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Uniqueness sets with angular density
for spaces of entire functions, I. Basics

by

ANNA KONONOVA

Abstract. This is the first part of our work which is devoted to the uniqueness
sets for spaces of entire functions. In this part we consider a set A with angular density
with respect to the order p > 0, satisfying the Lindel6f condition. We find the value of
the critical zero set type for A in geometrical terms. We give a necessary and sufficient
condition for the coincidence of the critical zero set type and the critical uniqueness set

type.
At the end of the paper we present an application of our results to random zero sets
in Fock-type spaces.

1. Introduction and main results. This is the first part of a work
which consists of three parts. These parts are essentially independent of each
other.

Let £,, be the class of entire functions of order p and of type not ex-
ceeding o. The latter means that for each € > 0 there exists C. such that

|f(2)] < Ceele@lE" 2 e C.

Let A C C be a discrete set, and A be some class of entire functions. We

say that A is a uniqueness set for A if
feA fla=0 = f=0.
Given p > 0 and a discrete set A C C, we let
oy (A) =sup{o : A is a uniqueness set for £, 5}
=inf{o:3f €&,,\ {0}, fla =0}

We call this quantity the critical uniqueness set type of A.

One of the reasons for the importance of this quantity is that, by a
classical Markushevich duality argument [12, Lecture 3, Sect. 4], for p = 1,
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2 A. Kononova

the uniqueness of A in &, is equivalent to the completeness of the system

Ejy = {e** : X\ € A} of exponential functions in the space of holomorphic
functions in the disk oD = {¢ : |(| < o} with the topology of locally uniform
convergence.

The importance of the case p = 2 is due to the fact that the exponential
functions e,(z) = €*¥ are the reproducing kernels of the classical Fock—
Bargmann space B of entire functions satisfying

1717 = — {17 ) PeF dm(z) < oo,
C
where m is the planar Lebesgue measure. That is, f(w) = (f, ey) for f € B.
In this case, 4 is complete in the Fock—Bargmann space provided that
oy(A) > 1/2, and incomplete for oy (A4) < 1/2.

At present, in spite of many efforts |2 4, O], explicit expressions, which
would allow one to compute o7 (A), are known only in very few cases. In this
work we consider this problem only for regularly distributed sets A.

Note that our interest in this problem arose from the study of the unique-
ness property in Fock-type spaces of a random set of points, which will be
discussed in Section [91

REMARK. Given p > 0 and a set M C [0, 27p]|, we always consider it as
a subset of the factor space R/(27pZ).

We say that the set A has an angular density (with respect to the order p)

if for all 0 < a < 8 < 27 except maybe countably many values, the limit
. na(R o, B)
AA(O&, 6) - RIE;I;O RP

exists, where na(R;«,8) = #{\x € A : |\g| < R, arg\; € (o, 8)}. The
quantity Ay(a, 8) is called the angular density of A. We will treat it as a
non-negative measure on [0, 27}, which will also be denoted by Aj.

A set A is called p-regular if

(i) it has an angular density with respect to the order p;
(ii) if p is an integer, then in addition the Lindeldf condition holds:

. 1 . . .
(1.1) ngnoo Z ¥ exists and is finite.
0<|A<R
Note that (ii) implies that the measure A, has zero pth moment,
27
(1.2) | e dAs0) =0
0

(otherwise, the sum in (|1.1)) would grow like log R as R — 00).
On the other hand, given a finite measure A satisfying (1.2)), we can
always construct a p-regular set A such that Ay = A [I1], Chap. II, Sect. 4].
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For p-regular sets A, the Levin—Pfluger theory of entire functions of
completely regular growth [I1] (for a streamlined presentation see [3]) re-
duces the problem of determining the value of oy7/(A) to a question about
p-trigonometrically convex functions.

In this part, we always assume that the set A is p-regular.

A function h : [, 8] — R is called p-trigonometrically convex if, for any
a <60 <0<60y<pwith 0y —0; < w/p, we have

h(61) sin p(f2 — 0) 4+ h(02) sin p(6 — 61)

hlf) < i p(0s — 6r)

We denote by T'C), the class of p-trigonometrically convex functions. For
integer p,

T,={Acospf+ Bsinpd : A,Be R} CTC,

is the subclass of p-trigonometric functions.

For fundamental properties of p-trigonometrically convex functions see,
for instance, [11, Chap. I, Sect. 16| and [12], Lecture §|.

With each measure A satisfying (1.2), we associate a 2m-periodic p-
trigonometrically convex function ha such that

(1.3) " pPha = 2mpA

in the sense of distributions. For a non-integer p, the function ha is uniquely
defined, while for an integer p, it is defined up to a p-trigonometric term
k € T,. Note that in the latter case the moment condition (1.2)) guarantees
the 2m-periodicity of ha.

There are explicit expressions for hp in terms of A [I1, Chap. II, Theo-
rems 1, 2|. Given a measure A, we set

0
T
el 82 cos p(6 — ¢ — ) dA(p), p¢N,
ha(f) = 0
— | (¢=0)sinp(p —0)dA(p), peN.
0—2m

Note that, unlike the formulas from [II], we omit the p-trigonometric
term in the case p € N, so that for all A,7 € R, the function ha(t) +
Acos p(t — 7) also corresponds to the measure A and satisfies ([1.3)).

Given a p-regular set A with angular distribution A4 we also use the
notation hy = ha,.
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We call a set A a zero set for some class A of analytic functions if there
exists f € A such that f~1{0} = A.

Given p > 0 and a discrete set A C C, we define the critical zero set type
of A by

oz(A) =inf{o:3f € E,,, F {0} = A}.
Clearly,
(1.4) ou(A) < oz(A).

Unlike o17(A), the quantity oz(A) is easy to compute.
The following result is a consequence of the Levin—Pfluger theory of entire
functions of completely regular growth [11].

