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ON EUCLIDEAN ALGORITHMS
FOR ORIENTED LINEAR GRASSMANNIANS

BY

MAXIM ARNOLD and OLEG KARPENKOV

Abstract. We study Euclidean algorithms and the corresponding continued fractions
for oriented linear Grassmannians G(d, n). We propose two algorithms: Maximal Element
Elimination and Minimal Element Elimination. The first algorithm reduces the absolute
maximal value of the Plücker coordinates; the algorithm works only in G(2, n). The second
algorithm eliminates the Plücker coordinate with the smallest absolute values, while all
other coordinates may increase; the algorithm works for arbitrary G(d, n). We discuss
basic features of these algorithms and formulate several natural open questions for further
studies.

1. Introduction. Continued fractions and their multidimensional gen-
eralizations play a central role in number theory, Diophantine approxima-
tion, and dynamical systems. Classical subtractive algorithms, such as the
Euclidean algorithm, provide an effective method for computing greatest
common divisors and generating continued fraction expansions in one di-
mension. Multidimensional generalizations have been extensively studied for
vectors in Rn, leading to algorithms such as the Jacobi–Perron algorithm
[14, 6], used to attack the cubic periodicity problem by C. Hermite [5],
Brun’s algorithm [2], Selmer’s algorithm [19], fully subtractive algorithms
[16, 17], and other generalizations [21, 8, 9, 1, 7, 20]. Geometric perspec-
tives on multidimensional continued fractions, initiated by F. Klein [10, 11],
H. Minkowski [12], and G. Voronoi [22], have provided further insight into
their structure.

While the case of Grassmannians G(1, n), which can be canonically
identified with RPn, is well understood, higher-dimensional Grassmannians
G(d, n) with d ≥ 2 and n−d ≥ 2 present significant challenges. Standard vec-
tor subtraction does not preserve the Grassmannian structure: the difference
of two elements in G(d, n) generally lies outside the Grassmannian. Conse-
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quently, direct extensions of classical subtractive or geometric algorithms are
not applicable, limiting their utility in higher dimensions.

In this paper, we introduce generalized subtractive Euclidean algorithms
for G(d, n) that respect the Plücker embedding into R(

n
d). Our approach

iteratively reduces a d-dimensional plane to the first coordinate plane, so
that ultimately only one Plücker coordinate remains non-zero. Starting from
a collection of Plücker coordinates, the algorithms apply subtraction-type
reductions via GL(n,Z) transformations, producing a single non-zero coor-
dinate equal in absolute value to the greatest common divisor of the original
coordinates.

We propose two algorithms:

(1) Maximal Element Elimination (Section 3.2), for G(2, n), which reduces
the Plücker coordinate of maximal absolute value at each step, ensuring
uniform descent toward a reduced form.

(2) Minimal Element Elimination (Section 3.3), applicable to all G(d, n),
which reduces the coordinate of minimal absolute value. When a coordi-
nate reaches zero, the dimension is decreased, allowing continuation in
G(d, n− 1).

Both algorithms terminate in G(d, d), producing a d-tuple of integer vec-
tors whose Plücker coordinates match the original ones. Analogous to the
classical Euclidean algorithm, the sequences of reductions define generalized
continued fraction expansions for elements of Grassmannians.

Our work provides the first systematic framework for subtractive algo-
rithms in higher Grassmannians, extending multidimensional continued frac-
tion theory and opening the door to applications in computational geometry,
algebraic periodicity detection, and higher-dimensional number theory.

Organization of paper. In Section 2 we start with the classical defini-
tion of Plücker coordinates and discuss the problem of reduction to positive
Plücker coordinates. We also recall the definitions of subtractive Euclidean
algorithms and study elementary subtractions in Grassmannians. Further,
in Section 3 we introduce both the Maximal Element Elimination algorithm
for G(2, n) and the Minimal Element Elimination algorithm for G(d, n) fol-
lowed by discussion of their basic properties and an example. We conclude
by indicating a few directions for further studies in Section 4.

2. Preliminary notions and definitions. A point or vector is said to
be integer if all its coordinates are integers. We say that a linear space is
integer if it contains a full-rank integer sublattice.

From now on we fix a basis of integer vectors and consider each vector
as a collection of coordinates in this basis.
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2.1. Plücker coordinates of linear Grassmannians. First of all,
denote by G(d, n) the linear Grassmannian of d-spaces in Rn.

