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Boundedness of differential transforms
for Dunkl heat semigroups
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Abstract. We study the boundedness and the convergence of the differential trans-
form

TN,κf(x) =

N2∑
j=N1

vj(e
aj+1∆κf(x)− eaj∆κf(x))

associated with the Dunkl heat semigroup {et∆κf}t>0. Here {vj}j∈Z is a bounded se-
quence, {aj}j∈Z is an increasing sequence of positive real numbers , and N = (N1, N2) ⊂
Z2 with N1 < N2. We prove a Cotlar-type inequality for the differential maximal operator

T ∗
κf = sup

N=(N1,N2)∈Z2

N1<N2

|TN,κf(x)|.

Using this, we obtain the boundedness of T ∗
κ on weighted Lp spaces for 1 < p < ∞.

Moreover, we establish the boundedness of T ∗
κ on the spaces of bounded mean oscillations

in Dunkl settings. Finally, as an application, we show the pointwise convergence of TN,κf
as N → (−∞,∞) for f ∈ Lp(Rn, dµκ), 1 < p < ∞.

1. Introduction. Dunkl theory is a mathematical framework that gen-
eralizes the classical Fourier analysis to the settings with additional sym-
metries, particularly reflection. It was first introduced by Charles F. Dunkl
[D92]. The motivation behind Dunkl’s work can be traced back to the study
of root systems, a fundamental concept in Lie theory and algebraic geome-
try. Dunkl recognized the importance of incorporating reflection symmetries
associated with a root system in the framework of Fourier analysis and har-
monic analysis. At the core of Dunkl theory are Dunkl operators, which
are differential-difference operators associated with finite reflection groups.
These operators play a fundamental role in Dunkl theory, much like ordinary
derivatives in classical analysis. There has been a proliferation of research
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in Dunkl theory, with mathematicians exploring its theoretical foundations.
This theory has wide applications in diverse areas such as quantum mechan-
ics, probability theory, statistical mechanics, and representation theory.

Consider the Euclidean space Rn with the usual inner product ⟨·, ·⟩. Let
0 ̸= λ ∈ Rn. The reflection of x ∈ Rn with respect to the hyperplane λ⊥ is
defined by

σλ(x) = x− 2
⟨x, λ⟩
∥λ∥2

λ.

Let R ⊂ Rn \ {0} be finite. Then R is said to be a root system if

(i) R ∩ Rλ = {±λ}, ∀λ ∈ R,
(ii) σλ(R) = R, ∀λ ∈ R.

The reflection group associated with the root system R is the finite group
G ⊂ O(n) generated by the orthogonal matrices {σλ : λ ∈ R}, O(n) being
the set of all n×n real orthogonal matrices. A multiplicity function associated
to the root system R is a function κ : R → R≥0 satisfying κ(u) = κ(v)
whenever σu is conjugate to σv. Let {ei : i = 1, . . . , n} be the standard unit
vectors in Rn. The Dunkl operator connected with the root system R and
the multiplicity function κ is given by

Tξf(x) =
∂

∂ξ
f(x) +

∑
λ∈R

κ(λ)

2
⟨λ, ξ⟩f(x)− f(σλ(x))

⟨λ, x⟩
, ξ ∈ Rn.

We note that if κ(λ) = 0 for λ ∈ R, then Tξ is the classical directional
differential operator ∂

∂ξ . For x ∈ Rn, consider the initial value problem

(1.1)

{
Tξf = ⟨ξ, x⟩f, ξ ∈ Rn,

f(0) = 1.

The unique solution y 7→ Eκ(x, y) of (1.1) is known as the Dunkl kernel. The
Dunkl kernel Eκ(x, y) can be extended uniquely to a holomorphic function
on Cn × Cn. One can view Eκ(x, y) as a generalization of the exponential
function e⟨x,y⟩. The function Eκ has several interesting properties:

(i) Eκ is symmetric: Eκ(x, y) = Eκ(y, x), ∀x, y ∈ Cn.
(ii) |Eκ(ix, y)| ≤ 1, ∀x, y ∈ Rn and Eκ(0, y) = 1, ∀y ∈ Cn.
(iii) Eκ(λx, y) = Eκ(x, λy), ∀λ ∈ C, ∀x, y ∈ Cn.
(iv) Eκ(σ(x), σ(y)) = Eκ(x, y), ∀σ ∈ G, ∀x, y ∈ Cn.

The Dunkl Laplacian associated with R and κ is defined by ∆κ =
∑n

j=1 T
2
j ,

where Tj = Tej . We have (see [D92])

∆κf(x) = ∆f(x) +
∑
α∈R

κ(α)δαf(x),
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where

δαf(x) =
∂αf(x)

⟨α, x⟩
− f(x)− f(σα(x))

⟨α, x⟩2

and ∆u =
∑n

j=1
∂2u
∂x2

j
is the Euclidean Laplacian operator. Let {vj}j∈Z be

a bounded sequence and {aj}j∈Z be an increasing sequence of positive real
numbers. For N = (N1, N2) ∈ Z2 with N1 < N2, we define

(1.2) TN,κf(x) =

N2∑
j=N1

vj(e
aj+1∆κf(x)− eaj∆κf(x))

and

(1.3) T ∗
κf(x) = sup

N=(N1,N2)∈Z2

N1<N2

|TN,κf(x)|.

In this paper, we study the boundedness of TN,κ and T ∗
κ on weighted Lp

spaces and the BMO spaces induced by the Dunkl metric. Here, the operator
TN,κ arises from the Dunkl heat semigroup {et∆κf}t>0.

In classical case, the theory of the heat semigroup arises in the study of
partial differential equations, specifically in the context of parabolic equa-
tions. The parabolic partial differential equations describe phenomena that
evolve over time, such as heat diffusion. The heat equation is a classical
example of a parabolic partial differential equation given by{

∂u
∂t = ∆u, (x, t) ∈ Rn × (0,∞),

u(x, 0) = f(x),

where u represents the heat distribution, and t is time. The heat semigroup
associated with the heat equation is expressed as

u(x, t) = et∆f(x) :=
1

(4πt)n/2

�

Rn

e−
∥x−y∥2

4t f(y) dy.

The study of heat semigroups is important in understanding the qualitative
behavior of the solution to the heat equation, including smoothing effects,
regularity, convergence of numerical methods, and so on. These concepts are
widely applied in various fields, such as mathematical analysis, numerical
analysis, the theory of PDEs, etc. One of the interesting properties of the
one-parameter family {et∆f}t>0 is that et∆f converges to f as t → 0+

uniformly for f ∈ C∞
c (Rn). However, the modes of convergence depend on

the function f . An easy way of exploring the convergence of the semigroup
is by analyzing the convergence of the differential-type transform∑

j∈Z
vj(e

aj+1∆f(x)− eaj∆f(x)).
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In [JR02], Jones et al. first considered the above transform in order
to study the rate of convergence of an ergodic averaging operator in the
framework of a measure-preserving dynamical system. Let (X,B, λ, T ) be a
measure-preserving dynamical system and Akf(x) = 1

nk

∑nk−1
j=0 f(T jx) the

corresponding ergodic averaging operator. It is well known that Akf con-
verges to PT f in Lp(X,B, λ), for 1 ≤ p < ∞, where PT : Lp(X,B, λ) →
Lp(X,FT , λ) is a projection, FT being the σ-algebra of T -invariant sets in B.
However, there is no assertion about the convergence speed of Akf . For cer-

tain f , the averaging operator Akf is asymptotic to
√

2 log log k
k as k → ∞.

In other words,

lim sup
k→∞

Akf√
2 log log k

k

= 1 for a.e. λ ∈ X.

On the other hand, for a null sequence {αk} of positive real numbers, there
exists a continuous function f with integral 0 such that lim supk→∞

Akf
αk

= ∞. In this connection, we refer to the works of Krengel and Petersen [K85,
P83]. In the spirit of the rate of convergence, Jones et al. [JR02] considered
the differential transform∑

j∈Z
vj(Ajf(x)−Aj−1f(x))

and obtained the convergence results in Lp(X,λ) spaces. In [BL+06], these
results were extended to BMO spaces and weighted Lp spaces.

Now, coming back to the case of the heat semigroup, recently Zhao and
Torrea [CT21] analyzed the convergence of the differential transforms∑

j∈Z
vj(e

aj+1∆f(x)− eaj∆f(x)) and
∑
j∈Z

vj(e
−aj+1Lf(x)− e−ajLf(x)),

where L denotes the Schrödinger operator in Rn. For this purpose, they
studied the partial sums

(1.4)

TNf(x) =

N2∑
j=N1

vj(e
aj+1∆f(x)− eaj∆f(x)),

TL
Nf(x) =

N2∑
j=N1

vj(e
−aj+1Lf(x)− e−ajLf(x)),

where N = (N1, N2) ∈ Z2 with N1 < N2. They obtained the bounded-
ness of TN , TL

N , and the corresponding maximal operators T ∗ and T ∗,L in
weighted Lp(Rn) and BMO spaces. Using these results, they were able to
show the pointwise convergence of TNf(x) as (N1, N2) → (−∞,∞) for f in
weighted Lp spaces. Furthermore, the growth of T ∗ was obtained near the ori-
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gin. In [Z21], Zhao established the analogous results for the heat semigroup
{et∆2}t>0 of the biharmonic operator ∆2. In accomplishing these results,
Calderón–Zygmund theory and Cotlar-type inequality played a crucial role.

Calderón–Zygmund theory has significant applications in harmonic anal-
ysis, partial differential equations, potential theory, and signal processing.
Here, we recall some basics of the theory. A bounded linear operator T :
S(Rn) → S ′(Rn) defined by

Tf(x) =
�

Rn

K(x, y)f(y) dy, x /∈ supp f, f ∈ C∞
c (Rn),

is said to be a Calderón–Zygmund operator if ∥Tϕ∥L2(Rn) ≤ C∥ϕ∥L2(Rn), for
any ϕ ∈ S(Rn), and the kernel K(x, y), which is defined on R2n \ {(x, x) :
x ∈ Rn}, satisfies the following conditions:

(i) There exists A > 0 such that

|K(x, y)| ≤ A

|x− y|n
.

(ii) There exists δ > 0 such that

|K(x, y)−K(x′, y)| ≤ A
|x− x′|δ

|x− y|n+δ
whenever |x− x′| < 1

2
|x− y|

and

|K(x, y)−K(x, y′)| ≤ A
|y − y′|δ

|x− y|n+δ
whenever |y − y′| < 1

2
|x− y|.

The Calderón–Zygmund operator T has a unique extension on L2(Rn). We
have the following well-known theorem.

Theorem 1.1 ([G09, Theorem 4.2.2]). Let T : S(Rn) → S ′(Rn) be a
Calderón–Zygmund operator with kernel K. Then the following hold:

(i) For 1 < p < ∞, we have ∥Tf∥Lp(Rn) ≤ Cp,n∥f∥Lp(Rn).
(ii) For p = 1, we have ∥Tf∥L1,∞(Rn) ≤ Cn∥f∥L1(Rn). In other words,

η|{x ∈ Rn : |Tf(x)| > η}| ≤ C∥f∥L1(Rn) for any η ≥ 0.

For further study of Calderón–Zygmund theory and Cotlar’s inequality
on Rn, we refer to the books [G09, D01]. In this direction, the notion of
Calderón–Zygmund operator in the Dunkl setting has been introduced by
Tan et al. [THJ22,THL23]. The associated kernel involves the Euclidean met-
ric and the Dunkl metric. Recently, Almeida et al. [AB+24] have studied the
variational operator associated to {tm∂m

t et∆κ}t>0 in the Dunkl setting. Dzi-
ubański et al. [DH23] have provided a considerable collection of singular in-
tegral operators of convolution type, whose kernels are the Dunkl–Calderón–
Zygmund kernels. Dunkl theory is mainly based on the Dunkl transform (see
(2.4) below). It is a generalization of the classical Fourier transform. Since
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the Dunkl transform enjoys properties similar to the classical Fourier trans-
form, for the past few decades, Dunkl theory has become an enormous topic
of interest for mathematicians from various fields such as harmonic analysis,
quantum theory, probability theory, representation theory, and others.

This paper mainly focuses on the convergence issues for the differen-
tial transform in Dunkl settings. We study the differential operators TN,κ

and T ∗
κ , which are analogous to the Euclidean differential operators TN and

T ∗ respectively. We show that the TN,κ are Dunkl–Calderón–Zygmund op-
erators. To do this, we need to carefully analyze the Dunkl heat kernel.
Using the Dunkl–Calderón–Zygmund theorem, we obtain the weighted Lp-
boundedness for 1 < p < ∞ and the weak-type (1, 1) boundedness of these
operators. Moreover, we show that TN,κ’s are bounded from BMOd,κ(Rn) into
BMOκ (see (2.2) and (2.3) for the definitions). However, the boundedness of
TN,κ on BMOκ and BMOd,κ remains an open problem; see Remark 3.6 for
further discussion. We prove a Cotlar-type inequality in connection with the
maximal operator T ∗

κ . This helps us to obtain the weighted Lp-boundedness
for 1 < p < ∞ and the weak-type (1, 1) boundedness of T ∗

κ . Furthermore,
we show the boundedness of T ∗

κ from BMOd,κ into BMOκ. We investigate
the growth of T ∗

κ near the origin. The growth is different from that of the
classical maximal differential operator. We construct a function f ∈ L∞(R)
for which the maximal operator T ∗

κf becomes unbounded on R. Remarkably,
the same example remains valid not only in the Dunkl framework but also
in the classical case corresponding to κ(1) = 0. Moreover, our approach sim-
plifies the argument presented in [CT21, Proposition 2.6], thereby offering
an alternative and more transparent proof of the classical result.

The paper is organized as follows. In Section 2, we provide the essential
background required for the remainder of this article. In Section 3, we in-
vestigate the boundedness of the differential transform TN,κ on weighted Lp

spaces. We show that TN,κ is bounded from BMOd,κ into BMOκ. In Section 4,
we prove the Cotlar-type inequality for TN,κ and obtain the boundedness of
the maximal differential operator T ∗

κ . Finally, in Section 5, we show the con-
vergence of TN,κf as N → (−∞,∞) for f ∈ Lp(Rn, dµκ).