THEOREM 1.1. Suppose A is a p-reqular set with angular density A.
(i) If p is not an integer, then
0z(A) = max ha(t).

t€[0,2m]
(ii) If p is an integer, then
L. A) = mi .
(1.5) oz(A) ,grég;té%a’g;}[hA(t)Jrk(t)]

For p = 1, the right-hand side of has a simple geometric meaning
[4, [6]. In this case, a trigonometrically convex function hp is the support-
ing function of a planar convex compact set In. Adding a trigonometric
function
Acos® + Bsinf = Re(Ce),

we shift I by Ce. Thus, in this case, the right-hand side of ((1.5)) equals the
circumradius R of the set I, while the translation vector Ce* is uniquely
characterized by the condition that the origin lies in the convex hull of the
set

{e? : ha(f) + Re(Ce®?) = Ra}.

A similar interpretation of the right-hand side of ([1.5]) holds for all integer
values of p. Given h € T'C), we associate A with it via ((1.3)). Assuming that p
is an integer, we let

h*(0) = max h(

0+ 2mj
.7':0:17“-»/0*1 ’

p
and observe that h* is 1-trigonometrically convex. We denote by I’y the
planar convex compact set with supporting function A*, and by R, the
circumradius of ;.

Set Mh = {9 : h(@) = maxte[ojgﬂ h(t)}

Let conv X denote the convex hull of a plane set X.
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THEOREM 1.2. Let p be a positive integer, and let h € T'C),.

(A) The following two conditions are equivalent:

(i) 0 € conv{e : t € My};

(ii) min tgl[oé};r](h(t) + k(1) = hax h(t).

(B) min térﬁ)%}i](h(t) + k(1)) = Ra.

We call a function h € T'C, (p an integer) p-balanced if it satisfies condi-
tion (i). Note that any function h € T'C, can be made p-balanced by adding
a p-trigonometric function.

COROLLARY 1.1. Suppose p € N, and A is a p-regular set with angular
density A. Then

oz(A) = Ry = té%a;]ﬁ(t),

where h is the p-balanced function such that h—he T),.
Moreover,
oz(A)=min{o:3f € E,,, [H{0} = A}.

Now, let us turn to uniqueness sets. The next theorem is also an imme-
diate consequence of Levin—Pfluger theory:

THEOREM 1.3. Suppose A is a p-regular set. Then

A) = inf .
ou(4) keerletgﬁft;r](hA(t)Jrk(t))

Furthermore, for p <1/2 and for p =1,
O'U(A) = Uz(/l).
It is not difficult to show that for other values of p the quantities o7 (A)
and oz(A) can be different:

THEOREM 1.4. Given p € (1/2,00) \ {1}, there ezists a p-regular set A
with O'U(A) < 0'2(/1).

Our next result characterizes the equality oy (A) = oz(A) for p > 1/2.
Given a function h € T'C),, we set

~ h
(1.6) =" o PN,
p-balanced modification of h, p € N.

We call a set M C [0,27] locally p-balanced if there exists 6* € [0, 27]
such that

(1.7) 0 € conv {e™ :t € MN[0, 6% + 21 /p]}.
We call the function h € TC,, p > 1/2, locally p-balanced when so is the
set M; = {0 : h(0) = max|g on) h(t)}.
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THEOREM 1.5. Let p > 1/2, and let A be a p-regular set. Then the
following are equivalent:

(i) ou(A) = oz(4);

(ii) the function hy is locally p-balanced.

Our next result gives sharp lower bounds for oy (A), which might be
useful when oy/(A) < oz(A).

THEOREM 1.6. Let p > 1/2, and let A be a p-regular set. Put
Ay =1 max (ha(0) 4+ ha(6+7/p)).

2 gefo,2m)
Then
(1.8) oy(A) > Ay.
In addition,
(1.9) oy(A) >C

provided that the set {t : /HA(t) > C} s locally p-balanced.

Our last two theorems are inspired by a result of Ascensi, Lyubarskii and
Seip [I, Theorem 2|. Given a p-regular set A C C with angular density Ay,
these theorems focus on exploring possible densities

D(A) = Ax([0,27))
in some critical cases.

THEOREM 1.7. Let A, denote the class of all p-reqular sets A C C such
that

(i) Ais a zero set for £,1;
(ii) A is a uniqueness set for every &, , with o < 1.

Consider the density map
D Ap - Ry, D(A) = Ax([0,27)),

where Ay is the angular density measure of A. Then

F“p, p], pe(0,1/2),
D(A,) = i
p 1+ |cosmp|
—HERTL ), pe (1/2,00)

THEOREM 1.8. Let B, denote the class of all p-reqular sets A C C such
that

(i) A is a non-uniqueness set for £, 1;
(ii) for every p-regular set Ay with non-zero angular density A;, the set
AU Ay is a uniqueness set for €, 1.
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Consider the density map
D Bp - R-i-a D(A) = AA([O7 27T))7

where Ay is the angular density measure of A. Then

[Sin:p,p], pe(0,1/2],
D(B,) =
() [i (sin W{Sp} + [2p]>,p] ;€ (1/2,00).

REMARK. Note that for p = 2 our bounds in Theorem [I.8 coincide with
those in [I, Theorem 2|, which is somewhat surprising, given the considerably
more “massive” perturbation here.

At the end of the paper, in Section [J] we present an application of our
results to random zero sets in Fock-type spaces.

2. Proofs of Theorems and By our conditions on A and by
[11, Chap. I, Sect. 10] we can define an entire function Wjy:

o for peN,
(2.1) Wa(2) :exp( Z )};{AG< )
o for p& N,

(2.2) =11 G<)\k )

AL€A
where G(w;d) := (1 — w) exp(w 4+ w?/2 + - - - + w?/d).

Let f € &,, be such that f~1{0} = A. By the Hadamard factorization
theorem, f can be represented as an Hadamard product

f=e™NWy,

where Py is a polynomial of degree N < [p].
Recall that the indicator of an entire function f of order p is defined by

log | f(re™)]

o , € [0, 2m).

hf(t) := limsup

T—00
Moreover, by Levin—Pfluger theory [11, Chap. III, Sect. 3, Theorem 4], if the
zero set of f is p-regular, there exists an exceptional set E, a union of disks
with zero linear density, such that
1 it
hi(t) = Jim 281Dl

r—00 rP
re'¢E
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One can think of the exceptional set £ as the union of small neighbourhoods
of the zeros of f, where the supremum in each disk is governed by the
maximum principle.