For a given d-dimensional space π we consider its basis (v1, . . . , vd), and
write it as a single d×n-matrix: the rows of this matrix are the coordinates of
{vj}j=1,...,d in the fixed basis of Rn. This matrix has precisely N =

(
n
d

)
minors

of dimension d. The collection of such minors ordered lexicographically is said
to be the Plücker coordinates of π. For a d-dimensional space π ⊂ Rn we
denote them by P = (pi1,...,id), where the indices (i1, . . . , id) satisfy 1 ≤ i1 <
· · · < id ≤ n.

The mapping of the elements of G(d, n) to their Plücker coordinates is
called the Plücker embedding of G(d, n) into RPN with N =

(
n
d

)
. Note that

Plücker coordinates are uniquely defined up to a common scalar factor.

Remark 2.1. For d = 2 Plücker coordinates are naturally identified with
the skew-symmetric n × n-matrix P where Pi,j equals the determinant of
the i-th and j-th columns. Here diagonal elements are all zeros; the upper-
triangular elements are precisely the Plücker coordinates, and the lower-
triangular elements are the negatives of the Plücker coordinates.

2.2. Reduction to positive Plücker coordinates. Let us start with
the following natural definition.

Definition 2.2. We say that a d-tuple of linearly independent vectors in
Rn is totally positive/non-negative if the corresponding Plücker coordinates
are all positive/non-negative.

Let us address the following question.

Question 1. Does there exist an integer basis transformation sending a
given collection of non-zero Plücker coordinates to positive ones?

The answer is affirmative forG(1, n) and forG(2, n). In the case ofG(1, n),
one just swaps the signs of the basis vectors corresponding to the negative
Plücker coordinates. The case d = 2 is a bit more complicated. We start with
the following proposition.

Proposition 2.3. Consider a linear space π spanned by two vectors v1 =
(a1, . . . , an) and v2 = (b1, . . . , bn). Then the pair (v1, v2) is totally positive
if and only if there exists a line ℓ ⊂ R2 passing through the origin such
that the two-dimensional column vectors (ai, bi), i = 1, . . . , n, are distinct
and are contained in one of the half-planes of R2 \ ℓ; and they are ordered
counterclockwise in this half-plane.

Proof. The Plücker coordinate pi,j is equal to the oriented volume of the
parallelogram spanned by the vectors (ai, bi) and (aj , bj), which is positive
by construction.
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Remark 2.4. Note that every 2×n-matrix can be transferred to a non-
negative form by changing the signs of vectors (ai, bi) for some i and reorder-
ing these vectors afterwards. Furthermore, one can send all the vectors to
the half-plane x1 ≥ 0.

Corollary 2.5. There exists an integer basis transformation sending a
given collection of non-zero Plücker coordinates in G(2, n) to positive ones.

Proof. The proof is constructive, and it is provided by the following al-
gorithm.

Input. We are given Plücker coordinates P , none of them zero.

• Stage I. First of all, we make all coordinates p1,n positive by changing the
signs of the corresponding basis vector when p1,n is negative. Note that
all the resulting vectors will be in one half-plane with respect to the line
passing through (a1, b1) (bear in mind that we do not know the coordinates
of the vector (a1, b1), but only Plücker coordinates).

• Stage II. It remains to swap the order of basis vectors according to the
following rule: if pi,j < 0 then we swap the i-th and j-th vectors. We do
this iteratively, taking always the first pi,j in the lexicographic order.
In the worst case when all pi,j are negative (i.e. the vectors (ai, bi) are all
in the wrong order, cf. Proposition 2.3), we need to swap (n− 1)(n− 2)/2
times.

Output. After the transformations of Stages I and II we have all vectors in
one half-plane ordered counterclockwise. According to Proposition 2.3 all the
Plücker coordinates will be positive.

Note that the input of the above algorithm does not contain vectors
(ai, bi), but only the corresponding Plücker coordinates P .

The answer to Question 1 is affirmative for G(3, 5) as well, since G(3, 5)
is naturally isomorphic to G(2, 5). However, for G(3, 6) the positivity can-
not be achieved by reflections and reorderings only, due to the following
counterexample.

Example 2.6. Recall that each element of G(3, 6) has 20 =
(
6
3

)
Plücker

coordinates pi1,i2,i3 ; they correspond to all possible ordered triplets i = (i1 <
i2 < i3). Note that

• reflecting the j-th basis vector results in the sign change of all pi with
j ∈ i;

• swapping the j-th and k-th basis vectors results in the sign change of all
pi with (j, k) ∈ i.

