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Full mad families of vector spaces
and two local Ramsey theories
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Clement Yung

Abstract. Let E be a vector space over a countable field of dimension Ny. Two
infinite-dimensional subspaces V, W C E are almost disjoint if VW is finite-dimensional.
This paper provides some improvements on results of Smythe (2019) about the definability
of maximal almost disjoint families (mad families) of subspaces. We construct a full mad
family of block subspaces in ZFC, answering a problem by Smythe in the positive. A variant
of this construction shows that there exists a completely separable mad family of block
subspaces in ZFC. We also discuss the abstract Mathias forcing introduced by Di Prisco,
Mijares and Nieto (2017), and apply it to show that in Solovay’s model obtained by the
collapse of a Mahlo cardinal, there are no full mad families of subspaces over Fa.

1. Introduction. Let E be a vector space over a countable field F
of dimension Rg. Smythe [25] studied almost disjoint families of infinite-
dimensional subspaces V,W C E, i.e. families of infinite-dimensional sub-
spaces of E whose pairwise intersections are finite-dimensional, and raised
the following questions.

PROBLEM 1.1. Can mad families of subspaces be definable? In particular:

(1) Are there analytic mad families of subspaces?
(2) Assuming the existence of large cardinals, are there mad families of sub-
spaces in L(R)?

The study of almost disjoint families in various linear-algebraic notions,
or applications of the theory of almost disjoint families to linear algebra or
functional analysis, predates Smythe’s work [25]. Baumgartner—Spinas [2]
studied the existence of quadratic spaces, and used almost disjoint fami-
lies in [w]“ to show that under the assumption b = Xj, there exists an
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N;-dimensional (#x)-space over a class of countable fields. Possible cardi-
nalities of variants of almost disjoint families, including almost orthogonal
families, of infinite-dimensional subspaces of a separable Hilbert space were
also studied in [3] [30]. Kolman [I3] also studied almost disjoint families of
infinite-dimensional subspaces with no additional topological assumptions
(which he called almost disjoint packings), but he assumed that almost dis-
joint families satisfy a property stronger than pairwise almost disjointness
(see also [25] footnote 2|).

Horowitz—Shelah [I1] proved that there are no analytic mad families of
subspaces over o, but the first problem remains open for other fields. Smythe
remarked in [25] that if there is a supercompact cardinal, then every set in
L(R) is H-strategically Ramsey, so there are no full mad families of subspaces
there (the definition of a full mad family of subspaces will be introduced in
the subsequent paragraph). Strategically Ramsey subsets of Ele]
troduced in [19, 20] to study the combinatorics of Banach space theory and
dichotomies, and Smythe [24] introduced a localised version of the strategi-
cally Ramsey property. To the author’s knowledge, the precise large cardinal
strength needed for the non-existence of mad families of subspaces in L(R)
is mostly unknown.

were in-

Inspired by Mathias’ [14] original proof of the non-existence of analytic
mad families in [w]*, Smythe [25] approached this problem using a local
Ramsey-theoretic approach, replacing H-Ramsey with H-strategically Ram-
sey. Given an almost disjoint family A of vector spaces, he extended Mathias’
definition of the “happy family” §F4 of subsets of w to a “family” H(A) of
subspaces of E. His approach requires H(A) to be full, a property which
closely resembles the pigeonhole property of coideals of [w]. Calling a mad
family A full if H(A) is full, Smythe proved the following theorem:

THEOREM 1.2 (Smythe [25]). There exist no analytic full mad families
of subspaces.

Smythe proved this theorem by studying the combinatorial properties
of families of block subspaces. Block subspaces are subspaces with a basis
of vectors with strictly increasing support (see for a precise definition).
Block subspaces are more combinatorially tame, and since every infinite-
dimensional subspace contains an infinite-dimensional block subspace, an
almost disjoint family of subspaces is maximal with respect to block sub-
spaces iff it is maximal.

While it is clear from Smythe’s proof that the fullness property plays an
important role in understanding the definability of mad families of subspaces,
the extent to which mad families of subspaces satisfy this property remains
poorly understood. In particular, Smythe asked the following question:
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PROBLEM 1.3 (Smythe [25]). Does ZFC prove the existence of a full mad
family of subspaces? Even more, does ZFC prove that every mad family of
subspaces is full?

In the same paper, Smythe proved that assuming p = ¢, there exists a
full mad family of block subspaces.

Since every infinite-dimensional subspace contains an infinite-dimen-
sional block subspace, not all generality is lost when restricting our attention
to block subspaces. However, several open problems concerning differences
between mad families of subspaces and of block subspaces remain. Consider
the following two cardinals:

Yo := min {|A] : A is an infinite mad family of subspaces over F},
Ayvec,r = min {|A] : A is an infinite mad family of block subspaces over F}.
It is unknown if they are equal in ZFC.

PROBLEM 1.4 (Smythe [25]). Do we lose any generality when restricting
mad families to block subspaces? In particular, is a5, 5 = Gyec,p true in ZFC?

The first result in the present paper answers the first part of Problem
in the positive.

THEOREM 1.5. There exists a full mad family of block subspaces.

Our method is inspired by a variant of the construction [I5] of a completely
separable mad family in [w]“ assuming s < a, provided by Guzman [9].
Construction of completely separable mad families in [w]“ has been extensively
studied in the past two decades. Furthermore, complete separable mad families
in [w] have proved to be a powerful tool for constructing other set-theoretic
objects. These include objects of interest in functional analysis, such as a
masa in the Calkin algebra which does not lift to a masa of B(H) (see [23]).
Shelah [22] attained a breakthrough by showing that a completely separable
mad family exists assuming that either ¢ < X, or there is no inner model
with a measurable cardinal. However, the existence of a completely separable
mad family in ZFC alone remains open. We shall show that the natural

generalisation of a completely separable mad family to vector spaces (see
Definition exists in ZFC.

THEOREM 1.6. There exists a completely separable mad family of block
subspaces.

Our constructions for Theorems[L.5land [L.@ utilise various results from the
local Ramsey theory of block subspaces developed by Smythe [24] 25], along
with a few additional results that we shall prove. The non-requirement of
additional set-theoretic hypothesis is a result of the ZFC inequality non(M)
< Gyec,r by Smythe [25]. Since s < non(M) holds in ZFC, the vector space
variant of the inequality s < a, i.e. 5§ < ayec, is also a ZFC inequality.
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Readers may also refer to [17, [I8] for more constructions of mad families
in [w]“ involving the cardinal invariant non(M).

The second part in this paper addresses the existence of full mad families
of block subspaces over Fa in Solovay’s model. We utilise the abstract Math-
ias forcing developed by Di Prisco-Mijares—Nieto [7] — the abstract Mathias
forcing was developed to expand the local Ramsey theory of [w]* to topologi-
cal Ramsey spaces (i.e. closed triples (R, <,r) satisfying the axioms A1-A4
introduced by Todor¢evié¢ [2§]).

If F is a countable vector space over Fo, then the pigeonhole principle
holds, so (E ool <, r) is a topological Ramsey space. By identifying vectors
in F with their supports, this topological Ramsey space coincides with Hind-
man’s space (FINI®!, < r) studied in [4]. Filters in FIN[*! have also been
studied by Blass [4], and are known as ordered-union ultrafilters. Additional
overlaps between Blass’ theory of ordered-union ultrafilters and Smythe’s
theory of filters in [24) 26] include the notion of a stable ordered-union ul-
trafilter, which in Smythe’s terminology is known as a full (p)-filter. This
allows us to study the local Ramsey theory of infinite block sequences in £
from the following perspectives:

1. Abstract local Ramsey theory by Di Prisco-Mijares—Nieto [7].
2. Local Ramsey theory of block sequences by Smythe [24] 26].
3. The theory of (stable) ordered-union ultrafilters by Blass [4].

In particular, the first two theories proposed versions of (semi)coideals and
(ultra)filters in E!*, along with definitions of various selectivity properties.
In §6] and §7] we shall show that these three theories coincide, so definitions
may be used interchangeably and results proven in the individual theories
may be freely applied to (semi)coideals and (ultra)filters in E[.

Let Coll(w, <r) be the Lévy collapse of the uncountable cardinal £ to wy.
We may apply the abstract Mathias forcing to obtain the following variant
of a celebrated theorem of Mathias [14]:

THEOREM 1.7. Let K be a Mahlo cardinal, and let G be a Coll(w, < k)-
generic filter. Suppose that E is a countable vector space over Fo. If H € V[G]
is a selective coideal on E!>!, and X € L(R)VIS is a subset of EI*, then
X is H-Ramsey.

A rough sketch of the proof of Theorem (in the context of FIN) was
stated by Blass in [4], and he stated that it “will be shown, in a more general
context” in [5], but the published version of [5] does not contain such a proof.

As a consequence, we obtain the following corollary:

COROLLARY 1.8. Let k be a Mahlo cardinal, and let G be a Coll(w, <k)-

generic filter. Then there are no full mad families of subspaces over Fo in
L(R)VIE,
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Our paper is organised as follows:

( We provide a concise introduction to various definitions and nota-
tions for block subspaces of F. We prove that finite intersections of block
subspaces are also block subspaces (Lemma .

( We review the local Ramsey theory of block subspaces developed
by Smythe, i.e. combinatorial properties of semicoideals of block subspaces
(which Smythe calls families). We introduce the notion of a selective semi-
coideal of block subspaces, a strengthening of the (p)-property.

( We introduce some definitions and basic results concerning almost
disjoint families of subspaces. We show that af,. p is uncountable, addressing
a remark by Smythe [25]. We also show that the semicoideal H™(.A) is se-
lective for any almost disjoint family A of subspaces — the non-requirement
for A to be maximal is crucial in the proofs of Theorems [I.5] and [L.6]

( We apply various lemmas and results proven in §3|and §4|to provide
detailed proofs of Theorems and

( We provide an overview of the axioms of topological Ramsey spaces
A1-A4 introduced by Todorcevi¢, and the abstract local Ramsey theory de-
veloped in [7]. We show that given a closed triple (R, <, r) satisfying A1-A4,
if H C R is semiselective then My satisfies the Mathias property and the
Prikry property. This was proven in [7], but it was assumed that the almost
reduction relation <* is transitive (which is not generally true, as exemplified
by the topological Ramsey space of strong subtrees). We provide a proof of
this result without this assumption.

( We study the intersection between the local Ramsey theory of block
subspaces and abstract local Ramsey theory when considering block sub-
spaces over Fo. We show that various notions and results introduced in §3
and §6 coincide in the setting of block subspaces over Fo and provide a proof
of Theorem [I.7] and Corollary [I-8]

( We conclude the paper with several further remarks and open prob-
lems.

2. Vector spaces and block subspaces. We introduce some basic
definitions and properties of vector spaces and block subspaces. Throughout
this article, only non-zero vectors shall be considered (thus, for instance, for
two subspaces V, W, we write VN W = () if their intersection is the trivial
subspace).

2.1. Setup and notations. Let E be a vector space over a countable
field F, with a countable Hamel basis (e, )n<w. For each x € E, we may write
x =) ., M(x)en, where A\y(x) € F. This allows us to define the support

of a vector x € F by
supp(z) := {n <w: A\ (z) # 0}.
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Note that supp(x) is finite for all x € E, as (ep)n<w is @ Hamel basis. This
gives us a partial order < on F, where for any two vectors x,y € E,

r <y <= max(supp(z)) < min(supp(y)).

A block sequence of vectors in F is thus a <-increasing sequence. Note that
any block sequence of vectors is linearly independent.

DEFINITION 1. An infinite-dimensional subspace V C FE is a block sub-
space if V has a block basis, i.e. an infinite block sequence (x;,)n<w such that
V =span{z, : n < w}.

Since such a block basis is unique up to scaling, we may conflate block
subspaces of E with infinite block sequences. This allows us to equip E!*!
(see below) with a Polish topology by considering the first difference metric
on infinite block sequences — that is, if (2, )n<w and (Yn )n<w are infinite block
sequences, then

d((mn)n<w7 (yn)n<w) =92~ min {n: In;’éyn}
NOTATION 1.

(1) We let El* (resp. EI<>) denote the set of infinite (resp. finite) block
sequences of vectors in E.
2) El=] .= gl y pl<ol,
3) If A= (2p)n<w € E™ and N < w, we write A/N := (z,)n>N
4) If A= (zp)new € El™ and n < w, we write 7,(A) := (;)i<n.
5) If a = () nens b= (Ym)merr € EI<® we write a < b if 2x_1 < yo.
6) If Ae El> and a € EI<™ we write a < A if a < r1(A).
7) If A€ E® and a € El<* we write d4(a) := min {N < w:a < A/N}.
8) If Ac El*® and a € EI<®, then A/a:= A/d(a).
9) f Y C E, we write
(Y) :=span(Y).
(10) If (2p)n<a € EE we write

(xn)n<a) = (zp 1 n < a).
) If A, B € EI™ we write A < B iff (A) C (B).
) If A, B € El™l we write A <* B iff A/N < B for some N < w.
) If A € El™ we write EI®l|A:= {B e El* . B < A}.
) If A € El™ we write BEI<™I[A := {a € EI<*®]: (a) C (A)}.

Block sequences/subspaces were introduced as they are more combinato-
rially well-behaved than arbitrary infinite-dimensional subspaces. The focus
on block sequences is further justified by the observation that every infinite-
dimensional subspace of E contains a block subspace. This will be apparent

(*) This notation differs from that introduced in [26], where A/N was instead defined
to be the tail sequence of A consisting of vectors supported above N.
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once we have introduced the relevant definitions and notations for almost
disjoint families of subspaces.

2.2. Intersection of block subspaces. Given A, B € E!*! if (A)n(B)
is infinite-dimensional, then by the remark above it contains a block sub-
space. The following lemma shows that (A) N (B) is itself a block sub-

space @ This observation is central in ensuring that the proofs of Theorems
and do not require additional set-theoretic hypotheses.

LEMMA 2.1. Let A, B € E™ be such that (A) N (B) is infinite-dimen-
sional. Then there exists some C' € E!*! such that (C) = (A) N (B).

Proof. We write A = (zy,)n<w and B = (yn)n<w- For each v € (A) N (B),
we let
supp 4 (v) := {n < w : supp(z,) C supp(v)},
suppp(v) == {n < w : supp(yn) <
We remark that for all v,w € (A) N (B),

supp(v) € supp(w) <= supp,(v) C supp,(w)
<= suppg(v) C suppg(w).
For an arbitrary v € E and k € supp(v), recall that A;(v) € F denotes the

unique coefficient such that v = u+ A\g(v)er +w for some vectors u < e < w
(or =0 orw=0).