Furthermore, by [1I, Chap. II, Sect. 1, Theorems 1, 2|, outside E the
indicator hj satisfies

R (0} pe N,
! ha(t) + acospt + bsinpt, a,b € R, pe€ N.

If p ¢ N, the type of the function f is uniquely determined by the set A
and 0z(A) = max(g 27 ha(t)-

For p € N, the type of the function also depends on the exponential
factor e’V(*) Assume that N = p (allowing the leading coefficient to be
zero). Multiplying W, by an exponential factor e(A=1B)2" we do not change
its set of zeros, while its indicator changes by a p-trigonometric function
k(t) = Acospt 4+ Bsinpt. Hence, for every k € T, we obtain a function

f~’ € &, such that f_l{()} = A and hf = hy + k, varying the leading
coefficient of the polynomial Py(z). Therefore,

A) < inf .
oz(4A) < klél:rptéﬂf‘z’i}[hm) + k(t)]
On the other hand, by compactness there exists k4 € T}, such that
ha(t) + ka(t)] = mi ha(t) + k(t)].
tg[}f;;}[ A(t) +ka(t)] z?él%itéﬁféi][ A(t) + k()]

Consequently,
A) = mi ha(t) + k(t)].
oz(4) = min max [ha(t) + k()]
Theorem [ is proved. =

We now proceed to the proof of Theorem

Let p > 0. By the definition, the set A is not a uniqueness set for
&y if and only if there exists an entire function g (a multiplier) such that
g-Wjy € &,s. Note that if such a function exists, then it has a finite type
with respect to the order p, and, by Levin’s theorem on the indicator of the
product of two entire functions [I1, Chap. III, Sect. 4, Theorem 5|, we have

hg~WA = hg + hWA'
So, the existence of a function g such that

max h,. t) <o
t€f0,2x] gwa(t) <

is necessary and sufficient for A to be a non-uniqueness set for &,,. If we
can find a p-trigonometrically convex function k such that

k(1) + hyy, (1) <
tg[}%r](()Jr wa(t)) <o,
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then we can take any function g of completely regular growth with indicator
hg = k. Thus, we replace the problem of finding a multiplier g with the
problem of finding a p-trigonometrically convex function k. It follows that
oy(A) = inf max [ha(t) + k(2)].
v(4) keTcpte[o’zﬂ][ A() + k()]
Note that for p < 1/2 all p-trigonometrically convex functions are
non-negative, so we cannot lower the maximal value of hs by adding a
p-trigonometrically convex function. Hence, for p < 1/2 we have

oy(A) =oz(A).

Let us show that this equality also holds for p = 1. Suppose o1/ (A) < oz(A).
That is, there exists k* € T'C such that

2.3 max (A% (t) + k*(t)) < A) = max h%(1),

(23) mase (K1) + (1)) < 72(4) = maxe 15 (0)

where h’ is the 1-balanced modification of h .

As a continuous function, k* has at least one maximum point on the
interval [0, 27r]. Then, due to the basic properties of trigonometrically convex
functions [11, Chap. I, Sect. 16] there is a closed interval J of length 7 such
that k*(t) > 0 for all t € J.

It follows from the definition of a 1-balanced function that every closed
subinterval of [0, 27| of length 7 contains at least one maximum point of A%,
in particular, there exists tp; € J such that

R (tar) = max h%(t).
A(tar) te[wf’;} A(t)

Then, by (23),

Ry (tar) = max hy(t) > max (W (¢)+Ek"(t)) > iy (ta)+E" (tar) = B (Ear),
te[0,2m] t€[0,27]

and we get a contradiction.
Theorem is proved. =

3. Proofs of Theorem and Corollary We start with the
proof of Theorem and prove Corollary at the end of this section.

Part (A). (i)=(ii) Let h € TC, be p-balanced. In other words, for any
a € R each of the sets

Ay(a) = ] [a+2nk/p,a +7(2k +1)/p)
keZ
and
As(a) = U [a+7(2k —1)/p,a + 21k / p)
kEZ
intersects Mj,.
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Suppose that condition (ii) does not hold. Then there is a function k € T),,
k(t) = Csinp(t — tp), where C,tg € R, such that
tér[%)zgir](h(t) + k(1)) < tg&f’i] h(t).
Consider now two points a1 € Ay (to) N M), and ag € As(to) N Mp,. Then
k(ay) - k(an) = C%sin p(a — to) sin p(ag — tg) < 0.
Therefore, either

h(aq) + k(1) > h(aq) = max h(t),
te(0,27]
or

h(az) + k(az) > h(az) = tén[oa;r] h(t).

In either case, we arrive at a contradiction.

(ii)=(i) Now, suppose that h is not p-balanced, that is, (i) is not satis-
fied. Then there exists an v such that M, C A;(«). Without loss of generality
we can suppose that a = 0, and hence M}, C A;(0). Moreover, since My, is
compact, we can suppose that for some € > 0,

M, C A = U (2rk/p+e,m(2k+1)/p—¢).
keZ
Define also A5 := R\ Aj. Put

= h(t b= h(t).
a = max h(t), sg()

From the construction, it follows that a > b. Consider the function

h(t) := h(t) — sin pt.
o If t € A7, then
h(t) < a— ——sin pe < a,
o Ift € A5, then
~ a—b a+b
< = .
h(t) <b-+ 5 5 <@

So, condition (ii) is not satisfied.

Part (B). Recall the definition of the function h* given in the introduc-

tion: 0
. .
h*(t) = max h< + oy ) .

j:O:Lu-»P*l p
It is a 27-periodic 1-trigonometrically convex function that serves as the sup-
port function for the convex set I'* with circumradius R* and circumcenter
C* € C. By taking the geometrical sum of the set I* and the point —C*
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(that is, shifting the set I* so that its center coincides with the origin), we
obtain a convex set with supporting function h(t) = h*(t) —Re(C*e™). Note

that
~(t42mj
h(t) =  max h< + Wj),
§=0,1,...,p—1 p

where

h(t) = h(t) — Re(C*e™).