Hence the former operation provides 10 sign changes and the latter 4, none
of which affects the parity of the number of negative coordinates.
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Consider the element of G(3, 6) defined by the following three vectors:1 0 0 1 1 1

0 1 0 −3 −2 −1
0 0 1 8 5 1


Its Plücker coordinates are all positive except for p4,5,6:

P = (1 : 8 : 5 : 1 : 3 : 2 : 1 : 1 : 5 : 3 : 1 : 1 : 1 : 3 : 7 : 4 : 1 : 2 : 1 : −1).
Hence this element cannot be made totally positive by reordering or reflecting
the vectors.

Remark 2.7. Note that one can bring a given element of the Grassman-
nian G(d, n) to a positive form by the following iterative algorithm:

(i) Fix the first d− 1 columns and reflect the columns um1 with m1 > d− 1
and p1,...,d−1,m1 < 0.

(ii) Next, for any m1 > m2 > d − 2, if p1,...,d−2,m2,m1 < 0 the operation
um2 7→ um2 + ud−1 does not affect the coordinates from Step (i), in-
creasing the coordinate p1,...,d−2,m2,m1 .

Then continue for k = 3, . . . , d− 1 as follows:

(k) For any m1 > · · · > mk > d− k if p1,...,d−k−1,mk,...,m1 < 0 the operation
umk

7→ umk
+ ud−k+1 does not affect the coordinates from the previous

steps, increasing the coordinate p1,...,mk,...,m1 .

In this method we have used rather arbitrary SL(n,Z) transformations. In
contrast to the case of symmetries about coordinate planes and swapping
coordinates, the new ones can change the maximal absolute value of the
Plücker coordinates. For that reason this method cannot be used in Max-
imal Element Elimination. Thus, the question which remains open to our
knowledge can be stated as

Problem 2.8. Is there some natural way to make all Plücker coordinates
positive without changing their maximal absolute value?

2.3. Integer linear Grassmannians. Let ZG(d, n) ⊂ G(d, n) denote
the subset of all integer linear spaces. Note that ZG(d, n) is everywhere dense
in G(d, n) in the standard topology.

Proposition 2.9. A linear space π ∈ G(d, n) is integer if and only if its
Plücker coordinates define a rational point in RPN−1.

Recall that the integer volume of the sublattice generated by vectors
v1, . . . , vd ∈ π is the index of this sublattice in the integer lattice of π.

Remark 2.10. Consider linearly independent integer vectors v1, . . . , vd
spanning π. Then the greatest common divisor of the Plücker coordinates of
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these vectors coincides with the integer volume of the sublattice generated
by v1, . . . , vd (see, e.g., [7]).

We say that a vector of Plücker coordinates is primitive integer if all
its entries are integers and their greatest common divisor equals 1. Integer
Plücker coordinates are defined up to multiplication by ±1 of all elements
simultaneously.

Remark 2.11. In the simplest case of lines through the origin in the
plane, if a line ℓ contains some vector (a, b) then its Plücker coordinates give
a point (a : b) ∈ RP1. Here the ratio b/a determines the tangent of the slope
of ℓ. In the case of an integer line, b/a is rational.

2.4. Classical subtractive algorithms in Rn. We start with a brief
description of classical subtractive algorithms in Rn. They will be substan-
tially used in the algorithms for Grassmannians below.

2.4.1. Euclidean algorithm. Given two integers (p0, q0) we perform the
following operation:

(pi, qi) 7→ (pi+1, qi+1) = (qi, pi − aiqi), where ai = ⌊pi/qi⌋.
After finitely many (say N + 1) iterations, the algorithm will arrive at the
pair of integers (gcd(p0, q0), 0) where it terminates.

The output (a0, . . . , aN ) of this algorithm gives a regular continued frac-
tion of p0/q0:

p0
q0

= a0 +
1

a1 +
1

a2 +
1

. . . +
1

aN

.

It is usually denoted by [a0; a1 : . . . : aN ].
Note that the Euclidean algorithm can be represented in terms ofGL(2,Z)

matrix multiplication as follows:(
gcd(p0, q0)

0

)
=

( N∏
i=1

(
0 1

1 −aN−i

))(
p0

q0

)
.

The product of matrices on the right-hand side corresponds to an elementary
lattice basis transformation reducing the coordinates of the starting vector
to gcd(p0, q0).

2.4.2. Multidimensional generalizations. Assume that we have con-
structed a vector (x1,i, . . . , xn,i) and let x2,i ̸= 0. Then we define the next
vector (x1,i+1, . . . , xn,i+1) to be(

x2,i, x3,i −
⌊
x3,i
x2,i

⌋
x2,i, . . . , xn,i −

⌊
xn,i
x2,i

⌋
x2,i, x1,i −

⌊
x1,i
x2,i

⌋
x2,i

)
.