CLAIM 1. Let vg,v1 € (AYN(B); suppose that supp 4(vo)Nsupp 4(v1) # 0.
Then there exists some w € (A) N (B) such that supp4(w) = supp4(vo) N
supp 4 (v1).-

Proof. Let vg,v1 € (A) N (B) be such that supp4(vg) N suppy(v1) # 0.
We may write

(2.1) o= Qu= >y

i€supp 4 (vo) j€suppg(vo)
(2.2) vi= Y Gm= >y
i€supp 4 (v1) Jj€supppg(v1)

where &), ¢} ;-), 5]1 are all non-zero. We let

. 0 /. 0
W= § i, wi= E 15Y;-
i€supp 4 (vo)Nsupp 4 (v1) Jj€suppp (vo)Nsupp g (v1)

It is clear that suppy(w) = suppa(vo) N suppy(vi). We shall show that
w = w'. This implies that that w € (A) N (B), proving the claim.

(?) This lemma corrects footnote 8 of [25], which incorrectly stated that an intersection
of block subspaces need not be block.
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By the symmetry of the argument, it suffices to show that supp(w) C
supp(w’), and Ag(w) = Ag(w’) for all k € supp(w). Let k € supp(w), so
k € supp(z;) for some i € supp 4(vp) N supp4(v1). By the second equalities

in (2.1) and (2.2)), we know that k € supp(y;) for some j € suppg(vo),
and k € supp(y;/) for some j' € supppg(v1). Since B is a block sequence,

k € supp(y;) N supp(y;) implies that j = j'. Therefore, j € suppg(vo) N
suppp(v1), so k € supp(w’). By (2.1]), we can conclude that
Ae(w) = ENk(@i) = Aevo) = pfMe(y;) = Me(w'). m

Let K C w be the set of all n such that n € suppy(v) for some v €
(A) N (B). Since (A) N (B) is infinite-dimensional, K is infinite. Define a
relation ~ on K such that for all m,n € K,

m~n <= Yv e (A)N(B)[m € suppy(v) <> n € supp4(v)].

It is clear from the definition that ~ is an equivalence relation, and that
every equivalence class is finite.

CLAIM 2. For each n € K, there exists some v € (A) N (B) such that
suppy (v) = [n)~.

Proof. 1t follows from the definition of ~ that

n]~ = ﬂ {suppy(u) : u € (A) N (B) and n € supp4(u)}.

However, since supp4(u) is finite for each u € (A4) N (B), we may find
ug, - - -, Um—1 € (A) N (B) such that [n]. = (,_,, supp4(u;). Then the exis-
tence of such a v follows from Claim [ =

Thus, for each n we let z, € (A) N (B) be a fixed vector such that
supp 4 (zn) = [1]~.

CLAM 3. Let m,n,l € K be such that m < n < I, and suppose that
m~ 1. Then m~mn ~|.

Proof. Suppose otherwise, so there exist m < n <[ in K such that m ~ [
but n ¢ [m].. We write

Zm = Z §iwy = Z HiYjs
i€supp 4 (2m) J€suppp (zm)
where &;, pu; are non-zero. Let g := max{i € suppy(zm) : ¢ < n} and
i1 := min{i € suppy(zm) : i > n}, and let ko := max(supp(z;,)) and
k1 := min(supp(z;, )). We define

i€supp 4 (2m)
max(supp(z;))<ko

We shall show that w € (A) N (B). This gives us the required contradiction,
as m € supp4(w) but | & suppy(w).
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Observe that for each j € suppp(zm), either kg < min(supp(y;))
or max(supp(yj)) < ki — otherwise, if j € suppg(zm) is such that
min(supp(y;)) < ko < ki < max(supp(y;)), then by the block sequence
property of B, we know that for all j/ # j, either max(supp(y;/)) < ko or
k1 < min(supp(y;/)). Since kg < min(supp(z,)) < max(supp(z,)) < ki and
j ¢ suppp(zy), this implies that

supp(en) N () supp(yy) =10,
j'€suppp(zn)
which contradicts supp(z,,) C supp(zy)-
Note that for all k& € supp(zy,), either k& < kg or k; < k. Thus, for

all j € suppp(zm), since supp(y;) C supp(zm), if max(supp(y;)) < ki
then max(supp(y;)) < ko. Similarly, if ky < min(supp(y;)) then ki <
min(supp(y;)). Therefore,

= > iy > Y

j€suppg(zm) j€suppg(zm)
max(supp(y;))<ko k1 <min(supp(y:))

We may now express supp(zy,) in two different ways:

U supp(z;) = U supp(z;) U U supp(z;),

i€supp 4 (zm) i€supp 4 (2m) i€supp 4 (2m)
max(supp(z;))<ko k1<min(supp(z;))
J  supp(yy) = U supp(y;) U U supp(y;)-
j€supppg(zm) j€suppp(zm) jesupppg(zm)
max(supp(y;))<ko k1 <min(supp(y;))

This implies that

U supp(z;) = U supp(y;),

i€supp 4 (zm) Jj€suppp(2m)
max(supp(z;))<ko max(supp(y; )) <ko
U supp(z;) = U supp(y;)-
1€supp 4 (zm) Jj€suppp(2m)
k1 <min(supp(z;)) k1<min(supp(y;))

Therefore, if we let

whi= Y
Jj€suppg(2m)
max(supp(y;))<ko
then we find that supp(w) = supp(w’). Furthermore, for any & € supp(w),
Ae(w) = Ae(zm) = (W), so w = w'. It is clear from the definition that
w € (A) and w' € (B), so w € (A) N (B), as desired. m

We now choose an increasing sequence (n;);<, of representatives of all
equivalence classes for ~ (i.e. (J,, [ni]~ = K). We let C' := (zy,)i<w- By
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Claim [3] C is an infinite block sequence. We may finish the proof of the
lemma by proving the following claim:

Cramm 4. (C) = (A) N (B).
Proof. Since z,, € (A)N(B) for all i, we have (C) C (A)N(B). Conversely,

let v € (A)N(B). Let nyy,...,n;,_, be an increasing enumeration of all n;;’s
such that n;; € supp,(v). Fix any k; € supp(a:mj) C supp(znij), and let
6 e Ak, (v)
! Akj (znij )

Note that &; # 0 for all j. Now let
v = ijzmj.
j<t
Clearly v" € (C). We shall show that v = v/, which proves the claim.

We first note that supp 4(v’) = supp4(v) (which implies that supp(v’) =
supp(v)) — observe that supp,(v') = U, suppA(znij). If m € suppy(v),
then [m]. C suppy(v) and [m]. = [n;]~ = suppA(znij) for some j, so
m € supp4(v'). Conversely, if m € suppA(znij), then since n;; € suppy(v),
we have [m]. = [n;;]~ C supp,(v), so m € supp4(v).

It remains to show that A\g(v') = Ag(v) for all k& € supp(v). We fix some
j < t, and observe that

A, (v
/\kj ('U/) = )\kkgsn))

Since v € (A) and k; € Supp(aznij) C supp(v), there exist some vectors
u,w € (A) (or u=0 or w=0) such that u < Tn;, < W, and

Ak; (v)
)\kj (‘rnij )

Similarly, there exist some vectors v/, w’ € (A) such that v’ < Tn;, < w' (or

: )\kj (znij ) = )\kj (U)

=u-+ xnij—i—w.

u' =0 or w' =0), and
Ak,
v = u’—i— ﬂxm —i—w’.
)\kj (xnzj) J
Therefore, v — v’ € (A) N (B), and n;; ¢ supp(v — v’). But this implies that
[ni;]~ Nsupp(v — v') = ), which is only possible if for all k € supp(znij),
Ak (v") = Ak (v). Therefore, for all j < t and k € supp(znij), A(v') = A (v),
so v/ = v, as desired. =

This completes the proof of Lemma, .
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3. Local Ramsey theory of block subspaces. Smythe [24] explored
the local Ramsey theory of block subspaces of a countable vector space,
mainly focusing on <*-upward closed subsets of E!> (which Smythe calls
families) and their various properties. We provide an overview of this theory,
along with several additional results which will prove useful in later sections.

3.1. Semicoideals. To avoid confusion with other uses of the word “fam-
ily” such as almost disjoint families, we shall use the term “semicoideals” in
place of “families”.

DEFINITION 2. A subset H C El>®l is a semicoideal if it is <*-upward
closed. That is, if A € H and A <* B, then B € H.

To cope with the failure of the pigeonhole principle in the setting of
countable vector spaces over F # Fy, Smythe introduced a weaker form of
the pigeonhole property of semicoideals, which he calls fullness.

NOTATION 2. Let H C E[® be a semicoideal. Given A € H, we write
HIA:={BecH:B<A}.
DEFINITION 3. Let H C E[>] be a semicoideal.

(1) A subset D C El* is H-dense below some A € H if for all B € H|A,
there exists some C < B such that C € D. A set Y C E is H-dense
below A if the set {B € El*®: (B) C Y} is.

(2) We say that H is full if for all Y C E such that Y is H-dense below
some A € H, there exists some B € H[A such that (B) CY.

It turns out that if F is a vector space over Fa, then fullness coincides
with the local pigeonhole principle property. In this case, we say that H is a
cotdeal.

DEFINITION 4. Let # C E[*! be a semicoideal. We say that H is a
coideal if for all Y C F and A € H, there exists some B € H[A such that
(BYy CY or (B) CY“

By Hindman’s theorem, Ell is a coideal if E is a vector space over Fs.

LEMMA 3.1. Suppose that E is a vector space over Fa, and let H C E>]
be a semicoideal. Then H is full off H is a coideal.

Proof. Suppose that H is a coideal. Let Y C FE, and suppose that Y is
‘H-dense below some A € H. Since H is a coideal, there exists some B € H[A
such that (B) C Y or (B) C Y* Since Y is H-dense below A, the latter
option is not possible.

Now suppose that H is full. Let Y C F, and let A € H. If Y is H-dense
below A, then we are done by the fullness of H, so assume otherwise. This
means that there exists some B € H|A such that for all C < B, (C) Z Y.
By Hindman’s theorem, for all C' € H[B, there exists some D < C such
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that (D) C Y€ (as (D) € Y). But this means that Y¢ is H-dense below B,
so there exists some C' € H|[B such that (C) C Y, as desired. m

3.2. Selectivity properties. In the process of studying semicoideals
related to mad families (particularly 7 (A), see Definition [11)), Smythe ex-
tended several local Ramsey-theoretic properties of coideals of [N]* to semi-
coideals of EI*l. Selectivity properties of (ultra)filters (see Definition
in E* have also been studied in [26]. The first such property extends the
(p)-property for coideals of [N]* (see |28, Lemma 7.4]).

DEFINITION 5. Let H C E[>] be a semicoideal.

(1) Let (A,)n<w be a <-decreasing sequence in H. We say that B € H
weakly diagonalises (Ap)n<w if B < Ag and B <* A,, for all n @

(2) We say that H satisfies the (p)-property, or that H is a (p)-semicoideal,
if every <-decreasing sequence in ‘H has a weak diagonalisation in H.

We shall provide a similar extension of the (gq)-property (see [28,
Lemma 7.4]). Smythe [24, Definition 8.11] also made a similar extension,
which he termed spreadness.

DEFINITION 6. Let H C E®! be a semicoideal. We say that H satisfies
the (q)-property, or that H is a (q)-semicoideal, if for all A € H and for all
increasing sequences (I, )m<. of finite intervals, there exists some B € H[A
such that for all n, there exists some m such that

(1) (ru(B)) € (Pmin(1m)—1(4)),
(2) B/n < A/max(Ip,).

In a similar vein, we extend the definition of selectivity of coideals of [N]>°
(see [28] Definition 7.3]) to semicoideals of block subspaces.

DEFINITION 7. Let H C EI* be a semicoideal.

(1) Let A € H, and let (A,)n<w be a <-decreasing sequence in H below A
(i.e. Ag < A). We say that B € H|A diagonalises (Ap)n<w below A if
B/n < Ag, () for all n <w.

(2) We say that H is selective if for all A € ‘H and all <-decreasing chains
(Ap)n<w of elements in H below A, there exists a diagonalisation of
(Ap)n<w below A in H.

Smythe [24] Definition 4.1| also proposed a notion of strong diagonalisa-
tion, followed by a notion of strong (p)-property. The following lemma shows
that they are equivalent if F is a vector space over a finite field. It is unclear
if they are equivalent in case the underlying field is infinite.

(3) In [24, Definition 2.2|, this property was similarly defined using the term diago-
nalises. We shall reserve this term for a stronger form of diagonalisation later (Deﬁnition
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LEMMA 3.2. Suppose that E is a vector space over a finite field. Let
H C El be a semicoideal. The following are equivalent:

(1) H is selective.
(2) If (Aq)aepi<eel generates a filter in H, then there exists some B € H
such that for allm, B/n < A, ().

Proof. (2)=(1). Let (A,)n<w be a <-decreasing sequence in H below
some A € H. For each a € EI<®A, we let A, := Ady(a), and if a ¢
E<®I1 A then we let A, := A. By (2), there exists some B € H such that
B/n < A, () = Adu(r.(p)) for all n, so B diagonalises (Ay)n<y below A.

(1)=(2). Suppose that (Ag),c <o) generates a filter in H. Let A := Aj.
For each n, let:

Fn:={a e EI<NA: dy(a) <n}.

Since the underlying field is finite, F,, is finite for all n. Thus, we may
inductively define a <-decreasing sequence (4, )n<, in H such that A, < 4,
for all a € F,,. Since H is selective, we may let B € H be such that B/n <
Adyra(B)) < Ap,(p) for all n. Then B is the desired element in #. m

Note that the assumption that the underlying field is finite is not required
in the direction (2)=-(1).

We conclude the section by examining the relationship among the selec-
tivity property, the (p)-property and the (q)-property.

LEMMA 3.3. Let H C E!* be a (q)-semicoideal. Let (Ap)n<., be a <-
decreasing sequence in H. If B € H[Ay weakly diagonalises (Ap)n<w, then
there exists some C € H|B which diagonalises (Ap)n<w below Ag.

