M, R) and prove that for every non-empty element U of this base
we have

Inty (fy (U)) # 0.
Let U = U{(L). First, we shall prove that

(4.1) Ui ) =J{rwi): pyery.
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Let a € UJ(L) and (x,Df) € a. Then z € Ug and Dy € L. Therefore,
flx)e f(U({), proving the C inclusion of (4.1]). Conversely, let y € J {f(U({) :
Dy € L}. Then there exists f € F such that Dy € L and y € f(Ug).

Therefore, there exists x € U({ (and thus x € Dy) such that f(z) = y. We
denote by a the point of T containing the pair (x, D¢). Since Dy € L, we have
a € U{ (L). Moreover, f{(a) = f(z) =y, proving the D inclusion of (£.1).

Then, by (4.1)), we have
(4.2) Inty (£§ (UF (L)) 2 | {Inty (F(U])) : Dy € L}.
Since Uy (L) is a non-empty set, there exist a € U (L) and (x, Df) € a such
that =z € Ug and Dy € L, that is, U({ is a non-empty open set. Since f is a
semi-open mapping, we have

Inty (F(U])) # 0
and hence
| {Inty (f(U))) : Dy € L} #0.
Therefore, by (4.2)), we have
Inty (fy (Uy (L)) # 0

as desired.

Now, to prove that f;; is universal in the class C*°P(E,Y") it is enough
to show that for each f € F there exists an embedding iy : Dy — T(M,R)
such that f;; oif = f (see Figure . Indeed, we take for iy the natural

embedding of Dy into T(M,R). Then for z € Dy, (z,Dy) € a € T(M,R)
we have i¢(z) = a € T(M,R) and thus

(fy oip)(z) = fy (if(2)) = fy (a) = f(2). =

T(M,R)

Fig. 2. The universal mapping fy

COROLLARY 4.4. Let E be any of the following classes of spaces:

(i) the class of regular spaces,
(ii) the class of almost regular spaces,
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(iii) the class of reqular spaces of small inductive dimension ind < o, o € 77,
(iv) the class of regqular countable-dimensional spaces (in the sense of ind),

) the class of reqular strongly countable-dimensional spaces (in the sense
of ind),

(vi) the class of reqular locally finite-dimensional spaces (in the sense of ind).

Then in the class C*°P(E,Y") of all continuous and semi-open Y -mappings
with domain in E and range Y there exist universal elements.

Proof. Since the above classes of spaces are topological, the class
C*P(E,Y) is also topological. So, considering that all classes given in this
corollary are saturated [I, MS| by Theorem we have the desired fact. =

COROLLARY 4.5. Let E be any of the following classes of spaces:

(i) the class of separable metrizable spaces,

(ii) the class of separable metrizable spaces of small inductive dimension
ind<oa,acth,

(iii) the class of separable metrizable countable-dimensional spaces (in the
sense of small inductive dimension ind),

(iv) the class of separable metrizable strongly countable-dimensional spaces
(in the sense of ind),

(v) the class of separable metrizable locally finite-dimensional spaces (in the
sense of ind).

Then in the class C°P(E,Y") of all continuous and semi-open Y -mappings
with the domain in E and range Y there exist universal elements.

Proof. Since the above classes of spaces are topological, the class
C°P(E,Y) is also topological. So, considering that all classes given in this
corollary are saturated [I], by Theorem we have the desired fact. =

Concluding the section, we note that specific results can be obtained for
classes of continuous and semi-open mappings with range the n-Euclidean
space R" n=1,2,....
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