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Abstract. We develop a theory of optimal transport relative to a distinguished sub-
set, which acts as a reservoir of mass, allowing us to compare measures of different total
variation. This relative transportation problem has an optimal solution and we obtain rel-
ative versions of the Kantorovich-Rubinstein norm, Wasserstein distance, Kantorovich—
Rubinstein duality and Monge—Kantorovich duality. We also prove relative versions of
the Riesz—Markov—Kakutani theorem, which connect the spaces of measures arising from
the relative optimal transport problem to spaces of Lipschitz functions. For a bound-
edly compact Polish space, we show that our relative 1-finite real-valued Radon measures
with relative Kantorovich—Rubinstein norm coincide with the sequentially order continu-
ous dual of relative Lipschitz functions with the operator norm. As part of our work we
develop a theory of Riesz cones that may be of independent interest.
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1. Introduction. A standard setting for optimal transport consists of
a metric space (X,d) together with two finite measures u,v on X with
u(X) = v(X). Following work of Figalli and Gigli [FG10] and Divol and
Lacombe [DL21], we consider a metric space (X,d) together with a distin-
guished subset A C X (we call (X,d, A) a metric pair) and two measures p
and v on X. We seek an optimal transportation plan from p to v relative to
A, which acts as a reservoir to which we can transport mass or from which
we may borrow mass. Unlike the classical setting, we neither require that
w(X) = v(X), nor do we require that p and v be finite. In fact, it will be
important to allow measures that need not be locally finite. Furthermore,
we will consider differences of measures, u* — 1, for which there may exist
disjoint Borel sets U and V with both u*(U) = oo and p~ (V) = .

Previous work focused on the case (X,d, A) where 2 = X \ A was a
bounded domain in Euclidean space and A = 912 [FG10], and the case where
2 may be unbounded and d is given by the ¢g-norm for 1 < ¢ < oo [DL21].
However, many applications of classical optimal transport extend beyond
the Euclidean setting. For example, optimal transport has been used to com-
pare word embeddings M and distributions of gene expression profiles
[@]. In order to apply optimal transport relative to a subset in such set-
tings, it is therefore necessary to develop the theory for general metric pairs.
We are led to consider both the p-finite relative Radon measures and the lo-
cally p-finite relative Radon measures, which may be of independent interest.
On of our main results, a relative version of Kantorovich-Rubinstein duality
Theorem has been stated without proof in the Euclidean case [DP19,
Remark 5.3].
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Summary of our results. Given a metric pair (X, d, A), we define rel-
ative Borel measures to be elements of the quotient monoid B*(X)/B*(A),
where BT (X) denotes the commutative monoid of Borel measures on X
(Section [4.1]). There is an obvious bijection between this set of relative Borel
measures and the Borel measures on X \ A. For relative Borel measures,
tightness, that is, inner regularity with respect to compact sets, is well de-
fined.

To facilitate the generalization from possibly infinite measures to differ-
ences of such measures, we develop a theory of Riesz cones, analogs of Riesz
spaces that are equipped with an R*-action rather than an R-action (Sec-
tion . Taking the Grothendieck group of a Riesz cone produces a Riesz
space.

We say that a relative Borel measure p is p-finite if it has finite pth
moment about A, that is, u(d%) < oo, where d4 is the function on X that
gives the distance to A (Section . Given p < ¢, for measures with support
at least some distance away from A, g-finite implies p-finite, and for measures
with support within some distance of A, p-finite implies ¢-finite.

We define the set of p-finite relative Radon measures, M;‘ (X, A), to be
the p-finite, tight, relative Borel measures (Section . Then there is an
obvious bijection between ./\/l; (X, A) and the set of p-finite Radon measures
on X \ A. We also define the set of locally p-finite relative Radon measures,
M;‘(X, A), to be the locally p-finite, tight, relative Borel measures. These
do not seem to have been previously considered. These arise naturally (in the
case p = 1) as a dual space to the space of compactly supported Lipschitz
functions on (X, d, A) (Theorem [1.2)). They restrict to Radon measures on
X\ A4, but they are not Radon measures on X, since they need not be locally
finite. As in the classical case, for p # ¢, M} (X, A) # MF (X, A). Unlike
the classical case, we also have M;‘(X, A) # M;(X, A). We prove that
MF(X, A) and M;(X, A) are Riesz cones and that M} (X, A) is an ideal
in /\;(;(X, A). We define M, (X, A) and M,(X, A) to be the Riesz spaces
corresponding to M; (X,A) and M;(X , A) respectively, and call their el-
ements (locally) p-finite real-valued relative Radon measures (Section [4.5)).
M,(X, A) is an ideal in Riesz space M, (X, A).