2. Preliminaries. Let R ⊂ Rn \{0} be a root system and G ⊂ O(n) be
the corresponding finite reflection group. The orbit of x ∈ Rn with respect
to G is OG(x) := {σ(x) : σ ∈ G} ⊂ Rn. Once the underlying reflection
group G is understood, we will denote the orbit of x simply as O(x). Since
these orbits may contain more than one element, they induce the so-called
Dunkl metric. For x, y ∈ Rn, the distance between the orbits O(x) and O(y),
denoted by d(x, y), is defined by d(x, y) = min {∥x− σ(y)∥ : σ ∈ G}. This d
is called the Dunkl metric. The orbit of a set Q ⊂ Rn is defined by

O(Q) := {σ(x) : σ ∈ G, x ∈ Q} =
⋃
σ∈G

σ(Q).
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Let κ be the multiplicity function associated to the root system R and con-
sider the G-invariant homogeneous weight function

ωκ(x) =
∏
λ∈R

|⟨x, λ⟩|κ(λ), x ∈ Rn.

Then the associated measure is defined by dµκ(x) = cκωκ(x)dx, where

c−1
κ =

�

Rn

e−∥x∥2/2ωκ(x) dx.

Since ωκ is G-invariant, the measure µκ is also G-invariant. In particular,

µκ(σ(Q)) = µκ(Q), ∀σ ∈ G, ∀Q ⊂ Rn.

Moreover, µκ(Q) ≤ µκ(O(Q)) ≤ #(G)µκ(Q), where #(G) denotes the car-
dinality of G. Here, we note that the measure µκ is G-invariant while the
Lebesgue measure on Rn is translation invariant. Let B(x, r) denote the
Euclidean ball with center at x ∈ Rn and radius r > 0. Then

µκ(B(x, r)) ∼ rn
∏
λ∈R

(|⟨x, λ⟩|+ r)κ(λ) .

Here, unlike the Lebesgue measure, µκ(B(x, r)) depends on the center x∈Rn.
This property of µκ makes the Dunkl setting a particular case of a homogene-
ous-type space. Using the Dunkl metric d(x, y), one can rewrite O(B(x, r)) =
{y ∈ Rn : d(x, y) ≤ r}. The triple (Rn, ∥ · ∥, µκ) is a space of homogeneous
type satisfying the doubling condition µκ(B(x, 2r)) ≤ cµκ(B(x, r)) for some
constant c > 0. Here ∥ · ∥ denotes the Euclidean norm on Rn. Moreover,

(2.1) α−1

(
r2
r1

)n

≤ µκ(B(x2, r2))

µκ(B(x1, r1))
≤ α

(
r2
r1

)nκ

, α ≥ 1,

whenever B(x1, r1) ⊂ B(x2, r2). Here nκ := n +
∑

λ∈R κ(λ) is called the
homogeneous dimension. For x, y ∈ Rn and t > 0, define V (x, y, t) :=
max {µκ(B(x, t)), µκ(B(y, t))}.

The BMO space in the Dunkl setting is defined by

(2.2) BMOκ(Rn) :={
f ∈ L1(Rn, dµκ) : ∥f∥BMOκ = sup

Q⊂Rn

Q a ball

1

µκ(Q)

�

Q

|f(x)− fQ| dµκ(x) < ∞
}
,

where

fQ :=
1

µκ(Q)

�

Q

f(x) dµκ(x).

Here, Q is a Euclidean ball. Using the Dunkl metric d(x, y), we have the
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following BMO space:

(2.3) BMOd,κ(Rn) :=

{
f ∈ L1(Rn, dµκ) :

∥f∥BMOd,κ
= sup

Q⊂Rn

Q a ball

1

µκ(O(Q))

�

O(Q)

|f(x)− fO(Q)| dµκ(x) < ∞
}
.

One can easily show that L∞(Rn) ⊂ BMOd,κ(Rn) ⊂ BMOκ(Rn) and the
inclusions are strict. A function f ∈ BMOκ(Rn) belongs to BMOd,κ(Rn) if
f is G-invariant. In general, BMOd,κ(Rn) ̸= BMOκ(Rn). In this regard, we
refer to [JL23].

The Dunkl transform of f ∈ L1(Rn, dµκ) is defined by

(2.4) (Fκf)(ξ) =
�

Rn

f(x)Eκ(−iξ, x) dµκ(x).

It can be shown that Fκf ∈ C0(Rn) whenever f ∈ L1(Rn, dµκ). The Dunkl
transform Fκ leaves the Schwartz space S(Rn) invariant. Like the classical
Fourier transform, the Dunkl transform Fκ is an isometry on L2(Rn, dµκ).
For f,Fκf ∈ L1(Rn, dµκ), the inversion formula f(x) = (F2

κf)(−x) holds.
For x ∈ Rn, the Dunkl translation operator Tx : L2(Rn, dµκ) → L2(Rn, dµκ)
is defined by Fκ(Txf)(ξ) = Eκ(x, iξ)Fκf(ξ) for f ∈ L2(Rn, dµκ). Using the
properties of the Dunkl kernel Eκ and the isometry of the Dunkl transform,
one can show that ∥Txf∥L2(Rn,dµκ) ≤ ∥f∥L2(Rn,dµκ) for f ∈ L2(Rn, dµκ).
Assuming f,Fκf ∈ L1(Rn, dµκ), we have the pointwise equality

Txf(y) =
�

Rn

Eκ(ix, ξ)Eκ(iy, ξ)Fκf(ξ) dµκ(ξ), y ∈ Rn.

A function f : Rn → C is said to be radial if there exists f0 : [0,∞) → C
satisfying f(x) = f0(∥x∥) for x ∈ Rd. Then, for 1 ≤ p ≤ ∞, Lp

rad(R
n, dµκ)

is defined to be the set of all radial functions f ∈ Lp(Rn, dµκ). It has been
proved in [TX05, GIT19] that

(2.5) ∥Txf∥Lp(Rn,dµκ) ≤ ∥f∥Lp
rad(Rn,dµκ)

for 1 ≤ p ≤ ∞. The Dunkl convolution of f, g ∈ L2(Rn, dµκ) is defined by

f ∗κ g(x) =
�

Rn

f(y)Txg(−y) dµκ(y).

Taking the Dunkl transform of the Dunkl–Laplace operator, one can show
that

(2.6) Fκ(∆κf)(ξ) = −∥ξ∥2Fκf(ξ),

where ∆κ denotes the Dunkl–Laplace operator. Consider the Dunkl heat
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equation

(2.7)

{
∂u
∂t = ∆κu(x, t) on Rn × (0,∞),

u(x, 0) = f(x).

For x, y ∈ Rn and t > 0, the Dunkl heat kernel ht(x, y) is defined by

ht(x, y) := Txht(−y) =
1

(2t)
nκ
2

Eκ

(
x√
2t
,

y√
2t

)
e−

1
4t
(∥x∥2+∥y∥2),

where ht is the radial function defined by

ht(x) := h̃t(∥x∥) := (2t)−nκ/2e−∥x∥2/(4t).

Then, for any f ∈ S(Rn), the function u(x, t) = et∆κf(x) solves (2.7), where

(2.8) et∆κf(x) =
�

Rn

ht(x, y)f(y) dµκ(y) = f ∗κ ht(x).

We have the following results in connection with the above solution.

Theorem 2.1 ([R98, Theorem 4.7]). Let f ∈ S(Rn). Then the following
hold:

(i) For any t > 0, et∆κf ∈ S(Rn).
(ii) For any t, s ≥ 0, e(t+s)∆κf = et∆κes∆κf .
(iii) ∥et∆κf − f∥L∞(Rn) converges to 0 as t → 0+.

By explicit computation, one can show that

(2.9) Fκht(ξ) = e−t∥ξ∥2 , t > 0, ξ ∈ Rn.

Now, we record a few fundamental properties of the Dunkl heat kernel ht.

(i) There exist c, C > 0 such that for all x, y ∈ Rn, t > 0 and m ∈ N0 =
N ∪ {0},

(2.10)
∣∣∣∣ ∂m

∂tm
ht(x, y)

∣∣∣∣ ≤ C

tm
V (x, y,

√
t)−1e−cd(x,y)2/t, .

(ii) There exist c, C > 0 such that for all x, y, y′ ∈ Rn and t > 0 with
∥y − y′∥ <

√
t, and all m ∈ N0,

(2.11)
∣∣∣∣ ∂m

∂tm
ht(x, y)−

∂m

∂tm
ht(x, y

′)

∣∣∣∣≤ C

tm
∥y−y′∥√

t
V (x, y,

√
t)−1e−cd(x,y)2/t.

For a detailed study of the Dunkl heat kernel ht, we refer to [ADH19, R98].
We know that the triple (Rn, ∥ · ∥, µκ) is a space of homogeneous type.

For 1 < p < ∞, we say that a weight function ω belongs to the Dunkl–
Muckenhoupt class Ap,κ(Rn, ∥ · ∥, µκ) if

[ω]Ap,κ := sup
B⊂Rn

(
1

µκ(B)

�

B

ω(x) dµκ(x)

)(
1

µκ(B)

�

B

ω(x)1−p′ dµκ(x)

)p−1

<∞,
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where the supremum is taken over all Euclidean balls B ⊂ Rn and p′ denotes
the conjugate exponent of p. For p = 1, a weight function ω belongs to the
Dunkl–Muckenhoupt class A1,κ(Rn, ∥ · ∥, µκ) if

[ω]A1,κ := sup
B⊂Rn

(
1

µκ(B)

�

B

ω(x) dµκ(x)

)(
inf

B⊂Rd
ω(x)

)−1
.

For p = ∞, the Dunkl–Muckenhoupt class A∞,κ(Rn, ∥ · ∥, µκ) is defined by
A∞,κ =

⋃
1≤p<∞Ap,κ. For further details on Ap,κ weights on homogeneous

type spaces, we refer to [ST89, GL+14].
Let T : S(Rn) → (S(Rn))′ be a linear operator which is explicitly repre-

sented as

(2.12) Tf(x) =
�

Rn

K(x, y)f(y) dµκ(y),

for f ∈ Cc(Rn) and x /∈ supp f , where the kernel K is defined outside of
the set {(x, y) ∈ R2n : x = σ(y) for some σ ∈ G}. Then T is said to be
a Dunkl–Calderón–Zygmund operator if it can be extended to a bounded
linear operator on L2(Rn, dµκ) and for some 0 < ϵ ≤ 1 the kernel K(x, y)
satisfies

|K(x, y)| ≲ 1

µκ(B(x, d(x, y)))

(
d(x, y)

∥x− y∥

)ϵ

,(2.13)

|K(x, y)−K(x, y′)|(2.14)

≲
1

µκ(B(x, d(x, y)))

(
∥y − y′∥
∥x− y∥

)ϵ

for ∥y − y′∥ ≤ d(x, y)

2
,

|K(x, y)−K(x′, y)|(2.15)

≲
1

µκ(B(x, d(x, y)))

(
∥x− x′∥
∥x− y∥

)ϵ

for ∥x− x′∥ ≤ d(x, y)

2
.

The size condition (2.13) ensures that the integral (2.12) is absolutely con-
vergent for a.e. x ∈ Rn.

Let Ψm be a multiplier operator with multiplier m ∈ L∞(Rn). In other
words, assume that Fκ(Ψmf)(ξ) = m(ξ)Fκf(ξ). Dziubański et al. [DH23]
provided a sufficient condition for Ψm to be a Calderón–Zygmund operator.

Theorem 2.2 ([DH23, Corollary 4.9]). Let Ψm be the multiplier integral
operator given by Fκ(Ψmf)(ξ) = m(ξ)Fκf(ξ) and K(x, y) be the correspond-
ing kernel. Then K(x, y) satisfies (2.13)–(2.15) if the following conditions
hold:

(i) m ∈ Cnκ(Rn \ {0}), where nκ is the smallest integer satisfying nκ > nκ.
(ii) For all β ∈ Nn

0 with |β| ≤ nκ there exists Cβ > 0 such that

(2.16)
∣∣∣∣ ∂β

∂ξβ
m(ξ)

∣∣∣∣ ≤ Cβ

∥ξ∥|β|
, ∀ξ ∈ Rn \ {0}.
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Recently, Mukherjee et al. [MP25] have studied the boundedness of multi-
linear Calderón–Zygmund operator and proved their weighted boundedness.
Here we state their result in the linear case.

Theorem 2.3 ([MP25, Theorem 5.3]). Let T be a Dunkl–Calderón–
Zygmund operator and let ω ∈ Ap,κ be G-invariant for some 1 ≤ p < ∞.
Then T is bounded on Lp(Rn, ωdµκ) if 1 < p < ∞. Moreover, for p = 1, the
operator T is bounded from L1(Rn, ωdµκ) into L1,∞(Rn, ωdµκ).

3. Boundedness of differential operators. Let TN,κ be the operator
defined as in (1.2). First, we shall show that the operator TN,κ is an integral
operator with some kernel KN,κ(x, y). Using (2.8) in (1.2), we get

(3.1) TN,κf(x) =

N2∑
j=N1

vj(e
aj+1∆κf(x)− eaj∆κf(x))

=

N2∑
j=N1

vj
�

Rn

(haj+1(x, y)− haj (x, y))f(y) dµκ(y)

=
�

Rn

N2∑
j=N1

vj(haj+1(x, y)− haj (x, y))f(y) dµκ(y)

=
�

Rn

KN,κ(x, y)f(y) dµκ(y),

where

KN,κ(x, y) =

N2∑
j=N1

vj(haj+1(x, y)− haj (x, y)),

which can be rewritten as

(3.2) KN,κ(x, y) =

N2∑
j=N1

vj

aj+1�

aj

∂

∂t
(ht(x, y)) dt.

In the following proposition, we establish the L2-boundedness of TN,κ.