EUCLIDEAN ALGORITHMS FOR GRASSMANNIANS 7

As an output of this step we have the collection of integers(⌊
x3,i
x2,i

⌋
, . . . ,

⌊
xn,i
x2,i

⌋
,

⌊
x1,i
x2,i

⌋)
.

It is the ith element of the Jacobi–Perron multidimensional continued frac-
tion algorithm.

Once x2,N = 0, one swaps the second and the last coordinates and con-
tinues the process with one coordinate less. The algorithm terminates when
there is only one non-zero coordinate left.

Remark 2.12. Note that the i-th step of the Jacobi–Perron multidimen-
sional continued fraction algorithm is described by multiplication of vectors
by the following GL(n,Z) matrix:

0 1 0 0 . . . 0

0 −x3,i

x2,i
1 0 . . . 0

0 −x4,i

x2,i
0 1 . . . 0

...
...

...
...

. . .
...

0 −xn,i

x2,i
0 0 . . . 1

1 −x1,i

x2,i
0 0 . . . 0


Remark 2.13. In the multidimensional case (n ≥ 3) there is no unique

choice of a subtractive algorithm. In this paper we consider the subtractive
algorithm that in the case n = 3 coincides with one of the oldest subtractive
algorithms, the Jacobi–Perron algorithm (see [14, 6]). Instead of the Jacobi–
Perron algorithm one can use any other subtractive algorithm (see, e.g.,
[2, 19, 16, 17, 15, 21, 8, 9]).

2.5. Elementary subtraction of basis vectors

Definition 2.14 (Elementary subtraction of basis vectors). Let 1 ≤ s ̸=
t ≤ n. The linear map defined on basis vectors of Rn as

vi 7→

{
vi if i ̸= s,

vs − vt otherwise,

is said to be an elementary subtraction. Denote it by Ts,t.

Definition 2.15. Let i be an unordered d-tuple of distinct indices. De-
note by σ(i) the permutation that puts the indices in increasing order.

Let s, t be two indices such that s ∈ i and t /∈ i. We denote by is→t the
d-tuple of integers with s replaced by t (without changing the order).
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Proposition 2.16. Consider an ordered d-tuple i. The subtraction Ts,t

changes the coordinates pi as follows:

pi 7→

{
pi − sign(σ(is→t)) · pσ(is→t) if s ∈ i and t /∈ i,

pi otherwise.

Proof. This follows from the definition of determinant.

Consider the case of G(2, n). According to the matrix representation from
Remark 2.1 we set pi,j = −pj,i for j < i. Therefore, the above expression for
Ts,t takes the form

(2.1)

{
pj,s 7→ pj,s + sgn(t− j)pj,t

ps,j 7→ ps,j + sgn(t− j)pt,j
for j ̸= t,

and thus can be regarded as a column operation on the matrix of the Plücker
coordinates, tweaked so as to preserve skew-symmetry.

P =



0 p1,2 p1,s p1,t p1,n

←−
0 ps−1,s

−p1,s 0 ps,s+1 ps,t ps,n

−p1,t 0 pt,t+1 pt,n

0

←− pn−1,n

−p1,n −ps,n −pt,n 0


Remark 2.17. The subtractions Ts,t and Tt,s lead to the same set of

absolute values of the coefficients, in particular their maximum is the same.

Remark 2.18. We can always make our maximal element lie outside the
second diagonal (j, j + 1). Namely, if pi,i+1 is the maximal element for the
positive Grassmannian {v1, . . . , vn}, then p1,n is the maximal element for
the positive Grassmannian {vi+1, vi+2, . . . , vn,−v1,−v2, . . . ,−vi}. In such
settings we can always use the subtraction Tj,j−1.

3. Continued fraction algorithms for Grassmannians. Consider a
d-tuple (v1, . . . , vd) of vectors in Rn. We denote by wi ∈ Rd the vector of i-th
coordinates of v1, . . . , vd for i = 1, . . . , n. Note that the matrices of v-vectors
and w-vectors are transpose to each other.
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In what follows we will use the lexicographic order for the set of all indices
of Plücker coordinates.

3.1. Input and output of the algorithms. In this subsection we
discuss the common items for both our algorithms: input data and their
outputs.

Input. Let d < n be two positive integers. We are also given a collection P
of N =

(
n
d

)
integers that defines an element of G(d, n).