Consider the Riesz space, Lip(X, A), of real-valued Lipschitz functions
on X that vanish on A and its ideal Lip.(X,A) of compactly supported
functions. Lip(X, A) is a Banach space with norm given by the Lipschitz
number, L(—), but it is not a Banach lattice or a normed Riesz space. We
show that the 1-finite relative Radon measures and the locally 1-finite Radon
measures are the tight relative Borel measures p such that p(f) < oo for all
f € Lip(X, A) and for all f € Lip.(X, A), respectively (Section [4.4)). In fact,
they are positive linear functionals on Lip(X, A) and Lip,.(X, A) respectively.
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By the monotone convergence theorem, they are sequentially order contin-
uous. Furthermore, elements of MT(X ,A) are exhausted by compact sets
(Definition . The following representation theorems provide converse
statements. They may be viewed as relative versions of the Riesz—Markov—
Kakutani representation theorem.

THEOREM 1.1 (Theorem . Assume that X is locally compact. Let T
be a sequentially order continuous positive linear functional on Lip,(X, A).
Then T is represented by a unique pu € M7 (X, A).

THEOREM 1.2 (Theorem. If X is locally compact then My(X, A) is
the sequentially order continuous dual of Lip.(X, A).

THEOREM 1.3 (Theorem [5.15)). Let T be a sequentially order continuous
positive linear functional on Lip(X, A) that is exhausted by compact sets.
Then T is represented by a unique pu € M7 (X, A).

THEOREM 1.4 (Corollary[5.20). If X'\ A is locally compact and o-compact
then M1(X, A) is the sequentially order continuous dual of Lip(X, A).

For additional variants of these results see Theorems [5.19] [5.24] [5.26|
and [£.28

Since the sequentially order continuous dual on Lip(X, A) is an ideal
in the order dual of Lip(X,A), and since M (X, A) separates points of
Lip(X, A), we have the following corollary to Theorem

COROLLARY 1.5. If X\ A is locally compact and o-compact then Lip(X, A)
embeds as a Riesz subspace of the order continuous dual of Mi(X,A) by
mapping f to f : p— p(f). Since Lip, (X, A) is an ideal in Lip(X, A), this
mapping also embeds Lip.(X, A) as a Riesz subspace of the order continuous
dual of M;(X,A).

Similarly, we have the following corollary to Theorem

COROLLARY 1.6. If X is locally compact then Lip (X, A) embeds as a
Riesz subspace of the order continuous dual of My (X, A) by mapping f to

[ u(f)-

For the remainder of this section, assume that (X,d) is complete and
separable. For p,v € M{ (X, A), define the set of couplings, IT(u,v), to
consist of relative Borel measures in the product metric pair (X,d, A) x
(X,d, A) whose marginals are pu and v. Define the relative 1-Wasserstein
distance to be given by

(1.1)

Wi(p,v) = inf | d(z,y)do, d(z,y) =min(d(z,y),da(x) + da(y)).
UGH(M,V)XXX
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Say that X is boundedly compact if all closed and bounded subsets are
compact.

THEOREM 1.7 (Theoremand Corollary. The relative 1- Wasser-
stein distance Wi is a metric on M{(X,d, A) and there is an isometric
embedding of the quotient metric space X/A into M (X,d,A) given by
=0y ifc € Aand A — 0. If X is boundedly compact then there ex-

ists an optimal coupling for (1.1).

For the remainder of this section, assume that X is boundedly compact.
We prove the following relative version of Kantorovich—Rubinstein duality.