Proposition 3.1. Let {vj}j∈Z be a bounded sequence of real numbers
and {aj}j∈Z be an increasing sequence of positive real numbers. Let TN,κ,
where N = (N1, N2) ∈ Z2 with N1 < N2, be the operator defined in (1.2).
Then there exists C > 0, depending upon ∥v∥ℓ∞(Z) := ∥{vj}∥ℓ∞(Z), such that

∥TN,κf∥2,κ ≤ C∥f∥2,κ

for all f ∈ L2(Rn, dµκ).
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Proof. By the Plancherel formula for the Dunkl transform and (2.6), we
get

∥TN,κf∥2L2(Rn,dµκ)
=

∥∥∥ N2∑
j=N1

vj(e
aj+1∆κf − eaj∆κf)

∥∥∥2
L2(Rn,dµκ)

=
∥∥∥ N2∑
j=N1

vjFκ(e
aj+1∆κf − eaj∆κf)

∥∥∥2
L2(Rn,dµκ)

=

∥∥∥∥ N2∑
j=N1

vj

aj+1�

aj

∂

∂t
(Fκ(e

t∆κf))(·) dt
∥∥∥∥2
L2(Rn,dµκ)

=
�

Rn

∣∣∣∣ N2∑
j=N1

vj

aj+1�

aj

∂

∂t
(Fκ(e

t∆κf))(ξ) dt

∣∣∣∣2 dµκ(ξ)

=
�

Rn

∣∣∣∣ N2∑
j=N1

vj

aj+1�

aj

∂

∂t
(e−t∥ξ∥2Fκf(ξ)) dt

∣∣∣∣2 dµκ(ξ)

≤ ∥v∥2ℓ∞(Z)

�

Rn

(∞�

0

∥ξ∥2e−t∥ξ∥2 dt
)2

|Fκf(ξ)|2 dµκ(ξ)

= ∥v∥2ℓ∞(Z)

�

Rn

|Fκf(ξ)|2 dµκ(ξ) = ∥v∥2ℓ∞(Z)∥f∥
2
L2(Rn,dµκ)

,

proving our assertion.

Now, we shall show that the kernel KN,κ satisfies (2.13)–(2.15). This, in
turn, will lead to the fact that TN,κ is a Dunkl–Calderón–Zygmund operator.

Proposition 3.2. Let {vj}j∈Z be a bounded sequence of real numbers
and {aj}j∈Z be an increasing sequence of positive real numbers. Let TN,κ,
where N = (N1, N2) ∈ Z2 with N1 < N2 is defined in (1.2). Then TN,κ

is a Dunkl–Calderón–Zygmund operator for each N = (N1, N2) ∈ Z2 with
N1 < N2.

Proof. We will make use of Theorem 2.2. First, we shall show that each
TN,κ is a multiplier operator. Using (2.8) in (1.2), we can rewrite

TN,κf(x) =

N2∑
j=N1

vj(f ∗κ haj+1(x)− f ∗κ haj (x))

=

N2∑
j=N1

vj(f ∗κ (haj+1 − haj ))(x).
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Taking the Dunkl transform on both sides, we get

Fκ (TN,κf) (ξ) =

N2∑
j=N1

vjFκ(f ∗κ (haj+1 − haj ))(ξ)

=

N2∑
j=N1

vjFκf(ξ)Fκ(haj+1 − haj )(ξ)

=
( N2∑
j=N1

vj(e
−aj+1∥ξ∥2 − e−aj∥ξ∥2)

)
Fκf(ξ)

=: mN,κ(ξ)Fκf(ξ),

by applying (2.9). Here, mκ can be rewritten as

(3.3) mN,κ(ξ) =

N2∑
j=N1

vj

aj+1�

aj

∂

∂t
(e−t∥ξ∥2) dt.

Hence

|mN,κ(ξ)| ≤ ∥{vj}∥ℓ∞(Z)

N2∑
j=N1

aj+1�

aj

∂

∂t
(e−t∥ξ∥2) dt

≤ ∥{vj}∥ℓ∞(Z)

∞�

0

∂

∂t
(e−t∥ξ∥2) dt

= ∥{vj}∥ℓ∞(Z) < ∞.

Thus, for each N , TN,κ is a multiplier operator with multiplier mN,κ ∈
L∞(Rn). Moreover, from the definition of mN,κ, it can be easily shown that
mN,κ ∈ Cnκ(Rn \ {0}). For each i ∈ {1, . . . , n}, from (3.3) we have∣∣∣∣ ∂

∂ξi
mN,κ(ξ)

∣∣∣∣ = ∣∣∣∣ N2∑
j=N1

vj

aj+1�

aj

∂

∂t

∂

∂ξi
e−t∥ξ∥2 dt

∣∣∣∣
=

∣∣∣∣ N2∑
j=N1

vj

aj+1�

aj

∂

∂t
(−2tξie

−t∥ξ∥2) dt

∣∣∣∣
= 2

∣∣∣ N2∑
j=N1

ξivj

aj+1�

aj

(1− t∥ξ∥2)e−t∥ξ∥2 dt
∣∣∣.

Since |ξi| ≤ ∥ξ∥, we get∣∣∣∣ ∂

∂ξi
mN,κ(ξ)

∣∣∣∣ ≤ ∥{vj}∥ℓ∞(Z)∥ξ∥
∞�

0

(1 + t∥ξ∥2)e−t∥ξ∥2 dt

= ∥{vj}∥ℓ∞(Z)∥ξ∥
1 + Γ (2)

∥ξ∥2
=:

cκ,v
∥ξ∥

, j = 1, . . . , n.
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So mN,κ satisfies (2.16) for |β| = 1. Let β = (β1, . . . , βn) ∈ Nn
0 . Then

(3.4)
∂β

∂ξβ
(e−t∥ξ∥2) =

n∏
j=1

∂βj

∂ξ
βj

j

e−tξ2j .

By explicit computation, we obtain polynomials p
(1)
βj

and p
(2)
βj

such that

∂βj

∂ξ
βj

j

e−tξ2j =

c
(1)
βj

ξje
−tξ2j t

βj+1

2 p
(1)
βj

(tξ2j ), deg(p
(1)
βj

) =
βj−1
2 , βj ∈ 2N0 + 1,

c
(2)
βj

e−tξ2j t
βj
2 p

(2)
βj

(tξ2j ), deg(p
(2)
βj

) =
βj

2 , βj ∈ 2N0,

where c
(1)
βj

, c
(2)
βj

∈ R. Without loss of generality, we assume that β = (β1, . . . ,

βl, βl+1, . . . , βn) where βj ∈ 2N0 for j = 1, . . . , l and βj ∈ 2N0 + 1 for
j = l, . . . , n. Set β(l) = (β1, . . . , βl) and β(l+1) = (βl+1, . . . , βn). Then

( l∏
j=1

p
(1)
βj

(tξ2j )
)( n∏

j=l+1

p
(2)
βj

(tξ2j )
)

=
[|β(l)|/2∑

j=0

( j∑
ik=0

i1+···+il=j

a
(j,1)

β(l),i1,...,il
ξ2i11 · · · ξ2ill

)
tj
]

×
[ |β(l+1)|−(n−l)

2∑
j=0

( j∑
ik=0

il+1+···+in=j

a
(j,2)

β(l+1),il+1,...,in
ξ
2il+1

l+1 · · · ξ2inn

)
tj
]

=

|β|−(n−l)
2∑

j=0

( j∑
ik=0

i1+···+in=j

a
(j)
β,i1,...,in

ξ2i11 · · · ξ2inn

)
tj ,

using the fact that |β(l)|+ |β(l+1)| = |β|. Here a
(j,1)

β(l),i1,...,il
and a

(j,2)

β(l+1),il+1,...,in

are real coefficients. Consequently, (3.4) gives

∂β

∂ξβ
(e−t∥ξ∥2) =

( l∏
j=1

∂βj

∂ξ
βj

j

e−tξ2j

)( n∏
j=l+1

∂βj

∂ξ
βj

j

e−tξ2j

)

= c
(1)

β(l+1)c
(2)

β(l)t
|β|+(n−l)

2 e−t∥ξ∥2ξl+1 · · · ξn

|β|−(n−l)
2∑

j=0

( j∑
ik=0

i1+···+in=j

a
(j)
β,i1,...,in

ξ2i11 · · · ξ2inn

)
tj

= c
(1)

β(l+1)c
(2)

β(l)e
−t∥ξ∥2ξl+1 · · · ξn

|β|−(n−l)
2∑

j=0

( j∑
ik=0

i1+···+in=j

a
(j)
β,i1,...,in

ξ2i11 · · · ξ2inn

)
tj+

|β|+(n−l)
2 ,
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where c
(1)

β(l+1) :=c
(1)
βl+1

· · · c(1)βn
and c

(2)

β(l) :=c
(2)
β1

· · · c(2)βl
. Hence (3.3) gives rise to

∂β

∂ξβ
mN,κ(ξ) =

N2∑
p=N1

vp

ap+1�

ap

∂

∂t

∂β

∂ξβ
(e−t∥ξ∥2) dt

= cβξl+1 · · · ξn
( N2∑

p=N1

vp

|β|−(n−l)
2∑

j=0

( j∑
ik=0

i1+···+in=j

a
(j)
β,i1,...,in

ξ2i11 · · · ξ2inn

)

×
(
j +

|β|+ (n− l)

2

) ap+1�

ap

tj+
|β|+(n−l)

2
−1e−t∥ξ∥2 dt

− ∥ξ∥2
N2∑

p=N1

vp

|β|−(n−l)
2∑

j=0

( j∑
ik=0

i1+···+in=j

a
(j)
β,i1,...,in

ξ2i11 · · · ξ2inn

)
×

ap+1�

ap

tj+
|β|+(n−l)

2 e−t∥ξ∥2 dt

)
,

where cβ := c
(1)

β(l+1)c
(2)

β(l) . Consequently,∣∣∣∣ ∂β

∂ξβ
mN,κ(ξ)

∣∣∣∣
≤ ∥{vp}∥ℓ∞(Z)|cβ| ∥ξ∥n−l

( |β|−(n−l)
2∑

j=0

∥ξ∥2j
( j∑

ik=0
i1+···+in=j

|a(j)β,i1,...,in
|
)

×
(
j +

|β|+ (n− l)

2

)∞�

0

tj+
|β|+(n−l)

2
−1e−t∥ξ∥2 dt

+ ∥ξ∥2
|β|−(n−l)

2∑
j=0

∥ξ∥2j
( j∑

ik=0
i1+···+in=j

|a(j)β,i1,...,in
|
)∞�

0

tj+
|β|+(n−l)

2 e−t∥ξ∥2 dt

)

= ∥{vp}∥ℓ∞(Z)|cβ| ∥ξ∥n−l

( |β|−(n−l)
2∑

j=0

∥ξ∥2j
( j∑

ik=0
i1+···+in=j

|a(j)β,i1,...,in
|
)

×
(
j +

|β|+ (n− l)

2

)
Γ
(
j + |β|+(n−l)

2

)
∥ξ∥2(j+

|β|+(n−l)
2

)

+ ∥ξ∥2
|β|−(n−l)

2∑
j=0

∥ξ∥2j
( j∑

ik=0
i1+···+in=j

|a(j)β,i1,...,in
|
)Γ (

j + |β|+(n−l)
2 + 1

)
∥ξ∥2(j+

|β|+(n−l)
2

+1)

)
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=
∥{vp}∥ℓ∞(Z)|cβ|

∥ξ∥|β|

( |β|−(n−l)
2∑

j=0

( j∑
ik=0

i1+···+in=j

|a(j)β,i1,...,in
|
)

×
(
j +

|β|+ (n− l)

2

)
Γ

(
j +

|β|+ (n− l)

2

)

+

|β|−(n−l)
2∑

j=0

( j∑
ik=0

i1+···+in=j

|a(j)β,i1,...,in
|
)
Γ

(
j +

|β|+ (n− l)

2
+ 1

))

≲
Cβ,v

∥ξ∥|β|
,

for some Cβ,v > 0 and all ξ ∈ Rn\{0}. Now, using Theorem 2.2, we conclude
that TN,κ is a Dunkl–Calderón–Zygmund operator. Moreover, for 0 < ϵ ≤ 1,
the kernel KN,κ satisfies

|KN,κ(x, y)| ≲
1

µκ(B(x, d(x, y)))

(
d(x, y)

∥x− y∥

)ϵ

,(3.5)

|KN,κ(x, y)−KN,κ(x, y
′)|(3.6)

≲
1

µκ(B(x, d(x, y)))

(
∥y − y′∥
∥x− y∥

)ϵ

for ∥y − y′∥ ≤ d(x, y)

2
,

|KN,κ(x, y)−KN,κ(x
′, y)|(3.7)

≲
1

µκ(B(x, d(x, y)))

(
∥x− x′∥
∥x− y∥

)ϵ

for ∥x− x′∥ ≤ d(x, y)

2
.

Now the Lp(Rn, ωdµκ) boundedness for 1 < p < ∞ and the weak-type
(1, 1) boundedness of TN,κ are direct consequences of Theorem 2.3. We state
the result without any proof.

Proposition 3.3. Let {vj}j∈Z be a bounded sequence of real numbers and
{aj}j∈Z be an increasing sequence of positive real numbers. Let TN,κ, where
N = (N1, N2) ∈ Z2 with N1 < N2, be the operator defined in (1.2). Then
TN,κ is bounded on Lp(Rn, ωdµκ) for all G-invariant functions ω ∈ Ap,κ,
where 1 < p < ∞. Moreover, TN,κ is bounded from L1(Rn, ωdµκ) into
L1,∞(Rn, ωdµκ) for all G-invariant functions ω ∈ A1,κ.

Now, we establish that TN,κ is bounded from L∞(Rn) into BMOκ(Rn).

Theorem 3.4. Let {vj}j∈Z be a bounded sequence of real numbers and
{aj}j∈Z be an increasing sequence of positive real numbers. Let TN,κ, where
N = (N1, N2) ∈ Z2 with N1 < N2, be the operator defined as in (1.2). Then
there exists a constant C > 0, depending upon N and ∥{vj}∥ℓ∞(Z), such that
∥TN,κf∥BMOκ(Rn) ≤ C∥f∥L∞(Rn) for all f ∈ L∞(Rn).
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Proof. Let f ∈ L∞(Rn). Then ∥TN,κf∥BMOκ(Rn) ≤ 2∥TN,κf∥L∞(Rn).
Now, from (3.1), we obtain

|TN,κf(x)| ≤
�

Rn

|KN,κ(x, y)| |f(y)| dµκ(y)

≤ ∥f∥L∞(Rn)

�

Rn

|KN,κ(x, y)| dµκ(y)

= ∥f∥L∞(Rn)∥KN,κ(x, ·)∥L1(Rn,dµκ).