Proof. Let A := Ay, and let B € H[A weakly diagonalise (A,)n<y. Let
(Im)m<w be any increasing sequence of intervals such that B/max([,;,) <
AdA(Tmin<zm)_1(B)) for all m. By the (q)-property, there exists some C € H[B
such that for all n, there exists some m such that (r,,(C)) € ("min(1,,)—1(B))
and C'/n < B/max(I,). The first property implies that

dA(rn(C)) < dA(rmin(]m)(B))v

so by the second property,
C/n < B/max(Im) < Ay (i) (B) S Adatra():
so C' diagonalises (A, )<y below Aj. =

PROPOSITION 3.4. Let H C E!*®l be a semicoideal. The following are
equivalent:

(1) H is selective.
(2) H satisfies both the (p)-property and the (q)-property.
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Proof. (2)=-(1). Let (Ap)n<w be a <-decreasing sequence in H, and let
A = Ay. By the (p)-property, there exists some B € H|A which weakly
diagonalises (A, )n<w. Since H satisfies the (q)-property, by Lemmathere
exists some C' € H|B which diagonalises (A;,)n<,. Therefore, H is selective.

(1)=(2). Since every diagonalisation is a weak diagonalisation, H sat-
isfies the (p)-property. We shall show that H satisfies the (q)-property. Let
A € H, and let (I,;,)m<w be any increasing sequence of finite intervals. For
each n, let m(n) be the least integer such that min(Z,,(,)) > n. Let B € H[A
diagonalise (A/max (I, (n)))n<w below A. Then for any n, if k := da(rn(B)),
then

(ra(B)) € (re(A)) € (rin(r, 1) (D),

and

B/n < Ag,ro(B)) = A/max(L ),
as desired. =

We shall examine the selectivity of semicoideals generated by almost
disjoint families in the next section.

4. Almost disjoint families of subspaces. We recall the following:

DEFINITION 8. Two infinite-dimensional subspaces V, W C FE are almost
disjoint if V- N'W is a finite-dimensional subspace of E. Otherwise, we say
that V and W are compatible.

DEFINITION 9. Let A be a family of infinite-dimensional subspaces of E.
We say that A is almost disjoint if all subspaces in A are pairwise almost
disjoint. We say that A is mazimal almost disjoint (or just mad) if A is not
strictly contained in another almost disjoint family of infinite-dimensional
subspaces.

Since every infinite-dimensional subspace of E contains a block subspace,
an almost disjoint family of subspaces A is mad iff there is no block subspace
which is almost disjoint from every element of A.

We dedicate this section to some basic definitions/notations and results
on almost disjoint families of block subspaces, and their relationship with
the local Ramsey theory of semicoideals of block subspaces.

4.1. Uncountability of almost disjoint families. We begin with the
most fundamental question of the theory of mad families — the uncountability
of infinite mad families. Consider the following two cardinals:

Oyee := min {|A| : A is an infinite mad family of subspaces over F},

yec,r = min {|A| : A is an infinite mad family of block subspaces over F}.
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It is clear that aveCF < yeep < ¢ By [25, Proposition 2.5], Xy < ayecF
(in fact, non(M) < aVeCF) SO fyec,F is a cardinal invariant. One may ask if
the same holds for aj,.p — that is, if 8 < af,.  is true. Smythe’s proof of
Ry < dyec,r heavily rehes on the following lemma:

LEMMA 4.1 (|25, Lemma 2.3]). Let A € E* be an infinite block sequence,
and let a € EI<) pe finite block sequence. Then there exists some N < w,
that depends only on A and max(supp(a)), such that for all z > N for which
z ¢ (A),

(a”z) N (A) = (a) N (A).

Smythe remarked that removing the “block” requirement from this lemma
seems difficult. Ry < af,.p was also stated in [13, Proposition 3.1], but
Kolman further assumed that in the countable almost disjoint family of sub-
spaces {Vy, : n < w}, VN, Vi is finite-dimensional for all finite n ¢ I C w.
This is generally not satisfied by families of subspaces that are pairwise al-
most disjoint. The present author raised this question on MathOverflow, to
which user527492 provided an affirmative answer (see [1]).

LEMMA 4.2. ¥; < a*

vec,F*

Proof. Let {V,, : n < w} be a countable family of almost disjoint sub-
spaces of F. We wish to find some infinite-dimensional subspace W which is
almost disjoint from V,, for all n. We shall first prove a useful claim.

CLAaM 5. Let U, V,W C E be subspaces such that V and W are almost
disjoint, and U is finite-dimensional. Then U+V and W are almost disjoint.

Proof. Define a linear map ¢ : V. xW — E by stipulating that ¢(v, w) :=
w —v. Let p: E — E/U be the canonical quotient map, and let ¢ := p o ¢.
Note that

dim(ker(¢))) < dim(ker(¢)) + dim(ker(p)) < oo.
Let m: V x W — W be the projection map. Observe that for all w € W, we
have
ceU+V)NW <= w=u+vforsomeueclU,veV
< w—veU forsomeveV
< (v,w) € ker(¢y)) for some v € V.

This implies that 7 maps ker(¢) surjectively onto (U + V) N W, and since
ker(t)) is of finite dimension, sois (U +V)NW. =

We shall define the subspace W = (x,, : n < w) by defining z,, inductively
as follows: Let xg € V) be any non-zero vector. Now assume that we have
defined a linearly independent set {x; : i < n} such that for all k& < n, we
have

(ii<n)yNVy C(xi:i<k).
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We wish to find some vector x,, € Vj,, linearly independent of {x; : i < n},
such that for all k < n, we have

(it <n)NVi C(z; 11 < k).
If we can complete this induction step, then we are done as we then se that
wnV, C(xg,...,x,) is finite-dimensional for all n.
For each k < n, let Uy := Vi + (x; : i < n). By Claim Vi, N Uy is of
finite dimension. Since no infinite-dimensional vector space is a finite union
of finite-dimensional subspaces, we have

Vn\ U VnﬂUk#&
k<n
so we may let x, be any vector in this set. We shall show that this vector
x, works. We first note that {x; : @ < n} is linearly independent, as (x; :
i <n) CUyand z, ¢ Up. Now let k < n and z € (z; : i < n) NV, so we
have v =, &x; € Vi If &, # 0, then

Tn = 57:1<CL‘ - Zgzxz) eVp,n Uka
<n
contradicting the choice of x,,. Therefore, &, = 0, which implies that
re€(xii<n)NVy=(z;:1<k)NV,
as desired. m
Smythe [25] asked whether a’_ .z = ayec r holds in ZFC, and this problem

vec,F —
remains open to the author’s knowledge. In the same paper, Smythe showed
that no finite almost disjoint family of block subspaces of cardinality greater

than 1 is maximal. We extend this fact to arbitrary subspaces.

PROPOSITION 4.3. Let A be a finite almost disjoint family of subspaces
of E such that |A| > 1. Then A is not mazimal.

Proof. Let A = {Vi : k < n} be a finite almost disjoint family of sub-
spaces of E.

CLAam 6. E # Upcp, Vi

Proof. We first assume that for all j # k, V; NV, = {0}. Let F be the
field that F is defined over. If F is infinite, then we are done, as any subspace
over an infinite field is not a finite union of proper subspaces. Assume that
|F| = N < oo, and suppose for a contradiction that £ = J,,_,, Vi. Let M be
some large number (which we shall fix later), and let W := (e,, : n < M).
Let Uy := W NV, and by taking M large enough we may assume that Uy
is non-trivial for all k. Note that W = {J,._,, U

Observe that dim(W) = M, so if U,U" C W are two subspaces such
that dim(U), dim(U’) > M/2, then U and U’ intersect non-trivially. Since
{U : k < n} is a collection of proper subspaces of W with pairwise trivial
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intersections, and n > 2, there is at most one k such that dim(Uy) > M /2.
We may assume that if such a k exists, then dim(Up) > M/2. Note that
since Uy, is non-trivial for & > 0 and Uy N Uy, # 0, we have dim(Up) < M —1.
Consequently, for each k > 0, Uy contains at most NM/2 vectors, which
implies that

‘ U Uk‘ < (n—1). NM/2 4 M-

k<n

On the other hand, [W| = N™. Since
NM — ((n—=1)NM/2 4 NM=1) = (N —1)NM~1 — (n — 1)NM/?
> NM-1_( — 1 )NM/2
= (NM/2=1 4 1)NM/2
>0 for M large enough,

we have W 2 |J,..,, Uk, a contradiction.

For the general case, suppose that {V} : k < n} is almost disjoint
and E = |J,., Vi- Let M be large enough that M > max(supp(z)) for
all z € V; NV, and j # k. Let W’ := (e, : n > M), and notice that
W' = Upen W N Vi Then {W' NV, : k < n} is a collection of infinite-
dimensional subspaces of W’ with pairwise trivial intersections, contradicting
the argument above.

We shall now construct some V' = (z,, : m < w) C E which intersects Vj,
trivially for every k& < n by defining x,,, inductively. Let zg € E \ ., Vi
be any vector. Now suppose that we have defined x; for ¢ < m such that for
all k < n,

(xi:i<m>ﬂVk:{0}.
For each k < n, let Uy := Vi + (z; : i < m). By Claim 5| in the proof of
Lemma {Uk : k < n} is an almost disjoint family of subspaces of E, so
by applying Claim@to {Uk : k <n}, E# Ui, Uk Let 2, € E\ Uy, Une
Note that {x; : i < m} is linearly independent, as z; € Uy for all i < m but
Tm & Up. We shall show that

(x; 1 <m)nV,={0}.

If we can complete this induction step, then we are done as V NV, =
Unm<w (Ti 11 <m) NV, = {0} for all k < n.

Let y € (z; : i <m) NV, for some k <n. Theny =", &a; for some
& el If g, #0, then -

Tm = & (y -3 &wz’) € Uy,

<m
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contradicting the choice of z,. Therefore, &,, = 0, which implies that
y€<xi:i<m>ﬂVk:{0},
as desired. =

4.2. Ideals and semicoideals generated by almost disjoint fami-
lies. If A is an almost disjoint family in [w]“, then the following families of
sets are often studied:

IZ(A) ={Y Cw:Y C* AgU---UA,_; for some Ag,...,Ap_1 € A},
I7(A) = P(w) \ Z(A),
It (A) ;= {Y Cw:theset {A € A:Y N Ais infinite} is infinite},
H(A) =TT (A).
It is simple to verify that Zt(A) = ZT1(A) iff A is maximal. Motivated
by this, Smythe introduced a version of H(A) for almost disjoint families of

subspaces. H(.A) is a semicoideal, and Smythe studied the conditions that
A must satisfy to make H(A) a full semicoideal.

DEFINITION 10. Let Y C E.

(1) Y is big if there exists some A € E* such that (4) C Y.
(2) Y is small if it is not big.
(3) Y is very small if for all Z C F such that Z is small, Y U Z is small.

Note that if V C FE is a subspace, then V is big iff V is infinite-
dimensional.

If F is a vector space over Fo, then by Hindman’s theorem, every small
set is very small. On the other hand, if F is a vector space over F # Fo, then
this is no longer true — fix any p € F\ {0,1}. We may define the set

Y:={x€FE:x=e,+y for somee, <yory=0}.

Observe that Y and Y€ are both small — for any A € El*®l let z € (A)
be any non-zero vector. Then x = A, (x)e, + y for some e, < y or y =0
and A\, (z) # 0, so ﬁ(x)x € (A)NY and ﬁ(w)x € (A) NY*. However, since
E=Y UY®and FE is big, Y is not very small.

LEMMA 4.4. Let A € El*®l and let V C E be a subspace. Then (A) NV

is small iff (A/N) NV =0 for some N. Consequently:
(1) If A,B € EI™ then A and B are almost disjoint iff (A/N) N (B) = 0
for some N.
(2) If A/N and B are almost disjoint for some N, then A and B are almost
disjoint.
Proof. Suppose that (A) NV is big. Let B € E!* be such that (B) C
(A) N V. For any N, there exists some M such that B/M < A/N. This
implies that (B/M) C (A/N)NV, so in particular (A/N)NV # ) for all N.
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Conversely, suppose that (A/N) NV # () for all N. We construct some
B = (Yn)n<w € E®) such that (B) C (A)NV inductively as follows: Assum-
ing that yo,...,y,—1 have been defined so far, let N be large enough that
supp(yn—1) < A/N. We let y, € (A/N) NV be any element. Since (A) NV
is a subspace, we have (B) C (A) NV, so (A)NV is big. m

LEMMA 4.5. Let U,V C E be subspaces.

(1) IfUNYV is small, then UNV is very small.
(2) IfUNYV is small, then U\'V is very small.

Consequently, if U is infinite-dimensional, then it is not possible to have

both UNV and U\ V small.

Proof. Assume that UNV is small. Let Y C E, and suppose that (A) C
(UNV)UY for some A = () p<w, € E*. Since UNV is a finite-dimensional
space, we may let N be large enough that supp(zy) >y forally e UNV.
Then (A/N)N({UNV)=10,so (A/N) CY. Therefore, Y is big.

Now assume that U \ V is small. Let Y C FE, and suppose that
(U\V)UY. We consider three cases. For the first case, suppose that (
is small. By Lemma [1.4] let N be large enough that (4/N) N U = 0.
this implies that (A/N) C Y, so Y is big.

For the second case, suppose that (A) NV is big. Let B € E*l be such
that (B) C (A) NV. Then (B) C(U\V)UY, and since (ByN(U\V) =10
we have (B) C Y. Therefore, Y is big.

For the last case, suppose that (A) N U is big but (4) NV is small. Let
B € El*™l be such that (B) C (A)NU, and note that (B)NV is also small. By
Lemma let N be large enough that (B/N) NV = (. Since (B/N) C U,
this implies that (B/N) C U \ V, contradicting our assumption that U \ V/
is small. m

>

(A
AN
Then

DEFINITION 11. Let A be an almost disjoint family of subspaces. We
then define the following;:

Y\ (VoU---UV,_1) is small
TA) = {Y c b for\s(orze Vo, .. .,an)l cA }’
IT(A) = P(E) \ Z(A),
It (A) :=={Y C E:theset {V € A:Y NV is big} is infinite},
H(A) == {B e E™:(B) e I*(A)},
H(A) == {B € B (B) e TtT(A)}.

LEMMA 4.6. Let A be an infinite almost disjoint family of subspaces.
Then T (A) CZT(A) (so H(A) CH(A)).
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Proof. Suppose that Y € Z(A), and let Vj,...,V,—1 € A be such that
Y\ (VoU---UV,_1) is small. Then for any U € A such that U # V; for any
1 < n, we have

YNUC (Y\Uw)u(UmUm) - (Y\Uw)uUmmU.

<n i<n i<n i<n
By Lemma ViNU is very small for all i < n, so {J;_,
small. Since Y\ | J;_,, Vi is small, Y N U is small. Therefore,

{UeA:YNUisbigt C{Vo,...,Va-1},
oY ¢ 77T (A). m

LEMMA 4.7. Let A be an infinite almost disjoint family of subspaces, and
let U C E be a subspace. The following are equivalent:

(1) UeZIt(A).
(2) U € Tt (A) or there exists some B € EI™ with (B) C U, such that B
s almost disjoint from every element of A.

Consequently, if A is mad, then Tt (A) = ZTT(A) (hence H™(A) = H(A)).

Proof. (1)=(2). Let U € T7(A). Suppose that for all B € E[*l such
that (B) C U, B is not almost disjoint from some element of A. We let
Vo € A be compatible with U (i.e. U N Vj is big), and let By € Ell be
such that (By) C U N V;. Clearly (By) € Z(A), so U \ (By) € Z7(A) (for
otherwise U € Z(A)). Let B} € E[*l be such that (B}) C U\ (By). By
our assumption, B is compatible with some V; € A, so let By € Ell pe
such that (By) C (B}) N Vi. By a similar reasoning to the above, we have
U\ ((Bo) U(B1)) € ZT(A). We may repeat this process indefinitely, and we
find that {V,, : n < w} C A is such that U is compatible with V,, for all n.
Therefore, U € Z7(A).

(2)=(1). U € I (A) C Z%(A), then we are done, so assume that
there exists some B € El* such that (B) C U and B is almost disjoint from
every element of 4. Then for any Vg, ..., V,—1 € A, by Lemma [4.4] we may
let N be large enough that (B/N)NV; = () for all ¢ < n. This implies that
(B/N) C U\ U;<p, Vi- Therefore, B/IN € H™(A),so U € T(A) as TT(A)
is <-upward closed. =

VinU is very

We conclude this part with three more lemmas that we shall use repeat-
edly.

LEMMA 4.8. Let A € E!* and suppose that {Bp, :n <w} C Eleel g
such that B, < A for all n. Then there exists some B < A such that B is
compatible with B, for all n, and

(+) (B) < ({J(Ba)) < (4).

n<w
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Proof. Let I' : w — w be any infinite-to-one surjection, i.e. a surjection
such that I'"1(m) is infinite for all m < w. We define B = (z,)n<w in-
ductively as follows: If (21 )k<n has been defined, let x,, € (Bp(,)) be any
element such that (vx)g<n < Tn. Then (z,)pep-1(y) Witnesses that B and
B,,, are compatible for all m < w, and since x, € |J,,.,,(Bm) for all n, the
inclusions (x) are satisfied. =

LEMMA 4.9. Let A be an infinite almost disjoint family of subspaces, and
let U C E be a subspace. Suppose further that U € T (A) and there does not
exist any B € E!®! such that (B) CU and B is almost disjoint from every
element of A. Then there exists an infinite set {V, : n < w} C A and an
infinite disjoint family {By, : n < w} such that for alln, (B,) CV,NU. .

Proof. This is similar to showing (1)=>(2) of Lemma[£.7 As U € Z%(A),
U is big, so there exists some By, such that (B{) C U. By our assumption,
B, is compatible with some Vj € A. Let By be such that (By) C (B}) N Vj.
Since U € Zt(A), U \ Vy is big. Given some n < w, suppose that we have
defined an infinite disjoint family {Bj : k < n} and {Vj : k < n} C A such
that (By) C Vi NU for all k < n. Note that U \ {J;..,,(Bx) is not small as
U € I7(A). Thus, we may let By, be such that (B},) € U \ U, (Bx), and
let V,, € A be compatible with B],. We then let B, be such that (B,) C
(B])NV,, and {By, : n < w} and {V,, : n < w} are as desired. u

LEMMA 4.10. Let A be an infinite almost disjoint family of subspaces, and
let U C E be a subspace. If U € TT(A), then there exists some B € H™(A)
such that (B) C U. If furthermore U € Z+7(A), then B may be chosen such
that B € H(A).

Proof. If U ¢ TT+(A), then by Lemma 4.7 there exists some B € El*]
such that (B) C U and B is almost disjoint from every element of A. Then
B e H (A) and (B) C U, so we are done. Otherwise, let {V;, : n <w} C A
be such that for all n, (B,) C V, NU for some B, € Ell. By Lemma
there exists some B € El*! such that

By (JBa) cU.
n<w
and B is compatible with B,, for all n. This implies that B is compatible
with V,, for all n, so B € H(A) and (B) C U, as desired. =

4.3. Selectivity properties revisited. We now return to studying the
combinatorial properties of the semicoideals H~ (A) and H(A). In Mathias’
process of proving that there are no analytic mad families of [N]*°| it is shown
that if A is an almost disjoint family in [N]*°, then H~(A) is a selective
coideal. Smythe [25] proved that if A is a mad family of subspaces, then
H(A) is a (p)-semicoideal. We prove a few extensions of this result.
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PROPOSITION 4.11. Let A be an infinite almost disjoint family of sub-
spaces. Then H~(A) is a (p)-semicoideal.

Proof. Let (Bp)n<w be a <-decreasing sequence in H~ (A). If there exists
some C' which weakly diagonalises (B),)n<, and C is almost disjoint from
every element of A, then C' € H™(A) and we are done, so assume otherwise.
Let Cy be a weak diagonalisation of (Bj)n<,. By our assumption, Cj is
compatible with some Vy € A, so by taking a further block subspace of Cy
if necessary, we may assume that (Cy) C Vp. Now assume, for the induction
hypothesis, that we have defined Cy, V}, for k < m such that

e () < By, is a weak diagonalisation of (By,)n<w,
[} <Ck> Q Vk and Vk S .A,
o if 4,7 <m then V; # V}.

CLAIM 7. There exists a <-decreasing sequence (B]")n<w such that for
all n,

(1) By < B,
(2) By is almost disjoint from Vi, for all k < m.

Proof. For any n, since B, € H™(A), there exists some D,, < B,, that
is disjoint from Vj for all K < m. Let I' : w — w be any infinite-to-one
surjection. We define D = (z,,)n<y as follows: Since Dp ) is almost disjoint
from Vj, for all k& < m, we may let 2o € (Dr)) \ Ug<p, Vi be any vector
(which exists by Lemma [4.5]). This implies that (z¢) NV}, = 0 for all k < m.
Now assume that (z;);<, has been defined, and for all k < m,

<(lZ0, .. ,xn_1> NV, = 0.
By Claim [5] in the proof of Lemma, for each k < m, since Dp(,) and
Vi are almost disjoint, we see that Dp,y and Vi + (zo,...,2Z,-1) are also
almost disjoint. Let xn, € (Dpreny) \ Up<pn (Vi + (20, - - -, n—1)) be any vector
(again, it exists by Lemma . We claim that for all k& < m,
(Xoy .- sxp) NV = 0.
Otherwise, for any k£ < m let y € (zg,...,z,) N Vi be any vector, so y =

Zign &ix;. Since (g, ..., rp—1) NV = 0, we have &, # 0. But this implies

that
1

TG

contradicting our choice of x,,. Then D = (x,,)n<. is disjoint from V}, for all
k <m, as

(y — Zfle) € Vi + (zo,...,Tpn_1),

i<n

TIn

(D)yNV = U(xo,...,xi>ﬂVk:@.

<w
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Let B := (%i)r(@;)>n- Since I' is infinite-to-one, B} is an infinite block
sequence for all n,m. Then B)" < By, (B]")n<y is a <-decreasing sequence,
and B)' < D, so B]" is almost disjoint from Vj, for all k <m. =

Let Cp, < B be a weak diagonalisation of (B]"),<,. By our assumption
at the beginning, there exists some V,,, € A which is compatible with C,,
and we may assume that (Cp,) C Vj,. Since Cy,, < B)', and B is almost
disjoint from Vj, for all k < m, we have Vi # V, for all k& < m. This
completes the inductive definition of Cp,, V;, for m < w.

Let I' : w — w be an infinite-to-one surjection, and define C' := (y;)i<w
as follows: Let yo € (Cr(g)), and let y; € (Cr(;/i) be any vector such that
yi—1 < y;. Observe that for all m, we have

(yi : (i) = m) € (C) N (Crm) S (C) N Vi,

so C'is compatible with V, for all m. Thus, C' € H~(A). It remains to show
that C' weakly diagonalises (By,)n<y-. Fix any n, and let N be large enough
that Cx/N < B, for all k < n. For all i > N, we have y; € <C’p(z~)/i> -
(Cr@)/N). If I'(i) < n, then y; € (Cp)/N) C (By) by our choice of N.
If I'(i) > n, then Cpg;) < BIC((Z)) < Br() < Bn, so y; € (Bp). Therefore,
C/N<B,. =

PROPOSITION 4.12. Let A be an infinite almost disjoint family of sub-
spaces. Then H™(A) is a selective semicoideal.

Proof. By Proposition [{.11] it remains to show that H~(A) is a (q)-
semicoideal. Let A € H™(A), and let (I,;,)m<w be an increasing sequence of
finite intervals. We split our proof into two cases.

If there is some B < A which is almost disjoint from every element of A,
then C' € H™(A) for all C < B, so any “sufficiently sparse” subsequence
of B would do the trick. More precisely, if B = (yn)n<w, then we define a
subsequence of integers (ng)r<w as follows: Let ng := 0, and if ny, is defined,
let m be the least integer such that ni < min(Z,,). We then define ngq :=
max(ly,) + 1, and (yn, Jk<w € H ™ (A) satisfies the conclusion of the (q )—
property for A and (I;,)m<w-

Suppose there is no B < A which is almost disjoint from every element
of A. By Lemma there exists an infinite {V,, : n < w} C A and an
infinite disjoint family {B,, : n < w} such that (B,) C (A) NV, for all n.
Let I' : w — w be any infinite-to-one surjection. We write A = (z,,)n<w, and
define B = (yn)n<w below A as follows: If (yx)k<n has been defined, we let
m be the least integer such that (yx : k <n) C (zo,..., Tmin(r,,)—1)- We let

€ (Br(n)/max(I)) be any element. Then (y),cp-1(m) Witnesses that B
and By, are compatible for all m < w, and since y,, € (A) for all n, we have
B<Aand BeEH (A). =
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5. Constructions of mad families of subspaces

DEFINITION 12. A mad family A of subspaces is full if H(.A) is full (see
Definitions [3| and [11)).
We dedicate Sections 5.1-5.2 to the proof of Theorem

5.1. Block-splitting families. We introduce/recall the cardinal invari-
ants which are relevant to our proof of Theorem If f,g € W, we write
f<*gif f(n) < g(n) for almost all n < w. We say that F C w*“ is bounded
if there exists some g € w* such that f <* g for all f € F, and unbounded
otherwise. The bounding number b is defined as

b := min {|F| : F C w” is unbounded}.

If S € [w]”and A € [w]¥, we say that S splits Aif ANS and A\ S are both
infinite. A splitting family is a family S C [w]¥ such that for all A € [w]¥,
there exists some S € S which splits A. The splitting number is defined as

s:=min{|S|: S C [w]” is a splitting family}.

It turns out that both of these cardinals are closely related to block-splitting
families. If P = {P, : n < w} is an interval partition, we say that a set
S € [w]“ splits Pif {n <w:P, CS}and {n <w:P,NS =0} are
both infinite. A block-splitting family is a family S C [w]¥ such that every
interval partition is split by some S € S. The following lemma is due to
Kamburelis—Weglorz.

LEMMA 5.1 ([12]). max {b,s} = min {|S| : S is a block-splitting family}.

We abbreviate bs = max{b,s}. By [25, Corollary 2.11|, the identity
non(M) < ayeer holds for any countable field F. Since b < non(M) and
s < non(M) (see, for instance, [0]), we may conclude the following.

LEMMA 5.2. bs < ayee,F-

5.2. Proof of Theorem [1.5

LEMMA 5.3. There exists a collection {Z, : o < bs} of block subspaces
of E such that for all almost disjoint families A of subspaces and B € H™(A),
the following properties hold:

(i) For alla < bs, (BYNZ, €I (A) or (B)yNZ5 eI (A).
(i) If « < bs and (B) N Z, E TF(A), then there exists some CO € H™(A)
such that (CY) C (B) N
(iii) If « < bs and (B) N ZC € I“‘(A), then there exists some CL € H™(A)
such that (CL) C (B)N Z¢.
(iv) There exists some o < bs such that (B) N Zy € TT(A) and (B) N Z¢ €
It (A).
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Proof. Let {Sq : a < bs} C [w]¥ be a block-splitting family, and let
Zo = ((en)nes,). We remark that ((en)ngs,) € Z5. We shall show that
{Z, : a < bs} satisfies the four properties above.

Property (i). Suppose that (B) N Z, € Z(A) and (B) N Z¢ € Z(.A). Let
{Vi i <n} € Abesuch that ((B) N Z,) \ U, Vi and ((B) N Z5) \ U, Vi
are small. Since B € H™(A), there exists some C' < B such that

© <@\ Uv.

However, since

()N Za (BN Z)\ Vi (C)n25 € ((B)nzo)\ | Vi
<n <n

we see that (C) N Z, and (C) N Z§ are small. This contradicts Lemma

Property (ii). This follows from Lemma where we may let C0 € El*
be such that (C9) = (B) N {(en)nes, )-

Property (iii). Suppose that (B) N ZS € ZT(A). If there exists some
C € E! such that (C) C (B)N Z¢ and C is almost disjoint from every
element of A, then C' € H™(A) and we are done, so assume otherwise. In a
way similar to the one presented in the proof of Lemmal[4.9 we define V,,, B,,
for n < w such that |J,,.,(Bn) € (B)NZS, {By : n < w} is a disjoint family
of block subspaces, and V,, € A is compatible with B,, for all n. Let C,, be
such that (Cy,) C V,, N (By).

For each n, we write C), := (2, m)m<w. Since (Cp) C Z¢, this means that
for all m, N, . (Znm) # 0 for some ly,, & So. Now let I' : w — w x w be
any function such that

e for all n, there are infinitely many k& such that I'(k) = (n,m) for some m,
o if k <k I'(k) = (n,m)and I'(k') = (n/,m’), then xy m < Tps .