THEOREM 1.8 (Theorem [7.6). Let pu,v € M1(X, A). Then
Wilp,v) = sup { | fd(u—v) | f € Lin(X, 4), L(f) <1},
X

Hence, viewing p—v as a linear functional on Lip(X, A), we have W1 (u,v) =
[ = vllop-

We also prove the following relative version of Monge—Kantorovich dual-
ity.

THEOREM 1.9 (Theorem. Letj,ve M{ (X, A) andh € Lip™ (X2, A2).
Then

min w(h)
well(p,v)

= sup{u(f) +v(9) | f.g € Lip(X, A), f(z) +g(y) < h(z,y), Yo,y € X},
We now strengthen Theorem [T.4] as follows.

THEOREM 1.10 (Theorem . Let T be an element of the sequentially
order continuous dual of Lip(X, A). Then T is represented by p € M1(X, A).
Furthermore, ||Tlop = Wi(pt, 1),

We also have the following.

THEOREM 1.11 (Theorem . Let T be an element of the sequentially
order continuous dual of Lip,(X, A) such that both T and |T| are bounded.
Then T is represented by u € My (X, A). Furthermore, |T|lop = Wa (™, 1),

We show that the metric Wy gives M{ (X, A) the structure of a normed
convex cone (Section [2.4). From this, we obtain the following.

PROPOSITION 1.12 (Proposition [7.13]). M (X, A) is a normed vector
space with norm ||—||kr given by

lpllkr = Wi(p™, 1),

which we call the relative Kantorovich—Rubinstein norm.
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We now restate our relative version of Kantorovich—Rubinstein duality
(Theorem [1.8]).

THEOREM 1.13 (Theorem [7.15)). M;(X, A) = Lip(X, A)7, and for p €

Mi(X,A), lellop = llnllkr- That is, (M1(X,A),||—|xkr) embeds isometri-
cally in Lip.(X, A)" and its image is the sequentially order continuous dual.

Furthermore, for p > 1, we define a relative p-Wasserstein distance and
show that it satisfies the triangle inequality (Section [6.3)).

Application to topological data analysis. We were motivated to
undertake this work by problems in topological data analysis (TDA). In
particular, let X be a set of parameters for objects in some abelian category
(e.g. indecomposables or projectives in a category of persistence modules)
with some metric relevant to an application of interest, and a distinguished
subset A of parameters corresponding to trivial or ephemeral objects. In the
classical case of persistence modules consisting of functors from the poset R
to a category of vector spaces, we have the set R2 = {(z,y) € R? | z < y},
which parametrizes interval modules, with some metric d, and the subset
A = {(x,y) € R? | # = y}. Invariants of interest consist of (signed) formal
sums on the metric pair (X, d, A), which are finitely-supported integer-valued
relative Radon measures on (X, d, A). Taking limits, we obtain (locally) 1-
finite relative Radon measures. To analyze these measures, we want a good
class of continuous linear functionals. These are provided by Corollaries [1.5
and [[.6] Our work provides a framework for optimization of multiparameter
persistence [SST24].

We remark that for persistence modules arising from stationary point
processes (e.g. Poisson, binomial), the persistent Betti numbers are asymp-
totically normal and the persistence diagrams converge to finite Radon mea-
sures [YSA17, [T19, [HST18, [DP19, [KP24, BH24|. However, for persistence
modules arising from almost-surely continuous stochastic processes (e.g.
Brownian motion with drift), the persistent Betti numbers for z < = + ¢
approach oo as ¢ — 0 [CD19 [DP19, [P23, [B25] [P22].

Other cases where persistent Betti numbers diverge include the energy
functional on the free loop space of a closed Riemannian manifold [GGM24]
and the Floer complex under iterations of a Hamiltonian diffeomorphism

[CGG24].