But

(3.8) ∥KN,κ(x, ·)∥L1(Rn,dµκ) =
�

Rn

|KN,κ(x, y)| dµκ(y)

≤ ∥{vj}j∈Z∥ℓ∞(Z)

N2∑
j=N1

[ �

Rn

haj+1(x, y) dµκ(y) +
�

Rn

haj (x, y) dµκ(y)
]
.

Using (2.10), we get

(3.9)
�

Rn

|haj+1(x, y)| dµκ(y) ≤
�

Rn

c1
V (x, y,

√
aj+1)

e
− c

aj+1
d(x,y)2

dµκ(y)

≤ c1
�

Rn

1

µκ(B(y,
√
aj+1))

e
− c

aj+1
d(x,y)2

dµκ(y) ≤ c1M,

where M (see [H20, (5.10)]) is independent of aj+1 and y. Now applying
(3.9) in (3.8), we arrive at

∥KN,κ(x, ·)∥L1(Rn,dµκ) ≤ 2M(N2 −N1 + 1)∥{vj}j∈Z∥ℓ∞(Z) < ∞.

Hence, we get

∥TN,κf∥L∞(Rn) ≤ 2M(N2 −N1 + 1)∥{vj}j∈Z∥ℓ∞(Z)∥f∥L∞(Rn),

proving our assertion.

Theorem 3.5. Let {vj}j∈Z be a bounded sequence of real numbers and
{aj}j∈Z be an increasing sequence of positive real numbers. Let TN,κ, where
N = (N1, N2) ∈ Z2 with N1 < N2, be the operator defined in (1.2). Then
there exists a constant C > 0, depending upon ∥{vj}∥ℓ∞(Z), such that

∥TN,κf∥BMOκ ≤ C∥f∥BMOd,κ

for all f ∈ BMOd,κ.

Proof. Let x0 ∈ Rd and r0 > 0. Set B = B(x0, r0) and B∗ = B(x0, 2r0),
and write f = f1 + f2 + f3, where f1 = (f − fO(B))χO(B∗), f2 = (f −
fO(B))χO((B∗)c) and f3 = fO(B). We aim to show that TN,κf(x) < ∞ for a.e.
x ∈ Rn. By Proposition 3.1, ∥TN,κf1∥L2(Rn,dµκ) ≤ ∥v∥ℓ∞(Z)∥f1∥L2(Rn,dµκ).
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Now

(3.10) ∥f1∥2L2(Rn,dµκ)
=

�

Rn

|f1(x)|2 dµκ(x) =
�

O(B∗)

|f − fO(B)|2 dµκ(x)

≤ 2
�

O(B∗)

|f − fO(B∗)|2 dµκ(x) + 2
�

O(B∗)

|fO(B∗) − fO(B)|2 dµκ(x)

= 2µκ(O(B∗))(∥f∥2BMOd,κ
+ |fO(B∗) − fO(B)|2).

We see that

(3.11) |fO(B) − fO(B∗)| =
∣∣∣∣ 1

µκ(O(B))

�

O(B)

(f(x)− fO(B∗)) dµκ(x)

∣∣∣∣
≤ 1

µκ(O(B))

�

O(B∗)

|f(x)− fO(B∗)| dµκ(x) ≤
µκ(O(B∗))

µκ(O(B))
∥f∥BMOd,κ

.

But µκ(O(B∗)) ≤ #(G)µκ(B
∗) and µκ(O(B)) ≥ µκ(B) leads to

µκ(O(B∗))

µκ(O(B))
≤ #(G)

µκ(B
∗)

µκ(B)
≤ 2nκα#(G).

Hence (3.11) gives

(3.12) |fO(B) − fO(B∗)| ≤ 2nκα#(G)∥f∥BMOd,κ
.

Now, using (3.12) in (3.10), we obtain

∥f1∥22,κ ≤ 2µκ(O(B∗))(∥f∥2BMOd,κ
+ α222nκ#(G)2∥f∥2BMOd,κ

)

= 2µκ(O(B∗))(1 + α222nκ#(G)2)∥f∥2BMOd,κ
.

Hence, we get

(3.13) ∥TN,κf1∥L2(Rn,dµκ)

≤ ∥v∥ℓ∞(Z)(2µκ(O(B∗)))1/2(1 + α222nκ#(G)2)1/2∥f∥BMOd,κ
< ∞,

showing that TN,κf1(x) < ∞ for a.e. x ∈ Rn.
Now, we aim to show TN,κf2(x) < ∞ for a.e. x ∈ Rn. For this, it is

sufficient to show that et∆κf2(x) < ∞ for all x ∈ B. Indeed, for x ∈ B we
have

|et∆κf2(x)| ≤
�

Rn

|ht(x, y)| |f2(y)| dµκ(y)

≤
�

Rn

c1

V (x, y,
√
t)
e−

c
t
d(x,y)2 |f2(y)| dµκ(y).

Since V (x, y, t) := max {µκ(B(x, t)), µκ(B(y, t))}, we have

V (x, y, t) ≥ µκ(B(x, t)) ≥ tnκ/2.
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Hence,

(3.14) |et∆κf2(x)| ≤
c1

tnκ/2

�

Rn

e−
c
t
d(x,y)2 |f2(y)| dµκ(y)

=
c1

tnκ/2

�

O((B∗)c)

e−
c
t
d(x,y)2 |f(y)− fO(B)| dµκ(y)

=
c1

tnκ/2

∞∑
j=1

�

2jr0<d(x0,y)≤2j+1r0

e−
c
t
d(x,y)2 |f(y)− fO(B)| dµκ(y)

≤ c1

tnκ/2

∞∑
j=1

e−(2j−1)2r20
�

O(2j+1B)

|f(y)− fO(B)| dµκ(y)

≤ c1

tnκ/2

∞∑
j=1

e−(2j−1)2r20

[ �

O(2j+1B)

|f(y)− fO(2j+1B)| dµκ(y)

+
�

O(2j+1B)

|fO(2j+1B) − fO(B)| dµκ(y)
]

≤ c1

tnκ/2

∞∑
j=1

e−(2j−1)2r20
(
µκ(O(2j+1B))∥f∥BMOd,κ

+ µκ(O(2j+1B))|fO(2j+1B) − fO(B)|
)

=
c1

tnκ/2

∞∑
j=1

e−(2j−1)2r20µκ(O(2j+1B))(∥f∥BMOd,κ
+ |fO(2j+1B) − fO(B)|).

But

|fO(2j+1B)−fO(B)| ≤
µκ(O(2j+1B))

µκ(O(B))
∥f∥BMOd,κ

≤#(G)
µκ(2

j+1B)

µκ(B)
∥f∥BMOd,κ

≤ 2(j+1)nκα#(G)∥f∥BMOd,κ
.

Hence (3.14) becomes

|et∆κf2(x)|

≤ c1

tnκ/2

∞∑
j=1

e−(2j−1)2r20µκ(O(2j+1B))(1 + 2(j+1)dκ#(G)α)∥f∥BMOd,κ
< ∞,

as claimed.
Moreover, we have TN,κf3 = TN,κfO(B) ≡ 0. Therefore TN,κf(x) < ∞,

for a.e. x ∈ Rd. We choose x1 ∈ B with TN,κf2(x1) < ∞. Taking c′B :=
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TN,κf2(x1), we obtain

(3.15)
1

µκ(B)

�

B

|TN,κf(x)− c′B| dµκ(x)

=
1

µκ(B)

�

B

|TN,κ(f1 + f2 + f3)(x)− TN,κf2(x1)| dµκ(x)

≤ 1

µκ(B)

[ �
B

|TN,κf1(x)| dµκ(x) +
�

B

|TN,κf2(x)− TN,κf2(x1)| dµκ(x)
]

=:
1

µκ(B)
(M1 +M2).

Employing the Cauchy–Schwarz inequality, we have

M1≤µκ(B)1/2∥TN,κf1∥L2(Rn,dµκ)

≤∥{vj}j∈Z∥ℓ∞(Z)µκ(B)1/2µκ(O(B∗))1/2(1+α222nκ#(G)2)1/2∥f∥BMOd,κ
,

by using (3.13). Hence,

(3.16)
1

µκ(B)
M1

≤ ∥{vj}j∈Z∥ℓ∞(Z)

(
µκ(O(B∗))

µκ(B)

)1/2

(1 + α222nκ#(G)2)1/2∥f∥BMOd,κ

≤ #(G)1/2∥{vj}j∈Z∥ℓ∞(Z)α
1/22nκ/2(1 + α222nκ#(G)2)1/2∥f∥BMOd,κ

=: η(1)v,κ∥f∥BMOd,κ
.

In order to estimate M2, we consider

|TN,κf2(x)− TN,κf2(x1)|

≤
�

Rn

|KN,κ(x, y)−KN,κ(x1, y)| |f2(y)| dµκ(y)

≲
�

Rn

∥{vj}j∈Z∥ℓ∞(Z)
1

µκ(B(x, d(x, y)))

(
∥x− x1∥
∥x− y∥

)ϵ

|f2(y)| dµκ(y)

≤ ∥{vj}j∈Z∥ℓ∞(Z)(2r0)
ϵ

�

O((B∗)c)

1

µκ(B(x, d(x, y)))

1

∥x− y∥ϵ

× |f(y)− fO(B)| dµκ(y)

= ∥{vj}j∈Z∥ℓ∞(Z)(2r0)
ϵ

∞∑
j=1

�

2jr0<d(x0,y)≤2j+1r0

|f(y)− fO(B)| dµκ(y)

∥x− y∥ϵµκ(B(x, d(x, y)))
.

Since 2jr0 < d(x0, y) ≤ ∥x0 − y∥ and x ∈ B, we have

d(x, y) ≥ d(x0, y)− d(x, x0) ≥ (2j − 1)r0.
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Consequently, ∥x − y∥ ≥ (2j − 1)r0 and B(x, (2j − 1)r0) ⊂ B(x, d(x, y)).
Thus,

(3.17) |TN,κf2(x)−TN,κf2(x1)|

≲
∞∑
j=1

∥{vj}j∈Z∥ℓ∞(Z)(2r0)
ϵ

((2j−1)r0)ϵµκ(B(x, (2j−1)r0))

�

2jr0<d(x0,y)≤2j+1r0

|f(y)−fO(B)| dµκ(y)

≤
∞∑
j=1

∥{vj}j∈Z∥ℓ∞(Z)(2r0)
ϵ

((2j−1)r0)ϵµκ(B(x, (2j−1)r0))

�

d(x0,y)≤2j+1r0

|f(y)−fO(B)| dµκ(y).

But

(3.18) �

d(x0,y)≤2j+1r0

|f(y)− fO(B)| dµκ(y) =
�

O(2j+1B)

|f(y)− fO(B)| dµκ(y)

≤
�

O(2j+1B)

(
|f(y)− fO(2j+1B)|+

j+1∑
l=1

|fO(2lB) − fO(2l−1B)|
)
dµκ(y)

≤ µκ(O(2j+1B))
(
∥f∥BMOd,κ

+

j+1∑
l=1

|fO(2lB) − fO(2l−1B)|
)

≤ µκ(O(2j+1B))

(
∥f∥BMOd,κ

+

j+1∑
l=1

µκ(O(2lB))

µκ(O(2l−1B))
∥f∥BMOd,κ

)

≤ µκ(O(2j+1B))

(
1 +

j+1∑
l=1

α

(
2lr0
2l−1r0

)nκ
)
∥f∥BMOd,κ

= µκ(O(2j+1B))(1 + α2nκ(j + 1))∥f∥BMOd,κ
.

Using (3.18) in (3.17), we get

|TN,κf2(x)− TN,κf2(x1)|

≲ 2ϵ∥{vj}j∈Z∥ℓ∞(Z)

∞∑
j=1

1

(2j − 1)ϵ
µκ(O(2j+1B))

µκ(B(x, (2j − 1)r0))

× (1 + α2nκ(j + 1))∥f∥BMOd,κ

≤ 2ϵ∥{vj}j∈Z∥ℓ∞(Z)

∞∑
j=1

#(G)

(2j − 1)ϵ
µκ(B(x0, 2

j+1r0))

µκ(B(x, (2j − 1)r0))

× (1 + α2nκ(j + 1))∥f∥BMOd,κ
.

Since B(x, (2j − 1)r0) ⊂ B(x0, 2
j+1r0), using the doubling condition, we
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arrive at

|TN,κf2(x)− TN,κf2(x1)|

≲ 2ϵ∥{vj}j∈Z∥ℓ∞(Z)

∞∑
j=1

α22nκ#(G)

(2j − 1)ϵ
(1 + α2nκ(j + 1))∥f∥BMOd,κ

≤ 2ϵ∥{vj}j∈Z∥ℓ∞(Z)

∞∑
j=1

α22nκ#(G)

2(j−1)ϵ
(1 + α2nκ(j + 1))∥f∥BMOd,κ

=: η(2)v,κ∥f∥BMOd,κ
,

where

η(2)v,κ = 2ϵ∥{vj}j∈Z∥ℓ∞(Z)

∞∑
j=1

α22nκ#(G)

2(j−1)ϵ
(1 + α2nκ(j + 1)) < ∞.

Hence

(3.19)
1

µκ(B)
M1 ≲

1

µκ(B)

�

B

ηv,κ∥f∥BMOd,κ
dµκ(x) = η(2)v,κ∥f∥BMOd,κ

.

Applying (3.16) and (3.19) in (3.15), we get

1

µκ(B)

�

B

|TN,κf(x)− c′B| dµκ(x) ≲ (η(1)v,κ + η(2)v,κ)∥f∥BMOd,κ
=: ηv,κ∥f∥BMOd,κ

,

proving that ∥TN,κf∥BMOκ ≤ ηv,κ∥f∥BMOd,κ
.

Now, consider the ball B = B(x0, r0) as in Theorem 3.5. Then, proceed-
ing as in Theorem 3.5, we obtain the following two remarks in connection
with the boundedness of TN,κ on each BMOd,κ and BMOκ.