Tasks of the algorithm:

• The first task is to find a d-tuple of linearly independent integer vectors
whose Plücker coordinates coincide with P .

• The second task is to build a “generalized continued fraction” that encodes
the basis transformations leading to the d-tuple of vectors of the first
task.

Remark 3.1. Both tasks of the proposed algorithms are in the spirit of
the classical Euclidean algorithm that finds the gcd of a pair of integers. New
algorithms provide a d-tuple of integer vectors together with the index of the
sublattice they generate in the d-plane they span. This sublattice index can
be seen as a straightforward generalization of gcd.

The outcome of the second task is a sequence of GL(n,Z) transforma-
tions, similar to the ones generated by classical subtractive multidimensional
continued fraction algorithms (see, e.g., [18] and [7, Section 27.4]).

Output. As an output we have the following:

• A d-tuple of integer vectors whose Plücker coordinates equal P . (In addi-
tion we will get the index of the sublattice they generate.)

• A sequence of GL(n,Z) transformations, which we treat as the continued-
fraction sequence for the algorithm.

As in the classical Euclidean algorithm, the resulting vectors (together
with the index of the sublattice they generate) are obtained at the end of
the algorithm, while the elements of the continued-fraction sequence are
generated at the consecutive steps of the algorithm.

Remark 3.2. Both algorithms, applied to a non-integer input P , provide
the Grassmannian analog of the classical Gauss map. We encourage the
reader to study the properties of the corresponding dynamical systems.

3.2. Maximal Element Elimination for G(2, n). Let us describe an
algorithm that works for the case of G(2, n).
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3.2.1. Zeroing Step. The purpose of this step is to zero out one of the
Plücker coordinates. In the case of the maximal element algorithm we itera-
tively reduce the coordinate with the maximal absolute value using integer
bases transformations in Rn until we hit a zero Plücker coordinate.

• Stage I. Produce a basis where all the Plücker coordinates pi,j (with
i < j) are positive. This is done by the algorithm in the proof of Corol-
lary 2.5. The corresponding integer transformation matrix is added to the
continued-fraction sequence.

• Stage II. Select a Plücker coordinate pi,j (with i < j) attaining the max-
imal value. In case there are several such elements, pick the one with
the lexicographically smallest index, with one exception: we always prior-
itize p1,n.

• Stage III. This stage is performed only if in Stage II the coordinate pi,i+1

was selected, i.e., the case j = i+1. First, we cyclically shift the coordinate
vectors in Rn by n−i positions. Secondly, we multiply all the basis vectors
of Rn from i + 1 to n by −1. As a result, all the Plücker coordinates pi,j
(with i < j) are positive and the coordinate p1,n becomes one of the
maxima. We select it for the next stage.
The corresponding basis transformation matrix is added to the continued-
fraction sequence.

• Stage IV. Here we get the maximal coordinate pi,j with i < j − 1. Now
we perform the subtraction

vj 7→ vj − vj−1.

The corresponding basis transformation matrix is added to the continued-
fraction sequence.
If all Plücker coordinates are non-zero, we return to Stage I.

• Go to Dimension Reduction Step. Once we get ps,t = 0 for some s < t we
stop the iterations and move to Dimension Reduction Step below.

3.2.2. Dimension Reduction Step. After Zeroing Step, some Plücker co-
ordinate ps,t is zero.

• Stage I. Swap the coordinates of Rn so that in new coordinates p1,2 = 0.
• Stage II. We have two cases here.

(1) Assume that there is some i such that p1,i ̸= 0. Then the coefficient
of proportionality of the vectors w1 and w2 is precisely p2,i : p1,i. We
apply the usual two-dimensional subtractive Euclidean algorithm to
the pair (v1, v2) in order to zero v1 out. Here we make the subtractions
following the Euclidean algorithm for the pair (p1,i, p2,i) until we make
p1,i zero. Once this is done, the plane under consideration is in the
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plane x1 = 0 in the current basis. At this point we exclude the first
coordinate. This reduces the dimension by one.

(2) Assume that p1,i = 0 for all i. This implies that w1 = 0. So we exclude
the first coordinate.

• Go to Zeroing Step or terminate. Once we eliminate one of the coordinates,
we move to Zeroing Step with one dimension less. In case we have reduced
the dimension to d, we terminate.

The corresponding basis transformation matrices of these stages are
added to the continued-fraction sequence.

Remark 3.3. For simplicity we work with GL(n,Z): we send the ex-
cluded coordinate to the last position. Further, the algorithm will work in
dimensions < n, so all the lower-dimensional transformations will be supple-
mented with the identity transformation for the excluded coordinates.

3.3. Minimal Element Elimination for G(d, n). The above algo-
rithm does not work for general d due to Example 2.6. Hence we propose a
different approach where we do not intend to make all the Plücker coordi-
nates positive.

3.3.1. Zeroing Step

• Stage I. Select a Plücker coordinate pi1,...,id (for i1 < · · · < id) with mini-
mal absolute value. In case of several such coordinates take the one with
the lexicographically smallest index.

• Stage II. Select a Plücker coordinate pj1,...,jd (for j1 < · · · < jd) with
js = is except for s = t. The values of t and jt are defined as follows:

– t is the minimal index such that either it − 1 (considered only if t > 1)
or it + 1 (considered only if t < n) is not in the set {i1, . . . , ik};

– we select jt = it−1 if this option is available and jt = it+1 otherwise.

• Stage III. Subtract

vit 7→ vit −
⌊
pj1,...,jk
pi1,...,ik

⌋
vjt .

The corresponding basis transformation matrix is added to the continued-
fraction sequence.
If all Plücker coordinates are non-zero, then we return to Stage I.

• Go to Dimension Reduction Step. Once we get some zero Plücker coor-
dinate ps,t = 0 for some s < t we stop the iterations and move to the
Dimension Reduction Step.

3.3.2. Dimension Reduction Step. This is the multidimensional analog
of Dimension Reduction Step for G(2, n) described in the Maximal Element
Elimination algorithm.
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• Stage I. Swap the coordinates of Rn so that in the new coordinates p1,...,d
= 0.

• Stage II. Find a non-zero Plücker coordinate p1,...,s,is+1,...,id such that

– all the coordinates p1,...,s,s+1,js+2,...,jd are zero;
– (is+1, . . . , id) is the lexicographically first (d− s)-tuple that provides a

non-zero Plücker coordinate.

Note that s < d.
• Stage III. From the first condition of Stage II we see that the vectors
v1, . . . , vs+1 are linearly dependent. Moreover, they satisfy the following
linear equation with integer coefficients:( s∑

j=1

p1,...,j−1,s+1,j+1,...,s,is+1,...,idvj

)
− p1,...,s,is+1,...,idvs+1 = 0.

Denote these coefficients by (a1, . . . , as+1).
• Stage IV. Here we again have two cases.

(1) Let (a1, . . . , as) = (0, . . . , 0). Then vs+1 is a zero vector. We swap v1
and vs+1 to get v1 = 0.

(2) Let ai ̸= 0 for some 1 ≤ i ≤ s+ 1. Then we apply the Jacobi–Perron
algorithm to (a1, . . . , as+1) that will bring the vector to (a, 0, . . . , 0).
As a result, in the new basis we have av1 = 0, and hence v1 = 0.

In both cases we exclude the first coordinate.
• Go to Zeroing Step or terminate. Once we eliminated one of the coordi-

nates, we move to Zeroing Step with one dimension less. In case we have
reduced the dimension to d, we terminate.

The corresponding basis transformation matrices of these stages are added
to the continued-fraction sequence.

Remark 3.4. Similar to the case of Maximal Element Elimination (see
Remark 3.3) we intend to work with GL(n,Z) basis transformations. For
that reason we send the excluded coordinate to the last position. Further,
the algorithm will work in dimensions < n, so all the lower-dimensional
transformations will be supplemented with the identity transformation for
the excluded coordinates.

Remark 3.5. The Jacobi–Perron algorithm can be replaced by any other
subtractive algorithm (for subtractive algorithms we refer to [18] and [7,
Section 27.4]).

3.4. Output of the algorithms. Termination of the algorithm.
The algorithm performs n − d dimension reductions (d = 2 in the case of
Maximal Element Elimination). Once we arrive at G(d, d) we terminate. At
this stage we have
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• p̂ = p̂1,...,d, the only Plücker coordinate of G(d, d);
• the continued-fraction sequence (Ai)

N
i=1 of GL(n,Z) transformations.

Finally, to complete the output we should produce vectors whose Plücker
coordinates are as in the input.

• The basis (v̂1, . . . , v̂d) of the sublattice with Plücker coordinates P is ob-
tained from the basis vectors p̂e1, e2, . . . , ed by multiplying by the inverses
of all matrices of the continued-fraction sequence:

(3.1) v̂1 =
( n∏

i=1

(Ai)
−1

)
p̂e1, v̂i =

( n∏
i=1

(Ai)
−1

)
ei for i = 2, . . . , d.

Here, when we increase the dimension, we simply add zero coordinates to
all vectors.

Output: ((v̂1, . . . , v̂d), (Ai)
N
i=1).

Finite termination time. Each Dimension Reduction Step and each Zeroing
Step of the algorithm take finitely many operations. It is sufficient to make
n− d iterations of pairs of these steps in order to arrive at the termination
state.

Remark 3.6. If the input is irrational then the running time of the
algorithm can be infinite; in this case we will have an infinite continued frac-
tion as an output. It is of interest to study periodic algorithms (Lagrange’s
theorem), distribution of partial quotients (Gauss–Kuz’min statistics), and
further properties of the corresponding generalized Gauss map.

3.5. Basic properties of the algorithms. Finally, we have the fol-
lowing property.

Theorem 3.7. The Plücker coordinate p̂ is the volume of the sublattice
generated by the vectors (v̂1, . . . , v̂d).

Proof. On the one hand, the volume of the sublattice is invariant under
all the basis transformations of the steps of the algorithm. On the other
hand, the index of the d-dimensional sublattice in Zd coincides with the
absolute value of its Plücker coordinate (i.e., the determinant of the basis
for the sublattice).

Theorem 3.8. For a given set P of integer Plücker coordinates both
algorithms generate a d-tuple of lattice vectors that coincides with P .

Proof. This follows from the construction. Here we have a sequence of
integer linear transformations (see (3.1)) bringing p̂e1, e2, . . . , ed to the re-
quired basis.



14 M. ARNOLD AND O. KARPENKOV

Note that Maximal Element Elimination works only for the case of G(2, n)
due to the discussion in Section 2.2 and Example 2.6 above. So we arrive at
the following reformulation of Problem 2.8.

Problem 3.9. Generalize the Maximal Element Elimination algorithm
to the case of G(d, n) for d ≥ 3.

3.6. Admissible d-tuple of vectors. Which integer vectors have the
same Plücker coordinates? The answer is rather simple. Let p̂ be the last
Plücker coordinate obtained as the first output of the algorithm. These are
the d-tuples of integer linearly independent vectors that generate a sublattice
on the integer lattice in the d-plane of index p̂. The Plücker coordinates of
these d-tuples will be as desired (up to a simultaneous choice of the sign).

Let us indicate how to construct them. In the output of the algorithms
we have chosen the vectors (p̂e1, e2, . . . , ed) and applied to them the el-
ements of the constructed continued-fraction sequence. Instead of taking
(p̂e1, e2, . . . , ed) one can choose any other integer basis of Rd with deter-
minant p̂. Equivalently, one might say that we start with an integer ma-
trix of determinant p̂. Then we again apply the elements of the constructed
continued-fraction sequence (as in (3.1)). This will generate the set of integer
d-tuples in Rn with the given Plücker coordinates.

3.7. Working example. Recall that there is a natural bijection be-
tween the set of all rank-2 skew-symmetric matrices in PSL(n,R) and the
Grassmannian G(2, n). For instance, thanks to the Plücker relations

pi,kpj,l = pi,jpk,l + pjkpki for i < j < k < l,

one can consider any G(2, n) as a decorated frieze pattern. Thus, for example
if pj,j+1 = 1 for all j, one recovers the usual frieze (see [13] for more on friezes
and [3] for decorated friezes). In this regard, our algorithms correspond to the
natural operations on the corresponding cluster variety. Here we illustrate
our Maximal Element Elimination algorithm for the first non-trivial case of
G(2, 4).

Example 3.10. Consider the following set of Plücker coordinates:

(p1,2, p1,3, p1,4, p2,3, p2,4, p3,4) = (10, 10, 12,−15, 3, 21).
Then after the reflections and reordering step, we get (10, 10, 12, 15, 21, 3).
Maximal Element Elimination then proceeds as follows:

0 10 10 12

−10 0 15 21

−10 −15 0 3

−12 −21 −3 0

 T4,37→


0 10 10 2

−10 0 15 6

−10 −15 0 3

−2 −6 −3 0

 .
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The maximal element is now at position (2, 3). After the cyclic rotation
(v1, v2, v3, v4) 7→ (−v3,−v4, v1, v2) the maximal element is at position (1, 4)
and so the subtraction T4,3 reduces it:

0 3 10 15

−3 0 2 6

−10 −2 0 10

−15 −6 −10 0

 T4,37→


0 3 10 5

−3 0 2 4

−10 −2 0 10

−5 −4 −10 0

 .