Related work. The idea of relative optimal transport goes back to at
least Cohen—Steiner, Edelsbrunner, Harer, and Mileyko [CSEHO07, ICSE™10)
They used ideas from optimal transport to introduce the bottleneck and
Wasserstein distances for topological summaries called persistence diagrams.
These distances play fundamental roles in the stability theory of persistent
homology. Figalli and Gigli first introduced and studied the relative transport
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problem in its own right in the setting of measures defined on bounded subsets
of Euclidean space [FG10]. They showed that the gradient flow with respect
to the relative 2-Wasserstein distance of a certain entropy functional on mea-
sures gives rise to weak solutions of the heat equation with Dirichlet boundary
conditions. In order to develop a theory of optimal transport that included
the bottleneck distance as a special case, Divol and Lacombe extended the
relative transport problem of [FG10] to measures defined on unbounded sub-
sets of Euclidean space [DL21]. Expectations of distributions of persistence
diagrams, which are not themselves persistence diagrams but rather mea-
sures supported on the plane, were studied in [CD19]. These are motivating
examples of the relative Radon measures in the present paper. A framework
for performing learning tasks on spaces of Radon measures equipped with the
relative co-Wasserstein distance was developed in [EH™22]. Relative optimal
transport was recently used for optimization in multiparameter persistent
homology [SS™24].

Topological properties of spaces of discrete measures equipped with rela-
tive transport distances were studied in [BH24, (CGG™24]. The authors of the
present paper have studied universality properties of the space of persistence
diagrams equipped with the relative Wasserstein distances [BE22al, BE22D)].

The related study of unbalanced optimal transport has a well-developed
theory [H92l [H99, [G02| B03), [SS24, [PR14, [PR16l [PRT23, [LMSI18, [LMS16,
LMS23), [CP™18b, ICP™18a, [LMT9]. A related but distinct problem is studied
under the name partial optimal transport [CM10l [F10]. We note that the
problem that we study here has also been referred to as partial optimal
transport. We prefer the term relative optimal transport to distinguish it
from the already established partial transport problem.

The interaction of cones, norms, and Riesz theory was also studied by
Subramanian [S12].

In the late stages of preparing this paper we became aware of an indepen-
dent work by Mauricio Che on optimal transport for metric pairs [C26]. Che
restricts to measures on metric pairs (X, d, A) whose support is contained in
X \ A. We note that it is easy to construct sequences of such measures that
converge to our more general relative Radon measures.

2. Background. In this section we collect well known or elementary
results that we will use in the sequel. We also use this section to fix notation.
All vector spaces will be real vector spaces.

2.1. Ordered vector spaces. Let V be a vector space. A cone in V is
a subset C' C V such that C 4+ C C C' and aC C C for all a > 0. A cone C
is salient if C' N —C = {0}. A cone C is generating if C — C =V.

A preordered vector space is a vector space V equipped with a preorder <
such that, for all z,y € V with z < y, we have x+2z < y+2z for all z € V, and
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ar < ayforalla > 0. Theset V' ={zx € V |z > 0} is a cone in V called the
positive cone. Conversely, given a cone C in V', V is a preordered vector space
under the preorder given by x < y if there exists z € C such that x 4+ 2z =y,
and the positive cone of (V, <) is C. An ordered vector space is a preordered
vector space in which the preorder is a partial order. A preordered vector
space is an ordered vector space if and only if its positive cone is salient. Let
V be an ordered vector space, A C V and x € V. Since addition by z is an
isomorphism of partially ordered sets, sup,c4(x + a) = « + sup A if either
side is defined.

An operator between preordered vector spaces V and W is a linear map
T :V — W. Such an operator is positive if for all x € V¥, T(z) € WT. An
operator is order preserving if and only if is positive. The vector space of all
operators from V to W will be denoted £(V, W). This becomes a preordered
vector space with the preorder given by the cone of positive operators. If
both V and W are ordered vector spaces then so is L(V,W). A morphism
between preordered vector spaces is a positive operator, or, equivalently, an
order preserving linear map. A subset A C V is order bounded if there exist
z,y € Fsuchthat x <a <yforalla € A. An operator T : V' — W is said to
be order bounded if it maps ordered bounded subsets of V' to order bounded
subsets of W. The operator T is said to be regular if it can be written as the
difference of two positive operators. Let L,(V, W) and L.(E, F) denote the
subsets of L(V, W) consisting of the order bounded and regular operators,
respectively. Since positive operators are order preserving, they are order
bounded. Therefore regular operators are likewise order bounded, giving the

inclusions L,(V, W) C Lp,(V,W) C L(V,W).