This implies that C' := (x F(k))k<w is a well-defined infinite block sequence,
where if I'(k) = (n,m) then zp) := @pm,m. Then C is compatible with
every Cy, so C € H™(A). Furthermore, we have

© < (Ucn) <),

n<w
so C' < B. Finally, if z € (C), then \;(z) # 0 for some [ ¢ Sy, so x ¢ Z,.
In other words, (C) C Z¢&. Therefore, C € H™(A) and (C) C (B) N Z§, as
desired.
Property (iv). We first suppose that B is almost disjoint from every
element of A. If B = (z,)n<w, we define, for n < w,

Py := {0, ..., max(supp(xo))},
P41 := {max(supp(z,)) + 1, ..., max(supp(zn+1))}-
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We observe that P := {P, : n < w} is an interval partition such that
supp(zy,) C P, for all n. Since {S, : @ < bs} is a block-splitting family,
there exists some o < bs that splits P. Let Ty := {n < w : P, C S,} and
Ty :={n <w: P,NS, = 0}. Define By := (xn)ner, and By := (zp)ner, -
Since By, B1 < B, and B is almost disjoint from every element of A, so
are By, By and so By, B1 € H (A). If n € Tp, then supp(z,) C P, C S,,
T, € (en)nes,- Therefore, (By) C (B) N Z,. By a similar reasoning, we may
also conclude that (B;) C (B) N Z¢.

Now suppose that there is no C' < B which is almost disjoint from
every element of A (if such a C' exists, we may apply the argument in the
previous paragraph to C, and use the fact that ZT(A) is C-upward closed).
By Lemma [4.9] let {V}, : n < w} C A be an infinite set and let {B, : n < w}
be an infinite disjoint family such that (B,) C (B) NV, for all n. Let I" :
w — w be an infinite-to-one surjection. We define an infinite block sequence
(Tn)n<w inductively as follows: If (z4)x<, has been defined, let z,, € (Bpr(,))
be any vector x,_1 < x,. Having defined (z,,)n<w., we now define an interval
partition P := {P,, : m < w} as follows: Let Py := {0, ..., max(supp(zn,))},
where ng is the least integer such that I'(ng) = 0. If P, has been defined
with max(P,,) = M, let min(P41) = n, + 1, and let max(Py,+1) be large
enough that for all i« < m + 1, there exists some n such that I'(n) = i and
supp(z,) € Py41. This is possible as I' is infinite-to-one.

Now let a < bs be such that S, splits P. For each i, let TiO ={n<w:
I'(n) =i Asupp(xyn) C So} and T} := {n < w: I'(n) = i A supp(z,) N Sy
= ()}. By our construction of P, we see that T and T} are infinite for all i.
By a similar reasoning to the first case, we may conclude that (B) N Z, and
(B) N Z& are compatible with V; for all 4, so they are both in Z7(A). u

Proof of Theorem . Let {Z, : a < bs} be a family of subsets of vectors
satisfying the conclusions of Lemma We write Z0 := Z, and Z} = Z¢
for all a. With this, for a fixed almost disjoint family A4 C E[*! and for
B € H™(A), there exist a < bs and 77 € 2 such that

e if B < a, then (B)n 2y PP € T(A) (s0 (B)n 2P € THA) b
J 8 B y
property (i) of Lemma ,
e (B)NZ2 € ITT(A) and (B)N Z} € Tt(A) (such an « exists by property
(iv) of Lemma [5.3).

Observe that for a fixed almost disjoint family A, Tjé € 2<% is unique, and
if B' < B and B’ € H™(A), then 74 C 77. Let Lim(c) be the set of limit
ordinals below ¢. Let {Y, : @ € Lim(¢)} be an enumeration of P(E), and let
{B, : @ € Lim(c)} be an enumeration of E*! in a way that for any B € E[>!
and Y C E, there are cofinally many a € Lim(c) such that (Y, B,) = (Y, B).
We shall define our mad family A = {A, : a < ¢} recursively, where A, :=
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{Ap: B < a}, along with a collection {A, : a € Lim(c)} of block sequences,
and an injective sequence {0, : @ € Lim(c)} of elements of 2<% such that
the following hold:

o If 8 < « are limit ordinals, then o, £ 0g.
e A is almost disjoint from Ag for all 5 < c.

o If £ < dom(oy,), then (A!) \Zg" ©) is small (hence, by Lemma is very
small).
o {Ayin i n <w}is a digjoint family below A/ .

For our base case, we let A,, be any countable almost disjoint family. Assume
that o > w is a limit ordinal, and that Agy,, A% and og have been defined
for limit 8 < a and n < w, and satisfy the requirements stated above so far.
We define the element B depending on the following scenarios:

(a) If By ¢ H(An), then let B := B, if B, € H™ (A,). Otherwise, let B be
any element of H™(Ay).
(b) Suppose that B, € H(Ay) (s0 By € H™(Aa) by Lemma[4.6), and let

Co :={A €A, : B, and A are compatible}.

Suppose further that there exists some B!, < B, that is almost disjoint
from every element of Cy, and (BY,) C Y,. Then we let B := BY,.

(c) Suppose that B, € H(Aa) (so By, € H (Aa)), and for all B < B,
which are almost disjoint from every element of C,, there is no B’ < B
such that (B’) € Y,. Then we let B := B,.

We inductively define {Cs : s € 2<%} C H™(Ay), {ns : s € 2<¥} C 2<% and
ordinals {a; : s € 2<“} as follows:

o (y:= B,

® 1) = Té: and oy := dom(n;),

o Cs~0,C5~1 € H (Ay) are such that (Cs~g) C (Cs) N ng and (Cs~1) C
(Cs) N Z},, (which both exist by properties (ii) and (iii) of Lemma .

We then define ny := J,, ., nyn for any f € 2, and note that ny € 2<b% a5 bs
has uncountable cofinality (as b is regular and s has uncountable cofinality,
see [9, Corollary 21]). We record the following observations:

o If sC ¢, then Cs < Cy and ng C .
e If s and t are incompatible, then so are 1, and 7;.
e Consequently, if f # g, then 1y and 7, are incompatible.

Since a < ¢, we may let f € 2% be such that 1y £ o for all limit ordinals
B < a. We now have a <-decreasing sequence (Cfn)n<w in H™ (Aq), so by

Proposition there exists some D € H™(Aq) such that D <* Cyy, for
all n.
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Let oo := ny. Observe that for all { < dom(7y), if n < w is such that
¢ € dom(nygpy,), and if N is such that D/N < Cfpy, then

(D/Nyn Z; " = (D/Nyn 2,7 €Oy 0 28 € (A,

so that for all € < dom(og), (D) N Z "% € Z(A) (as (D) \ (D/N) is very
small, by Lemma. Therefore, for each £ < dom(o,,) we may find a finite
subset F¢ C A, such that ((D) N ZE_UO‘(E)) \ UAE;§ (A) is small. Now let

By :={Agtn 08 C0q and n <w}, By:= U Fe, B:=DByUDBs.
£<dom(oq)

Note that B C A,, so it is an almost disjoint family.
CLAIM 8. |B| < bs.

Proof. It suffices to show that |By| < bs and |B; | < bs. Since dom(c,,) < bs,
there are < bs many initial segments of o,. This implies that there are < bs
many [ < «a such that og C 04, because if 3,7 < a and S # 7, then
og # 0 by the induction hypothesis. Therefore, |By| < bs. Since B; is a
union of dom(c,) < bs many finite sets, we have |B;| < bs as well. m

By Lemma [2.1] the set
{{B"YN (D) : B' € B and (B') N (D) is infinite-dimensional }

is an almost disjoint family of block subspaces of (D). Note that (D) is
not in the set, as otherwise this implies that (D) C Ag for some § < a,
contradicting that D € H™ (A, ). By Lemma |B| < bs < ayecr, SO there
exists some A/, < D such that A, is almost disjoint from every element of B.

CLAIM 9.

or all £ € dom(o,), is small.
(1) For all ¢ € dom(ay), (A4)\ Z{"®) is small
(2) For all B < o, Al, and Ag are almost disjoint.

Proof. (1) Note that (A!)\ Zga(g) =(4)n Zél_ga(g). We observe that

(AL) N Z;_U“(E) \ UAG]:g (A) is small by the above, and since A/, is almost
disjoint from every A € F¢, we have

(AL Nz 0 () c | (4n) nia).
AeF; AeF;

By Lemma (Al,) N (A) is very small for each A € F¢, so (A,,)N Zglfoa(é)
is small.

(2) Let S +n < o, where 8 is a limit ordinal. If Ag,,, € By, then A, is
almost disjoint from Ag.,, by construction, so we are done. Now assume that
Agyn & By. Let £ be the least ordinal such that 03(§) # 04(£). By induction
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hypothesis, W = (A%) \ Zgﬂ(g) = (Ap)\ ZE_U“(E) is small (and hence very
small). Since Agy, < A//B, we have for some small set W/,

(44) N {Apen) SW U (A N2 cw oW’ u [ (4 0 (4),
AEF{

which is also small as all the components in the union are very small, as
desired. m

We complete the induction by letting {Ay+n : 7 < w} be any infinite
disjoint family below A.. We note that A is a mad family — otherwise, if B
is almost disjoint from every element of A, then B € H™(A,) for all a < c.
Let « be any limit ordinal such that B, = B; then A, < B, a contradiction.
It remains to show that A is full.

To do so, let Y C E, and suppose that Y is H(A)-dense below some
B € H(A). Since H(A) = Uy H(Aa), we may let a be large enough that
(Yo, Ba) = (Y, B) and B € H(A,). This means that in the induction step, we
have either case (b) or (c). Observe that (c) is not possible — since A/, < B,,
is almost disjoint from every element of C, as Co C A,, and A, € H(A) as
Al is compatible with A,y for all n. However, there is no B" < A/, for which
(B') C Y,, contradicting that Y is H(.A)-dense below B. This means that
case (b) must have occurred in this induction step. Since B,/ is compatible
with Ay4y, for all n, we have B, € H(A) and (B)) C Yy, as desired. =

5.3. Completely separable mad family of subspaces. We dedicate
this section to defining a notion of completely separable almost disjoint fam-
ilies of subspaces and proving Theorem [I.6]

DEFINITION 13. An almost disjoint family A of subspaces is completely
separable if for any subspace U C E, if U € Z7(A) then there exists some
V € A such that V C U.

LEMMA 5.4. A completely separable almost disjoint family of subspaces
is mazimal.

Proof. Suppose that A is a completely separable almost disjoint family
of subspaces that is not maximal. Let U C E be a subspace almost disjoint
from every V € A. For any Vp,...,V,_1 € A, we have

v\ Jvi=v\JUunv.
<n <n
By Lemma U NV is very small for all i < n, so |J,.,, U NV is very
small. Since U is big, we se that U \ |J;.,, Vi is big. Since Vp,...,V,_1 are
arbitrary, U € Z7(A). By the complete separability of A, this implies that
V C U for some V € A, contradicting that U and V' are almost disjoint. =
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One may consider the alternative definition where we remove the sub-
space requirement of U in Definition [I3] However, it turns out that no such
almost disjoint families of subspaces exist.

PROPOSITION 5.5. Let A be an infinite almost disjoint family of sub-
spaces. There exists some Y € Tt (A) such that for all A A, (A) Y.

Proof. Let {V,, : n <w} C A. For each n, let B, C,, be block subspaces
of V,, such that (B,) N (C,) = 0. Let I' : w — w be an infinite-to-one
surjection. We define a block sequence (T )m<w as follows: Let zg € (Cr(q))
be any vector. If x,,, has been defined, let z,,11 € (Cr(;,41)) be any vector
such that 2, < Zm11. We let Dy, == (Zm)mer—1(n), Which is an infinite block
sequence as I is infinite-to-one. We write D,, = (y}!)x<. Note that the block
subspaces D,, have the following properties:

e For all z € (Dy), supp(2z) € Uy, supp(yz)-
o If m # n, then | J,_ supp(y) N Uj<w SUPP(Z/}”) = 0.

We define
Y= | J(Dn).

n<w

Clearly Y € Zt1(A), as (D,,) CV, NY for all n.
CLAM 10. If B € EI™ and (B) C Y, then B < D,, for some n.

Proof. We write B = (zx)g<w, and suppose that zg € (D,). We shall
show that z; € (D,,) for all k, which implies that (B) C (D,,). Suppose that
2k € (Dy,) for some m # n and k > 0. Then 29 + z, ¢ (D), as

supp(z0 + 2k) = supp(z0) Usupp(zx) | J supp(y).
I<w

Similarly, zo + 2z ¢ (D). For each i # m, n, since

supp(z0) N | supp(y}) = 0,
J<w
we may conclude that zo + z; ¢ (D;) either. Therefore, 2o + 2z, € (B) \ Y,
a contradiction. m

We may now finish the proof of Proposition[5.5] Suppose that there exists
some V' € Asuch that V C Y. By Claim 10, we have V' C (D,,) C V,, for some
n. Since A is an almost disjoint family, we see that V' = V,,. But this implies
that (B,) C V,, C (D,) C (Cy,), which contradicts that (B,) N (Cy) =10. =

The proof of Theorem [I.5] may be adjusted to obtain a completely sep-
arable mad family of block subspaces, with the main change being at the
induction step. We describe the details here.
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Proof of Theorem . Let {Z, : a < bs} be a family of subsets of vectors
satisfying the conclusions of Lemma We write Z0 = Z, and Z! := Z¢
for all a. For a fixed almost disjoint family A C El*l and B € #~(A), there
exist o < bs and 74 € 2 such that

o if 1-74(8) 5 (8) +

if 8 < «a, then (B) N Z, € Z(A) (so (B) N Zg € I7(A) by

property (i) of Lemma ,

e (B)NZ2 € IT(A) and (B)N Z} € Tt(A) (such an « exists by property
(iv) of Lemma [5.3).

Observe that for a fixed almost disjoint family A, Té e 2<% is unique,

and if B’ < B and B’ € H™(A), then 74 C 74. Let {Us : o < ¢} be

an enumeration of all subspaces of E. We may need that for any subspace

U C FE, there are cofinally many o < ¢ such that U, = U. We shall define

our mad family A = {A, : a < ¢} recursively, where A, := {Ag : f < a},

along with an injective sequence {0, : a < ¢} of elements of 2<% such that

o if 3 < a, then o, £ 03,

o if { < dom(oy,), then (Ay) \ Zg“(g) is small (hence, by Lemma , is very
small).

For our base case, we let A,, be any countable almost disjoint family. Assume

that Ag, og have been defined for 8 < « such that they satisfy the require-

ments stated above so far. We inductively define {C; : s € 2<%} C H ™ (A,),

{ns : 5 € 2<%} C 2<% and ordinals {as : s € 2<“} as follows:

o If U, € ITT(A,), let Cyp € H™(An) such that (Cy) C U,. This is possible
by Lemmal[d.10} If U, ¢ Z%(A,), let Cy € H™(A,) be any block subspace.

® 1) = Té: and o, := dom(ns).

o Cs~0,C5~1 € H (Ay) are such that (Cs~o) C (Cs) N ng and (Cs~1) C
(Cs) N Z},. (which both exist by properties (ii) and (iii) of Lemma .

We then define 1y := UJ,,, nfn for any f € 2¥, and note that n; € 2<bs a5
bs has uncountable cofinality. We record the following observations:

o If sC ¢, then Cs < Cy and ng C .
e If s and t are incompatible, then so are 1, and 7.
e Consequently, if f # g, then 1y and 7, are incompatible.

Since a < ¢, we may let f € 2% be such that 1y £ o for all limit ordinals
B < a. We now have a <-decreasing sequence (Cfn)n<w in H™(Aq), so by
Proposition there exists some D € H™(Aq) such that D <* Cyy, for
all n.

Let o4 := ng. Observe that for all £ < dom(ny), if m < w is such that
¢ e dOm(’I?fm), and D/N < Cf[n, then

<D/N> N Zé_nf(f) — <D/N> N Zél_nf[n(g) C <Cf[n> N Zgl_nffn(g) c I(Aa),
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so that for all £ < dom(oy), (D) N ngga(g) € I(A) (as (D) \ (D/N) is very
small, by Lemma [£.5). Therefore, for each £ < dom(o,) we may find a finite
subset F¢ C A, such that ((D) N ngao‘(g)) \ UAefg (A) is small. Now let

By :={Ag4n 08 C 04}, Bi:= U Fey, B:i=DByUDBs.
é<dom(oq)

One may show, in the same way of proving Claim [§] that |B| < bs. By
Lemma, the set

{{B"YN (D) : B' € B and (B') N (D) is infinite-dimensional }
is an almost disjoint family of block subspaces of (D). Since D € H™ (Aa),

we see that (D) is not in this set. By Lemma 5.2 [B| < bs < ayec, so there
exists some A, < D such that A, is almost disjoint from every element of B.

CLAIM 11.

1) For all £ € dom(o,,), (As 72°©) s small.
3
(2) Forall B < a, Ay and Ag are almost disjoint.

Proof. (1) Note that (Ay) \ Zg“(é) = (Aa) N Zilfga(g). We observe that

(Aa) N Zg_ga@) \ UAG]_-§<A> is small by the above, and since A, is almost
disjoint from every A € F¢, we have

o
(Aa) N 27 0 (A € | (o) N (A).
AE]‘E AE]'—E
By Lemma (Aq) N (A) is very small for each A € F¢, so (Aq) N ngaa(g)
is small.

(2) Let B < a. If Ag € By, then A, is almost disjoint from Ag by
construction, so we are done. Now assume that Ag ¢ By. Let £ be the
least ordinal such that o3(§) # 04(§). By induction hypothesis, we see that
W = (Ap) \Zgﬂ(g) = (Ap)\ Zfl_aa(g) is small (and hence very small). Thus,
for some small set W/,

(Aa) N {Ag) WU ((Aa) N2 cwuw’u | (Aa) N (4),

A€F§
which is also small as all the components in the union are very small, as
desired. =

This completes the induction. If U € Z7(A), then Z%(A,) for all o, and
there exists some o with U, = U. This implies that (A,) C U, as desired. m

6. Topological Ramsey spaces and the abstract Mathias forcing.
We dedicate this section to an overview of the axioms of topological Ramsey
spaces, and the abstract Mathias forcing developed in [7].
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6.1. Topological Ramsey spaces. We recap the four axioms A1-A4
presented by Todorcevié¢ [28], which are sufficient conditions for a triple
(R,<,r) to be a topological Ramsey space. Here, R is a non-empty set,
< a quasi-order on R, and 7 : R X w — AR a surjective function. We also
define a sequence of maps r, : R = AR by r,(A) :=r(A,n) for all A € R.
Let AR, € AR be the image of r, (i.e. a € AR, iff a = r,(A) for some
AeR).

The four axioms are as follows:

Al. (1) r9(A) =0 for all A€ AR.

(2) A # B implies r,,(A) # r,(B) for some n.

(3) mn(A) = rp(B) implies n = m and ri(A) = ri(B) for all k < n.
For each a € AR, let lh(a) denote the unique n for which a € AR,,. By
axiom A1(3), this n is well-defined. Given a,b € AR, we write a C b if there
exists some A € R such that a = r,(A) and b = ry,(A) for some n < m.

A2. There is a quasi-ordering <g, on AR such that

(1) {a € AR : a <gy, b} is finite for all b € AR,
(2) A< Biff Vo Im [rn(A) <gn rm(B)],
(3) Va,be AR [aCbADb<gy c— FdC cla <gy, d]].

A3. We may define the Ellentuck neighbourhoods as follows: For any A € R,
a € AR and n € N, we let

[a,A] :={B€R:B<AANIn[r,(B) =al},
[n, A] .= [rn(A), A].
Then the depth function defined by, for B € R and a € AR,
depth () = {min {n <w:a<g, r,(B)} if such .n exist,
oo, otherwise,

satisfies the following:

(1) If depthp(a) < oo, then for all A € [depthp(a), B], [a, A] # 0.
(2) If A < B and [a, A] # 0, then there exists A" € [depthg(a), B] such
that 0 # [a, A'] C [a, A].

For each A € R, we let
ARTA :={a € AR : In[a <g, m(A)]}.
If a € ARJA, we also define
AR[[a, A] :={be€ AR[A : a C b},
rnla, A] == {b € AR[[a, A] : Ih(b) = n}.

A4. If depthp(a) < oo and if O C ARjp(g)41, then there exists A €
[depthp(a), B] such that 71,(4)41[a, A] € O or rygy41la, A] € O°.
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Note that by axiom Al, we may identify each element A € R as a
sequence of elements of AR, via the map A — (r,(A))n<w. Therefore, we
may identify R as a subset of ARY. In turn, AR may be equipped with a
natural metric topology by considering the first difference metric — that is,
if (an)n<w, (bn)ncw € ARN, then

d((an)n<uh (bn)n<w) f— 2_min {TL: an#bn}'

DEFINITION 14. A triple (R, <,r) is said to be a closed triple if R is a
metrically closed subset of ARN. A closed triple (R, <,r) is an A2-space if
(R, <,r) satisfies axioms A1-A3.

An A2-space (R, <,r) satisfying A4 is a topological Ramsey space, as it
satisfies the abstract Ellentuck theorem — that is, a subset X C R is Ramsey
iff it has the property of Baire relative to the Ellentuck topology. This is the
abstract Ellentuck theorem by Todoréevi¢ — see [28, Theorem 5.4].

Mathias’ original proof of his celebrated theorem in [I4] (i.e. Theorem [1.7]
here for [w]*) uses the (original) Mathias forcing localised to a coideal H.
As we shall use a similar approach to prove Theorem [I.7] it is necessary to
extend the notion of a coideal to topological Ramsey spaces.

DEFINITION 15 (|7, Definition 3.2]). Let (R, <,r) be a closed triple sat-
isfying A1-A4. A set H C R is a coideal if it satisfies the following:

(1) (Upward closure) If A € H and A < B, then B € H.
(2) (A3 mod H) For all A€ H and a € AR[A, we have:

(

(a) [a, B]NH # for all B € [depthy(a), A]NH.

(b) If B € H|A and [a, B] # 0, then there exists A" € [depth4(a), A|NH
such that 0 # [a, A’] C [a, B].

(3) (A4 mod H) Fix A € H and a € AR[A. For any O C ARjy(q)+
there exists B € [depthy(a), A] N H such that ry(q)41[a B} Q O o
Tlh(a)+1la, B] € O°.

A notion of semiselectivity for a coideal H was also given in [7, Definitions
3.4-3.7], which says that for all A € H and a family of dense open sets, there
exists some B € H[A that diagonalises the family. We shall propose a slightly
stronger version of semiselectivity, which instead asks that for all A € H,
a € ARJA and a family of dense open sets, there exists some B € H|[a, A]
such that B diagonalises the family.

DEFINITION 16. Let (R, <,r) be a closed triple satisfying A1-A4, and
let H C R be a coideal. Let A € H and a € AR|A

(1) A family of subsets D = {Dy}vearila,4] 1s dense open below [a, A] in H if
for all b € AR[a, A], Dy is a <-downward closed subset of H [[b, A], and
for all B € H|[[b, A], there exists some C € H|[[b, B] such that C' € Dy,
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(2) Let D = {Ds}vearia,4] be dense open below [a, A] in H. We say that

B € Hlla, A] diagonalises D if for all b € AR[[a, A], there exists some
Ap € Dy such that [b, B] - [b, Ab].

(3) We say that H is semiselective if for all A € H and a € AR[A, every
dense open family below [a, A] in H has a diagonalisation in H.

The following is stated in [31, Lemma 3.11]. We replicate the proof here.

LEMMA 6.1. Let (R,<,r) be a closed triple satisfying A1-A4. Then R
1s a semiselective coideal.

Proof. Note that R is a coideal by definition. Fix some A € R and
a € AR[A. Suppose that D = {Db}pearifa,4] is dense open below [a, A]. We
shall define a fusion sequence (A )n<w in [a, A], with an1 = 7T1(0) 4n41(An),
such that A,4+1 € [an+1, An]: Let Ag := A, and suppose that A,, has been
defined. Let {b; : i < N} enumerate the set of all b € AR[A,, such that
a C band b <g, ant1. Let A2+1 = A,. If Afwl € [an+1,Ap] has been
defined, let B, 41 € Dy, be such that B,4q € [b;, A, +1], which exists as Dy,
is dense open in [b;, A]. By A3, we then let Aij_fl € [ans+1, AL] be such that
[bi, Af:;ll] C [bi, Bnt1]- We complete the induction by letting A,,4+1 := Aﬁq_l.
Let B be the limit of the fusion sequence (A;)n<w. Since R is metrically
closed in ARN, B € R is well-defined, and so B diagonalises D.

We will see that the semiselectivity property plays an important role in
both combinatorial forcing and the abstract Mathias forcing.

6.2. Combinatorial forcing. Let (R, <,r) be a closed triple satisfying
A1-A4, and let H C R be a coideal. We also fix a subset X C R. Unless

stated otherwise, we assume that H is semiselective.
DEFINITION 17. Let A € H and let a € AR. We say that

(1) A accepts a if [a, A] C X,
(2) A rejects a if a € AR[A, and for all B € H[[a, A], B does not accept a,
(3) A decides a if A accepts or rejects a.

This localised variant of combinatorial forcing for topological Ramsey
spaces was introduced in [7], along with various basic properties of this com-
binatorial forcing. The details of the proofs of these properties with our
definition of semiselectivity (Definition remain mostly unchanged, but
we shall provide an overview for the sake of completeness.

LEMMA 6.2. Let A€ H and let a € AR.

) If a ¢ ARTA, then A accepts a (as [a, A] = 0).
) If A accepts a and B € H| A, then B accepts a.
) If A rejects a, B € H|A and a € AR|B, then B rejects a.
)

(
(
(
(4) If A decides a and B € H[A, then B decides a.

1
2
3
4
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(5) If a € ARJA, then there exists B € H[[depthy(a), A] which decides B.

(6) If a € ARTA and A decides a, then for all B € H[[depthy(a), A], B
decides a in the same way A does.

(7) A accepts a iff A accepts every b € ryy(a)41la; Al

Proof. The proofs are straightforward and mostly the same as for the
non-localised variant of combinatorial forcing — we refer the readers to |28,
Lemma 4.31]. =

LEMMA 6.3. For all A € H and a € ARTA, then there exists some
B € H][a, A] which decides every b € AR[|a, A].

Proof. For each b € AR[[a, A], let
Dy :={B € H|[[b, A] : B decides b}.
By Lemmal6.2|(5), D is dense open in H|[[b, A]. Since H is semiselective, there
exists some B € H[[a, A] which diagonalises {Dp}pcar|[a,4]- If b € AR[B,
then [b, B] C [b, Ap] for some A, € Dy. Since Ay decides b, B € H[ A, and

b e AR|[B, we see by Lemma (2, 3) that B decides b as well. Note that if
b ¢ AR[B, then [b, B] = (), so B trivially decides b. m

LEMMA 6.4. If A rejects a, then there exists some B € H[|a, A] which
rejects every b € riy(q)41a, A].

Proof. By Lemmal6.3| we may let A’ € H[a, A] decide every be AR [[a, A].
Let
O = {b € rip(g)+1la, A] : A’ rejects b}.

By A4 mod H, there exists some B € H[[a, A] such that ryy41[a, B] € O
or rlh(a)ﬂ[a, B] C O°. It remains to show that the latter case is impossible.
Since A’ decides every b € AR A, so does B. Therefore, if Tlh(a)+1la, B] € O°
then B accepts every b € 7y(q)+1[a, B]. By Lemma (7), this implies that
B accepts a, contradicting that A rejects a. m

LEMMA 6.5. If A rejects a, then there exists some B € H[|a, A] which
rejects every b € AR[[a, A].

Proof. Again, by Lemma we may let A' € Hl[a, A] decide every
b € AR[[a, A]. For each b € ARI[b, A], we let

Dy := {B € H|[b,A] : B accepts b or B rejects every b’ € ry,)41[b, A}

By Lemma Dy is dense open in H[[a, A], so by the semiselectivity prop-
erty of H there exists some B € H[[a, A] which diagonalises {Dp}yec 4R [0, 4]
We shall induct on 1h(b) and show that B rejects every b € AR[[a, B] (if
b e AR|[a, A] but b ¢ AR[[a, B], then B trivially rejects b).

For the base case lh(b) = lh(a) (i.e. b = a), it follows that A rejects a,
and that B € H[[a, A] (cf. Lemma [6.2)3)). If B rejects some b € AR|[a, A],
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where lh(b) = n > lh(a), then since [b, B] C [b, Ay for some A € Dy, we
see that B rejects every b’ € rlh(a)+1[b, B], completing the induction step.
Therefore, B rejects every b € AR|[[a, B]. n

The abstract combinatorial forcing allows us to prove the abstract local
Ellentuck theorem — see |7, Theorem 3.12]. We do not require the full strength
of this result in the present paper. Instead, we give an outline of the proof
that if H is semiselective, then every metrically open set X C R is H-Ramsey.

DEFINITION 18. A set X C R is H-Ramsey if for all A € R and a €
ARTA, there exists some B € [a, A] such that [a, B] C X or [a, B] C X°.

PROPOSITION 6.6. Let H C R be a semiselective coideal. If X C R is
metrically open, then X is H-Ramsey.

Proof. Let A € H and let a € ARJA. We consider combinatorial forcing
with respect to X. If A does not reject a, then [a, B] C X for some B €
H[a, A], so we are done. Otherwise, A rejects a, so by Lemma there
exists some B € H[[a,A] such that B rejects every b € AR[[a, A]. We
claim that [a, B] C X°. Otherwise, we may let C' € [a, B] N X. Since X is
metrically open, there exists some b € AR[[a, B] such that C' € [b] C X,
where [b] := {D € R : b C D}. In particular, we find that [b,B] C X,
contradicting that B rejects b. m

6.3. Abstract Mathias forcing. The abstract Mathias forcing localised
to a coideal H is defined as the forcing poset (My, <), where

My ={(a,A): A€ R and a € AR[A},
and where (b, B) < (a, A) iff [b, B] C [a, A]. We also write (b, B) <¢ (a, A) if
(b,B) < (a,A) and b = a.
Recall that given a closed triple (R, <, r) satisfying A1-A4, R is a closed

subset of the product space ARY, where AR is equipped with the discrete
topology. Thus, there exists some absolute formula ¢ such that

R={Ac ARY : p(A)}.
Therefore, for any model M, we may write
RM .= {A € ARN : pM(A)}.

DEFINITION 19. An element A € R is said to be My -generic (over a
ground model V) if

Ga:={(a,B) e My : A€ [a,B]}
is a generic filter of My (over V).
LEMMA 6.7. Let My be the Mathias forcing localised to a coideal H.

(1) If G is a generic filter of My, then there exists a unique My -generic
Ag € R such that G = {(a, A) € My : Ag € [a, A]}.
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(2) If A€ R is My-generic, then Ag, = A.
(3) If G is a generic filter of My, then G, = G.

Proof. We only prove (1)—(2) follow from the uniqueness of A in (1), and
(3) follows easily from the definitions. Let D,, := {(a, A) € My : lh(a) > n}.
We see that D, is dense open in My for all n — if (a, A) ¢ D, (i.e. Ih(a) < n)
and b € r,[a, A], then by A3 mod H we have [b, A|NH # (). Let B € [b, A|NH,;
then we have [b, B] C [a, 4], so (b, B) < (a,A) and (b, B) € D,,. Therefore,
G N D, # 0 for all n, and since G is a filter, for all (a, A), (b, B) € G,
a C bor b C a. Thus, there exists a unique Ag € R such that for all n,
(rn(Ag), A) € G for some A. It is easy to verify G = G4,,. =

DEFINITION 20. Let (R, <,r) be a closed triple satisfying A1-A4, and
let H € R be a coideal.

(1) My satisfies the Mathias property if whenever A € R is Miy;-generic over
a ground model V and B < A, also B is Mly-generic over V.

(2) My, satisfies the Prikry property if whenever ¢ is a sentence in the forcing
language, then for all p € Mly, there exists some ¢ <g p such that ¢ IF ¢
or q IF —p.

Given a subset D C My, we let
D:= U [a, A].
(a,A)eD

Note that D is an Ellentuck-open subset of R in V. Thus, if D is dense open
in My, then for all A € H and a € ARJA, A does not reject a with respect
to D (otherwise, by Lemma there exists some B € [a, A] which rejects
every b € AR[[a, A], contradicting that D is dense in My). In other words,
for all A € H and a € AR[A, there exists some B € H|[a, A] such that
[a, B] C D.

NOTATION 3. Given a,b € AR, we write
b=na < b<graandVd Cald #a— b <Ls, d].

PROPOSITION 6.8. If ‘H is semiselective, then My, has the Mathias prop-
erty.

Proof. Let Ag be an My-generic element of R (over some ground
model V), and let D < Ag. We need to show that the filter

H:={(a,A) e My : D € [a, A]}

is generic. Let D C My be a dense open subset (in the ground model V).
For each a € AR, we let

& ={BeH:ac AR|B and Vb =g, a[[b, B] C D|}.
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CLAIM 12. For all A € H such that a € ARJA, &, is dense open in
Hlla, Al

Proof. 1t is clear that &, is open, so we shall show that it is dense in
H![a, A]. By the comment above, let A’ € H[[a, A] be such that [a, A’] C D.
Let {b; : 1 < i < N} be an enumeration of all b <, a. Let Ay := A/,
and suppose that we have defined A; € [a, A’]. We find that b;11 € ARJA;
(as bi+1 <gin @ C A;), so by the observation stated prior to the claim there
exists some A;_H € HI|[bir1, A;] which accepts by 1, A; with respect to D,
Le. [biy1, A ] C D. By A3 mod H, there exists some A1 € Hl[a, A]
such that [a;41, Aiy1] C [aiy1, Aj,,]. This completes the induction, and so

(a, AN) € D, as desired. =

Fix any (a,A) € G. Since H is semiselective, for all (b, B) < (a,A) in
My, there exists some C' € H|[b, B] which diagonalises & := {E}.c ARI[b,A]
below A. That is, the set

D :={(b, B) € My, : B diagonalises &, below A}
is dense open in My,. Since G is generic, we may let (b, B) € GND’. Then
Ag € [b,B], and for all ¢ € ARI[b, Ag] and d =g, ¢, [d, Ag] C [d, B] C D.
Let n be the least integer such that depth,,(r,(D)) =: m > Ih(b). Then
(D) Zfin Tm(Ag) € ARI[b, B],s0 D € [r,(D), Ag] C [rn(D), B] C D. This
implies that (r,(D),B) € H ND, and since D is arbitrary, H is a generic
filter, as required. =

PROPOSITION 6.9. If H is semiselective, then My, has the Prikry prop-
erty.

Proof. Let ¢ be a sentence in the forcing language. Let

D:={qeMy:qlF ¢}

We consider doing combinatorial forcing with respect to the set D. Let
(a,A) € My, and by Lemma [6.2(2, 3) there exists some B € [a, A] which
decides a. If B accepts a, then [a, B] C D, so (a, B) € D as D is open. In this
case, (a, B) <o (a, A) and (a, B) IF ¢. Otherwise, by Lemma [6.5] there exists
some B € [a, A] which rejects every b € AR[[a, A]. In other words, for all
(b,C) < (a,B), (b,C) ¢ Dy, i.e. (b,C) does not force p. But this precisely
means that (a, B) IF =g, as needed. u

7. Topological Ramsey space of block subspaces. By Hindman’s
theorem, the pigeonhole principle holds for EI* if F is a vector space over F.
That is, for all Y C E and A € E[OO], there exists some B < A such that
(B) CY or (B) C Y°. Consequently, if for each A := (,,)n<w € E> we let

rn(A) == (o, .., Tn-1),
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then (El™), <,r) is a closed triple satisfying A1-A4. We shall discuss the
intersection between the local Ramsey theory of (E o) <, 7) as a topological
Ramsey space and the local Ramsey theory of block subspaces developed by
Smythe, followed by an application of the abstract Mathias forcing to prove
Theorem [L7

The symbols < and < will appear repeatedly throughout this section. To
avoid confusion, the symbol < shall be reserved for Notation (5,6), while
< shall be reserved for the quasi-order < in (E[OO}, <,r).

7.1. Semicoideals of block subspaces. Readers may notice that there
are two separate definitions for a coideal # C E!*l, i.e. Definition [4] and
Definition It turns out that these two definitions are equivalent. We
remark that in this setting, if A € El> and a € EI<®|A (i.e. a € EI<™]
and (a) C (A)), we have that depth,(a) = da(a) (see Notation [I)).

LEMMA 7.1. Let H C E!*l. The following are equivalent:

(1) H is a semicoideal.
(2) H is <-upward closed and A3 mod H holds.

Proof. (2)=(1). Let A = (Zp)n<w € H and B € E> be such that
A <* B. Then there exists some N such that A/N < B. Therefore, if we let
a:= (zn), then a < C for all C € [a,C], so [a, A] C [a, B]. By A3 mod H
there exists some C' € [a, AJNH. Then C € [a, B], and in particular C' < B,
so B € H by <-upward closure.

(1)=(2). Suppose that H is <*-upward closed. Clearly, this implies that
‘H is <-upward closed. We shall verify that A3 mod H holds. Let A € H
and a € Fl<®A.

(a) For any B € [da(a), A]NH, we have B <* B/a (as B/a < B/a), so
B/a € H. Since B/a < a™(B/a), we see that a(B/a) € H by <-upward
closure. But a™(B/a) <* B, so a™(B/a) € [a, B N H, as required.

(b) Suppose that B € H[A and [a, B] # (). Let N := d4(a), and let M be
large enough that B/M < A/N. Then C :=ry(A)"(B/m) € [da(a), A]NH

is well-defined, and
Dela,C] = aCEDAD<C = aCDAD/a<Cla
— aCDAD/a<B/M = aCTDAD/a<A/N
= D € [a, 4],
as desired. =

LEMMA 7.2. Let H C E!*l be a semicoideal. Then H is a coideal (as in
Deﬁnition iff A4 mod H holds.

Proof. Definition [4] is exactly the statement A4 mod H for a = (), so it
suffices to show that the converse holds. Let A € El>®! ¢ € EI<®IA, and
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let © C EM@+1 Define
Y:={z€eE:a<zANa ze€0O}

Since H is a coideal (as in Definition , there exists some B’ < A such that
(B'Y CY or (B') CY°. Let M be large enough that B'/M < A/d(a), and
note that a < B’/M. Let B := B'/M, and let C := a™ B € [a, A]. Observe
that

b € Th(a)+1(a; C] <= b=a"z for some x € (B).

Therefore, if (B) C Y, then 7y(4)41[a,C] € O, and if (B) C Y¢, then
Tih(a)+1[a; C] € O°. Thus, A4 mod H holds. =

We now address the overlap in the selectivity properties. There are two
natural questions:

e Is Definition [16] equivalent to the natural extension of semiselectivity of
coideals of [w]* to semicoideals of block subspaces (i.e. [28, Lemma 7.10])?
e Is a selective (semi)coideal (as in Definition (7)) semiselective?

We provide a positive answer to both of these problems.
LEMMA 7.3. Let H C El* be a semicoideal. The following are equivalent:

(1) H is semiselective (as in Definition [16]).

(2) If {Dn}n<w is a collection of dense open subsets of H (under <), then
for all A € H there erists some B € H[A such that B/n € Dg,.,(B))
for all n.

In statement (2) of the lemma, we also say that B diagonalises {Dy, }n<w

below A.

Proof of Lemma [7.3 (1)=(2). Let {Dy,}n<w be a collection of dense
open subsets of H, and let A € H. For each b € AR[A, we let

Dy := {bA(B/b) : B e DdA(b) and B < A}

It is clear that Dy C H|[[b, A] for all b € ARJA, and that Dy is <-downward
closed in H[[b, A]. We see that Dy is dense in H[[b, A] — If B € H][[b, 4],
then since Dy, ;) is dense open in H[A, there exists some C' € Dy,
such that C < B. Then b~ (C/b) € Dy and b~ (C/b) < B. Since H is
semiselective, there exists some B € H[A such that for all b € AR[B,
[b, B] C [b, Ap] for some A, € Dy. In particular, for all n we deduce that
B € [rn(B),B] C [ru(B),A,, (B for some A, () € D, (g, so B/n <
Ay, (B)/Tn(B) € Day(r,(B))-
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(2)=(1). Let A€ H and a € ARJA. Let D = {Dv}pcaria be a dense
open family below [a, A]. For each b € AR [[a, 4], let

L ={B/b:BcDy}, D,:= N D;.
bEAR [[a, Al
da(b)=da(a)+n

We claim that D} is dense open in H[A for all b € AR[[a, A]. This implies
that D,, is dense open in H[A, as it is a finite intersection of dense open
subsets of H[A. Let B € H[A, and let b € AR[[a, A]. Then b™(B/b) €
H[[b, A], and since Dy is dense open in H[[b, A], there exists some C € Dy
such that C' < b~ (B/b). This implies that C/b < B/b, and C/b € Dj, as
desired.

By our assumption, there exists some B € H[A such that B/n€Dy, (,,(B))
for all n. Observe that a < B, as B € Dy C D,,so B < C/a for some C € D,.
Therefore, a™ B € R is well-defined. We claim that a™ B diagonalises D. Let
b € AR[[a,a” B], and suppose that ds(b) = da(a) + n. Let b’ be such that
b = a" V', and note that da(b’') = da(b). Since (V') C (rq,w)(B)), we have
da(t') < da(rggey(B)). Therefore

(a”B)/b= B/t = B/dg(t) € Daa(ry,, ) (B))
so Ap := b7 ((a—B)/b) € Dy. Observe that [b, B] = [b, Ay], and since b is
arbitrary, B diagonalises D.

LEMMA 7.4. Let H C E be a semicoideal. If H is selective, then it is
semiselective.

€ Da,(v) = Daa(v) € Dby

Proof. Let {Dp}n<w be a family of dense open subsets of H, and let
A € H. Define a <-decreasing sequence in H as follows: Let Ag € Dy be such
that Ag < A. If A,, € D,, has been defined, then let A,,11 € D,11 be such
that A,11 < A,,. By the selectivity of H, there exists some B € H[A such
that B/n < Ag, (r.(B)) € Dd,(r.(p)) for all n. Since D;,’s are all <-downward
closed, B/n € Dy ,(r,(p)) for all n. =

An abstract notion of selectivity was also proposed in [7], but the def-
inition appears to be problematic. For instance, |7, Proposition 5.4| claims
that every selective coideal is semiselective, but there appears to be a gap in
the proof-it is unclear how the element A%! ¢ Da% [AL™ may be obtained.
It seems unlikely that this version of selectivity coincides with our definition
of selectivity.

DEFINITION 21. Let H C E[*] be a semicoideal.

(1) H is a filter if (H,<) is a filter (as a partial order), i.e. for all A, B € H
there exists some C' € H such that C < A4 and C < B.
(2) H is an ultrafilter if it is a coideal and a filter.
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We shall dedicate the remaining portion of this subsection to showing that
if U C E> is a selective ultrafilter, then a block sequence D € (E>])VIC]
is Mys-generic iff D <* A for all A € U. The proof is very similar to the
case for the Ellentuck space — a proof may be found, for instance, in [10,
Chapter 26].

The following proposition, in the setting of topological Ramsey spaces,
was stated in [7, Theorem 6.7], extending the original theorem in the setting
[w]“ in [8]. We shall re-prove this result for block subspaces.

PROPOSITION 7.5. Suppose that E is a vector space over Fo, and that
H C E™ s a coideal. The following are equivalent:

(1) H is semiselective.
(2) (H,<*) is o-distributive, and every (H,<*)-generic filter U is a selective
ultrafilter.

Proof. (1)=(2). Let {Dp}n<w be a family of dense open subsets of H
under the partial order <*. Note that each D,, is also dense open in H
under <, so by semiselectivity there exists some B € H which diagonalises
{Dy}n<w (below some A € H). Since Dy, is <*-downward closed, this implies
that B € D,, for all n, so (H, <*) is o-distributive.

Let U be an (H,<*)-generic filter. It is clear that U is a filter (as in
Definition[21)). We need to show that I/ is a coideal (and hence an ultrafilter).
Let Y C E, and let A € Y C H. Since Y is countable and (#H, <*) adds no
reals, Y is in the ground model. By Hindman’s theorem, the set

D:={BeHlA:(B)CY or (B) CY‘}
is dense open below A in (H, <*). Therefore, the genericity of #/ implies that
UND # (), i.e. there exists some B < A in U such that (B) CY or (B) C Y*.
Hence, U is a coideal.
We now show that U is selective. Let (A4, )n<w be a <-decreasing sequence

in U, and let A := Ay. Since (H, <*) adds no reals, the sequence (Ay)n<y is
in the ground model. For each n, let

D, :={Be€HIA:B<A,or BC € HIA[C < B and C < A,]}.

It is clear that D,, is dense open below A in H for all n. Since H is semise-
lective, we see that the set

€ :={B € H[A : B diagonalises {Dy, }n,<,, below A}

is dense open below A in H. By the genericity of U, let B € U N E. Then
B/n € Dy, (rn()) for all n, and since U is a filter, B is compatible with A,
for all n in U, so B/n < Ag,(r, () for all n. Thus, B diagonalises (A, )n<w
below A.

(2)=(1). Let {Dy}n<w be a family of dense open subsets of H, and
let A € H. Let U be an (H, <*)-generic filter containing A. We define a
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<-decreasing sequence (A4, )<, in U as follows: By the genericity of U, let
Ag € UNDy. Assume that A, € UND, has been defined. Since D, 1 NH[A,
is dense open below A, in ‘H and A, € U, there exists some A,+1 € U[A,
such that A,+1 € U N Dyyq. By the selectivity of U, there exists some
B € UTA such that B/n < Ag,(r.(B)) € Dayra(p)) for all n. Therefore,
B € H[A diagonalises {D), },,<,, below A. =

DEFINITION 22. Let (R, <,r) be a closed triple satisfying A1-A4, and
let X C R. Let D C My. We say that (a, A) € My captures D if for all
B € H][a, A], there exists some initial segment b € AR [[a, B] of B such that
(b,B) € D.

We remark that if AR is countable (e.g. EI<* is countable), then the
statement “(a, A) captures D” is II; with respect to the Polish topology
of R. Since R is a subspace of ARY, and AR is equipped with the discrete
topology, we may apply Mostowski’s absoluteness theorem to conclude that
“(a, A) captures D” is absolute.

LEMMA 7.6. Suppose that E is a vector space over Fy. Let U C E!*) be
a selective ultrafilter. Let D C My be dense open. For all a € E!<°° and
A € E™ such that a € EI<®I[A, there exists some B € Ul[a, A] such that
(a, B) captures D.

Proof. For each b € El<[[a, A], let A, € U[[b, A] be any block sequence
such that (b, Ap) € D if it exists — otherwise, we let A := A. Since U is an
ultrafilter, we may inductively define a <-decreasing sequence in U[a, A]
such that A, < Ay/a for all b € El<®l|[a, A] in which d(b) < n. Since
U is selective, there exists some B’ € H[(A/a) which diagonalises (Ap)p<w
below A. Let B :=a™ B’ € U][a, A], and consider the set

X :={C e E™ :C¢cla,B] - 3be BN, C)[b B) e D]}

Since X is a metrically open subset of El*°l, by Proposition there exists
some C € Ul[a, B] such that [a,C] C X or [a,C] C X°. Observe that if
[a,C] C X, then (a,C) captures D, so we are done. It remains to show
that [a, C] C X¢ is not possible. Since D is dense in My, there exists some
condition (b, D) < (a,C) in D. This means that (b, Ay) € D, and since
B/b < Ag,) < Ap, we have (b, B) € D. In other words, there exists some
b € EI<®l|C such that (b,B) € D,s0 C € X. u

PROPOSITION 7.7. Suppose that E is a vector space over Fo. Let U C

El be a selective ultrafilter. Then a block sequence D is My-generic iff
D <*Aforall AcU.

Proof. Given a block sequence D, we let

G:={(a,A) e My : D € [a, A]}.
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(=) Suppose that D is My-generic, i.e. G is a generic filter. For any
AelU and a € EI<®) A, the set

Dy :={(b,B) €My : B<*Aandbe E<?|B}

is dense open in My,. Indeed, for any (b, B) € My, let C' € U be such that
C < Band C < A. Then (a,a(C/a)) € Da, and C <* B and C <* B.
Since G is generic, G N Dy # 0, so we may let (b, B) € D4 be such that
D € [b, B]. This implies that D <* B <* A, as desired.

(<) Suppose that D <* A for all A € U. Let D C My, be dense open.
To show that D is generic, it suffices to show that D € [r, (D), B] for some
(rn(G),B) € D. By Lemma let A := Ay € U be such that (), A) cap-
tures D; then for each a € EI< we let A, € U be such that (a, Ay) cap-
tures D. We then inductively define a <-decreasing sequence (A, )<y in U
with A,, < A4, for all d4(a) < n. Since U is selective, we may let B € U[A
be such that B/a < Ay, (q) < Aq for all a € El<>lB.

We know that D <* B, so let a € E<®D N E<®l N B be such that
D/a < B/a < A,. Therefore, (a,B) captures D in the ground model, so
(a, B) captures D in the generic extension (see the remark after Defini-
tion 22). Since D € [a, B], we have (r,(D), B) € D for some n, as desired. =

7.2. Proof of Theorem and Corollary Recall that for an
uncountable cardinal «, the forcing poset Coll(w, <k) is the Lévy collapse,
which collapses k to wy. We shall follow the proof layout of [16, Theorem 4.1].
The following lemma is due to Solovay, and a proof may be found in [27].
For the rest of this section, we fix a ground model V of ZFC, and all vector
spaces are over [Fo.

LEMMA 7.8. Let k be an inaccessible cardinal, and let P € V be a forcing
poset of size < k. Let G be a Coll(w, <k)-generic filter. If H € V[G] is
P-generic over V, then there exists a filter G* which is Coll(w, <k)-generic
over V[H], and V[H]|G*] = V[G].

Proof of Theorem . Let H € V[G] be a selective coideal in El*l, and
let X € L(R)VIC] be a subset of El*. Since every set in L(R)VI is ordinal-
definable from some real in V]G], there exists a ternary formula ¢, some real
r € V[G] and a sequence of ordinals a such that for all B € (E*)VIC],

BeX < V|G| E ¢[B,rq].

We need to show that for all A € H and a € E[S®IA, there exists some
B € H]l[a, A] such that [a, B] C X or [a, B] C X°. We fix some A € H and
a € B4,

Since x is Mahlo, we may fix some inaccessible A < x such that H N
VIG[A] € V[GIA], and V[GIA] = H N V[G[]] is a selective coideal, and
denote H := H N V[G[)\]. By the k-chain condition of Coll(w, <k), we may
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also assume that A € H and r € V[G[)]. Let ¢* be the formula such that
®* (SE, Y, w) holds iff “_Coll(w,<n) ¢( C, Y, W ) Let

X :={Be EXnNVIGI\ : V[GI\ = ¢*[B,r,a]}.

Note that X € V[G[)\]. Furthermore, since the Lévy collapse is homoge-
neous, we have, for all B € El*®I N V[G])],

BeX < VI[G] [ ¢[B,r,a] <= lFconw,<x) ¢[B,10] <= BeX.

Thus, X = X N V[G[)].

Let U be a (H, <*)-generic filter such that A € U. Note that by Propo-
sition [7.5) U is a selective ultrafilter. Since (7, <*) adds no reals, we have
E N V[GINU] = E*® N V[G])]. This implies that X = X N V[G[\][U].
Furthermore,

VIGIAUGTA, k)] = VIGIAGIA, w)][U] = VIG][U].
CLAIM 13. Let B € E!®INV[G][U] be My;-generic over V|G [N|[U]. Then
B e X < VI[GI\[U|[B] E ¢*[B,r,al.

Proof. We work in V[G][U]. Since & is inaccessible, Coll(w, < \) % My, is
a poset in V of size <k, so by Lemma [7.8 applied to the model V[G|\][U]
there exists a filter G*, Coll(w, <k)-generic over V[G|\|[U][B], such that

VIG|U] = VIGINU]IGIA, k)] = VIGIAU][B[G"].
Therefore,
Be X «— VI[G|U] E ¢[B,r,a] < IF ¢(B,F &) in V[GI\[U][B]
< VIGIU|[B] = ¢"[B, 7,0,

where the second equivalence follows from the homogeneity of the Lévy col-
lapse. =

We consider the forcing notion My, in V[G[\|[/], and note that (a, A) €
My,. By the Prikry property of M, (Proposition [6.9 ., there exists some
condition (a, A") <¢ (a, A) in My; which decides the formula ¢*(Ag, 7, &),
where Ap is the canonical name for an M- -generic element of El>l. Since
V[G]U] = U is countable and U is an ultrafilter, there exists some Ay €
[a, Al N V[G] such that Ay <* B for all B € U. By Proposition Ag
is My-generic over V[GIA][U]. We shall finish the proof by showing that
[a, Ag] C X or [a, Ag] C X°.

Suppose that (a, A') IF ¢*(Ag, 7, &), and let B € [a, Ag]. By the Mathias
property of My, B is also My-generic. Since B € [a, A’], the condition (a, A")
is in the Mlys-generic filter generated by B, so by Claim 13, B € X. Therefore,
[a, Af] C X. Alternatively, if (a, A’) IF =¢* (A, 7, &), then [a, Ag] C X°. =



Full mad families of vector spaces and two local Ramsey theories 47

We may now prove Corollary Given an almost disjoint family A of
subspaces, we let

A:={BeE™ :(B)CV for some V € A}.
Observe that H~(A)N.A = 0.

Proof of Corollary . Suppose for a contradiction that A € L(]R)V[G] is
a full mad family of subspaces. Note that A € L(R)V[¢]. By Proposition
H(A) is a selective coideal, so by Theorem we see that A is H-Ramsey.
Let B € H(A), and let C' € H(A)[A be such that [#,C] € A or [#,C] C A°.
Since C' € H(A) and H(A) N A = 0, the first case is not possible. On the
other hand, since A is mad, there exists some V € A which is compatible
with C, i.e. there exists some D € El*] such that D < (C and D < A. Then
D € [0,C] N A, another contradiction. m

We conclude this section by addressing the difficulty in removing the ad-
ditional large cardinal hypothesis on k. Neeman—Norwood [16] successfully
reduced the required large cardinal strength of x in the original Mathias’
theorem [I4] from being Mahlo to just inaccessible, with the additional re-
quirement that the selective coideal H lies in L(R)V[G}. Their approach is as
follows:

1. For an ultrafilter ¢ on w, they define the diagonalisation forcing Py, and
show that P, satisfies the Prikry and Mathias properties (where U need
not be selective).

2. Let Coll(w, <k) be the Lévy collapse of an inaccessible cardinal , and
let G be a Coll(w, <k)-generic filter. There exists some § < k such that
H=HNVI[G|B] € VIG|B]. Then H is a coideal on w, but it may not be
selective. Let U C H be any ultrafilter on w in V[G|3].

3. Repeat the argument of Mathias with Mathias forcing My, replaced by
diagonalisation forcing Py,.

Using the definition of ultrafilter for infinite block sequences (see Defini-
tion [21), it is possible to define a version of diagonalisation forcing for infi-
nite block sequences, and it does satisfy the Prikry and Mathias properties.
The issue lies in the second step — if H is a selective coideal in El* in
VIG] (or LIGIVIG]), it is unclear if H = H N V[G]A] is a coideal in B>,
It is even less clear if we may obtain an ultrafilter &/ C H in V[G[S] - the
only current known construction of ultrafilters in £l assumes set-theoretic
hypotheses such as CH or MA, and defines an ultrafilter as the <-upward
closure of a <*-decreasing chain of block sequences of size continuum (see
|24, Theorem 5.3] and [4]). This requires one to repeatedly obtain weak di-
agonalisations (as in Definition [5) at countable limit ordinal stages of the
induction. However, as H need not satisfy the (p)-property, this construction
may not be performed inside H to obtain an ultrafilter & C H.
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8. Further remarks and open problems. Although Theorem [I.5
asserts the existence of a full mad family of subspaces in ZFC, it remains
unknown if every mad family of subspaces in ZFC is full.

PROBLEM 8.1. Is there a non-full mad family of subspaces?

While there are various results about the cardinal ayecr, the cardinal
0yec r 18 DOt well-understood. In particular, while it is known that non(M) <
Ayvec,k holds in ZFC, the af,ec’F variant of the problem remains unsolved.

PROBLEM 8.2. Is non(M) < aj . p true in ZFC?

Most of the current approaches to the non-existence of mad families in
[w]“ employ some Ramsey-theoretic techniques (such as [14, 16} 21]). Con-
sequently, it is difficult to use these approaches to prove the non-existence
of mad families of block subspaces over F # 9. Perhaps the approach high-
lighted in [29] may be used to answer the following question:

PROBLEM 8.3. Let k be an inaccessible cardinal, and let G be Coll(w, <k)-

generic. Are there mad families of subspaces (over any countable field) in
L(R)VIE 2 What if k is Mahlo?
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