Remark 3.6. Our method will provide neither boundedness of the op-
erator TN,κ from BMOκ into BMOκ (or from BMOd,κ into BMOd,κ), nor
a counterexample. The main obstruction is that the associated measure of
a Euclidean ball B(x0, r0) depends upon the center x0. In this connection,
the authors in [AB+24] have studied the boundedness of the variational
operator from BMOd,κ into BMOκ. Let f ∈ BMOκ be G-invariant. Then
f ∈ BMOd,κ with ∥f∥BMOd,κ

≈ ∥f∥BMOκ . Moreover TN,κf is G-invariant
with ∥TN,κf∥BMOκ ≈ ∥TN,κf∥BMOd,κ

. Using the above theorem, we have
∥TN,κf∥BMOκ ≤ ηv,κ∥f∥BMOκ .

Let f ∈ BMOκ(Rn). Then an explicit computation gives rise to

|TN,κf2(x)| ≤ C
(1)
n,κ,x0,r0,N

∥f∥BMOκ ,
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where

C
(1)
n,κ,x0,r0,N

≲ max

{
(2∥x0∥+ 4r0)

n

tnκ/2

(
1 + α

(
2∥x0∥+ 4r0

r0

)nκ
)

×
∏

λ∈R+

(|⟨x0, λ⟩|+ 2∥x0∥+ 4r0)
2κ(λ),

1

tnκ/2

∞∑
j=1

e−
c
t
22jr20(2∥x0∥+ 2r0 + 2j+2r0)

n

×
∏

λ∈R+

(|⟨x0, λ⟩|+ 2∥x0∥+ 2r0 + 2j+2r0)
2κ(λ)

×
(
1 + α

(
2∥x0∥+ 2r0 + 2j+2r0

r0

)nκ
)}

.

Remark 3.7. Let f ∈ BMOd,κ(Rn). Then, there exists C
(2)
n,κ,r0,N

> 0

such that |TN,κf(x)| ≤ C
(2)
n,κ,r0,N

∥f∥BMOd,κ
< ∞ for a.e. x ∈ Rn. Moreover,

there exists x1 ∈ O(B) such that TN,κf2(x1) < ∞ and

1

µκ(O(B))

�

O(B)

|TN,κf(x)− TN,κf2(x1)| dµκ(x)

≤
(
η(1)v,r0,n,κ +

η
(2)
v,r0,n,κ

µκ(O(B))

�

O(B)

∥x− x1∥ dµκ(x)

)
∥f∥BMOd,κ

for some η
(1)
v,r0,n,κ, η

(2)
v,r0,n,κ > 0. On the other hand, in Theorem 3.5 we prove

that TN,κf is bounded from BMOd,κ to BMOκ.

4. Boundedness of the maximal differential operator. This sec-
tion mainly deals with the maximal differential operator T ∗

κ defined in (1.3).
In the rest of this paper, we assume that {aj}j∈Z is a λ-lacunary sequence
for λ > 1. In other words, we assume that

1 < λ ≤ aj+1/aj ≤ λ2, ∀j ∈ Z.
For M ∈ Z+, we define the truncated maximal differential operator by

T ∗
M,κf(x) = sup

(N1,N2)∈Z2

−M≤N1<N2≤M

|T(N1,N2),κf(x)|, x ∈ Rn.

Now, we aim to obtain a Cotlar-type inequality for T ∗
M,κ.

Theorem 4.1 (Cotlar-type inequality). For each q ∈ (1,∞), there exists
a constant C > 0 such that for every x ∈ Rn and M ∈ Z+,

T ∗
M,κf(x) ≤ C

{
M(T(−M,M)f)(x) +

∑
σ∈G

Mf(σx) +
(∑
σ∈G

(Mqf(σx))
q
)1/q}

,
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where

Mf(x) := sup
r>0

1

µκ(B(x, r))

�

B(x,r)

|f(y)| dµκ(y),

Mqf(x) := sup
r>0

(
1

µκ(B(x, r))

�

B(x,r)

|f(y)|q dµκ(y)

)1/q

.

Proof. Let x0 ∈ Rn and M ∈ Z+. Assume that N = (N1, N2) satisfies
−M ≤ N1 < N2 ≤ M . Then

TN,κf(x0) =

N2∑
j=N1

vj(e
aj+1∆κf(x0)− eaj∆κf(x0))

=

M∑
j=N1

vj(e
aj+1∆κf(x0)− eaj∆κf(x0))

−
M∑

j=N2+1

vj(e
aj+1∆κf(x0)− eaj∆κf(x0))

= T(N1,M),κf(x0)− T(N2+1,M),κf(x0).

So, it is sufficient to find an estimate for |T(m,M),κf(x0)| when |m| ≤ M . For
each l ∈ Z, we write Bl = B(x0, a

1/2
l ). We decompose f as

f = fχO(Bm) + fχO(Bc
m) =: f1 + f2.

Then

(4.1) |T(m,M),κf(x0)| ≤ |T(m,M),κf1(x0)|+ |T(m,M),κf2(x0)|
=: T1 + T2.

Using (3.1), we get

(4.2) T1 ≤
�

Rn

|K(m,M),κ(x0, y)| |f1(y)| dµκ(y).

But

(4.3) |K(m,M),κ(x0, y)| ≤ ∥{vj}j∈Z∥ℓ∞(Z)

M∑
j=m

|haj+1(x0, y)− haj (x0, y)|.

By using the Mean-Value Theorem, there exists aj ≤ ξj ≤ aj+1 such that

M∑
j=m

|haj+1(x0, y)− haj (x0, y)| ≤ (aj+1 − aj)

∣∣∣∣ ∂∂tht(x0, y)
∣∣∣∣
t=ξj

∣∣∣∣.
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Now, making use of (2.10), we obtain

M∑
j=m

|haj+1(x0, y)− haj (x0, y)| ≤ (aj+1 − aj)
C

ξjV (x0, y,
√

ξj)
e
− c

ξj
d(x0,y)2

.

Since {aj}j∈Z is a λ-lacunary sequence, we get

M∑
j=m

|haj+1(x0, y)− haj (x0, y)| ≤ (λ2 − 1)aj
C

ξjV (x0, y,
√

ξj)
e
− c

ξj
d(x0,y)2

.

Thus (4.3) turns into

(4.4) |K(m,M),κ(x0, y)|

≤ ∥{vj}j∈Z∥ℓ∞(Z)

M∑
j=m

(λ2 − 1)aj
C

ξjV (x0, y,
√
ξj)

e
− c

ξj
d(x0,y)2

≤ C∥{vj}j∈Z∥ℓ∞(Z)(λ
2 − 1)

M∑
j=m

1

V (x0, y,
√
ξj)

≤ C∥{vj}j∈Z∥ℓ∞(Z)(λ
2 − 1)

M∑
j=m

1

µκ(B(x0,
√

ξj))

= C∥{vj}j∈Z∥ℓ∞(Z)(λ
2 − 1)

1

µκ(B(x0,
√
am))

M∑
j=m

µκ(B(x0,
√
am))

µκ(B(x0,
√

ξj))

≤ C∥{vj}j∈Z∥ℓ∞(Z)(λ
2 − 1)

1

µκ(B(x0,
√
am))

M∑
j=m

α

(
am
ξj

)nκ/2

≤ Cα∥{vj}j∈Z∥ℓ∞(Z)(λ
2 − 1)

1

µκ(B(x0,
√
am))

M∑
j=m

(
am
aj

)nκ/2

= Cα∥{vj}j∈Z∥ℓ∞(Z)(λ
2 − 1)

1

µκ(B(x0,
√
am))

M∑
j=m

1

λ
nκ
2
(j−m)

≤ Cα∥{vj}j∈Z∥ℓ∞(Z)(λ
2 − 1)

1

µκ(B(x0,
√
am))

∞∑
j=0

1

λ
jnκ
2

= Cα∥{vj}j∈Z∥ℓ∞(Z)(λ
2 − 1)

λ
nκ
2

λ
nκ
2 − 1

1

µκ(B(x0,
√
am))

=: cv,λ,n,κ
1

µκ(B(x0,
√
am))

, ∀y ∈ Rn.
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Hence (4.2) provides

T1≤
cv,λ,n,κ

µκ(B(x0,
√
am))

�

Rd

|f1(y)| dµκ(y)=
cv,λ,n,κ

µκ(B(x0,
√
am))

�

O(Bm)

|f(y)| dµκ(y)

≤
cv,λ,n,κ

µκ(B(x0,
√
am))

∑
σ∈G

�

σ(Bm)

|f(y)| dµκ(y)

≤cv,λ,n,κ
µκ(Bm)

µκ(B(x0,
√
am))

∑
σ∈G

Mf(σ(x0))=cv,λ,n,κ
∑
σ∈G

Mf(σ(x0)).

On the other hand, we can rewrite T(m,M),κf2(x0) as

T(m,M),κf2(x0)

=
1

µκ

(
B
(
x0,

1
2a

1/2
m−1

)) �

B(x0,
1
2
a
1/2
m−1)

T(m,M),κf2(x0) dµκ(z)

=
1

µκ

(
B
(
x0,

1
2a

1/2
m−1

))[ �

B(x0,
1
2
a
1/2
m−1)

T(−M,M),κf(z) dµκ(z)

−
�

B(x0,
1
2
a
1/2
m−1)

T(−M,M),κf1(z) dµκ(z)−
�

B(x0,
1
2
a
1/2
m−1)

T(−M,m−1),κf2(z) dµκ(z)

+
�

B(x0,
1
2
a
1/2
m−1)

(T(m,M),κf2(x0)− T(m,M),κf2(z)) dµκ(z)
]
.

Hence

(4.5) |T(m,M),κf2(x0)|

=
1

µκ

(
B
(
x0,

1
2a

1/2
m−1

))[ �

B(x0,
1
2
a
1/2
m−1)

|T(−M,M),κf(z)| dµκ(z)

+
�

B(x0,
1
2
a
1/2
m−1)

|T(−M,M),κf1(z)| dµκ(z) +
�

B(x0,
1
2
a
1/2
m−1)

|T(−M,m−1),κf2(z)| dµκ(z)

+
�

B(x0,
1
2
a
1/2
m−1)

|T(m,M),κf2(x0)− T(m,M),κf2(z)| dµκ(z)
]

=: A1 +A2 +A3 +A4.

It is easy to see that

(4.6) A1 ≤ M(T(−M,M),κf)(x0).
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For A2, employing Hölder’s inequality, we get

A2 ≤
1

µκ

(
B
(
x0,

1
2a

1/2
m−1

))µκ

(
B
(
x0,

1
2a

1/2
m−1

))1/p
×
( �

B(x0,
1
2
a
1/2
m−1)

|T(−M,M),κf1(z)|q dµκ(z)
)1/q

≤ 1

µκ

(
B
(
x0,

1
2a

1/2
m−1

))1/q ∥T(−M,M),κf1∥Lq(Rn,dµκ),

where 1
p + 1

q = 1. Now, making use of Proposition 3.3, we obtain

A2 ≤
c′

µκ

(
B
(
x0,

1
2a

1/2
m−1

))1/q ∥f1∥Lq(Rn,dµκ)

= c′
(

1

µκ

(
B
(
x0,

1
2a

1/2
m−1

)) �

O(Bm)

|f(z)|q dµκ(z)

)1/q

, c′ > 0.

Hence,

Aq
2 ≤ c′

1

µκ

(
B
(
x0,

1
2a

1/2
m−1

)) �

O(Bm)

|f(z)|q dµκ(z)

≤ c′
1

µκ

(
B
(
x0,

1
2a

1/2
m−1

)) ∑
σ∈G

�

σBm

|f(z)|q dµκ(z)

= c′
µκ(Bm)

µκ

(
B
(
x0,

1
2a

1/2
m−1

)) ∑
σ∈G

1

µκ(σBm)

�

σBm

|f(z)|q dµκ(z)

≤ αc′2nκ

(
am
am−1

)nκ/2 ∑
σ∈G

(Mqf(σx0))
q ≤ αc′(2λ)nκ

∑
σ∈G

(Mqf(σx0))
q.

Consequently,

(4.7) A2 ≤ (αc′(2λ)nκ)1/q
(∑

σ∈G
(Mqf(σx0))

q
)1/q

.

Now, for A3, we see that

(4.8) |T(−M,m−1),κf2(z)| ≤
�

Rn

|K(−M,m−1),κ(z, y)| |f2(y)| dµκ(y)

=
�

O(Bc
m)

|K(−M,m−1),κ(z, y)| |f2(y)| dµκ(y).
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Here we need to find an estimate for |K(−M,m−1),κ(z, y)| for z ∈ 1
2Bm−1 and

y ∈ O(Bc
m). Starting with the definition of the kernel, we get

|K(−M,m−1),κ(z, y)| ≤ ∥{vj}j∈Z∥ℓ∞(Z)

m−1∑
j=−M

|haj+1(z, y)− haj (z, y)|

= ∥{vj}j∈Z∥ℓ∞(Z)

m−1∑
j=−M

(aj+1 − aj)

∣∣∣∣ ∂∂tht(z, y)
∣∣∣∣
t=ξj

∣∣∣∣,
by applying the Mean-Value Theorem, where aj ≤ ξj ≤ aj+1. Since {aj}j∈Z
is a λ-lacunary sequence, we obtain

|K(−M,m−1),κ(z, y)| ≤ ∥{vj}j∈Z∥ℓ∞(Z)

m−1∑
j=−M

(λ2 − 1)aj

∣∣∣∣ ∂∂tht(z, y)
∣∣∣∣
t=ξj

∣∣∣∣.
Employing (2.10), we have

|K(−M,m−1),κ(z, y)|

≤ ∥{vj}j∈Z∥ℓ∞(Z)

m−1∑
j=−M

(λ2 − 1)aj
C

ξjV (z, y,
√
ξj)

e
− c

ξj
d(z,y)2

≤ C∥{vj}j∈Z∥ℓ∞(Z)(λ
2 − 1)

m−1∑
j=−M

aj

ξjµκ(B(z,
√
ξj))

e
− c

ξj
d(z,y)2

.

Seeing aj ≤ ξj ≤ aj+1 and 1
λ2aj

≤ 1
aj+1

, we get

(4.9) |K(−M,m−1),κ(z, y)|

≤ C∥{vj}j∈Z∥ℓ∞(Z)(λ
2 − 1)

m−1∑
j=−M

aj
ajµκ(B(z,

√
aj))

e
− c

λ2aj
d(z,y)2

.

Now, for −M ≤ j ≤ m− 1, we wish to show that

(4.10)
1

ajµκ(B(z,
√
aj))

e
− c

λ2aj
d(z,y)2

≤ α2nκ

asµκ(Bs)

whenever

d(z, y)2 ≥ λ2aj
c

(
nκ

2
+ 1

)
log

(
as
aj

)
for s ≥ m. Verifying (4.10) is the same as verifying

ajµκ(B(z,
√
aj))

asµκ(Bs)
e

c
λ2aj

d(z,y)2

≥ 1

α2nκ
.
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Now d(z, y)2 ≥ λ2aj
c

(
nκ
2 + 1

)
log

(
as
aj

)
if and only if e

c
λ2aj

d(z,y)2

≥
(
as
aj

)nκ
2
+1.

Consequently,

(4.11)
ajµκ(B(z,

√
aj))

asµκ(Bs)
e

c
λ2aj

d(z,y)2

≥
µκ(B(z,

√
aj))

µκ(Bs)

(
as
aj

)nκ/2

≥
µκ(B(z, 12

√
aj))

µκ(Bs)

(
as
aj

)nκ/2

.

We intend to show that B(z, 12
√
aj) ⊂ Bs = B(x0,

√
as) whenever s ≥ m.

Assume that u ∈ B(z, 12
√
aj). Then ∥u − x0∥ ≤ ∥u − z∥ + ∥z − x0∥ ≤

1
2

√
aj + ∥z − x0∥. As z ∈ 1

2Bm−1, we have ∥z − x0∥ ≤ 1
2

√
am−1. So, using

the fact that {aj}j∈Z is λ-lacunary, we have

∥u− x0∥ ≤ 1

2

√
aj +

1

2

√
am−1 =

1

2

√
as

((
aj
as

)1/2

+

(
am−1

as

)1/2)
≤ 1

2

√
as

(
1

λ(s−j)/2
+

1

λ(s−m+1)/2

)
=

√
as

2λ(s−m+1)/2

(
1 +

1

λ
(m−1)−j

2

)
≤

√
as

for s ≥ m and −M ≤ j ≤ m − 1, since 0 < 1/λ < 1, proving our claim.
Utilizing the doubling condition, we get

(4.12)
1

α2nκ

(
aj
as

)nκ/2

≤
µκ(B(z, 12

√
aj))

µκ(Bs)
≤ α

2n

(
aj
as

)n/2

.

Employing (4.12) in (4.11), we find that

ajµκ(B(z,
√
aj))

asµκ(Bs)
e

c
λ2aj

d(z,y)2

≥ 1

α2nκ

(
aj
as

)nκ/2(as
aj

)nκ/2

=
1

α2nκ
,

proving (4.10). Now, making use of (4.10) in (4.9), we obtain

|K(−M,m−1),κ(z, y)| ≤ C∥{vj}j∈Z∥ℓ∞(Z)(λ
2 − 1)

m−1∑
j=−M

α2nκ
1

µκ(Bs)

aj
as

≤ Cα2nκ∥{vj}j∈Z∥ℓ∞(Z)(λ
2 − 1)

1

µκ(Bs)

m−1∑
j=−M

1

λs−j

=
Cα2nκ∥{vj}j∈Z∥ℓ∞(Z)(λ

2 − 1)

µκ(Bs)

(
1

λs−m+1
+

1

λs−m+2
+ · · ·+ 1

λs+M

)
≤

Cα2nκ∥{vj}j∈Z∥ℓ∞(Z)(λ
2 − 1)

µκ(Bs)

1

λs−m+1

(
1 +

1

λ
+ · · ·

)



30 S. Ranjan Das, R. Manna and S. Parui

=
Cα2nκ∥{vj}j∈Z∥ℓ∞(Z)(λ

2 − 1)

µκ(Bs)

1

λs−m+1

λ

λ− 1

=
Cα2nκ∥{vj}j∈Z∥ℓ∞(Z)λ(λ+ 1)

µκ(Bs)

1

λs−m+1
.

Hence (4.8) gives

|T(−M,m−1),κf2(z)| ≤
∞∑

s=m

�

a
1/2
s <d(x0,y)≤a

1/2
s+1

|K(−M,m−1),κ(z, y)| |f(y)| dµκ(y)

≤
∞∑

s=m

�

a
1/2
s <d(x0,y)≤a

1/2
s+1

Cα2nκ∥{vj}j∈Z∥ℓ∞(Z)λ(λ+ 1)

µκ(Bs)

1

λs−m+1
|f(y)| dµκ(y)

≤ Cα2nκ∥{vj}j∈Z∥ℓ∞(Z)λ(λ+1)
∞∑

s=m

1

λs−m+1µκ(Bs)

�

d(x0,y)≤a
1/2
s+1

|f(y)| dµκ(y)

≤ Cα2nκ∥{vj}j∈Z∥ℓ∞(Z)λ(λ+ 1)

∞∑
s=m

1

λs−m+1µκ(Bs)

∑
σ∈G

�

σBs+1

|f(y)| dµκ(y)

≤ Cα2nκ∥{vj}j∈Z∥ℓ∞(Z)λ(λ+ 1)
∑
σ∈G

∞∑
s=m

1

λs−m+1

µκ(σBs+1)

µκ(Bs)
Mf(σ(x0))

= Cα2nκ∥{vj}j∈Z∥ℓ∞(Z)λ(λ+ 1)
∑
σ∈G

∞∑
s=m

1

λs−m+1

µκ(Bs+1)

µκ(Bs)
Mf(σ(x0))

≤ Cα22nκ∥{vj}j∈Z∥ℓ∞(Z)λ(λ+ 1)
∞∑

s=m

1

λs−m+1
λnκ

∑
σ∈G

Mf(σ(x0))

= Cα22nκλnκ∥{vj}j∈Z∥ℓ∞(Z)(λ+ 1)

( ∞∑
s=0

1

λs

)∑
σ∈G

Mf(σ(x0))

=
Cα22nκλnκ∥{vj}j∈Z∥ℓ∞(Z)λ(λ+ 1)

λ− 1

∑
σ∈G

Mf(σ(x0)).

Therefore, we get

(4.13) A3 ≤
Cα22nκλnκ∥{vj}j∈Z∥ℓ∞(Z)λ(λ+ 1)

λ− 1

∑
σ∈G

Mf(σ(x0)).

Now, we aim to estimate A4. For z ∈ 1
2Bm−1, we have

(4.14) |T(m,M),κf2(z)− T(m,M),κf2(x0)|

≤
�

Rd

|K(m,M),κ(z, y)−K(m,M),κ(x0, y)| |f2(y)| dµκ(y)
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≲
�

Rd

∥{vj}j∈Z∥
1

µκ(B(z, d(z, y)))

∥z − x0∥
∥z − y∥

|f2(y)| dµκ(y)

≤∥{vj}j∈Z∥
a
1/2
m−1

2

�

O((Bm)c)

1

µκ(B(z, d(z, y)))

1

∥z − y∥
|f(y)| dµκ(y)

=
a
1/2
m−1

2
∥{vj}j∈Z∥

∞∑
j=m

�

a
1/2
j <d(x0,y)≤a

1/2
j+1

1

µκ(B(z, d(z, y)))

1

∥z−y∥
|f(y)| dµκ(y).

For j ≥ m, we notice that

d(z, y) ≥ d(x0, y)− d(x0, z) ≥ a
1/2
j − 1

2
a
1/2
m−1 = a

1/2
j

(
1− 1

2

(
am−1

aj

)1/2)
≥ a

1/2
j

(
1− 1

2λ
j−m+1

2

)
≥ 1

2
a
1/2
j .

So B
(
z, 12a

1/2
j

)
⊂ B(z, d(z, y)) and ∥z − y∥ ≥ 1

2a
1/2
j . Hence (4.14) gives

|T(m,M),κf2(z)− T(m,M),κf2(x0)|

≤
a
1/2
m−1

2
∥{vj}j∈Z∥

∞∑
j=m

2

a
1/2
j µκ

(
B
(
z, 12a

1/2
j

)) �

a
1/2
j <d(x0,y)≤a

1/2
j+1

|f(y)| dµκ(y)

≤
a
1/2
m−1

2
∥{vj}j∈Z∥

∞∑
j=m

2

a
1/2
j µκ

(
B
(
z, 12a

1/2
j

)) �

O(Bj+1)

|f(y)| dµκ(y)

≤
a
1/2
m−1

2
∥{vj}j∈Z∥

∑
σ∈G

∞∑
j=m

2

a
1/2
j

µκ(B(σ(x0), a
1/2
j+1))

µκ

(
B
(
z, 12a

1/2
j

)) Mf(σ(x0))

=
a
1/2
m−1

2
∥{vj}j∈Z∥

∑
σ∈G

∞∑
j=m

2

a
1/2
j

µκ(B(x0, a
1/2
j+1))

µκ

(
B
(
z, 12a

1/2
j

))Mf(σ(x0)).

A straightforward computation shows that B(z, 12a
1/2
j )⊂B(x0, a

1/2
j+1). Hence,

using the doubling condition, we obtain

|T(m,M),κf2(z)− T(m,M),κf2(x0)|

≤
a
1/2
m−1

2
∥{vj}j∈Z∥

∞∑
j=m

2

a
1/2
j

2nκα

(
aj+1

aj

)nκ/2 ∑
σ∈G

Mf(σ(x0))

=
a
1/2
m−1

2
∥{vj}j∈Z∥2nκ+1αλnκ

( ∞∑
j=m

1

a
1/2
j

)∑
σ∈G

Mf(σ(x0))
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=
a
1/2
m−1

2
∥{vj}j∈Z∥2nκ+1αλnκ

√
λ

a
1/2
m (

√
λ− 1)

∑
σ∈G

Mf(σ(x0))

≤ 1

λ
∥{vj}j∈Z∥2nκαλnκ

√
λ√

λ− 1

∑
σ∈G

Mf(σ(x0)).

Consequently,

(4.15) A4 ≤
1

λ
∥{vj}j∈Z∥2nκαλnκ

√
λ√

λ− 1

∑
σ∈G

Mf(σ(x0)).

Applying (4.6), (4.7), (4.13) and (4.15) in (4.1), we get

|T(m,M),κf(x0)|

≤ Cn,κ,v,λ

(
M(T(−M,M),κf)(x0)+

∑
σ∈G

Mf(σ(x0))+
(∑
σ∈G

(Mqf(σx0))
q
)1/q)

.

This yields the required result since the constant Cn,κ,v,λ does not depend
on the point x0.

Theorem 4.2. Let {aj} be a λ-lacunary sequence with λ > 1. Then the
following hold:

(i) For 1<p<∞ and every G-invariant function ω∈Ap,κ, there exists a
constant C>0, depending upon n, κ, v and λ, such that ∥T ∗

κf∥Lp(Rn,ωdµκ)

≤C∥f∥Lp(Rn,ωdµκ) for all f ∈Lp(Rn, ωdµκ).
(ii) For p = 1 and every G-invariant function ω ∈ A1,κ, there exists a con-

stant C > 0, depending upon n, κ, v and λ, such that ∥T ∗
κf∥L1,∞(Rn,ωdµκ)

≤ C∥f∥L1(Rn,ωdµκ) for all f ∈ L1(Rn, ωdµκ).

Proof. For M ∈ Z+, using Theorem 4.1, we have

T ∗
M,κf(x)

≤ C
{
M(T(−M,M),κf)(x) +

∑
σ∈G

Mf(σx) +
(∑
σ∈G

(Mqf(σx))
q
)1/q}

.

Hence, for 1 < p < ∞,

(4.16) ∥T ∗
M,κf∥Lp(Rn,ωdµκ)

≤ C
{
∥M(T(−M,M),κf)∥Lp(Rn,ωdµκ)

+
∑
σ∈G

∥Mf(σ ·)∥Lp(Rn,ωdµκ) +
∥∥∥(∑

σ∈G
(Mqf(σ ·))q

)1/q∥∥∥
Lp(Rn,ωdµκ)

}
.

For x ∈ Rn, consider Φ(x) = {Φσ(x)}σ∈G, where Φσ(x) = Mqf(σx). Then
a straightforward application of Minkowski’s integral inequality shows that
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∥∥
Lp(Rn,ωdµκ)

≤
∥∥∥Φ(·)∥Lp(Rn,ωdµκ)

∥∥
ℓq(G)

. In other words,∥∥∥(∑
σ∈G

(Mqf(σ ·))q
)1/q∥∥∥

Lp(Rn,ωdµκ)
≤

(∑
σ∈G

∥Mqf(σ ·)∥qLp(Rn,ωdµκ)

)1/q
.

Hence (4.16) becomes

∥T ∗
M,κf∥Lp(Rn,ωdµκ) ≤ C

{
∥M(T(−M,M),κf)∥Lp(Rn,ωdµκ)

+
∑
σ∈G

∥Mf(σ ·)∥Lp(Rn,ωdµκ) +
(∑

σ∈G
∥Mqf(σ ·)∥qLp(Rn,ωdµκ)

)1/q}
.