2.2. Riesz spaces. A Riesz space is a ordered vector space F in which
the poset structure forms a lattice. A Riesz space is also called a vector lat-
tice. That is, every pair z,y € E has a supremum xVy and an infimum x Ay.
If V is an ordered vector space for which V0 exists for each x € V then V is
a Riesz space, since for z,y € V, 2Vy = y+(x—y)V0 and 2 Ay = —(—zV—y).
A Riesz space is a distributive lattice. A Riesz space is said to be Dedekind
complete (also called order complete) if every nonempty subset which is
bounded above has a supremum. Equivalently, every nonempty subset which
is bounded below has an infimum. The real numbers form a Dedekind com-
plete Riesz space under the usual ordering. A vector subspace G of a Riesz
space F is a Riesz subspace if for all z,y € G, zV y € G.

For the rest of this section let E' and F' be Riesz spaces. For = € E, we
define 2t = 2V 0, 27 = (—2) V0, and |z| = 2V (—z). Then 27,27, |z|
€eEt,z=at -2, |zl =27 +2, and 2T Az~ = 0. The decomposition
x = 7 — 2~ is minimal in the sense that if x = y — 2 for some y,2 € E*
then y > 2" and z > z~. This decomposition is unique in the sense that if
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x=y—zwithyAz=0then y=a" and 2 = 2~. For 2,y € E, we write
[r,y] ={2€ E|x <z<y}. Anelement e € ET is an order unit of E if for
every x € E, there is an n € N such that |z| < ne.

A map T : ET — F7T is additive if for all z,y € ET, T(x +y) =
T(z) + T(y). The Riesz space F is Archimedean if for all x € ET, inf,en 22
= 0. It is a theorem of Kantorovich [AB06, Theorem 1.10] that if 7: E* — F'+
is additive and F'is Archimedean, then T" has a unique extension to a positive
operator T : E — F given by T'(z) = T(z") — T'(x™) for all z € E. From
now on, we will assume that all of our Riesz spaces are Archimedean.

A theorem of Riesz and Kantorovich [AB06, Theorem 1.18] says that if F
is Dedekind complete then Ly (F, F) is a Dedekind complete Riesz space.
Its lattice operations are given by (SV T)(x) =sup{S(y) + T(z) |y + z =
z,y,z € ET}and (SAT)(z) = inf {S(y)+T(2) | y+2 =z, y,z € E*} for all
x € ET. It follows that if F is Dedekind complete then Ly,(E, F) = L,(E, F).

A net {z.} in E is decreasing if o = B implies x, < xg. The notation
Zo 4  means that {z,} is decreasing and x = inf {z,}. A net {z,} in F is
said to be order convergent to x € E, denoted o — x, if there exists a net
{Ya} with the same index set satisfying |z, — 2| < y4 and y, | 0. A subset
A C E is solid if for all a € A and all x € FE with |z| < |a|, we have z € A.
An ideal in E is a solid linear subspace. The identity 2Vy = 2 (z+y+|z—y|)
shows that an ideal is a Riesz subspace. A subset A C FE is order closed if
whenever {z,} C A and z, = = then € A. A band in E is an order closed
ideal. An operator T': E — F is said to be order continuous if for any net
{z,} in E with z, % 0 we have T(z,) = 0 in F. The operator T is said to
be sequentially order continuous if for any sequence (x,,) in E with z, = 0
we have T(x,) — 0 in F. If T is positive then it is sequentially order con-
tinuous iff x,, | 0 implies T'x,, | 0. If T is order bounded and F' is Dedekind
complete, then the following are equivalent: T' is sequentially order contin-
uous; for any sequence (x,) with z, | 0, we have T(x,) = 0; T and T~
are both sequentially order continuous; and |T'| is sequentially order contin-
uous. Let £,(E, F) and L.(E, F') denote the subsets of L,(E, F') consisting
of operators that are order continuous and sequentially order continuous,
respectively. