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Boundedness of differential transforms
for Dunkl heat semigroups
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SANTI RANJAN DASs, RAMESH MANNA and SANJAY PARUI

Abstract. We study the boundedness and the convergence of the differential trans-

form
N3

Twf(@) = Y vj(e 12 f(z) — "% f(x))

Jj=N1

associated with the Dunkl heat semigroup {e'“* f};~0. Here {v;};cz is a bounded se-
quence, {a;} ez is an increasing sequence of positive real numbers , and N = (N1, N2) C
72 with N1 < N. We prove a Cotlar-type inequality for the differential maximal operator

T.f = sup TN f ()]
N=(N1,N2)€z?
N1 <Na2

Using this, we obtain the boundedness of T, on weighted LP spaces for 1 < p < oo.
Moreover, we establish the boundedness of T on the spaces of bounded mean oscillations
in Dunkl settings. Finally, as an application, we show the pointwise convergence of T . f
as N — (—o0,00) for f € LP(R",dux), 1 < p < o0.

1. Introduction. Dunkl theory is a mathematical framework that gen-
eralizes the classical Fourier analysis to the settings with additional sym-
metries, particularly reflection. It was first introduced by Charles F. Dunkl
[D92|. The motivation behind Dunkl’s work can be traced back to the study
of root systems, a fundamental concept in Lie theory and algebraic geome-
try. Dunkl recognized the importance of incorporating reflection symmetries
associated with a root system in the framework of Fourier analysis and har-
monic analysis. At the core of Dunkl theory are Dunkl operators, which
are differential-difference operators associated with finite reflection groups.
These operators play a fundamental role in Dunkl theory, much like ordinary
derivatives in classical analysis. There has been a proliferation of research
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in Dunkl theory, with mathematicians exploring its theoretical foundations.
This theory has wide applications in diverse areas such as quantum mechan-
ics, probability theory, statistical mechanics, and representation theory.
Consider the Euclidean space R™ with the usual inner product (-,-). Let
0 # A € R™. The reflection of z € R™ with respect to the hyperplane A* is
defined by
(z,A)
RV
Let R C R™\ {0} be finite. Then R is said to be a root system if

(i) RNRA = {+A}, VA€ R,
(ii) oA(R) = R, VA € R.

ox(z) =z -2 A

The reflection group associated with the root system R is the finite group
G C O(n) generated by the orthogonal matrices {0y : A € R}, O(n) being
the set of all nxn real orthogonal matrices. A multiplicity function associated
to the root system R is a function x : R — Rxq satisfying x(u) = k(v)
whenever o, is conjugate to o,. Let {e¢; : i =1,...,n} be the standard unit
vectors in R™. The Dunkl operator connected with the root system R and
the multiplicity function x is given by

(z) — floa(2))
T R™.
£f( + Z <)\7 .%'> ) § €
AER
We note that if k(A\) = 0 for A € R, then T is the classical directional
differential operator 8% For z € R", consider the initial value problem

Tgf: <€7x>fa SERTL,
o) =1.

The unique solution y — E,(z,y) of is known as the Dunkl kernel. The
Dunkl kernel E,(x,y) can be extended uniquely to a holomorphic function
on C" x C™. One can view E(z,y) as a generalization of the exponential
function ¥, The function E, has several interesting properties:

(i) Ej is symmetric: Ex(z,y) = Ex(y,x), Va,y € C".
(i) |Ex(iz,y)| <1, Vz,y € R™ and E.(0,y) =1, Vy € C".
(iii) Ex(Az,y) = Ex(z,\y), YA € C, Va,y € C™.
(iv) Ex(o(z),0(y)) = Ex(z,y), Vo € G, Yo,y € C".
The Dunkl Laplacian associated with R and « is defined by A, = 2?21 Tj27
where T; = T,;. We have (see |[D92])

A f (@) +> wla

a€ER

(1.1)
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where

o) = Pad@) 1) = (oa(x)

(o, ) (o, )

and Au = Y70, % is the Euclidean Laplacian operator. Let {v;};cz be
J

a bounded sequence and {a;};cz be an increasing sequence of positive real
numbers. For N = (Ny, Np) € Z2 with N; < Ny, we define

No
(1.2) Tnef(@) =Y vt % f(x) — %% f(x))
Jj=N1
and
(1.3) Tif(x)=  sup  |[Tnnxf()l
N=(N1,N2)€Z?

N1<N2

In this paper, we study the boundedness of T, and 7T); on weighted L”
spaces and the BMO spaces induced by the Dunkl metric. Here, the operator
Ty, arises from the Dunkl heat semigroup {e*?* f};~q.

In classical case, the theory of the heat semigroup arises in the study of
partial differential equations, specifically in the context of parabolic equa-
tions. The parabolic partial differential equations describe phenomena that
evolve over time, such as heat diffusion. The heat equation is a classical
example of a parabolic partial differential equation given by

(o3 eoew o
u(z,0) = f(z),

where u represents the heat distribution, and ¢ is time. The heat semigroup
associated with the heat equation is expressed as

1 [EE
u(x,t) = €' f(x) == W]Rﬂn  f(y)dy.
The study of heat semigroups is important in understanding the qualitative
behavior of the solution to the heat equation, including smoothing effects,
regularity, convergence of numerical methods, and so on. These concepts are
widely applied in various fields, such as mathematical analysis, numerical
analysis, the theory of PDEs, etc. One of the interesting properties of the
one-parameter family {e*?f};~o is that e!2f converges to f as t — 0F
uniformly for f € C°(R™). However, the modes of convergence depend on
the function f. An easy way of exploring the convergence of the semigroup
is by analyzing the convergence of the differential-type transform

> (et A f(z) — e f(x)).

JEZ
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In [JRO2|, Jones et al. first considered the above transform in order
to study the rate of convergence of an ergodic averaging operator in the
framework of a measure-preserving dynamical system. Let (X, B,\,T) be a
measure-preserving dynamical system and Ay f(x) = 1 an Ly (T Jx) the
corresponding ergodic averaging operator. It is well known that Agf con-
verges to Prf in LP(X,B,\), for 1 < p < oo, where Pp : LP(X,B,\) —
LP(X, Fp, ) is a projection, Fr being the o-algebra of T-invariant sets in 5.
However, there is no assertion about the convergence speed of Ay f. For cer-

2loglog k
=5 as k — oo

tain f, the averaging operator Ay f is asymptotic to
In other words,

y Arf
im sup

k—00 2loglog k
V k

On the other hand, for a null sequence {ay} of positive real numbers, there
. . . . . . A
exists a continuous function f with integral 0 such that limsup;_,., aikf
= 00. In this connection, we refer to the works of Krengel and Petersen [K85|
P83|. In the spirit of the rate of convergence, Jones et al. [JR0O2| considered

the differential transform

Zvj(Ajf(m) —Aj_1f(x))

JEZ

=1 forae A€ X.

and obtained the convergence results in LP(X, \) spaces. In [BLT06], these
results were extended to BMO spaces and weighted LP spaces.

Now, coming back to the case of the heat semigroup, recently Zhao and
Torrea |[CT21| analyzed the convergence of the differential transforms

Yo vt A f(z) — e f(z)) and Y wiemHEf(a) — e 9E f(x)),
JEL JEL
where £ denotes the Schriodinger operator in R™. For this purpose, they
studied the partial sums
Ny
Tnf(w) = vj(e"+ 2 f(z) — %2 f(x),
Jj=N1
No
TRf(w) = ) vile” 05 f(x) — e f(2)),
Jj=N1
where N = (N1, No) € Z? with N; < Nj. They obtained the bounded-
ness of Ty, Tf,, and the corresponding maximal operators T* and T%% in
weighted LP(R™) and BMO spaces. Using these results, they were able to
show the pointwise convergence of T f(x) as (N7, N2) — (—00,00) for f in
weighted LP spaces. Furthermore, the growth of T was obtained near the ori-

(1.4)
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gin. In |Z21], Zhao established the analogous results for the heat semigroup
{etA2 }4>0 of the biharmonic operator A%, In accomplishing these results,
Calderéon—Zygmund theory and Cotlar-type inequality played a crucial role.

Calder6n—Zygmund theory has significant applications in harmonic anal-
ysis, partial differential equations, potential theory, and signal processing.
Here, we recall some basics of the theory. A bounded linear operator T :
S(R™) — S'(R™) defined by

Tf(z)= | K(z.9)f(y)dy, =« ¢suppf, f€C(RY),
Rn

is said to be a Calderdn—Zygmund operator if [|T¢||2@ny < C| ¢l L2y, for
any ¢ € S(R"), and the kernel K (x,y), which is defined on R?" \ {(z,z) :
x € R"}, satisfies the following conditions:

(i) There exists A > 0 such that

K(z,y)| < .
|K(z,y)| FRE

(ii) There exists § > 0 such that

7
— 1
|K(z,y) — K(2',y)| < Am whenever |z — 2’| < i\x -y
and
/|6
— 1
K (z,y) — K(z,Y)] SAM; whenever [y —y'| < §|$*y|-

The Calderén-Zygmund operator 7' has a unique extension on L?(R"). We
have the following well-known theorem.

THEOREM 1.1 (|G09, Theorem 4.2.2]). Let T : S(R") — S'(R™) be a
Calderon—Zygmund operator with kernel K. Then the following hold:

(i) For1<p < oo, we have [|Tf| rrwr)y < Cpullfllzemny-
(ii) For p =1, we have |Tf|1,00mny < CullfllL1@ny- In other words,

n{z € R" : [Tf(x)] > n}| < Cl[fllprwny  for any n = 0.

For further study of Calderén—Zygmund theory and Cotlar’s inequality
on R™, we refer to the books |G09, DO1|. In this direction, the notion of
Calderéon—Zygmund operator in the Dunkl setting has been introduced by
Tan et al. [THJ22, THL23|. The associated kernel involves the Euclidean met-
ric and the Dunkl metric. Recently, Almeida et al. JAB™24] have studied the
variational operator associated to {t"d/"e!“#};~¢ in the Dunkl setting. Dzi-
ubariski et al. [DH23| have provided a considerable collection of singular in-
tegral operators of convolution type, whose kernels are the Dunkl-Calderén—
Zygmund kernels. Dunkl theory is mainly based on the Dunkl transform (see
below). It is a generalization of the classical Fourier transform. Since
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the Dunkl transform enjoys properties similar to the classical Fourier trans-
form, for the past few decades, Dunkl theory has become an enormous topic
of interest for mathematicians from various fields such as harmonic analysis,
quantum theory, probability theory, representation theory, and others.

This paper mainly focuses on the convergence issues for the differen-
tial transform in Dunkl settings. We study the differential operators Ty .
and T}, which are analogous to the Euclidean differential operators T and
T™ respectively. We show that the T, are Dunkl-Calderén-Zygmund op-
erators. To do this, we need to carefully analyze the Dunkl heat kernel.
Using the Dunkl-Calderén-Zygmund theorem, we obtain the weighted LP-
boundedness for 1 < p < oo and the weak-type (1,1) boundedness of these
operators. Moreover, we show that T ;’s are bounded from BMOy ., (R™) into
BMO,, (see and for the definitions). However, the boundedness of
Ty, on BMO, and BMOg, remains an open problem; see Remark for
further discussion. We prove a Cotlar-type inequality in connection with the
maximal operator 7. This helps us to obtain the weighted LP-boundedness
for 1 < p < oo and the weak-type (1,1) boundedness of T}. Furthermore,
we show the boundedness of T}, from BMOg, into BMO,. We investigate
the growth of 7' near the origin. The growth is different from that of the
classical maximal differential operator. We construct a function f € L>(R)
for which the maximal operator 7}; f becomes unbounded on R. Remarkably,
the same example remains valid not only in the Dunkl framework but also
in the classical case corresponding to k(1) = 0. Moreover, our approach sim-
plifies the argument presented in |[CT21, Proposition 2.6|, thereby offering
an alternative and more transparent proof of the classical result.

The paper is organized as follows. In Section |2, we provide the essential
background required for the remainder of this article. In Section [3] we in-
vestigate the boundedness of the differential transform Ty ., on weighted LP
spaces. We show that Ty ,, is bounded from BMOy ,; into BMOy,. In Section@
we prove the Cotlar-type inequality for T, and obtain the boundedness of
the maximal differential operator 7. Finally, in Section we show the con-
vergence of T . f as N — (—o0,00) for f € LP(R"™, dj).

2. Preliminaries. Let R C R™\ {0} be a root system and G C O(n) be
the corresponding finite reflection group. The orbit of z € R™ with respect
to G is Og(z) := {o(z) : ¢ € G} C R™. Once the underlying reflection
group G is understood, we will denote the orbit of = simply as O(zx). Since
these orbits may contain more than one element, they induce the so-called
Dunkl metric. For z,y € R™, the distance between the orbits O(x) and O(y),
denoted by d(z,y), is defined by d(x,y) = min{||z —o(y)| : ¢ € G}. This d
is called the Dunkl metric. The orbit of a set ) C R™ is defined by

0Q) ={ox):0eG zcQ}=|]o(Q).

ceG
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Let x be the multiplicity function associated to the root system R and con-
sider the G-invariant homogeneous weight function

= H [z, A",z e R™
AER

Then the associated measure is defined by du () = cxwy(x)dx, where

.t = S 6_||$H2/2w,{(m) dzx.
Rn

Since wy is G-invariant, the measure p, is also G-invariant. In particular,
MH(U(Q)) = IUH(Q)7 \vlo- € Ga VQ C Rn'

Moreover, p(Q) < ux(O(Q)) < #(G)uk(Q), where #(G) denotes the car-
dinality of GG. Here, we note that the measure u, is G-invariant while the

Lebesgue measure on R" is translation invariant. Let B(z,r) denote the
Euclidean ball with center at € R™ and radius r > 0. Then

i (B(z,7) N’I“H (2, A)] 4 1)~
AER

Here, unlike the Lebesgue measure, p,(B(x,r)) depends on the center x € R™.
This property of u,, makes the Dunkl setting a particular case of a homogene-
ous-type space. Using the Dunkl metric d(z, y), one can rewrite O(B(x,r)) =
{y € R" : d(z,y) < r}. The triple (R™, || - ||, 1x) is a space of homogeneous
type satisfying the doubling condition pu.(B(z,2r)) < cug(B(x,r)) for some
constant ¢ > 0. Here || - || denotes the Euclidean norm on R™. Moreover,

whenever B(z1,r1) C B(w2,12). Here n, := n + > g K(A) is called the
homogeneous dimension. For z,y € R™ and t > 0, define V(z,y,t) :=

max { i (B(z, 1)), i (B(y, 1)) }-
The BMO space in the Dunkl setting is defined by

(2.2)  BMO(R") :=

1 n . _ 1 _
{reriE ) 1lovo, = s §10) = ol dunts) < x}.
Q aball
where
fo = —— | £(x) dyun(a).
1 (Q)

Q
Here, @ is a Euclidean ball. Using the Dunkl metric d(z,y), we have the
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following BMO space:

(2.3)  BMOy.(R") := {f € LY(R™, du)

1
Ills0,, = sup 5 O(SQ) /(@) = fol dpn(z) < OO}-
Q aball

One can easily show that L*°(R") € BMOg,(R™) € BMO,(R"™) and the
inclusions are strict. A function f € BMO,(R™) belongs to BMOg .. (R") if
f is G-invariant. In general, BMOg ,(R") # BMO(R"). In this regard, we
refer to [JL.23|.

The Dunkl transform of f € L*(R™, dpu,) is defined by

(2.4) (Fef)(€) = | f(2)En(—i&, ) dpy().
o

It can be shown that F,f € Co(R™) whenever f € L'(R", du,). The Dunkl
transform F,; leaves the Schwartz space S(R™) invariant. Like the classical
Fourier transform, the Dunkl transform F is an isometry on L?(R", du,).
For f,F.f € L*(R" du,), the inversion formula f(x) = (F2f)(—x) holds.
For x € R", the Dunkl translation operator 7, : L?(R"™, dyu,) — L*(R", dpi)
is defined by F,(T.f)(€) = Ex(z,i&)F.f(€) for f € L*(R",du,). Using the
properties of the Dunkl kernel E, and the isometry of the Dunkl transform,
one can show that |7z f|lr2me.au.) < Ifll2@e du, for f € L2(R™, duy).
Assuming f, Frf € L'(R", dpu,), we have the pointwise equality

Tof (W) = | Ex(iz, ) Ex(iy, ) Fuf (€) dun(), y€R™

RTL
A function f: R™ — C is said to be radial if there exists fp : [0,00) — C
satisfying f(z) = fo(||z||) for # € RY. Then, for 1 < p < oo, LP (R",dpu,)

rad

is defined to be the set of all radial functions f € LP(R",dpu,). It has been
proved in [TX05, GIT19| that

(2.5) 1T oy < 112, @ )

for 1 < p < co. The Dunkl convolution of f,g € L*(R™, dpu,) is defined by
Feg@) =\ FW)Teg(~y) dpe(y).
Rn

Taking the Dunkl transform of the Dunkl-Laplace operator, one can show
that

(2.6) FulAxf)(©) = —IIEI*Fif (£,
where A, denotes the Dunkl-Laplace operator. Consider the Dunkl heat
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equation
27) % = Agu(x,t) on R"™ x (0,00),

u(z,0) = f(x).
For z,y € R™ and t > 0, the Dunkl heat kernel hy(x,y) is defined by

1 T Y A2 2
h Z, = ;$h — = o E,.g , e 4t(HCC|| +Hy” )’
(@y) «(=y) (2t)2 (\/ﬁ @)

where h; is the radial function defined by
by (2) 1= h([Jal]) = (26) 7"/ 21700,
Then, for any f € S(R™), the function u(z,t) = *?= f(z) solves (2.7)), where

(2.8) ' f(x) =\ hi(w,y) f(y) dpn(y) = [ ().
Rn

We have the following results in connection with the above solution.

THEOREM 2.1 (|R98, Theorem 4.7]). Let f € S(R™). Then the following
hold:

(i) For anyt >0, e~ f € S(R™).
(ii) For anyt,s >0, elT9)Ax f — otAnesan £
(iii) [le"% f — fllzoo(mn) converges to 0 ast— 0.

By explicit computation, one can show that
(2.9) Fehy(&) =e I >0 ¢ eRr
Now, we record a few fundamental properties of the Dunkl heat kernel h;.

(i) There exist ¢,C' > 0 such that for all z,y € R", ¢t > 0 and m € Ny =
NuU {0},

nlile.)| < Vi) e

otm tm

(ii) There exist ¢,C' > 0 such that for all z,y,4/ € R™ and ¢ > 0 with
ly —v'|| < Vt, and all m € N,

(2.10)

am am C ly—v'|l 1 2
2.11) |=—h — ()| < - 1) lemed@y)/t,
( ) '8157" t(xay) oM t(l:,y) = m \/Z V(:c,y,\[) e
For a detailed study of the Dunkl heat kernel h;, we refer to [ADH19,R9S|.
We know that the triple (R™, || - ||, us) is a space of homogeneous type.
For 1 < p < oo, we say that a weight function w belongs to the Dunki-
Muckenhoupt class Ap o(R™, || - ||, ps) if

L w(x T L w(z) 7 T " 0
iy Ve ) (G § o) ) <o

[W]Ap,n ‘= sup (
BCR™
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where the supremum is taken over all Euclidean balls B C R™ and p’ denotes

the conjugate exponent of p. For p = 1, a weight function w belongs to the
Dunkl-Muckenhoupt class Ay ,.(R™, || - ||, p) if

1 ~1
wla, . = sup | ——= \w(z)d x)(inf wx) .
s = g (ot St o)) (o, o0
For p = oo, the Dunkl-Muckenhoupt class Aso x(R™, || - ||, ) is defined by
Ao = U1§p <00 Ap,- For further details on A, weights on homogeneous
type spaces, we refer to [ST89,/GL™14].
Let T : S(R™) — (S(R™))’ be a linear operator which is explicitly repre-
sented as
(212) Tf(x) = § K(@.9)f ) dus(y),
R
for f € C.(R™) and x ¢ supp f, where the kernel K is defined outside of
the set {(z,y) € R?*® : 2 = o(y) for some o0 € G}. Then T is said to be
a Dunkl-Calderén-Zygmund operator if it can be extended to a bounded
linear operator on L?(R",dy,) and for some 0 < € < 1 the kernel K(z,v)
satisfies

213) K@) S g ()
' Y k(B d(z, )\l =yl
1 Hyy’||>6 G
S for ly — 'l < :
p(B(z, d(z,y))) <HZE—yH 2
(2.15) |K(2,y) — K(z',y)|
1 — 2|\ d
. (Lm1Y gy < 500
pi(B(z, d(z,y))) \ [lz = yll 2
The size condition (2.13)) ensures that the integral (2.12)) is absolutely con-
vergent for a.e. x € R™.
Let ¥, be a multiplier operator with multiplier m € L% (R"). In other

words, assume that Fy (¥ f)(§) = m(&)Fi.f(£). Dziubanski et al. [DH23|
provided a sufficient condition for ¥,, to be a Calderon—Zygmund operator.

THEOREM 2.2 (|DH23| Corollary 4.9]). Let ¥, be the multiplier integral
operator given by Fr(Ym f)(€) = m(&)Fi f(€) and K (x,y) be the correspond-

ing kernel. Then K(x,y) satisfies (2.13)—(2.15)) if the following conditions
hold:

(i) m € C™(R™\{0}), where n,, is the smallest integer satisfying n, > n,.
(ii) For all B € Ny with |B| < n,, there exists Cg > 0 such that

o)< g

(2.16) e ve € R™\ {0}.

~ llelier
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Recently, Mukherjee et al. [MP25| have studied the boundedness of multi-
linear Calder6n—Zygmund operator and proved their weighted boundedness.
Here we state their result in the linear case.

THEOREM 2.3 (|MP25, Theorem 5.3]). Let T be a Dunkl-Calderon—
Zygmund operator and let w € A, be G-invariant for some 1 < p < oo.
Then T is bounded on LP(R™,wdpu,) if 1 < p < co. Moreover, for p =1, the
operator T is bounded from L*(R™, wdp,) into LY (R™, wdp).

3. Boundedness of differential operators. Let T . be the operator
defined as in ([1.2)). First, we shall show that the operator Ty is an integral
operator with some kernel Ky .(x,y). Using (2.8)) in (1.2)), we get

N2
(3.1)  Tnuf(x)= ) (¥t 3 f(x) — e f(x))
-t
]N2
= > v | (hay s (2,9) = hay (2, 9)) f(y) dp ()
j=N; Rn
Ny
= | D7 vj(hayar (@,9) = ha, (2,9) £ (y) dpn(y)
R j=N,
= | Knw(z,9)f () duc(y),
Rn
where
N2
KN,n(xay) = Z vj(hag+1(xay) hag ($’y))7
J=N1
which can be rewritten as
No aj+1
(32 Knale)= 3 v | o (e, y))d
Jj=N1 a;

In the following proposition, we establish the L?-boundedness of TN -

PROPOSITION 3.1. Let {v;};cz be a bounded sequence of real numbers

and {aj}jez be an increasing sequence of positive real numbers. Let Ty,
where N = (N1, Na) € Z? with N1 < Na, be the operator defined in (1.2)).
Then there exists C' > 0, depending upon ||v|[s(z) := [[{vj}|le=(z), such that

TNk fll2n < Clifll2m

for all f € L2(R™, du,).



12 S. Ranjan Das, R. Manna and S. Parui

Proof. By the Plancherel formula for the Dunkl transform and (2.6)), we
get

Na
”TN:“fH%Q(R",dpE) — Z Uj(eaj+lA”f % mf)‘ L2 )
Jj=N1 He
N»
— . aj+145 % Ax
j=zl\:/1 U] (e f f)‘ L2 R~ d.“w)
N2 aj+1 9 A 2
=1 > | g F@ ) di
j=N1  aj L2(R™,dpur)
No aj+1 2
0
=X o | 5P m©dt] dun(s)
R? | j=N;  aj
No aj+1 2
0 . _yel2
= [ v | PR FE)dt] dpnele)
R™ ]:Nl a;
[oe} ) 9
< ol § ( §IE12e 10 at) |17 £ ()12 dpn(e)
]R” 0
= 0llfqzy | I OF () = 101721 1 22 g
Rn

proving our assertion. m

Now, we shall show that the kernel Ky, satisfies (2.13)—(2.15). This, in
turn, will lead to the fact that T . is a Dunkl-Calderén-Zygmund operator.

PROPOSITION 3.2. Let {v;};ecz be a bounded sequence of real numbers
and {aj}jez be an increasing sequence of positive real numbers. Let Ty,
where N = (N1, Ns) € Z* with N1 < Ny is defined in . Then Ty x
is a Dunkl-Calderon-Zygmund operator for each N = (N1, No) € Z? with
Ny < Ns.

Proof. We will make use of Theorem First, we shall show that each
Ty, is a multiplier operator. Using (22.8)) in (1.2, we can rewrite

No

Tnyf(r) = Z v (f *x hg, ., () = f s h,, (z))

Jj=N1

No
= Z Uj(f *K (ha]—H - haj))(x)‘

Jj=N1
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Taking the Dunkl transform on both sides, we get

N2
Fo Tnef) (&) = Z 0 Fi(f #r (Nayyy — haj))(f)
J=N1
No
= Z 'Uj]:xf(g)]:n(haj+1 - haj)(g)
Jj=N1
N2
- (Z vj(e—ailél” _ efajn&nQ));nf@
Jj=N1
=:mN,x(§)Fuf(E),
by applying . Here, m, can be rewritten as
No aj+1
(3.3) mak(€) =3 v | g(e_t”fnz)dt.
J=N1 a; t
Hence N
2 j+1 (9 )
mn (€] < [{oHleezy) Y, a(e_t”g” ) dt
J=N1 aj
< 03 e § 2 (1)
> 7S 11£>°(Z) ) ot

= [{wjHlewe(zy < oo

13

Thus, for each N, Ty, is a multiplier operator with multiplier my, €
L*>(R"™). Moreover, from the definition of my , it can be easily shown that

my, € C™(R™\ {0}). For each i € {1,...,n}, from (3.3) we have

Na Aj41

o = 199 e
‘8§imN’“(§)’ - _ZN Uj ax a1 9€, ¢ dt
J=iV1 j
N2 aj+1 9
Jj=N1 a;
Nz aj+1 2
:2‘ > gy | —tlfg)Pye el dt’.
J:Nl aj
Since [&;| < [|€]|, we get
0 o )
’%mN’“(@‘ < {vsHlezllE]] § 1+ tl€]?)e 01" at
Z 0
1+1'(2) Crw

M.
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So my . satisfies (2.16) for |3] = 1. Let 8 = (b1, .., Bn) € Nj. Then

o8 2 n 9P 2
(3.4) (e IEIN = TT =715,
PRE JH1 oe?

By explicit computation, we obtain polynomials pgj) and pg) such that

2 _

9% eit&? B (1)6] t§ 2 p (t§2) deg(pg)) _ B 17 5j € 2Np+ 1,
B, - 2 Py 2

aé-jj C(B]) tsyt ) p ( ) deg(péj)) = @], i € 2N07

where cg_), ,2’2) € R. Without loss of generality, we assume that g = (51, ...,

Bis Bit1s---,0Bn) where g; € 2Ny for j = 1,...,0l and 5; € 2Ny + 1 for
j=1,...,n Set SO = (B1,...,5) amdﬁH1 (@H,...,ﬁn). Then

(L) (1T )

j=l+1
|5(l)|/2 j .
I 201 |, 20 ) 4j
|: Z ( Z aﬁ(l)yl‘l,...,il 1 6 )ti|
1, =0
114 =]
1D | — (1) 4
oy - (4,2) 2
) UL g2 ) g
X [ Z ( Z aﬂ(l+1)»il+1,-..,in£l+1 oy )t]
j=0 i,=0
ip1teetin=j
1Bl=(n-1) ,
y ” () 2
= J i1 2in \ 4J
- ( Z gy inS1 " n")t,
i1 tin=j
(+1)] = ;1) (7,2)
using the fact that \/6’ ] + |ﬁ | \B| Here a , and a

LORR

ﬁ(l+1> 7il+17"~7in

are real coefficients. Consequently, (3.4]) gives

l ] n .
ii(e—tusnz) _ (H 0% e_tsf.)( 11 0% e—tsf)
98 G=l+1

j=1 (%f] 8&51

1Bl=(n—=1) .
2 J
JD @) JEERED e @ 2 2in) 13
CharnCpmt 7€ b1 Y dooadl &t am )t
j=0 ip=0
i1t tin =3

Iﬂlfgnfl) j
D@ el ) 2i 2\ pi+ L2ER=D
Ca(+1) Co(n © Si417+&n E E agi &)t 2,
j=0 i,=0
i1t in =)
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where 0(51(2+1) ::c(ﬁll)+1 e C(Bln) and c(;(% ::c(;l) e cg). Hence ({3.3)) gives rise to

Na ap+1
P o 0P Tk
- — 2 E ot
p=N1 ap
No \ﬁ\*;nfl) j ' ‘ |
:Cﬂflﬂ”'fn(z:vp Z ( Z afiil,...,in %“"' ZZ">
p=N1 Jj=0 =0
i1+"'+i7L J
ap+1
x (j+ﬁ|+;n_l)> A G
ap
18l=(n=1) (" D j
X 9 %
S lel 3 v, Z (X ol .8an)
p=N1 =0
i1t Fin=j apt1
[ o eer dt) :

where cg := c(ﬁlg e (628) Consequently, e
o8
‘me,n(f)’

[Bl=(n—1) .
2 J
< Iodleleal bl (3 16 (X 1o )

<j LS D) Ttﬁ'm*ém) ~1tlel? gy
0

J=0

2
18l=(n=1) .
2 2 - () (T ANLETCRNI
el D0 e ( D el l) § et e gy
=0 i,=0 0
i1 tin=j
[Bl=(n=1) .
; (N0
=H{vp}uew@)|ca|usunl( SoneE( Y 1)
j=0 1, =0
i1+ Fin=j
(5 BLEO=0) T i ey
|Bl+(n=1)
AL A
[Bl=(n=1) .
e J - 18l+(n=0)
e X 1 (Y e ) ey
j=0 ix=0 €11 2
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[B]=(n=1)

_ {wvp}Hleso(zylesl 2 J )
- pHﬁH'B' ( 2 ( > |a6{i1,...¢n|>

§=0 ix=0
i1t tin=3

y <j+!5!+;n—l)>F<j+ /3\+(n—l))

2

2 ] ' )
+ ( > ‘ag2‘17__,7in|)F<j n |5|+(2nl) . 1>>

j=0 ix=0

Cs
~Eer

for some Cg,, > 0 and all £ € R™\ {0}. Now, using Theorem 2.2} we conclude
that T, is a Dunkl-Calderén-Zygmund operator. Moreover, for 0 < € <1,
the kernel Ky , satisfies

1 d(z,y) \*
B5) nwl@ v S mem ) (Hx —yH)

(36) ‘KN,H(:B:y) - KN,m(xay/”

1 ly =91\ op - ot < Y&:9)
um(B(w,d(x,y)))<Hx—y\> for lly = vl = =5
(37> ‘KNﬁ(wvy) - KN,H(xlvy”

| e\ de)
MB(:c,d(x,y)))(ux—yH) for flr = < =5

Now the LP(R",wdu,) boundedness for 1 < p < oo and the weak-type
(1,1) boundedness of T, are direct consequences of Theorem We state
the result without any proof.

AN

AN

PROPOSITION 3.3. Let {v;}jez be a bounded sequence of real numbers and
{a;}jez be an increasing sequence of positive real numbers. Let Ty, where
N = (N1, N2) € Z2 with N1 < Na, be the operator defined in . Then
TN, is bounded on LP(R", wdp) for all G-invariant functions w € Ay,
where 1 < p < oo. Moreover, Ty, is bounded from L'(R™ wdu,) into
LY (R™, wdpy,) for all G-invariant functions w € Ay .

Now, we establish that T, is bounded from L>°(R") into BMO,(R").

THEOREM 3.4. Let {v;}jez be a bounded sequence of real numbers and
{aj}jez be an increasing sequence of positive real numbers. Let Ty .., where
N = (N1, N3) € Z? with Ny < N3, be the operator defined as in . Then
there exists a constant C > 0, depending upon N and ||{v;}||ls=(z), such that
1N xfllBMO, (R7) < Cll fll Lo () for all f € L>(R™).
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P’FOOf. Let f S LOO(R“') Then ||TN,I€fHBMO,<(R") < 2HTN,I€f”L°°(]R")'
Now, from (3.1)), we obtain

T f ()] < § 1By, )] [F ()] dpr(y)
Rn
< fllzeo@ey \ B nw(@,y)] die(y)
Rn
= || fll oo me) [ KN (@5 ) | 21 (R ) -

But
(38)  IENk(@ )l @e gy = | KNz, )| ditn(y)
Rn
Na
< Woshiezlieiz) D | § haper (@) diny) + § o (@,9) dpse(y)]-
j=N1 R~ Rn
Using (2.10)), we get
Cl - ‘c d(w’y)Q
3.9 hajo (2, 9)dps(y) <\ e dpu(y
(3.9) RSH| o ()] i () Qﬂ(%y,m) iw(y)
1 < d(x.y)?
<c | e i o) duk(y) < e1M,

1 (B(Y, \/@j41))
Where M see [H20, (5.10)]) is independent of a;4; and y. Now applying
in , We arrive at
||KN,n( M @ngp,) < 2M (N2 — Ny + 1)[{v;}jezlle z) < o0

Hence, we get

| TN s Sl ooy < 2M (Na — N1+ 1)|{v;}iezllew @) | | oo mr>
proving our assertion. m

THEOREM 3.5. Let {v;}jez be a bounded sequence of real numbers and

{a;};ez be an increasing sequence of positive real numbers. Let Ty ,,, where
N = (N1, N2) € Z? with N1 < Na, be the operator defined in (1.2). Then
there erists a constant C' > 0, depending upon |[{v;}||s=(z), such that

TNk flIBMO,. < CllfllBMO,,.
for all f € BMOg,.

Proof. Let zog € R? and ryg > 0. Set B = B(x0,7) and B* = B(xg,2r),

and write f = f1 + f2 + f3, where f1 = (f — fos))XoB*), f2 = (f —
fos))Xo((B+)e) and f3 = fo(p). We aim to show that Ty . f(z) < oo for a.e.

x € R™. By Proposition ITN s fillL2@rdpe) < llee @)l fill L2 e dp) -
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Now
(310) Al @r g = V 1A@Pdus@) = | |f = fow| dus(x)
R" O(B*)
<2 | |f = fow P dux(z) +2 | |fow) = fow| dux(@)
O(B*) O(B*)
= 215 (O(B))(If B0y, + [fos) — fo)?)-
We see that
1
(311)  |fom) — fom+| = i (O(B)) O(SB)(f(l‘) — fos+)) ds()
() < P2(OLB)) |
,U,,{ (SB) f@(B | K ( )— MN(O(B)) Hf”]f’)l\/lod’,i
But i (O(B >> < >un<B*> and 1,(O(B)) > pn(B) leads to
( (B)) pe(B) —
Hence gives
(3-12) |fos) — fo| < 2" a#(G)[| fllBMO,,, -

Now, using (3.12)) in (3.10]), we obtain
171125 < 26e(O(B) I fllBnto,,, +*22"#(G)lIfllEmo,,.)
= 21, (O(BY)) (1 + a”2°"#(G)?)[| f|[Bno,,. -

Hence, we get

(313) TNk f1llL2®r dun)
< Jollgmo (2 2n(O(B)) 2 (1 + @®22#(G)*) 2| f | BMO,,. < 00,
showing that Ty . fi1(x) < oo for a.e. x € R™.
Now, we aim to show Ty . fa(x) < oo for a.e. z € R™. For this, it is

sufficient to show that e*?= fo(x) < oo for all z € B. Indeed, for z € B we
have

e fa(@)| < e, v)| | f2(y)] dp(y)
Rn
A fdy)?
SRS TR 1 fa )l dpw(y)-
Since V(z,y,t) := max {pu.(B(x,t)), ux(B(y,t))}, we have
t) > pe(B(x, 1)) > ™72,

V(z,y,
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| e #@0) fo(y)| dpn(y)
Rn

= | e O £ (y) — foum| diu(y)
O((B*)¢)

0]~ e gl
= tn,j/Q Z S e~ 11| f(y) — fomyl dps(y)

J=12irg<d(z0,y)<29t1rg

Cc > (29 -1)242
tn,j/? e @ f(y) = foml due(y)
Jj=1 O(2i+1B)

IN

€1 = (2 12
<> |fW) — fopirin)| dun(y)
=1 O(20+1B)
+ ’f(’)(2j+1B)_fO(B)|dﬂn(y)}
O(2i+1B)
€1 = (3 12 ,
< s > e @ (4 0@ B)) | oo,
=1 .
+ (O B))| foiipy — fom))
€l = (2 12 ,
= p 2 ¢ T (0@ B) (/s + [fo@) — o).
j=1
But
L (02911 B
|[foitipy = fom)| < lS,i((O(B))))HfHBMOd,R
,“n(2j+1B)
< #(G)WHJCHBMOM
<2V ()| flvio,,. -
Hence (3.14]) becomes
|4 fo(z)]
I > ; . .
< s > F T (0@ B)) (1 + 20V () f mavo,, < oo,
7=1
as claimed.

Moreover, we have T xf3 = Tnxfos)y = 0. Therefore Ty . f(z) < oo,
for a.e. z € R% We choose z; € B with TN fo(z1) < oco. Taking p :=
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TN w2 (xl), we obtain

(3.15) HB);!TNHf ) — gl dpn(2)

1
tus(B) B

< ,jB) |:B|TNHf1( x)| dp(x) + £|TN,nf2(95)—TN,sz(x1)|duH(x)
1

=: ,UH(B) (./\/l1 + ./\/lg).

Employing the Cauchy—Schwarz inequality, we have
M,y gNH(B)l/QHTN,Hfl|‘L2(R",duﬂ)
< {vj}jezllee @ypn(B) P (O(B)) /2 (14022 4(G)*) 2| fllBmo, .
by using (3.13)). Hence,
1

MN(B) ,U/,{(O(B*)) 1/2
< [H{vj}jezlle=(z) (NH(B)) (14?22 #(G)H)'?| f|BMO,.

< #(G)2|{v;}jezllm zya /222 (1 + o222 44(G)H) 2| £ | BMO,

=1 flBmOg -

TNk (f1+ fo+ f3)(@) = TNk fo(21)| dpw(z)

=

(3.16) M,

In order to estimate My, we consider

TNk fo(x) = Tk fo(1)]
< | |Enw(@,y) — Kn(zr, )] [ f2()] du(y)

a
N 1 PR

< § Hoshietleor gy (o) 20 e

< I{osbsenlem2r0)° | 1 :

ps(B(2,d(2,y))) |z —yll°
x| f(y) — fom) | dux(y)
|f(y) = fos)| dux(y)
|2 — yll°ps(B(z, d(z,y)))

o((B*)°)

= I{v;}sezllem @ro) Y |

j=12 Jr0<d(x0 y)<23+1'f‘
Since 29y < d(xg,y) < ||zo — y|| and = € B, we have
d(z,y) > d(zo,y) — d(z,0) > (27 — 1)ro
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Consequently, ||z — y| > (27 — 1)rg and B(x, (27 — 1)rg) C B(z,d(z,y)).
Thus,

(317) Ty wfo(x) TNk fo(z1)]

- {v;}jezll ez (2r0)°
S |f ()= fom)| du(y)
Z;<@“—> 0) (B <w—->>>ym<ﬂmigyﬂm o
S {v;}jezll e (z)(2r0)°
— dpe(y).
<Y @Bl @y, 0ol dnt
But
(3.18)
VW —fomldu) = | 1F W) — fom)| dux(y)
d(z0,y)<20T1rg O(29+1B)
41
< (|f(y) — foermp| + > Ifoen) — fO(zl—lB)D dp(y)
O(2/+1B) =1
j+1
< 1e(O(271'B) (Hf||BMoM + Z |fo@B) — fo-1B) ’)

2l 1B)

J+1 l Ny
2 To
13 () )W o,

= 1x(O(271B))(1 + 2"~<y+1)>||f||BMoM
Using (3.18) in (B.17), we get

TN i fo(z) — TN s fo(z1)]

o0

S 2Hvitezlle=z Z

J=1

S 2j+lB

J+1
< 1e (021 B)) (Hf\|BMoM+Z O(QB)))HfHBMod,N)

1 (02 B))
pr(B(z, (29 — 1)ro))

x (14a2"(j + 1)) flBmOg,.
(B(.’Eo,2]+17‘0))
p(B(x, (27 = 1)ro))

= #
< 2l{vtiezlle=(z Z
j:1

x (1+a2™(j + 1) fllBmo,,,-

Since B(x, (27 — 1)rg) C B(zo,2Tlry), using the doubling condition, we
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arrive at
TNk fa () — T fo(21)]

22nn
< 2 H{UJ}jGZ”éoo (Z) Z ai#()

1)¢

22t e -
< 2{ubiezle Z>22(Jl”<1 +a2(j + 1) oo,

(1+a2"(j + 1))l fllB7mO,, .

= nv,an”BMOd,m

where

9 > oz22””#
w2 = 2l hielee Y S (14 a2 1) < o0
7=1

Hence

1 1
819 M S s Dl o, i) = 1 oo
Ui U B

Applying (3.16)) and (3.19)) in (3.15]), we get

1
(D) VI Tnwf (@) = gl dpe(z) S () + nEDI f M0, =
" B

proving that ||TN,nf||BMOH < 77v7/inHBMOdﬁ- L]

Now, consider the ball B = B(xzg, o) as in Theorem Then, proceed-
ing as in Theorem [3.5] we obtain the following two remarks in connection
with the boundedness of T, on each BMOy , and BMO,.

REMARK 3.6. Our method will provide neither boundedness of the op-
erator T, from BMO, into BMO, (or from BMOg, into BMOg ), nor
a counterexample. The main obstruction is that the associated measure of
a Euclidean ball B(xg,ry) depends upon the center zp. In this connection,
the authors in [AB™24] have studied the boundedness of the variational
operator from BMOy . into BMOy. Let f € BMO, be G-invariant. Then
f € BMOgy, with | fllBmo,,. = IIfllB7MO,. Moreover Ty . f is G-invariant
with || TnxfllBMO. = TNk fllBMO,, - Using the above theorem, we have

Let f € BMO,(R™). Then an explicit computation gives rise to

T fola) < C) oyl fllBao,s
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where

(1) (2]|o| + 4ro)" 2||zo|| + 410 \ ™"
CNNJ’JOJON < max { G 1+« o

< TT (1o, N + 2[lol| + 4ro)2<,
AERT

o0
Z =278 (9|20 | + 2rg + 272"

o T (wo, M|+ 2ol + 20 + 29F27g) )
AERT

2 2rg + 29129\ "
(oAl 2 )
o

REMARK 3.7. Let f € BMOy,(R"™). Then, there exists c? N >0

t”n/

n,K,T0,
such that [Ty . f(z)] < C’T(“?”,O ~lIfllBMO,,. < oo for ae. z € R™. Moreover,
there exists 1 € O(B) such that T f2(z1) < oo and
1
— | TNk f (@) = T fo(z1)| dp (@)
(O )
(1) 77(2)0
< (Wt s | o=l die(o) ) v
(o 2255 o :

for some 771(, 20 ns 771(,220, nx > 0. On the other hand, in Theorem we prove
that T . f is bounded from BMOg ,, to BMO,.

4. Boundedness of the maximal differential operator. This sec-
tion mainly deals with the maximal differential operator 7' defined in (|1.3)).
In the rest of this paper, we assume that {a;} ez is a A-lacunary sequence
for A > 1. In other words, we assume that

1< A<ajii/a; <N, VjeLZ
For M € Z™, we define the truncated maximal differential operator by

T]*\},nf(x) = sup |T(N1,N2),/€f($)|a T E R"™.
(N1,N2)€Z?
—M<Nij<N2<M

Now, we aim to obtain a Cotlar-type inequality for Ty, .

THEOREM 4.1 (Cotlar-type inequality). For each q € (1,00), there exists
a constant C' > 0 such that for every x € R™ and M € Z,

Ty (2) < CLMTagan () + 30 M(ow) + (X My o)) ),

oeG oceG
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where
Mf(z) = ili]g i (Br) B(£ ., |f ()] dps(y),
1 q 1/(]
My f(x) = ili]g (M(B(l‘ﬂ’)) B(:Sc’r) |f(y)] d#n(y)> :

Proof. Let zp € R™ and M € Z*. Assume that N = (N, No) satisfies
—M < Ny < Ny <M. Then

Ny

T (wo) = D vi(e+14x f(wg) — €2 f(x0))

j*Nl

—Z (44125 f(2g) — 4% f (7))
Jj=N1
M

= > wi(en A fag) — e f(xo))

J=N2+1
= T(Nl,M),mf(xO) - T(N2+1,M),nf($0)-
So, it is sufficient to find an estimate for |T{,, ar) . f(70)| when [m| < M. For

each | € Z, we write By = B(xo, all/z). We decompose f as

I = Ixo®.,) + [xose) = fi + fo

Then

(4.1) T (m,01),6f (£0)| < T, 1) 1 (20) |+ [ Tm, a1, f2(0)|
=11 + Ts.

Using (3.1)), we get

(4.2) Ty <\ 1Ky (@0, )| 11 (0)] dpn(y).

Rn
But

M
(43) Ko, v)l < {vitjezllee @) Y lhay (€0, 9) = hay (20, y)].
j=m

By using the Mean-Value Theorem, there exists a; < &; < aj41 such that

al )
Z ‘haj+1(x07y) - ha]'(w(b )’ < (a]+1 ) a ht(.%'(),y)

t=¢;
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Now, making use of (2.10)), we obtain

M
> |hayy (w0,y) = hay (20, )] < (0541 — aj)
j=m

Since {a;}jez is a A-lacunary sequence, we

M
Z ‘haj_‘_l(x(]?y) - ha](x07y)’ S ()\2 - 1)
j=m

Thus (4.3) turns into

25

C
fj‘/(anlh V/E;)

get

— & d(zoy)?
e J .

C
V(w0 G)

~ & d(woy)?
J

(44)  [Kqnanyx(zo,y)|
M ) C —&d(z0,y)?
< Hosdselleme) 2 OF = Dy ese
M 1
L. 2-— I —
< Ol -1 3 g e
M 1
<C . o7y (A2 — 1
e ) D sy
1 o~ (B0, /)
= C|{v;}jezlloeezy (A2 —
Herbsezlemy O =) g7y 2 o Ben, E)

M N /2
1 a
S C Virig oo )\2 -1 a<m>
Heshiealem o = 07 G, ) 20
9 1 M am \ "/?
< Cal|{v;}; so(z) (A — 1 —
Iesdseellese 08 =0 G am) 2 ()
= Call{osheallmm (2 - )—— S~
REAIIVA! pr(B(20, /Gm)) = A5 (—m)
1 o
< Cal|{v;}; oo A2 -1 -
< {vj}jezllez)( )MR(B<Q:‘O7 Vam)) ; A2
A5 1
o bsealem 02 = V5 o)
L Yy € R"

=:c ,
A (B (0, /am))
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Hence (4.2)) provides

Co\n,k - Co\n,K
T Blaor vy 1 )= ) O(im) 7)1 duw(v)

Cy \n,K
§MH(B(%’M)) ;J(S )!f(y)!dm(y)

Z ./\/lf =Cy,A\n,k Z Mf(O'(SUQ))

ceG

SCU,)\,n,n
M ( xOv

On the other hand, we can rewrite T\, r) . f2(z0) as

T(m,M),HfZ (l‘o)

1
= T(m,M),HfQ (l’o) dlu’ﬁ(z)
:U%(B(Jio, 2&%21)) B( S ol/?

o, 2 Ap—1
1
T mmy e f(2) dps(2)
Nn(B(l’O, 2&;{21)) [B(ac S 1/21) ( :

0’§a’m

- | Ty e f1(2) dp(2) — | T Mm—1)kf2(2) dp(2)
B(xo,5a,/%}) B(xo,5a,/% )

+ | (Tim,a1),w f2(20) = T,y f2(2)) dp(2) |-

1/2
B($072 'n{ 1

Hence

(45) ’T(m,M),an(xOH

1
S ‘T(fM,M),nf(z)‘ dpi(2)
/U%(B(.I‘O, 261717{21)) [B(x 1172

07§am_1)

+  V Tewmeh@lds) + VT ey wf2(2)] dp(2)

1/2 1/2
B(x072aw{ 1) B(x072arr{ 1)

+ S ‘T(m,M),HfQ (CUO) - T(m,M),Hf2(Z)| d)uf{(z)

B(zo,1al/? )

=: A1+ Ag + Az + Ay.

It is easy to see that

(4.6) Ay < M(T(prn) 6 ) (20)-
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For As, employing Holder’s inequality, we get

1 1/2 \\1/p
Ay < pir (B(o, 3a,,-1))
i (B (0, Sa)l” ) s
1/q
(1 Mm@ dus())
B("’”U’%a;ﬁl

1
pe(B a0 3ai”)

< g 1 T 1.0 w J1ll Lo )

where % + % = 1. Now, making use of Proposition ﬁ we obtain

Ay < l/qulHLq(R”,dﬂn)

C/
s (B0, 3, )

! < 1 S ‘f( )‘q ( )> 1/q /
z d/*[/K, z , c > O
e (B (o, 3a,0°1)) O(Bum)

=C

Hence,
1
Al<d | f(2)]* dp(2)
? Mk (B (.%'(), %a}?{zl)) O(gm)
< . ST § 1) dan2)

Hr (B (ﬂ?o, %aqln/gl)) 0€G 0B,

:CI MK(Bm) 1 . qd .
p (B (0, 30,,°1)) %MoBm) U}ém'f( )| dpin(2)

a N /2
< acd2" <m> Z(qu(amo))q < ad(2)\)" Z(./\/qu(axo))q.

Ay
m—1 oeG oe@

Consequently,

(47) A5 < (ad @01 Y (Mof(ora)?) .

ceG

Now, for As, we see that

(48) |T(—M,m—1),nf2(z)‘ < S ‘K(—M,m—l),n(zay” |f2(y)| dru’fﬂ(y)
R™

— IR a1 n (5 9 o) dpin ()
O(Bg,)

m
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Here we need to find an estimate for |K(_ps,,—1).(2,y)| for 2z € %Bm_l and
y € O(B¢,). Starting with the definition of the kernel, we get

3

|K(7M,m71),n(27y)’ < H{Uj}j€Z”€°° Z aj+1 Z y haj(z7y)’
—M
—1

0
aht(zv y)

= H{vj}jeZHeoo(Z) (ajy1 — aj)
=M

)
t=¢;

by applying the Mean-Value Theorem, where a; < &; < aj41. Since {a;};ez
is a A-lacunary sequence, we obtain

m—1
0
|K(—M,m—1),n(zvy)| < H{,U]'}J'GZHZ“’(Z) Z (>‘2 - 1)aj 7ht(zvy)
ot
j=—M 1=¢;
Employing (2.10]), we have
| K (—Mm—1),x(2,9)]
c —&d(zy)’
< [{vj}jezle=z e
A ’jz YV VE)
m—1
a; _L.d(zfy)Q
< Cll{vj}jezlle @y (A = 1) ’ e s :
PRI j_z &imn(B(2, /)
Seeing a; < &5 < a;q1 and )\Qa < G we get
(4.9) K -mm—1)6(2,9)]
i a; —d(z,y)?
< C{v}jezllee @V —1) Y ; e Ml

J=—M aju:‘i(B(Z7 \/@))
Now, for —M < 7 < m — 1, we wish to show that
1 e AQCaj d(z,y)? < a2ms
ajﬂn(B(Z7 \/@)) aspix(Bs)

)\2 j K s
d(z,y)? > 2 <n2 + 1> 10g<q>
c a;

for s > m. Verifying (4.10)) is the same as verifying

ajp(B(z, \/ch))(BA;EJ_ w2 1
asiix(Bs) — a2ns

(4.10)

whenever
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L 2 Nk
Now d(z,y)2 = )\2caj (n + 1) IOg(%;) if and only if ¢*"% A=) > (%)7*‘1.

Consequently, ? a;
e BCAD) it 1nBC T ()
(ls,UH(Bs) MR(BS) aj
1 (B(2, 3,/a3)) (%)"*‘/2
tos(Bs) a; ’

We intend to show that B(z, %\/@) C Bs = B(zp,+/as) whenever s > m.
Assume that u € B(z,%\/(Tj). Then ||ju — zo|| < [|Ju — 2| + ||z — zo|| <

3@ + ||z — mol|. As z € $Bp,_1, we have ||z — 20| < 3\/@m_1. So, using
the fact that {a;};cz is A-lacunary, we have

ez s () (52) )

as
1 1 1
< 5Ves ( N A(s—m+1>/2>

V& 1
T o\(s—m+1)/2 1+ A(m—;)—j < Vas

for s > mand —M < j < m —1, since 0 < 1/\ < 1, proving our claim.
Utilizing the doubling condition, we get

(4.12) 1(%‘)"”/2 _ melBG 3y _ a<aj>n/2.

a2 \ ag tw(Bs) AL

Employing (4.12) in (4.11)), we find that
ajpue(B(z, \/(Tj))eﬂcaj (2,)? . 1 (aj>nn/2<as>nn/2 _ 1

/\

aspiy(Bs) — a2« a; o2ms
proving (4.10)). Now, making use of (4.10) in (4.9)), we obtain
m—1 1 a:
Ktz < Clluhyezleny 07 =) 3 a2
j=—— MH( S) Qs
< Ca2™[[{v;}jezllemoz)(\* —
K S
j=—M
_ Ca2™ |{vi}jezllpemy(N = 1) (1 1 1
- ,UK(BS) As—m+1 + As—m+2 toeet As+M

2”}1 L. o AZ — 1
< o tbiezllee —D) 1 /1
e(B.) oo (L3
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_ Ca2™|{v;}jezlleezy(V2 —=1) 1 A
MH(BS) /\s—m+1 A—1
_ Ca2™ |{uj}jezllee@A(A+1) 1
N ,un(Bs) As—m+1°
Hence (4.8)) gives
TmmnsleGI S Ko o)1) ()
s=m 1/2<d(x0,y)<ag_/~_21
00 Ca2||{v;} ezl AN + 1) 1
<2 A ) die(w)
Ma / <d(x0,y)<a¥_21
Nk ° 1
= o2 H{Uj}jEZ‘ZOO(Z)A(AH)s;nWM | 1rw)lduety)

d(zo ,y)<a5+1

< Co2™ |{v;}jezllie@ A +1) Y ASerllw(B) YoV fWldusly)

0€G 0Bsy1

| (0B
< Ca2 oy hyellm @A+ 1) 3 S oo PP A (o (ay))

el smm /"LH(BS)
:COan“H{Uj}jezHgoo(Z A+1 Z Z )\s M1 MZ((SJF;)M]C( ($0))
UEGS m ®

n 1 n
< Ca®2™ | {vj}jezllee @) MA + 1) Z S\ D M (o(w0)

s=m oeG

= Ca?2" \™ | {vj}jezll o (zy (A + 1) (Z ;) > Mf(o(x0))

s=0 oeG
_ Ca22m X [{uy) ezl @A + 1

) )
- > Mf(o(xo))

oeG

Therefore, we get
Ca?2™ X |[{v;} jez ¢ (z)
A—1

AA+1) ZMf

ceG

(4.13) Az <

Now, we aim to estimate A4. For z € %Bm_l, we have

(4.14) Tl an),wf2(2) = Tiomar) e f2(0)]

< N 1K ) (25 9) = Ko v (@0, 9)| | f2(9)| dian(y)
R4
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1 [z — @0l

Bl [yl 2O

S § I{o}jezl

Rd
1/21 ) .
< Im dii,
kel =5\ B e @)
O((Bm)®)
QL2 1

SRy | ey e )

1 2 1/2
j =m / <d(£07y)§ajil

For j > m, we notice that

1/2
12 Loap 1 1 (am—1
A(2,9) > d(zo,y) — dwo, 2) > alf — Zalf?, = af (1 - 2<%) )
1/2 1 1 QL2
>a 1l—-— | > = .
- J ( 2)\ng+1> -9 J
So B( Z,5 ]1/2) C B(z,d(z,y)) and ||z — y|| > 1 1/ . Hence (4.14)) gives

|T(m M), /{fQ(Z) - T(m M) nf?(x0)|
2172

< B 1H{UJ}JGZ||Z L2 - 1 1/2 S /W)l dps(y)

j=m @ (B( 124 )) 1/2<d(xoy)<a;_/,.21

GL/2
VIS e (B?z 4 1wl
j=m j Hor 727 j+1
a2 00 1/2
Ay 2 ux(B (x()):ajurl))
v Mf(o(x
e 32 30— T Moo
1/2 0o o,
- SRhal 33 2 o JJ;));Mfwo»-
c€G j=m j ’2 J

A straightforward computation shows that B(z, 5 ]1/ 2) C B(xo, ;il) Hence,

using the doubling condition, we obtain

|T(m,M nf2( )_T(m M), an(x0)|

1/2 Gin1 Nk /2
bl Y —p2a(22) " T Mitotan)

| /\

| /\

Jj=m j oeG
1/2 00
am— n n 1
= =L oy} jezl| 2 o ( D /) D Mf(olao))
j=m “j oeG
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1/2
amf Nk Nk
= TIH{,U]}JEZ||2 +1OZ)\ 1/2 Z Mf
m JEG’
1 Nk 'I’L,,@
XH{U]}JGZH2 aA
UGG
Consequently,
1 n Nk
(415)  Au < y]{v;}jezl|2"aN ﬁ_ - JGZGW o (w0)).
Applying ([4.6), (A7), (.13) and [@.15) in (A1), we get
‘T(m,M),nf(xO)’
N\
< Coraod (MT oyt w ) (@0)+ D MF(o(w0)+ (D (Mg f(020))7) ).
celG celG

This yields the required result since the constant C,, , , » does not depend
on the point zg. m

THEOREM 4.2. Let {a;} be a A-lacunary sequence with X > 1. Then the
following hold:

(i) For 1<p<oo and every G-invariant function we Ay ., there exists a
constant C >0, depending uponn, k, v and X, such that || T}; f|| r (&» wdp,.)
SCv”f||L?’(R",z,ud,u,€) fOT all feLp(]RnaWd,uK)‘

(ii) For p =1 and every G-invariant function w € A; ., there exists a con-
stant C' > 0, depending upon n, &, v and A, such that ||T}; f|| 11,00 mr wdp,)
< CIfll Lt ®e i) Jor all f € LYR™, wdpsy).

Proof. For M € Z*, using Theorem we have

Tir,of (@) ’
< C{MTCapn @) + 3 M) + (3 (Msea))?) ).

ceG oceG
Hence, for 1 < p < o0,

(416) 1T oot
< C{IMT a1 F) 0@ s

/

£ 3 IMI@ ) @i + | (S Maf o)) |

oeG oeG

For z € R", consider ®(z) = {@,(2)}recq, Where &, (x) = M, f(ox). Then
a straightforward application of Minkowski’s integral inequality shows that

L2 (R™, wdpuy ) } '
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H ||@()||Z‘I(G) HLP(R”,wdun) S H ||¢() ||LP(R”,wd,u,<) HEQ(G)' In other WOI‘dS,

H QZ;;(M(J(U .))q) l/q’ LP(R™ wdpuy) (Z Mg f(o LP R~ wdun))l/q'

oeG
Hence (4.16]) becomes

I T s f | Lr(RP wdpae) < C{ [MT (= aa, 01y )| o (®7 odpane)

/
£ 3 IMI@ N oo tng + (X IMaT @i )

oeG oeG

Since the triple (R™, | - ||, pux) is a space of homogeneous type, the maximal
operators M and M, are bounded on LP(R", wdpu,) for 1 < p < oo (see
|GL™14]). So, we get

||T]T4,/§f||LP(R” wdfiy)

< LT rr S o oty + D2 IFO ) Loer )
ceG

+<Z [FLCRy . )l/q}

ceG
= C{IT=m,p0) 0 o (7 wdpr) + (F#(G) + #(G)l/q)Hf”LNR”,wd,u@}v

as the measure p, and the weight function w are both G-invariant. Now,
using Proposition [3.3] we obtain

HT]T/I,nf”LP(R” wdpie) ~ HfHLP R” wdpi)

for 1 < p < oo, proving part (i) of the theorem.

To obtain (ii), we define T, : LP(R™, wdp,) — LP(R™, £>°(7Z2), wdpu,) by
T.f(z) = {ITnxf(x)}nezz, 1 < p < oo. Then it is obvious from (i) that T
is bounded from LP(R"™ wdy,) into LP(R™,£>(Z?),wdp,). We notice that
T, is an integral operator with kernel Ky (z,y) := {Kn . (z,y)} yeze. Since
each Ky is a Dunkl-Calderén-Zygmund kernel, by vector-valued Dunkl-
Calderén—Zygmund theory, the operator T, is bounded from L'(R™, wdpu,)
into LY (R™, £>°(Z?), wdy,) for all G-invariant w € A; ,, proving (ii).

THEOREM 4.3. Let {a;} be a A-lacunary sequence with X > 1. Then there
exists a constant C' > 0, depending upon n, v, K, such that |1, fllBmo, <

CllfllBnoy,. for all f € BMOg,(R™). a

Proof. Let f € BMOg,(R™). Suppose there exists zo € R™ such that
T7 f(zo) < oco. We intend to show T f(z) < oo, for a.e. x € R". We denote
B = B(xo,4||x — zo]|) with zo # = € R™. We break down f in the following
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way:

f= (= fom))xowm) + (f = fom)Xx©B): + fo)
= fi+ f2a+ [
Using Theorem [4.2 we obtain || T} f1l2.x < C||fi[|2,x- But

1Al = | 1f(@) = fow) | dun(z) < u(OB) | flEno,, -

O(B)
Hence,
(4.17) 1T fillz < Crin(O(B)) 2| fllBno,,. < oo
So T fi(x) < oo for a.e. x € R™. Now, by definition of the maximal operator,
T, fs(z) = sup [Tk f3(x)| =0, VeeR",
N=(Niy,N»)€Z?

N1 <Nz

since T, f3 = 0. Furthermore, using (3.6), we get

(4.18)  |Tnkf2(x) — TNk fa(z0)]

Y 1 |z — 2o
S RSH ||{UJ}]EZH MH(B(xﬂ d(l‘,y))) HﬂU — Z/H ‘fQ(y)‘ d:ul‘i(y)
T 1 |z — @0
= I{ J}JGZ”(O(SB))C i (B@.d@ ) 7=yl | f2()| dp(y)
= {o}jezl Y g ! Il = o]

(B(z,d(z,y))) [z =yl

x| f(y) — fom)| dux(y)-

G=1 231 |lz—ao | <d(r0.4) <2+2 a—ao]| F*

Since d(xg,y) > 207!z — x||, we have

(4.19) d(z,y) > d(zo,y) — d(zo,x) = 2* |z — wo|| — [|lz — o
= (2 =Dz — o]
> 2|z — x|, VjeN.

COﬂsequenﬂ)’a B(.’E,QJHIIZ‘ — .'L‘()H) - B(IL’,d(LU,y)) and H:II - yH > 2J||x - xOH
for all j € N. Hence (4.18]) becomes

1
(z,27 ||z = wol]))

1
(4.20) Ty nfo(r) — Tnvwfo(@o)l < I{vs}iezll Y 2 1. (B
=17 "

X | |f(y) — fom)l dis(y)

d(w0,y) <2942 || z—0||
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— Vi . - y
I ]}JeijZl % 1n (B, 2]z — 2o])))

X | 1f(y) — fom)| dix(y)

O(B(w0,27%2|[x—wol]))

<ol Y5 53] [ 1 170) ~ Jowm | dusw)
j=1 "

B Yo —al) Ly

.
+ 1O B) Y. Ifows) — fow+p)l]

> 1 1:(0(2 B))
< {vs}sezl Z % 1n(B(z, 2z — o))

j—1
% (/104 + I Vo) — forn))
=0

11:(O(2/B))
(, 27|z = o))

< [{vj}jezl Z
(1 lsion, + Z ‘%?;BI;”HfuBMod,H)

.
<H{Ua}yez||ZQJ — D) (14 Z“*‘ ) Il .

We have
(O B)) = e |J o(2'B)) < 3 alo(27B)) = #(G)puu(2 B).

oelG ceG
So
1 (O(2B)) pn (B0, 272z — o))
@2 Sl ~ MO B 5T —mal)
< #(G)a2”™,
and
o) pe(O@HB)  pul(Blao 2 —0l))) _ o

MK(O(QZB)) - un((B(wm?’“va —xol)))
Employing (4.21)) and ( - in , we get

(4.23)  |Tynfo(x )_TN,me(:UO)‘

o0
1 .
< Hvidjezl Y 5#(G)a2?"(1 + ja2™)||flIBno,
j=1

= Cn’ﬁ’vaHBMOd,R’



36 S. Ranjan Das, R. Manna and S. Parui

showing that Ty . fo(x) < oo for a.e. x € R™. Accordingly,
Tif(z) = sup  |[Tnef(@)] = TNkt (@)lleoz2)
N=(Ny,N,)€Z2
N1<Na
<N w f1(@) g z2) + 1 TNk f2(2) || goo (z2) + 1TN s f3() [ o0 (22
= | TN f1(2) oo (z2) + 1T f2(2) || 4o (22)
< oo forae xzeR™

Consider ap := T} fo(2") < oo for some 2’ € B. Then

(4.24) u,.jB) ég T f(y) — cpl dux(y)
1 . . . /
< [ jsg 175 1 ()] dp () + ; (T al) — T Fala)] ()]
1
= n(B) (21 + 29).

Using (4.17)), we get
O < (B2 T fillze < Cuin(B)2 i (O(B)) 2| fllBMoO,,. -
Consequently, we obtain

1 1e(O(B)\ "2
gC#(G)l/ZGZEg;) 1 lIBM0s..

= C#(G)'||flBMmoO,.
On the other hand, for {25, we have
(426) |Tifoly) = Tifol@)l = | swp  (ITwucfoly)] = [Tasfo(@))

N=(N1,N2)€Z?
N1<Na

< sup TNk fo(y) — Tk fo(z)].
N=(N1,N2)€z?

N1 <N2
Now
(4.27)  |Tnxf2(y) — T fo(z))]
< Hodjezll | ! by =20, e ) o)

(O(B))e 1 (B(y, d(y, 2))) lly — 2|

< I{os}jezl D

J=12i+1||z—mo || <d(w0,2) <29 +2||lz—z0 | Hs

S 1 8|lx — zo|
(B(y,d(y,2))) |y — |

< |f(2) = foim| dux(2),
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as y,«' € B. Employing (4.19) in the above equation, we get
TNk f2(y) — Tanz( Nl

1
< 8l {v;}jezll Z 5 1By 27w = zol))
x | |£(2) = fou | dun(2)
d(w0,2)<2+2||z—z0]|
1

—8”{”1}J6Z”Z2J B5,2 e — woll)
x | 1£(2) = fom| dis(2)

O(B(x0,29+2||z—x0|))
< SCn,:‘i,UHf”BMOd,n’
using similar calculations to (4.23)). Hence (4.26]) reduces to
T3 f2(y) — T f2(2") S 8Ch ol fllBMO,

and accordingly

1
(4.28) mQZ S SCn,H,vaHBMOd,K'
K

Finally, using (4.25)) and (4.28) in (4.24]), we arrive at

ﬁs) V172 £ () = il dpn(y) S (CH(G)? + 8Ch )l £ BMOG, .
" B

proving that |77 f[|Bmo, < C|fllBmo,,, for some constant C' > 0. m

5. Pointwise convergence of differential transforms. In this sec-
tion, we show the existence of the pointwise limit of Ty . f as N — (—o0, 00).
Here, we use the relationship between the weak-type inequalities and almost
everywhere convergence. Moreover, we study the growth of the maximal
Dunkl transform 7}’ near the origin.

THEOREM 5.1. Let 1 < p < co. Then, for any f € LP(R"™,duy), the limit

5.1 lim Ty f(x) exists for a.e. x € R™.
(5.1) N=(N1,N3)—(—00,00) N, f(@) J

Proof. First, we show that (5.1) holds for f € CX(R"). So, let f €
CE(R™) and 0 < L < M. It is sufficient to show that T( ar).f(z) and
T(,M7,L)7,§f(x) both converge to 0 as L — co. We have

(5.2) Tezan) wf @) <V 1K L w2, 9)| | ()] din(y)-
R
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Using ([.4), we get [K(z,11),0(2,9)| < Cornm i maymyy < Codmn s for
L
all y € R™. Hence (j5.2)) gives
1

400 < eormn 11
L

Since ||f|li,x < oo and {a;}jez is an increasing sequence of positive real
numbers with ay, — oo as L — oo, we obtain T{y, ap).f(z) — 0 as L — oo
for all z € R". From the definition of T(_ps _r,) «, we have

—L

Tvr—nyef (@)= Y vj(e971 % f(z) — e%2 f(x))
j=—M
—L

= D7 wilen A (@) - (@) — (2 f (@) — f@)]:

j=—M

Hence,

(5.3)  [Tem—n)kf(@)|

-L
< Hobiezlleo@zy Y (I3 f(z) — f(z)] + €92 f(z) — f()]).
=M

=
For any f € C°(R"), we know that ||e/“ f — fllpee@mny — 0 ast — 0 (see
Theorem (iii)). So, there exists L; > 0 such that [e%4= f(x) — f(z)] < 2/
whenever j < —L;. Consider L; := max{Lj, Lj41}. Then (5.3) gives

’T(fM,fL;.),nf(x)‘

—L; —L;.
< Huidjezlle@ Y @7 +2) <2{vdjezllme@ Y 27
j=—M j=—M
Mo
= 4|{v}sezlleo@) Y 5 0 aslj oo
=L

J

For 1 <p < oo, let 2, := {f € LP(R", dpuy) : impy—(n, Ny)—(—o0,00) TNk S (T)
exists for a.e. € R"}. Clearly C°(R™) C §2,,. Since T; is weak type (p,p),
the set {2, is closed in LP(R"™, dji,;). Therefore, we arrive at (2, = LP(R", dy,.)
for all 1 < p < oo, proving our result. =

Now we analyze the growth of T near the origin. Unlike the classical
case, it turns out that the growth is not of the same order as that of 1.

THEOREM 5.2. Let 1 < p < oo, {vj}jez € P(Z), and {a;}jcz be an
increasing sequence of positive real numbers. Let B = B(0,1) C R"™ and
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Bs = B(0,s) C R™ for s > 0. Then for any f € L*®(R™) with supp f C B
and any B, C B with 2r < 1, we have

1 “f 1
MBT)BS T 1 @) dian(@) £ 57z 1 F | e,

1,1 _
wher65+a—1.

Proof. We set f = fxo(B,.) T IXO(B\O(B,) = f1 + [2, where 2r < 1.
Then, by the Cauchy—Schwarz inequality and Theorem we get

1/2
(5.4) [ 172 f2 (@) diae() < ( Lo !Té‘fl(w)IQdun(fE)>

/M(Br) B, ﬂn(Br) B,

1 . C
= m||THf1HL2(Rd,duH) < W”fl”L?(Rd,dM)

1/2
C 1/2( S ’f(x)’2duﬁ(m))l/2 < C<'LL"‘((9(B27’))> £l oo (m)

tus(Br) O(Bay) 1 (Br)
1/2 tors (Bar) 2 N /2 1/2
< C#(G) n(By) | £l oo mny < Ca2™=F(G) || £l Loo (mn)-
For x € R",
N2
(55)  |Twwfol@)| < Y [ulle 12 fo() — 92 fo(a)|
J=N1
ak a;j114 a; 1/q
< Woshiezloe (3 16912 fa(a) — e fa(lr) ™,

j=N1
by applying the Cauchy—Schwarz inequality. Then
(5.6) Ie“f“A*”"fz( ) — e f(a)?
= [ § (s 29) = b o) o) dc]
< ( S (ass (2,9) = ha, (2,9)['7)
) < (e (@:9) — b )V oo i)
< ( Thuysr @9) = by ) dian())

R’ﬂ
<\ Nhayor (2,9) = oy (2,9)| | f2(0)|9 dpie(y).
R’ﬂ
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But, from (3.9), we have

V 1hay s (@, y) = hay (@, )| dps(y) < 2.
R”

Hence, becomes
(5.7)  |e®+1 8 fo(a) — %% fo ()|
< @MY\ Nhay,, (2,9) = hay (@, 9)] | F2(0)]9 dpn(y).

RTL
Using in , we get
(68 [Tufo(a)
N2
< M) }ezlloe (§ (D Thay @) = ha,(@,9)])
R"  j=N; "
< ) din(w)
1/q
S @0 luseello (| e T )l dis(n)
) B da.
1 1/q
< @01 osbsezlloe ( § ey 120 (o))
Rrn ME ) )

< (2M)?|{v;}jezll ez || f 1| oo gy

1 l/q
( 5 un<B<w,d<x,y>>>d“”(y)>’

O(BN\O(B2r)

by applying (3.5} Now for z € B, and y € O(B) \ O(Ba;), we have r <
d(z,y) <3 Thus gives

TN s fo(2)] < (2M)1/”||{vj}jezllep(z)||f||Loo(Rn)

X (OS W dun(y)>1/q

(B)

)1/q

B))
7))
Since r < % and = € B,, we have B(z,r) C B. So ((BO((I T)))) < f . Hence,

< <2M>1/P|r{vj}jezum)||f||Loo<Rn>(

we obtain

; (G)\"*
Ty fala)] < (2M) /p||{vj}jeZHez>(Z)Hf||L<><>(Rn)< ) |
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Hence,

1 # G 1/q

57§ o)l (o) < 2D P {05l ey ( 2 )
fas( T)BT L
Now, from the definition of the operator T}, we get

1

5.9 —— \ T fo(2)| dpsye (2
69 gy § Ao

#(G 1/q
< @M1 (o hseelny e (222
Combining (5.4) and (5.9)), we arrive at

1 *
m BST T, f ()] dpu ()

G 1/q
< (02’%/2#@)1/% (QM)l/pH{Uj}jeZHep(Z)<#< )) )nfnLoo(Rn)

rhs

#(G 1/q 1
< @M udseallo (2 1S lmmn S gl i

Nk

For n =1, (2.8) can be rewritten as

¢ f(w) = V() f)y™ M dy, zeR.
R

2
Using h(0,y) = me_%t in the above equation, we get

1 2k(1 _
m&y We i f(y) dy.
R

Now, applying a change of variable, we get
oo
[ e’/ dy = 225D (s(1) + 1/2) = A.
0

In other words, we have

(5.10) A £(0) =

1T >
(5.11) T |y Wev/tay =1.
0

Now we prove the following lemma.
LEMMA 5.3. Assume thatn € (0,1/2).

(i) There exists € > 0 satisfying
1 2

1 21
JyWeiz dy = ~ +1.

(512) A€1+2ﬁ(1) 5 2
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(ii) There exists € > 0 as in (5.12) and a > 1, large enough, such that
1 2

n+1 1 2k(1) , — L5
(5.13) < [ y2r e dy.
1/a
Proof. From (.11)), we can choose o > 0 such that
LT, 2n() /4 1
1 S Y e dy = B +n.
0

Making the change of variable y = az, we get
142k(1) L 1
Q 2.2
Txy%(l)e Y gy = 5 + 1.
0

Considering o = 1/e, we obtain (5.12). This proves For we start
with a > 1. We can rewrite (5.12) as

1/a 2 1 2
yzn(l)e—j? dy + S y%(l)e*i’? dy} _ntl n

(5.14) ;
1/a

N3

We can choose a very large in such a way that

1 1/a 5 0
- - 26(1) o= 42 J
(5.15) yPETGY (S) y= e aZ dy < 5"
Hence (5.14]) gives
1
Act+2s(D) ) v emimdy > 2
1/a

proving (5.13)). m

The following example shows that for some f € L®(R), T} f(x) is infinite
for all x € R.

EXAMPLE 5.4. Let @ > 1 and € > 0 be as in Lemma [5.3] Consider the
function (see |CT21, Proposition 2.6])

F@) =" (=1 X (s a1 ().
jez

Then f € L°°(R). We choose the lacunary sequence {a;}jez with a; := e2a*.

From ({5.10]), we obtain

1 2
e 4 £(0) :

— 2k(1) ,— 5537
- 20426(1)/2 (¢ ) 1426(1) Sy We™32a77 f(y) dy.
R
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Making a change of variable, we can show that

1 e )
a; Ak _ 2k(1) —==
e f(0) = o(1+2r(1))/2¢1+2r(1) Sy We™i f(ay) dy
R

(-1 T 2m(1) Ly
= o(+2s(1)/21+2n(1) | y*rWe™se f(y) dy,
0

using f(a’y) = (—1)7 f(y). But, applying f > —1, we have

2
_y
(5.16) | y*WeTa f(y)dy
0
1 9 1/a 5 0o

43

2
= [ Oeizfyay + | § Wiz fy)ay + §yVeiz f(y) dy

1/a 0 1
1 2 1/a 2 o0 2
> S yzm)e—i—z, dy — { S y2”(1)e_f? dy + S y2n(1)e—i/T2 dy]
1/a 0 1
Using a change of variable in ([5.11]), we have
o0

1 2k(1 2
0

This gives
00 1
1 2k(1) 2 _ 1 2k(1 2
(517) M S Yy e 4e2 dy =1- m Sy )6 4e2 dy
1 0

()]
= 5Hn) =5

Now, employing (5.13)), (5.15), and (5.17)) in (5.16)), we obtain

1 Oo2;.;(1) it n+1 (n 1 _
(5.18) Ael””(l)éy e 1 flyldy > |—5——(5t5—n)|=n

For j € Z, we have

e f(x) = |y Dha, (z,) f(y) dy
. 2n(1)

o
=

1
~a; (z2+y?)

f(y)dy

2&(1) T y L1 (242
1+2ra(1) Eﬁ( i ,)e e )f(y) dy

\/56@3 \/ieaﬂ

(ead)1+2(1)
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Making the change of variable y = a/z, we arrive at

‘ ZQﬁ(l) 22 a2 52
eaJAnf( )_821+2N(1) )e ooy (27 +a® )f( z)dz

E
R 2 el+2x(1) (\feaﬂ \fe
S 1) 2k(1) B,
R2M61+2R (\feaﬂ V2e

)6 4520,2]( 2+a2]22)f( )
Hence,

(5.19) %1% f(x) — €% f(x)

—1)it1 x z
= 1+2(n(1)) ( S 221-@(1)EK( i+1° >
272 2D \ V2eai 17 \/2¢

1 j
« o 12a2GE @ +a?UrDz?)

f(z)dz
1 2., 25,2
n 22n<1>EH<%,Z>e oy (e g dz)
Hi ool 7 1)
(_1)j+1 ; ;
= — - {jr1x) + Li(x)).
21+2;(1)61+2“(1)( J+1( ) ]( ))
Using the dominated convergence theorem, we get
h z _h%42? T 22
lim 2’2"{(1)E,{<, ) 4e2 dz = Z2ﬁ(1)6_462 2)dz
jim § NCREVE fG)d== | e

> A,’,}€1+2n(1)’

by applying (5.18)). Hence, we can find § € (0,1) such that for |h| < § we
have

h z h?4 22 1
2[{(1) 2 > 1—‘1—2/{(1)
S z E, (\/567 \/56) e 42 f(z2)dz 3 Ane .

Thus, there are infinitely many j € Z such that for ]qz/aj| < ¢ we have
Livi(z) + Ij(x) > Ane'*2%(), Now choosing v; = (—1)7*1, from (5.19) we
have

Tif()> Y (17 (e 8 f(a) — e f ()

|z/ad|<§
1 1+2k(1 An
> Z XD 1+2H(1)A77€ w(1) — Z ey = OO
|z/ad|<é 277 |z/ad|<é 2
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