Furthermore, h is p-balanced, since h( is 1-balanced, and {eirt . t € ME}
coincides with the set {e’ : ¢ € My }. Hence, by part (A), we have
i h(t) + k(1)) = h(t) = R".
;?él%itéﬁ%]( (t) + k(1)) hax (t) .
ExamMprLE 1. Let p € N. Consider the following family of probability
measures on [0, 27]:

1 n
1= - 25(2j+1)7r/n7 n €N, n>2p,
=1

and let A° be the normalized Lebesgue measure on [0, 27]. Let A,, and A
be p-regular sets such that Ay, = A} and Ay = A, Then

han(t) = 7zsi7IT1’ZTmaX{COSp(t —2mj/n):j=0,...,n—1},
and has(t) = 1/p. It is easy to see that all these functions are p-balanced,

and hence
T

Ap) = ———.
77(An) nsin 2%
Asn — oo and the set A spreads evenly over [0, 27|, approaching the uniform
distribution A{®, we obtain
lim oz(A,) =1/p=0z(Ax).
n—oo
We now proceed to the proof of Corollary [I.1] The first statement of the
corollary is an immediate consequence of Theorems and
To show that in the definition of the critical zero set type we can replace
infimum by minimum, note that A is the indicator of the entire function
fa(z) = e“*Wy(z) with an appropriate value of C € C. Since h(t) =
hy (t) < R = 0z(A), we have f, € Epoy(A), While 7o} = A =

4. Proof of Theorem Here, given p € (1/2,00) \ {1}, we will
provide some examples of non-negative measures A such that for any p-

regular set A with Ay = A we have oy (A4) < oz(A).
EXAMPLE 2. Let p € N>3. Put
Ag :=0zr)p + O2r/p + Or/p + O5r/p:
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Then (see Fig.

hoa, (£) = 2r[sinpt|, t € [x/p,2m/p| U [dn/p,57/p],
A2 0, elsewhere.
27%/\ 77777 /\ 77777777777 /\
x  2r 37 4w 57 67 77 27

Fig. 1. Tllustration to Example 2: y = ha,(t)

. . . 3m; 9m;
The function ha, is p-balanced, since 0 € conv {e 2*,e2"}. Hence,

oz(A) = [%}gﬁ ha,(t) =27

for every p-regular set A such that Ay = A,.
Let

K(t) = {7T sin.pt %f t €10,37/p],
—msinpt if t € [3w/p, 67/ p].
Then max(g o) (ha, (t) + k(t)) = 7 < 0z(A). Hence,
oy(A) <m <oz(A) =2m.
ExaMpPLE 3. Let p = 2. The construction from the previous example
does not work in this case. Let Az = 69 + dor/3 + d4r/3- Then (see Fig.

hay (1) = 2;% cos2(t — w/3) if t € [0,27/3], hay(t+27/3) = ha,(t).

Fig. 2. Illustration to Example 3: y = ha,(t)
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This function is 2-balanced. So, o7(A) = 27/+/3 for every 2-regular set
A with Ay = As. Now take
k(t) = $ha,(t +m/3).
Then (see Fig. |3
™
has(t) + k(t) = — 2cos2(t —7/3 2t
s (hay (1) + (1) = T max (2eos2(t — w/3) + cos20)
T
= — max (V3sin2t) =m.
V3 tE[O,ﬂ/3]( )
Hence, for every 2-regular set A with Ay = Az we have

ou(A) <7 < oz(A) =21/V3.

Sy

Fig. 3. Illustration to Example 3: y = ha, () + k(¢) (bold line)

EXAMPLE 4. Let p € (1,00) \N and Ay =6_x +0x. Then
P )
ha,(t) =2mcospt -1 _x =

_2p’27;7
Put
k(t) := —mcospt-1_;,

where 7 = min(?’7r 77). Then

27p’
ha,(t) +k(t) =7 < max ha,(t) =2
S (1) HO) =7 < (1) =2

Hence, oy (A) < 7w < 0z(A) for every A with Ay = Ay.
EXAMPLE 5. Let p € (1/2,1) and As = 0. Then
T COS pt

has(t) = e te[—m, .
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Pt COsS TP
k t = - . . 3 _ t , tE -, ]
(t) @ sinmp cos p(m — |t|) [—7, ]
Then
T
tél&)a’g;_](hAS (t) + k(t)) = sin P . trel%g’);] (COS pt — COSTp - COS ,0(7T _ t)) = .

Hence, in this case we get
m

A) < A) =
UU( >_7T<UZ( ) sinp

for every A with A4 = As.

As we will see later, all the estimates of oy we obtained in this section for
Ap=A,,n=1,2,3,4,5, turn out to be sharp. We return to these examples
in Section [Gl

5. Proof of Theorem (1.5, (ii)=-(i) From the definition of being locally
p-balanced (|1.7)) it follows that a set M is locally p-balanced if and only if
there exists a triple {«, 8,7} C M such that

(5.1) 0<pB-a<n/p, 0<y-B<n/p, y—a>n/p

(here we use the simple observation that 0 lies in the convex hull of a subset
of the unit circle if and only if this subset contains three points whose convex
hull contains 0). In particular, in the degenerate case when v = = a+m/p
the set M is locally p-balanced.

Note that for any function k& € T'C,, with p > 1/2 the set {t : k(t) < 0}
is not locally p-balanced.

Suppose that (i) does not hold. Then there exists a function k € TC,
such that

5.2 max (ha(t) + k(t)) < max ha(t).

(5.2) te[o’;ﬂ( At) + k(1)) hax A(t)

Therefore, for every t € MEA we have k(t) < 0. Hence, the function hy is
not locally p-balanced.

(i)=(ii) Note that for p = 1 a set is locally 1-balanced if and only if it
is 1-balanced, so it suffices to consider the case p € (1/2,1) U (1, 00) only.

Suppose now that h, is not locally p-balanced. We will show how to
construct a p-trigonometrically convex function k such that

max (ha(t) + k(t)) < max ha(t).
te[o’;ﬂ( At) + k(1)) hax A(t)

Note that a set M is not locally p-balanced if and only if it can be covered
by a finite union (JI; of open disjoint intervals I; C [0,27], each of length
less than 7/p, while the distance between neighboring intervals is greater
than 7/p.
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Put M = M; C [0,27] and denote by M its 27-periodization. Since M
is not locally p-balanced, there exists an open cover U]L:l I; =: T of M such
that

e for each 7,
I = | (o + 27k, B; + 2ck),
keZ

where 0 < 8 — o < 7/p;
e foreach j=1,...,L,

ajr— B >7/p,
where ap 41 = ay + 27.
We denote by J; := [fj, aj+1] the complementary intervals to Z.

Put

a := max 71\/175, b::sup/ﬁAt.
te[0,27] ( ) t¢T ( )

From the definition of a locally p-balanced set it follows that b < a.
Let us introduce the auxiliary function
Sp(t) :=sin pt - 1[0,7r/p}'

Put
a—2>b

max (sin p(t — 53;),sinp(a — t)), te€l;
a—2b
max(s,(t — ), sp(ajr1 — t)), t e Jj.
Since 0 < B — a; < w/p, it follows that k is strictly negative on Z. On the
other hand, max¢(g 2 k() = (a — b)/2.
Recall [11] that a 27-periodic function A is p-trigonometrically convex if
and only if for all o < 3,

B
W(B) = h_(a) +p* | h > 0.
(03
Since k is continuous, 2m-periodic and piecewise p-trigonometric, to justify
that k € T'C,, it is sufficient to examine the set S of all singular points of &
(that is, the points where k is not differentiable), and to show that for every
s €S,

(5.3) K. (s) > k' (s).

First of all, note that all the points «;, 3; are regular points of k.

Next, for each j = 1,...,L the point v; := (a; + £;)/2 is the only
singular point in the interval I;, and since &/, (;) > &’ (7;), the function &
is p-trigonometrically convex on each I;.
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Further, if |J;| > 27/p, there are two singular points on J;: 3;+m/p and
aj1 — m/p. It is easy to see that in this case condition ({5.3) also holds.

Finally, if |J;| < 27 /p, there is one singularity on J; at the point §; =
(ajp1+ B5)/2, and K/ (6;) > k’_(6;). Hence, k is p-trigonometrically convex.

Thus, we have constructed a p-trigonometrically convex function k£ such
that

o if t € 7, then k(t) < 0, and therefore
ha(t) + k(t) < a;

o ift ¢ 7, then
a—b a+b

ha(t) + k(t) < b+ :

<a

Hence

tgl[ofgr](hA(t) + k(1)) < nax ha(t).

Theorem is proved. m

EXAMPLE 1 REVISITED. Note that all the functions hA? and hAgo are
locally p-balanced for n > 2p, hence

ou(An) = 0z(An) =

while oy (Aso) = 02(Axs) = 1/p.

™

nsin 28’
n

6. Proof of Theorem We will prove inequalities ([1.8]) and (1.9)
by contradiction. Suppose that

e:=Apr—oy(A) >0.
Then there exists & € T'C, such that

max (ha(t) + k(t)) < Ax —e/2.
t€[0,27]

Using the fact that k(t) + k(t +7/p) > 0, we get
hA(t)—l—hA(t—i-:;) < hA(t)—i-hA(t—‘rZ) +k(t)+k(t+7pr) < 2A/4 — ¢

this contradiction proves (|1.8]).
Suppose now that o7(A) < C. Then there exists k € T'C), such that
ha(t) + k(t) < C, Vt.
Therefore, R
k(t) <0, Vt:ha(t)>C.

Since k is p-trigonometrically convex, it follows that the set of its negative
values cannot contain a locally p-balanced set, leading to a contradiction.
Theorem is proved. =
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EXAMPLES 2—5 REVISITED.

Returning to Example 2, we note that if Ay = Ag for some p-regular
set A, then A4 = m. Now, due to (1.8), we know that o(A) > 7, and
since it has been shown in Example 2 that this level is achievable, we can
conclude that

oy(A) =m.

In the same way we can find the value of oy (A) for the p-regular set A
with A4 = As. Here we have

5t St ow 4 T
hAg (12) +hA3 (12 + 2> = %COSE =27 < 2AA,

hence o7 (A) = 7. The same result can be obtained by applying the second
part of Theorem put C' = 7 and consider the set

{t :ha,(t) >n} = [r/4,57/12] U [117/12,137 /12| U [197/12, 217 /12].
Since this set is locally 2-balanced, by we get oy (A) > 7, and hence
oy(A) =m.

Returning to Example 4, we also see that for the set A with A, = Ay,
we have A4 = m, hence oy (A) = 7.
For A4, = A5 we have

™ s
=g )+ )

2
=K cos(mp —mw/2) =21 < 2A,.
sinmp

Hence, oy (A) = 7.
A natural question arises: do estimates ([1.8]) and/or ([1.9) always provide

an exact value for oy7(A)? Unfortunately, this is not the case, as the following
examples show.

EXAMPLE 2”. As shown in Example 2/, inequality ([1.8)) provides an exact

bound on oy7(A), while from ([1.9) we cannot derive any meaningful bound,
as the only value of C' > 0 for which the set {t : ha,(t) > C} is locally
p-balanced is C' = 0.

ExXAMPLE 6. Let now p = 1. Consider some Reuleauz triangle R, i.e.,

a convex body of constant width bounded by three congruent arcs, with
width W = h(t) + h(t + m) and circumradius R > W/2. Suppose that
its circumcenter is located at the origin. All three vertices of R lie on the
circumcircle.
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Let hg be the support function of R, and denote by Ag the corresponding
measure. Then, if Ay = Ag, we have 07(A) = R, and A, := W/2, so there
is a strict inequality in , while gives us a sharp bound, since the
convex hull of the vertices of the Reuleaux triangle contains the origin, hence
the function hg is 1-balanced, and for p = 1 it is locally 1-balanced.

7. Proof of Theorem Fix some A € A, and put A := A,. Note
that conditions (i) and (ii) from the definition of A, are equivalent to

oy(A) =o0z(A) =1.

Hence, max;c(o 2q] EA(t) = 1, where, as before, ﬁA denotes the p-balanced
modification of ha defined by (1.6)).
The results in [11, Chap. IV, Sect. 1] (or just formula (1.3))) imply that

P
1 D(A)=— \ ha(t)dt
(71) =57 | hat
which immediately gives the upper bound:
D) <p=2 | a
- 27 -
This estimate is achieved for any A whose angular distribution is uniform,
ie. Ay = A*([o, B]) = £=(B—a) for all 0 < a < § < 2m. The corresponding

p-trigonometrically convex function is
h*(t) = 1.
Put R
M:={teR:ha(t) =1}
this set is non-empty.

We now proceed to the proof of the lower bound, which is more involved.
We subdivide it into three parts depending on the value of p.

e p € (0,1/2]. Basic properties of p-trigonometrically convex functions
imply that if 6y € M, then for every ¢ such that |t — 6| < 7/p, we have

(7.2) ha(t) > cos p(t — b).

Without loss of generality, we assume that 0 € M. Applying ((7.2)), we get
™ N s 2 .
S ha(t)dt > S cos ptdt = SWLTP.
- -7 P

This bound is achieved for h.(t) = cos pt, and the corresponding measure is

sinmp

A, = “Or.

s
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e p € (1/2,1]. Since oy(A) = o0z(A), by Theorem the set M is
locally p-balanced (see ) Therefore, without loss of generality, we can
assume that there exists a € [r — 7/(2p),7/(2p)] such that +a € M. It
follows that R

ha(t) > cosp(|t] — ), |t| <.

The auxiliary function

™

2
fla) = _Sﬁcosp(|t| —a)dt = ;

4 7 Ly
= —SIn—COoS| — — &
PR D) 9 P

is concave on [ —m/(2p), 7/(2p)], therefore its minimal value is attained on
the boundary of this interval. Hence,

(sin p(m — a) + sinap)

4 . qmp
> - "
flo) = - sin? 7.
and therefore
P~ P 2 . omp 14 |cosmp
D(A) > — \ ha(t)dt > — > = £ =
()_271'S A() — 27 (oa)_ﬂsm 2 T

—T
The bound is achieved for the function h.(t) = sinp|t|, and the corre-
sponding angular density is

Ay = %(50 + |cos prr| - 0).
e p>1. Put
N=[p—-1/2] = {[P] -1, {p}e(0,1/2],
(o], {p} € (1/2,1),

and 6 :=p— N € [1/2,3/2].

As in the previous case, since oy (A) = oz(A), by Theorem the set

M is locally p-balanced. Recall that in this case at least one of the following

conditions is satisfied (see (5.1])):

(i) 3o : {a,a+7/p} C M;

(i) e, By} CM:0<f—a<na/p; 0<y=B<7/p; v—a>n/p.
Let us start with (i). Without loss of generality we suppose that o = —;—p.
Basic properties of p-trigonometrically convex functions imply that if

6o € M, then for every t such that |t — 6| < 7/p, we have

(7.3) ha(t) > cos p(t — 6p).

It follows that

ha(t) > sinplt], |t| < —.
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The next lemma follows immediately from standard properties of p-
trigonometrically convex functions [I1, Chap. I, Sect. 16].

LEMMA 7.1. If h € TC), then for each x we have

427/ p
| r>o

Now, by Lemma[7.1] we get (recall that p = N +6)

or N8 dm

LI P IR or/p .
| hatydt= | ha@®dt> | ha(t)dt
“r —on/p —om/p
on/p 9
> S sin p|t|dt = —(1 — cos ).
p
—om/p

Recalling that p — N = § € [1/2,3/2], we obtain
[ 2
(7.4) | hatt)dt > ;(1 + |cos pr]).

—T
In case (ii), we introduce the auxiliary function
cosp(t—a), a<t< ﬁ%,
atp B+
cosp(t —p), 5= <t< 5
cosp(t—7), 2 <t<y,

ha, elsewhere.

(7.5) ha,py(t) =

Considering 5 as a parameter, we will show that replacing g by g* =
a + m/p decreases the integral of h, g . This result will also be used in the
next section, so we formulate it as a lemma.
LEMMA 7.2. Given ha € TC, with maxye[_z EA(t) =1, let {a, 8,7} C
M = {t : ha(t) = 1} be such that
a<y-7m/p<B<a+m/p<n.
Put B* .= a+7/p. Then

™

S ho g (1) dt > S B e (1) dt.

—T —T

Proof. Since

ha7ﬁ77(t) = ha,ﬁ*,v(t) vt € [-m, 7]\ [, 7],
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it is sufficient to consider the integral on [a,7]. We have

g
S hapq(t) dt
(0%
Bta 48
2 2 Y
= S cos p(t — ) dt + S cosp(t — B)dt + S cos p(t — ) dt
e Bta atB8
2 2
48
2 ) o a_/@
=2 S cosp(t — B)dt = — | sinp — sinp—g
Bta
2
4 —« a+vy—26
= —sinp cos p 1

Recalling the inequality
a<y-—m/p<pB<at+mn/p<r,
we see that
—m/p<y—a-2r/p<a+y-20<a-—vy+2n/p<m/p.
Hence
a+vy—2p
Py
Therefore, by the elementary properties of the cosine function, we have
a+y—28 a—~y+2n/p a+y—28
4 Y I

€ (—m/2,7/2).

cos p > cosp

and finally

™

| P @) dt > | g (D) dt. m

—T —Tr

Now, since hq g+ 4 is of type (i), applying (7.4) we get

s N ™ s 2
| ha)dt > | hapa(t)dt > | hope () dt > (L Jeos pr),

and therefore

~ 1
S hA(t)dtZ M_

—T

p>"L
— 27 s

To show that this estimate is sharp, we introduce the following p-trigono-
metrically convex function:

k(t) = sinplt], [t| < dm/p,
] sin pt, om/p <t <2m—drm/p.
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Since k is piecewise p-trigonometric, to ensure that k € T'C), it is suffi-
cient to show that at the points ¢t = 0, £d7/p we have K/ (t) > k' (). Indeed,
this obviously holds at 0 and d7/p, and at —dmw/p we have

K\ (=ém/p) = —pcosdm >0
and
k' (=om/p) = K (2m — o7 /p) = pcos(2mp — o) = pcosdm < 0.
Hence, k € T'C),. Moreover, k is locally p-balanced and

T om/p ém/p+N2m/p
Sk(t)dt:( b+ )k(t)dt

“n —an/p 57/p
om/p ém/p 9 9
= S E(t)dt =2 S sin pt dt = —(1 — cosdm) = —(1 + |cos p7]).
—om/p 0 P P

So, the estimate is achieved for h, = k, and the corresponding angular
density is

Ay = — (00 + |cos pr| - 6_s7/p)-

1
T

Thus, in each case we have constructed two p-trigonometrically convex
functions h, and h*, that correspond to the angular densities A, and A*,
such that for any A € A, with Ay, = A, the density map D attains its
minimum value, and for any A € A, with A4 = A*, the map D attains its
maximal value.

Now, for every d € [—1,1] put
hq := max(hy, d).
Then hg is p-trigonometrically convex, h_1 = h, and hy = 1 = h*. The

corresponding angular density is denoted by A4. Then for any Ay € A, with
Ay, = Aq we have

w(d) == D(Ag) = % | hat)dt = % | max(h.(), d) dt.

The function w depends continuously on d, hence D(A,) fills the whole
interval. m

8. Proof of Theorem The proof of this theorem uses an idea from
the proof of [I, Theorem 2|.

LEMMA 8.1. If A € B, then
oy(A) =o0z(A) =1.
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Proof. Put A :=opy(A) < UZ( )=:Band A:= Ay.

Recall that B = maxc[_r x) h A(t), where ha is the p-balanced modifica-
tion of h defined by (1.6 .

The first condition of the definition of the set B, implies that A < 1. In
other words, there exists k* € T'C), such that

A+1 <
=
Suppose that A < 1. Then for £ small enough, we have
ha(t) +k*(t) +e <1, Vte[-mn],
which contradicts the second condition of the definition of B,. Therefore,
A=1.
Assume now that k* € TC,\ T),. Note that in this case the corresponding

density A* is non-zero. Then it follows from the second condition of the
definition of B, that

halt) + k*(t) < 1, Vte[-m 7).

max (k*(t) + ha(t)) > 1,
te|—m,m]

and we get a contradiction.
Now, let k* € T),. Since hx is p-balanced, we obtain

1=A<B< nax }(k:*(t) +ha(t)) < 1.

—T,T
The lemma is proved. =
Fix A € B, and put A := A,. From the assumptions of the theorem, by

Lemma and Theoremﬂ it follows that % A € TC,is alocally p-balanced
function with max;c|_ -] ha(t) = 1. The upper bound follows immediately

from ([7.1)):

The estimate is achieved for any A with uniform angular density A*:

A*([a,ﬁ])z%-(ﬁ—a), 0<a<pB<on

The corresponding p-trigonometrically convex function is h*(t) = 1.

Turning to the proof of the lower bound, let us start with the following
lemma.

LEMMA 8.2. Let A € B, and Ay = A. Then the set
M ={0:ha(0) =1}
has no gap of length greater than w/p.
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Proof. First of all, from Lemma it follows that M # (). Hence, for
p < 1/2 the lemma is trivial.

Suppose that p > 1/2. We use the fact that M is locally p-balanced.
Assume that J := [-7/(2p),7/(2p)] C R\ M, and put

m = max h(t) < 1.
teJ

Let A; be a p-regular set with angular density A; that corresponds to

the p-trigonometrically convex function

ha,(t) = {(1 —m)cospt, |t| <m/(2p),

0, 7/(2p) < Jt] < .
Consider the set A" = AU A;. It is p-regular with density
A=A+ A,

which corresponds to the p-trigonometrically convex function

ha(t) =ha(t) +ha, (t) < 1.
Moreover, we have

M = {6:ha(t)=1} D M,
and hence M’ is locally p-balanced. Therefore, by Theorem and Corol-
lary[L.1] oy (A') = 04(A’) = 1. So, we have found a p-regular set with positive
density such that AU A; is a zero set for &, 1. This contradicts the second
condition of the definition of B,, concluding the proof of the lemma. =

Returning to the proof of the theorem, let us start with the case p < 1/2.

e p € (0,1/2]. Without loss of generality, we assume that 0 € M. Then,
applying inequality ([7.2)), we get

™ ™
~ 1
D(A) > % Sﬁ hadt > % Sﬂcosptdt = —sinmp,
and the minimum of the density is attained for h.(t) = cos pt, which corre-
sponds to the angular density A, = =24,
e p > 1/2. Without loss of generality we can assume that 0 € M. From
Lemma [8.2]it follows that there exists a finite set I' := {y;}2_, C M, where

O0=v%<m<--- <y =27,
such that 0 < vy, —vk—1 < 7/p. Let us define a p-trigonometrically convex
function H as follows: for K =10,..., N — 1 we put
Hp(t) = max(cos p(t — k), cos p(t — Ve+1))s Ve <t < Yigt-

Then, by (7.2), we have ha(t) > Hp(t).
Applying Lemma we observe that increasing the distance between
neighboring points 74 until it equals 7/p will decrease the integral of the



Uniqueness sets with angular density 25

function Hpr. Hence, the optimal configuration that minimizes the integral
is achieved for

= i € M,
where N* = [2p] and

* * 2:0 0 * * ™ %
Y% =0, 71:{ ) s Yer1 =Wt k=1,...,N -1
p p
It follows that
\ Hr(t)dt > | Hpe(t)dt
el o

7 ™/2p 9 (207
:2Scosptdt—|—2N* S cosptdtz(sin 5 +[2p]>.
p
0 0

Finally, we get

- ™

D(A) > % 7§ hadt > % 7§ Hr(t)dt > 1<sin {2g}ﬁ + [2p]>.

—T —Tr

The measure where the minimal value of the density is achieved is

[20]-1
1/. {2p}7
A, = = <sm 5 5{2;gw + kz_l 5Wf+(2k2+pl>ﬁ>.

The remainder of the proof is analogous to the final part of the proof of
Theorem 1.7. For every p > 0 we have constructed two angular densities,
A, and A*, such that for any A € B, with A4 = A, the density map D
attains its minimum value on B, and for any A € B, with A4 = A* the map
D attains its maximal value. The corresponding p-trigonometrically convex
functions will be denoted by h, and A*.

Put

hq := max(hy, d).

Then hg is p-trigonometrically convex, h_1 = h, and hy = 1 = h*. The
corresponding angular density will be denoted by A,. Then for any A4 € B,
with Ay, = Ay we have

w(d) = D(Ag) = % | ha(tydt = % | max(h.(t),d) dt.

The function w depends continuously on d, hence D(B,) is the interval
[D(As), D(A)).
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9. Application to random zero sets in Fock-type spaces. An entire
function f belongs to the Fock-type space F,, p > 0, if

2 —|z[P\2
115 == § ([ (2)le™")? dm(2) < oc.
C
Note that
U &wcFcém
o<1
The question we are concerned with in this section is whether or not a
kind of randomization of a given sequence of points is almost surely a zero
set (or a uniqueness set) of the Fock-type space F,.
Let us fix a non-decreasing positive sequence

Ar = {lk}ren,
and suppose that it has a finite density
R
D = lim nap () < o0.
R—o0

To determine the type of randomization of Ag, we fix a probability mea-
sure A on [0,27), and for p € N we require in addition that it has zero pth
moment,

2
(9.1) | et da() =0
0
We define a A-randomization of Ag to be a random set
ZA = {)\k = lkewk € AR},
where 6;, are independent random variables equally distributed with distri-
bution A.

The case of uniform randomization was considered earlier in [8] 10]

Note that each of the events ° AA is a zero set of F,” and ° AA is a
uniqueness set of F,” is a tail event, and so by the Kolmogorov zero-one law
each of them either happens almost surely or does not happen almost surely,
for a fixed sequence Ag.

Let us show that the random set A, almost surely satisfies the Lindel6f
condition (1.1)). Indeed, first of all, due to condition 1} E(\,”) = 0 for

each k. Furthermore,
Z Var(\.”) = Z 1;2’) < 00,
€A lheAr

hence, by the Khinchin-Kolmogorov theorem [5, Theorem 22.6] (also known
as Kolmogorov’s two-series theorem), the series Z)\;p converges almost
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surely. Thus, for the random set A the Lindeldf condition (1.1 holds almost
surely. B
Our next step is to show that A almost surely has angular density.

LEMMA 9.1. The random sequence A4 has angular density DA almost
surely.

Proof. Even though this lemma may seem obvious to specialists, we
nevertheless prefer to prove it, relying on the following generalization of the
Glivenko—Cantelli theorem, which is due to Varadarajan.

VARADARAJAN’S THEOREM ([I3], |7, Theorem 11.4.1]). Given a separ-
able metric space (S,d) with a Borel o-algebra X C 2° and a probability
measure ju : X — [0,1], define the probability space (£2,P), where §2 := SN
and P is the corresponding infinite product probability (uniquely defined, [T,
Theorem 8.2.2|). For w = (£Y,&5,...) € £2 define an empirical distribution
w2 on the o-algebra X' by

1
H = (Ogp + oo+ Ogy).
Then s weakly converges to p almost surely:
P({w e SN : p2 2% iy = 1.

The weak convergence of the empirical distributions p¥ to p implies that
for all arcs (a, 8) such that u({a}) = p({B}) = 0, we have

nh—%lo /.LUT'L](Oé, ﬁ) - /J'(Oéa /6>7

where p is some probability measure on the metric space S, and u are the
corresponding empirical measures.

Now, if we take S = [0,27), p = A, and & = 6, then for all a, 8 €
[0,27), and for any R € (An, Ant1],

,uﬁ(oz,ﬁ) _ nA(R;Oé,B) _ ’I?,A(R;OZ,B)‘

n 14z (R)
Hence, with probability 1, for all but a countable set of angles,
ARy, B) . Moyl B)nag(R)
Jim SR = lim S =D A0, ).

It follows that a random sequence Ay is almost surely p-regular, hence
the results of the previous sections can be applied. Thus, all theorems lead to

corollaries that hold almost surely for Ax.In particular, the following holds.

COROLLARY 9.1. Let p € N, and let a probability measure A on [0, 27)
have zero pth moment. Given a positive sequence Agr with density D, its
randomization A is almost surely
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e a zero set of F, if DR, < 1;
e not a zero set of F, if DR} > 1.

The critical case DR’ = 1 here is more subtle and requires a special
consideration. For uniform randomization, some examples of a.s. zero sets
of critical density and a.s. uniqueness sets of critical density for F» can be
found in [10].

Now, shifting focus to the difference between o and oz and referring to
Theorem and Examples 2—4, we arrive at the following corollary.

COROLLARY 9.2. For every p € (1/2,00) \ {1}, there exists a probability
measure A satisfying condition , and a non-empty open interval J, A
such that for any positive sequence Ar with density D € J, A, its random-
1zation /TA 18 almost surely a non-zero set and a non-uniqueness set for the
Fock space F,.

EXAMPLE 7. Put Ag = {y/n/D}, and let A = L A3, where As is defined
as in Example 3. Then the random set A is almost surely

e a zero set of Fy if D < 3v/3/(27);
e a non-zero and non-uniqueness set of F» if 3v/3/(27) < D < 3/m;
e a uniqueness set of Fy if D > 3 /7.
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