Since the triple (Rn, ∥ · ∥, µκ) is a space of homogeneous type, the maximal
operators M and Mq are bounded on Lp(Rn, ωdµκ) for 1 < p < ∞ (see
[GL+14]). So, we get

∥T ∗
M,κf∥Lp(Rn,ωdµκ)

≤ C
{
∥T(−M,M),κf∥Lp(Rn,ωdµκ) +

∑
σ∈G

∥f(σ ·)∥Lp(Rn,ωdµκ)

+
(∑

σ∈G
∥f(σ ·)∥qLp(Rn,ωdµκ)

)1/q}
= C

{
∥T(−M,M),κf∥Lp(Rn,ωdµκ) + (#(G) + #(G)1/q)∥f∥Lp(Rn,ωdµκ)

}
,

as the measure µκ and the weight function ω are both G-invariant. Now,
using Proposition 3.3, we obtain

∥T ∗
M,κf∥Lp(Rn,ωdµκ) ≲ ∥f∥Lp(Rn,ωdµκ)

for 1 < p < ∞, proving part (i) of the theorem.
To obtain (ii), we define Tκ : Lp(Rn, ωdµκ) → Lp(Rn, ℓ∞(Z2), ωdµκ) by

Tκf(x) := {TN,κf(x)}N∈Z2 , 1 < p < ∞. Then it is obvious from (i) that Tκ

is bounded from Lp(Rn, ωdµκ) into Lp(Rn, ℓ∞(Z2), ωdµκ). We notice that
Tκ is an integral operator with kernel Kκ(x, y) := {KN,κ(x, y)}N∈Z2 . Since
each KN,κ is a Dunkl–Calderón–Zygmund kernel, by vector-valued Dunkl–
Calderón–Zygmund theory, the operator Tκ is bounded from L1(Rn, ωdµκ)
into L1,∞(Rn, ℓ∞(Z2), ωdµκ) for all G-invariant ω ∈ A1,κ, proving (ii).

Theorem 4.3. Let {aj} be a λ-lacunary sequence with λ > 1. Then there
exists a constant C > 0, depending upon n, v, κ, such that ∥T ∗

κf∥BMOκ ≤
C∥f∥BMOd,κ

for all f ∈ BMOd,κ(Rn).

Proof. Let f ∈ BMOd,κ(Rn). Suppose there exists x0 ∈ Rn such that
T ∗
κf(x0) < ∞. We intend to show T ∗

κf(x) < ∞, for a.e. x ∈ Rn. We denote
B = B(x0, 4∥x− x0∥) with x0 ̸= x ∈ Rn. We break down f in the following
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way:

f = (f − fO(B))χO(B) + (f − fO(B))χ(O(B))c + fO(B)

=: f1 + f2 + f3.

Using Theorem 4.2, we obtain ∥T ∗
κf1∥2,κ ≤ C∥f1∥2,κ. But

∥f1∥22,κ =
�

O(B)

|f(x)− fO(B)|2 dµκ(x) ≤ µκ(O(B))∥f∥2BMOd,κ
.

Hence,

(4.17) ∥T ∗
κf1∥2,κ ≤ Cµκ(O(B))1/2∥f∥BMOd,κ

< ∞.

So T ∗
κf1(x) < ∞ for a.e. x ∈ Rn. Now, by definition of the maximal operator,

T ∗
κf3(x) = sup

N=(N1,N2)∈Z2

N1<N2

|TN,κf3(x)| = 0, ∀x ∈ Rn,

since TN,κf3 ≡ 0. Furthermore, using (3.6), we get

(4.18) |TN,κf2(x)− TN,κf2(x0)|

≲
�

Rn

∥{vj}j∈Z∥
1

µκ(B(x, d(x, y)))

∥x− x0∥
∥x− y∥

|f2(y)| dµκ(y)

= ∥{vj}j∈Z∥
�

(O(B))c

1

µκ(B(x, d(x, y)))

∥x− x0∥
∥x− y∥

|f2(y)| dµκ(y)

= ∥{vj}j∈Z∥
∞∑
j=1

�

2j+1∥x−x0∥<d(x0,y)≤2j+2∥x−x0∥

1

µκ(B(x, d(x, y)))

∥x− x0∥
∥x− y∥

× |f(y)− fO(B)| dµκ(y).

Since d(x0, y) > 2j+1∥x− x0∥, we have

(4.19) d(x, y) ≥ d(x0, y)− d(x0, x) ≥ 2j+1∥x− x0∥ − ∥x− x0∥
= (2j+1 − 1)∥x− x0∥
> 2j∥x− x0∥, ∀j ∈ N.

Consequently, B(x, 2j∥x − x0∥) ⊂ B(x, d(x, y)) and ∥x − y∥ > 2j∥x − x0∥
for all j ∈ N. Hence (4.18) becomes

(4.20) TN,κf2(x)− TN,κf2(x0)| ≲ ∥{vj}j∈Z∥
∞∑
j=1

1

2j
1

µκ(B(x, 2j∥x− x0∥))

×
�

d(x0,y)≤2j+2∥x−x0∥

|f(y)− fO(B)| dµκ(y)
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= ∥{vj}j∈Z∥
∞∑
j=1

1

2j
1

µκ(B(x, 2j∥x− x0∥))

×
�

O(B(x0,2j+2∥x−x0∥))

|f(y)− fO(B)| dµκ(y)

≤ ∥{vj}j∈Z∥
∞∑
j=1

1

2j
1

µκ(B(x, 2j∥x− x0∥))

[ �

O(2jB)

|f(y)− fO(2jB)| dµκ(y)

+ µκ(O(2jB))

j−1∑
l=0

|fO(2lB) − fO(2l+1B)|
]

≤ ∥{vj}j∈Z∥
∞∑
j=1

1

2j
µκ(O(2jB))

µκ(B(x, 2j∥x− x0∥))

×
(
∥f∥BMOd,κ

+

j−1∑
l=0

|fO(2lB) − fO(2l+1B)|
)

≤ ∥{vj}j∈Z∥
∞∑
j=1

1

2j
µκ(O(2jB))

µκ(B(x, 2j∥x− x0∥))

×
(
∥f∥BMOd,κ

+

j−1∑
l=0

µκ(O(2l+1B))

µκ(O(2lB))
∥f∥BMOd,κ

)

≤∥{vj}j∈Z∥
∞∑
j=1

1

2j
µκ(O(2jB))

µκ(B(x, 2j∥x−x0∥))

(
1+

j−1∑
l=0

µκ(O(2l+1B))

µκ(O(2lB))

)
∥f∥BMOd,κ

.

We have
µκ(O(2jB)) = µκ

( ⋃
σ∈G

σ(2jB)
)
≤

∑
σ∈G

µκ(σ(2
jB)) = #(G)µκ(2

jB).

So

(4.21)
µκ(O(2jB))

µκ(B(x, 2j∥x− x0∥))
= #(G)

µκ(B(x0, 2
j+2∥x− x0∥))

µκ(B(x, 2j∥x− x0∥))
≤ #(G)α22nκ ,

and

(4.22)
µκ(O(2l+1B))

µκ(O(2lB))
=

µκ((B(x0, 2
l+3∥x− x0∥)))

µκ((B(x0, 2l+2∥x− x0∥)))
≤ α2nκ .

Employing (4.21) and (4.22) in (4.20), we get

(4.23) |TN,κf2(x)− TN,κf2(x0)|

≲ ∥{vj}j∈Z∥
∞∑
j=1

1

2j
#(G)α22nκ(1 + jα2nκ)∥f∥BMOd,κ

= Cn,κ,v∥f∥BMOd,κ
,
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showing that TN,κf2(x) < ∞ for a.e. x ∈ Rn. Accordingly,
T ∗
κf(x) = sup

N=(N1,N2)∈Z2

N1<N2

|TN,κf(x)| = ∥TN,κf(x)∥ℓ∞(Z2)

≤ ∥TN,κf1(x)∥ℓ∞(Z2) + ∥TN,κf2(x)∥ℓ∞(Z2) + ∥TN,κf3(x)∥ℓ∞(Z2)

= ∥TN,κf1(x)∥ℓ∞(Z2) + ∥TN,κf2(x)∥ℓ∞(Z2)

< ∞ for a.e. x ∈ Rn.

Consider αB := T ∗
κf2(x

′) < ∞ for some x′ ∈ B. Then

(4.24)
1

µκ(B)

�

B

|T ∗
κf(y)− c′B| dµκ(y)

≤ 1

µκ(B)

[ �

B

|T ∗
κf1(y)| dµκ(x) +

�

B

|T ∗
κf2(y)− T ∗

κf2(x
′)| dµκ(x)

]
=:

1

µκ(B)
(Ω1 +Ω2).

Using (4.17), we get

Ω1 ≤ µκ(B)1/2∥T ∗
κf1∥2,κ ≤ Cµκ(B)1/2µκ(O(B))1/2∥f∥BMOd,κ

.

Consequently, we obtain

(4.25)
1

µκ(B)
Ω1 ≤ C

(
µκ(O(B))

µκ(B)

)1/2

∥f∥BMOd,κ

≤ C#(G)1/2
(
µκ(B)

µκ(B)

)1/2

∥f∥BMOd,κ

= C#(G)1/2∥f∥BMOd,κ
.

On the other hand, for Ω2, we have

(4.26) |T ∗
κf2(y)− T ∗

κf2(x
′)| =

∣∣∣ sup
N=(N1,N2)∈Z2

N1<N2

(|TN,κf2(y)| − |TN,κf2(x
′)|)

∣∣∣
≤ sup

N=(N1,N2)∈Z2

N1<N2

|TN,κf2(y)− TN,κf2(x
′)|.

Now

(4.27) |TN,κf2(y)− TN,κf2(x
′)|

≲ ∥{vj}j∈Z∥
�

(O(B))c

1

µκ(B(y, d(y, z)))

∥y − x′∥
∥y − z∥

|f2(z)| dµκ(z)

≤ ∥{vj}j∈Z∥
∞∑
j=1

�

2j+1∥x−x0∥<d(x0,z)≤2j+2∥x−x0∥

1

µκ(B(y, d(y, z)))

8∥x− x0∥
∥y − z∥

× |f(z)− fO(B)| dµκ(z),
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as y, x′ ∈ B. Employing (4.19) in the above equation, we get

|TN,κf2(y)− TN,κf2(x
′)|

≲ 8∥{vj}j∈Z∥
∞∑
j=1

1

2j
1

µκ(B(y, 2j∥x− x0∥))

×
�

d(x0,z)≤2j+2∥x−x0∥

|f(z)− fO(B)| dµκ(z)

= 8∥{vj}j∈Z∥
∞∑
j=1

1

2j
1

µκ(B(y, 2j∥x− x0∥))

×
�

O(B(x0,2j+2∥x−x0∥))

|f(z)− fO(B)| dµκ(z)

≤ 8Cn,κ,v∥f∥BMOd,κ
,

using similar calculations to (4.23). Hence (4.26) reduces to

|T ∗
κf2(y)− T ∗

κf2(x
′)| ≲ 8Cn,κ,v∥f∥BMOd,κ

,

and accordingly

(4.28)
1

µκ(B)
Ω2 ≲ 8Cn,κ,v∥f∥BMOd,κ

.

Finally, using (4.25) and (4.28) in (4.24), we arrive at
1

µκ(B)

�

B

|T ∗
κf(y)− c′B| dµκ(y) ≲ (C#(G)1/2 + 8Cn,κ,v)∥f∥BMOd,κ

,

proving that ∥T ∗
κf∥BMOκ ≤ C∥f∥BMOd,κ

for some constant C > 0.

5. Pointwise convergence of differential transforms. In this sec-
tion, we show the existence of the pointwise limit of TN,κf as N → (−∞,∞).
Here, we use the relationship between the weak-type inequalities and almost
everywhere convergence. Moreover, we study the growth of the maximal
Dunkl transform T ∗

κ near the origin.

Theorem 5.1. Let 1 ≤ p < ∞. Then, for any f ∈ Lp(Rn, dµκ), the limit

(5.1) lim
N=(N1,N2)→(−∞,∞)

TN,κf(x) exists for a.e. x ∈ Rn.

Proof. First, we show that (5.1) holds for f ∈ C∞
c (Rn). So, let f ∈

C∞
c (Rn) and 0 < L < M . It is sufficient to show that T(L,M),κf(x) and

T(−M,−L),κf(x) both converge to 0 as L → ∞. We have

(5.2) |T(L,M),κf(x)| ≤
�

Rn

|K(L,M),κ(x, y)| |f(y)| dµκ(y).
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Using (4.4), we get |K(L,M),κ(x, y)| ≤ cv,λ,n,κ
1

µκ(B(x,
√
aL))

≤ cv,λ,n,κ
1

a
nκ/2
L

for

all y ∈ Rn. Hence (5.2) gives

|T(L,M),κf(x)| ≤ cv,λ,n,κ
1

a
nκ/2
L

∥f∥1,κ.

Since ∥f∥1,κ < ∞ and {aj}j∈Z is an increasing sequence of positive real
numbers with aL → ∞ as L → ∞, we obtain T(L,M),κf(x) → 0 as L → ∞
for all x ∈ Rn. From the definition of T(−M,−L),κ, we have

T(−M,−L),κf(x) =
−L∑

j=−M

vj(e
aj+1∆κf(x)− eaj∆κf(x))

=
−L∑

j=−M

vj [(e
aj+1∆κf(x)− f(x))− (eaj∆κf(x)− f(x))].

Hence,

(5.3) |T(−M,−L),κf(x)|

≤ ∥{vj}j∈Z∥ℓ∞(Z)

−L∑
j=−M

(
|eaj+1∆κf(x)− f(x)|+ |eaj∆κf(x)− f(x)|

)
.

For any f ∈ C∞
c (Rn), we know that ∥et∆κf − f∥L∞(Rn) → 0 as t → 0 (see

Theorem 2.1(iii)). So, there exists Lj > 0 such that |eaj∆κf(x)− f(x)| ≤ 2j

whenever j ≤ −Lj . Consider L′
j := max {Lj , Lj+1}. Then (5.3) gives

|T(−M,−L′
j),κ

f(x)|

≤ ∥{vj}j∈Z∥ℓ∞(Z)

−L′
j∑

j=−M

(2j+1 + 2j) ≤ 2∥{vj}j∈Z∥ℓ∞(Z)

−L′
j∑

j=−M

2j+1

= 4∥{vj}j∈Z∥ℓ∞(Z)

M∑
j=L′

j

1

2j
→ 0 as L′

j → ∞.

For 1 ≤ p < ∞, let Ωp := {f ∈ Lp(Rn, dµκ) : limN=(N1,N2)→(−∞,∞) TN,κf(x)
exists for a.e. x ∈ Rn}. Clearly C∞

c (Rn) ⊂ Ωp. Since T ∗
κ is weak type (p, p),

the set Ωp is closed in Lp(Rn, dµκ). Therefore, we arrive at Ωp = Lp(Rn, dµκ)
for all 1 ≤ p < ∞, proving our result.

Now we analyze the growth of T ∗
κ near the origin. Unlike the classical

case, it turns out that the growth is not of the same order as that of T ∗.

Theorem 5.2. Let 1 < p < ∞, {vj}j∈Z ∈ ℓp(Z), and {aj}j∈Z be an
increasing sequence of positive real numbers. Let B = B(0, 1) ⊂ Rn and
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Bs = B(0, s) ⊂ Rn for s > 0. Then for any f ∈ L∞(Rn) with supp f ⊂ B
and any Br ⊂ B with 2r < 1, we have

1

µκ(Br)

�

Br

|T ∗
κf(x)| dµκ(x) ≲

1

rdκ/q
∥f∥L∞(Rd),

where 1
p + 1

q = 1.

Proof. We set f = fχO(B2r) + fχO(B)\O(B2r) =: f1 + f2, where 2r < 1.
Then, by the Cauchy–Schwarz inequality and Theorem 4.2, we get

(5.4)
1

µκ(Br)

�

Br

|T ∗
κf1(x)| dµκ(x) ≤

(
1

µκ(Br)

�

Br

|T ∗
κf1(x)|2 dµκ(x)

)1/2

=
1

µκ(Br)1/2
∥T ∗

κf1∥L2(Rd,dµκ) ≤
C

µκ(Br)1/2
∥f1∥L2(Rd,dµκ)

=
C

µκ(Br)1/2

( �

O(B2r)

|f(x)|2 dµκ(x)
)1/2

≤ C

(
µκ(O(B2r))

µκ(Br)

)1/2

∥f∥L∞(Rn)

≤ C#(G)1/2
(
µκ(B2r)

µκ(Br)

)1/2

∥f∥L∞(Rn) ≤ Cα2nκ/2#(G)1/2∥f∥L∞(Rn).

For x ∈ Rn,

(5.5) |TN,κf2(x)| ≤
N2∑

j=N1

|vj | |eaj+1∆κf2(x)− eaj∆κf2(x)|

≤ ∥{vj}j∈Z∥ℓp(Z)
( N2∑

j=N1

|eaj+1∆κf2(x)− eaj∆κf2(x)|q
)1/q

,

by applying the Cauchy–Schwarz inequality. Then

(5.6) |eaj+1∆κf2(x)− eaj∆κf2(x)|q

=
∣∣∣ �

Rn

(
haj+1(x, y)− haj (x, y)

)
f2(y) dµκ(y)

∣∣∣q
≤

( �

Rn

(
|haj+1(x, y)− haj (x, y)|1/p

)
×
(
|haj+1(x, y)− haj (x, y)|1/q|f2(y)|

)
dµκ(y)

)q

≤
( �

Rn

|haj+1(x, y)− haj (x, y)| dµκ(y)
)q/p

×
�

Rn

|haj+1(x, y)− haj (x, y)| |f2(y)|q dµκ(y).
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But, from (3.9), we have
�

Rn

|haj+1(x, y)− haj (x, y)| dµκ(y) ≤ 2M.

Hence, (5.6) becomes

(5.7) |eaj+1∆κf2(x)− eaj∆κf2(x)|q

≤ (2M)q/p
�

Rn

|haj+1(x, y)− haj (x, y)| |f2(y)|q dµκ(y).

Using (5.7) in (5.5), we get

(5.8) |TN,κf2(x)|

≤ (2M)1/p∥{vj}j∈Z∥ℓp(Z)
( �

Rn

( N2∑
j=N1

|haj+1(x, y)− haj (x, y)|
)

× |f2(y)|q dµκ(y)
)1/q

≲ (2M)1/p∥{vj}j∈Z∥ℓp(Z)
( �

Rn

1

µκ(B(x, d(x, y)))

d(x, y)

∥x− y∥
|f2(y)|q dµκ(y)

)1/q

≤ (2M)1/p∥{vj}j∈Z∥ℓp(Z)
( �

Rn

1

µκ(B(x, d(x, y)))
|f2(y)|q dµκ(y)

)1/q

≤ (2M)1/p∥{vj}j∈Z∥ℓp(Z)∥f∥L∞(Rn)

×
( �

O(B)\O(B2r)

1

µκ(B(x, d(x, y)))
dµκ(y)

)1/q

,

by applying (3.5). Now, for x ∈ Br and y ∈ O(B) \ O(B2r), we have r ≤
d(x, y) ≤ 3

2 . Thus, (5.8) gives

|TN,κf2(x)| ≤ (2M)1/p∥{vj}j∈Z∥ℓp(Z)∥f∥L∞(Rn)

×
( �

O(B)

1

µκ(B(x, r))
dµκ(y)

)1/q

≤ (2M)1/p∥{vj}j∈Z∥ℓp(Z)∥f∥L∞(Rn)

(
µκ(O(B))

µκ(B(x, r))

)1/q

.

Since r < 1
2 and x ∈ Br, we have B(x, r) ⊂ B. So µκ(O(B))

µκ(B(x,r)) ≤
#(G)
rnκ . Hence,

we obtain

|TN,κf2(x)| ≤ (2M)1/p∥{vj}j∈Z∥ℓp(Z)∥f∥L∞(Rn)

(
#(G)

rnκ

)1/q

.
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Hence,

1

µκ(Br)

�

Br

|TN,κf2(x)| dµκ(x)≤ (2M)1/p∥{vj}j∈Z∥ℓp(Z)∥f∥L∞(Rn)

(
#(G)

rnκ

)1/q

Now, from the definition of the operator T ∗
κ , we get

(5.9)
1

µκ(Br)

�

Br

|T ∗
κf2(x)| dµκ(x)

≤ (2M)1/p∥{vj}j∈Z∥ℓp(Z)∥f∥L∞(Rn)

(
#(G)

rnκ

)1/q

.

Combining (5.4) and (5.9), we arrive at

1

µκ(Br)

�

Br

|T ∗
κf(x)| dµκ(x)

≤
(
C2nκ/2#(G)1/2 + (2M)1/p∥{vj}j∈Z∥ℓp(Z)

(
#(G)

rnκ

)1/q)
∥f∥L∞(Rn)

≤ (2M)1/p∥{vj}j∈Z∥ℓp(Z)
(
#(G)

rnκ

)1/q

∥f∥L∞(Rn) ≲
1

rnκ/q
∥f∥L∞(Rn).

For n = 1, (2.8) can be rewritten as

et∆κf(x) =
�

R

ht(x, y)f(y)y
2κ(1) dy, x ∈ R.

Using ht(0, y) =
1

(2t)(1+2κ(1))/2 e
− y2

4t in the above equation, we get

(5.10) et∆κf(0) =
1

(2t)(1+2κ(1))/2

�

R

y2κ(1)e−
y2

4t f(y) dy.

Now, applying a change of variable, we get
∞�

0

y2κ(1)e−y2/4 dy = 22κ(1)Γ (κ(1) + 1/2) =: A.

In other words, we have

(5.11)
1

A

∞�

0

y2κ(1)e−y2/4 dy = 1.

Now we prove the following lemma.

Lemma 5.3. Assume that η ∈ (0, 1/2).

(i) There exists ϵ > 0 satisfying

(5.12)
1

Aϵ1+2κ(1)

1�

0

y2κ(1)e−
y2

4ϵ2 dy =
1

2
+ η.
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(ii) There exists ϵ > 0 as in (5.12) and a > 1, large enough, such that

(5.13)
η + 1

2
≤ 1

Aϵ1+2κ(1)

1�

1/a

y2κ(1)e−
y2

4ϵ2 dy.

Proof. From (5.11), we can choose α > 0 such that

1

A

α�

0

y2κ(1)e−y2/4 dy =
1

2
+ η.

Making the change of variable y = αz, we get

α1+2κ(1)

A

1�

0

y2κ(1)e−α2y2/4 dy =
1

2
+ η.

Considering α = 1/ϵ, we obtain (5.12). This proves (i). For (ii), we start
with a > 1. We can rewrite (5.12) as

(5.14)
1

Aϵ1+2κ(1)

[1/a�
0

y2κ(1)e−
y2

4ϵ2 dy +

1�

1/a

y2κ(1)e−
y2

4ϵ2 dy
]
=

η + 1

2
+

η

2

We can choose a very large in such a way that

(5.15)
1

Aϵ1+2κ(1)

1/a�

0

y2κ(1)e−
y2

4ϵ2 dy ≤ η

2
.

Hence (5.14) gives

1

Aϵ1+2κ(1)

1�

1/a

y2κ(1)e−
y2

4ϵ2 dy ≥ η + 1

2
,

proving (5.13).

The following example shows that for some f ∈ L∞(R), T ∗
κf(x) is infinite

for all x ∈ R.

Example 5.4. Let a > 1 and ϵ > 0 be as in Lemma 5.3. Consider the
function (see [CT21, Proposition 2.6])

f(x) =
∑
j∈Z

(−1)j+1χ(aj ,aj+1](x).

Then f ∈ L∞(R). We choose the lacunary sequence {aj}j∈Z with aj := ϵ2a2j .
From (5.10), we obtain

eaj∆κf(0) =
1

2(1+2κ(1))/2(ϵaj)1+2κ(1)

�

R

y2κ(1)e
− y2

4ϵ2a2j f(y) dy.
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Making a change of variable, we can show that

eaj∆κf(0) =
1

2(1+2κ(1))/2ϵ1+2κ(1)

�

R

y2κ(1)e−
y2

4ϵ2 f(ajy) dy

=
(−1)j

2(1+2κ(1))/2ϵ1+2κ(1)

∞�

0

y2κ(1)e−
y2

4ϵ2 f(y) dy,

using f(ajy) = (−1)jf(y). But, applying f ≥ −1, we have

(5.16)
∞�

0

y2κ(1)e−
y2

4ϵ2 f(y) dy

=

1�

1/a

y2κ(1)e−
y2

4ϵ2 f(y) dy +
[1/a�

0

y2κ(1)e−
y2

4ϵ2 f(y) dy +

∞�

1

y2κ(1)e−
y2

4ϵ2 f(y) dy
]

≥
1�

1/a

y2κ(1)e−
y2

4ϵ2 dy −
[1/a�

0

y2κ(1)e−
y2

4ϵ2 dy +

∞�

1

y2κ(1)e−
y2

4ϵ2 dy
]
.

Using a change of variable in (5.11), we have

1

Aϵ1+2κ(1)

∞�

0

y2κ(1)e−
y2

4ϵ2 dy = 1.

This gives

(5.17)
1

Aϵ1+2κ(1)

∞�

1

y2κ(1)e−
y2

4ϵ2 dy = 1− 1

Aϵ1+2κ(1)

1�

0

y2κ(1)e−
y2

4ϵ2 dy

= 1−
(
1

2
+ η

)
=

1

2
− η.

Now, employing (5.13), (5.15), and (5.17) in (5.16), we obtain

(5.18)
1

Aϵ1+2κ(1)

∞�

0

y2κ(1)e−
y2

4ϵ2 f(y) dy ≥
[
η + 1

2
−
(
η

2
+

1

2
− η

)]
= η.

For j ∈ Z, we have

eaj∆κf(x) =
�

R

y2κ(1)haj (x, y)f(y) dy

=
�

R

y2κ(1)

(2aj)
1+2κ(1)

2

Eκ

(
x√
2aj

,
y√
2aj

)
e
− 1

4aj
(x2+y2)

f(y) dy

=
�

R

y2κ(1)

2
1+2κ(1)

2 (ϵaj)1+2κ(1)
Eκ

(
x√
2ϵaj

,
y√
2ϵaj

)
e
− 1

4ϵ2a2j
(x2+y2)

f(y) dy.
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Making the change of variable y = ajz, we arrive at

eaj∆κf(x) =
�

R

z2κ(1)

2
1+2κ(1)

2 ϵ1+2κ(1)
Eκ

(
x√
2ϵaj

,
z√
2ϵ

)
e
− 1

4ϵ2a2j
(x2+a2jz2)

f(ajz) dz

=
�

R

(−1)jz2κ(1)

2
1+2κ(1)

2 ϵ1+2κ(1)
Eκ

(
x√
2ϵaj

,
z√
2ϵ

)
e
− 1

4ϵ2a2j
(x2+a2jz2)

f(z) dz.

Hence,

(5.19) eaj+1∆κf(x)− eaj∆κf(x)

=
(−1)j+1

2
1+2κ(1)

2 ϵ1+2κ(1)

( �

R

z2κ(1)Eκ

(
x√

2ϵaj+1
,

z√
2ϵ

)
× e

− 1

4ϵ2a2(j+1)
(x2+a2(j+1)z2)

f(z) dz

+
�

R

z2κ(1)Eκ

(
x√
2ϵaj

,
z√
2ϵ

)
e
− 1

4ϵ2a2j
(x2+a2jz2)

f(z) dz

)
=:

(−1)j+1

2
1+2κ(1)

2 ϵ1+2κ(1)
(Ij+1(x) + Ij(x)).

Using the dominated convergence theorem, we get

lim
h→0

�

R

z2κ(1)Eκ

(
h√
2ϵ

,
z√
2ϵ

)
e−

h2+z2

4ϵ2 f(z) dz =

∞�

0

z2κ(1)e−
z2

4ϵ2 f(z) dz

≥ Aηϵ1+2κ(1),

by applying (5.18). Hence, we can find δ ∈ (0, 1) such that for |h| < δ we
have �

R

z2κ(1)Eκ

(
h√
2ϵ

,
z√
2ϵ

)
e−

h2+z2

4ϵ2 f(z) dz ≥ 1

2
Aηϵ1+2κ(1).

Thus, there are infinitely many j ∈ Z such that for |x/aj | < δ we have
Ij+1(x) + Ij(x) ≥ Aηϵ1+2κ(1). Now choosing vj = (−1)j+1, from (5.19) we
have

T ∗
κf(x) ≥

∑
|x/aj |<δ

(−1)j+1(eaj+1∆κf(x)− eaj∆κf(x))

≥
∑

|x/aj |<δ

1

2
1+2κ(1)

2 ϵ1+2κ(1)
Aηϵ1+2κ(1) =

∑
|x/aj |<δ

Aη

2
1+2κ(1)

2

= ∞.
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