Now the maximal elements are at positions (1, 3) and (3, 4). We use
the lexicographic order for the indices modulo n, i.e. (i1, j1) ≺ (i2, j2) if
(i1 mod n < i2 mod n) or i1 = i2 and j1 mod n < j2 mod n, hence the first
maximum is at position (1, 3). Thus applying T2,3 we get

0 3 7 5

−3 0 2 4

−7 −2 0 6

−5 −4 −6 0

 T3,2T4,3T3,27→


0 3 1 1

−3 0 2 2

−1 −2 0 0

−1 −2 0 0

 .

This is the end of the first stage of the algorithm, as v4 = v3. Hence, we
can project on first three coordinates and continue: 0 3 1

−3 0 2

−1 −2 0

 (1,2,3)→(−2,−3,1)7→

 0 2 3

−2 0 1

−3 −1 0

 T3,27→

 0 2 1

−2 0 1

−1 −1 0


(1,2,3)→(−2,−3,1)7→

 0 1 2

−1 0 1

−2 −1 0

 T3,2T3,27→

 0 1 0

−1 0 1

0 −1 0


(1,2,3)→(−2,−3,1)7→

 0 1 1

−1 0 0

−1 0 0

 .

The first, third and last basis transformations come from Stage III of the
Zeroing Step (see Section 3.2.1).

We have arrived at a single coordinate (p) = (1) in G(2, 2). Now applying
the inverse transformations to the pair of vectors (p · e1, e2) = (e1, e2) we
arrive at a basis (v1, v2) of the integer plane in G(2, 4):(

v1

v2

)
=

(
4 7 1 0

−6 −8 1 3

)
,
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which provides the given set of positive Plücker coordinates. Thus, perform-
ing the inverse reordering we obtain the final result(

4 1 7 0

−6 1 −8 3

)
.

Remark 3.11. The transformations (2.1) have a remarkable geometric
interpretation due to the natural embedding Rn ↪→ Rn+1 as an affine plane
xn+1 = 1, providing the bijection between the Grassmannian G(d+1, n+1)
and the affine Grassmannian Gr(d, n).

For instance, for the transformation T3,4, consider the above embedding
of the element

[ a1 a2 a3 a4
b1 b2 b3 b4

]
∈ G(2, 4) as the line in R3.

Fig. 1. Affine Grassmannian

This line intersects three coordinate planes at three points:

A1= p−1
2,3(0,−p3,4, p2,4), A2= p−1

1,3(−p3,4, 0, p1,4) and A3= p−1
1,2(−p2,4, p1,4, 0).

The transformation T3,4 acts on these points as A1 7→ A1 − (0, 0, 1),
A2 7→ A2− (0, 0, 1), A3 7→ A3− (−p23/p12, p13/p12, 0) (see Figure 1) In other
words, the transformations Ts,t in the embedding xt = 1 shift the affine lines
by 1 in the direction of es.

4. Directions for further studies. In this paper we make the first
steps in the study of Euclidean subtractive algorithms for Grassmannians.
There are numerous natural questions coming from classical Euclidean set-
tings that are awaiting investigation:
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• Quality of approximation. Classical Euclidean algorithms provide a theory
of best approximation for vectors in Rn. What is the situation for the
algorithms in Grassmannians? Is there a natural generalization of Markov
numbers here? It would be interesting to find an analog of the Littlewood
conjecture.

• Algebraic periodicity. Which planes in G(d, n) have periodic continued-
fraction sequences? Is there some analog of the Lagrange theorem here?

• Dynamic properties. Study the analogs of Gauss maps and corresponding
Gauss–Kuz’min distribution. Are there links to lattice trigonometry?

• Generic skew-symmetric matrices. One can apply our algorithms to generic
skew-symmetric matrices, not necessarily coming from the Plücker embed-
ding of an oriented Grassmannian.

It seems that our algorithm will therefore be related to the reduction to
the Hermite normal form of skew-symmetric matrices. There are numerous
algorithms there, including some polynomial ones found in the 1970-ies; see,
e.g., [4].

The case of Grassmannians corresponds to rank-2 matrices. It would
be interesting to investigate the algorithms for the next non-trivial case of
rank-4 matrices, coming from the first secant variety of G(2, n).

Furthermore, it would be nice to have some version of the following al-
gorithms:

• An analog of Maximal Element Elimination algorithms for d ≥ 3.
• Lattice geometric algorithms generalizing Klein polyhedra and Minkowski–

Voronoi continued fractions.
• Algorithms coming from algebraic number theory.

We believe that progress in the above directions will lead to new discov-
eries in the geometry of Grassmannians.
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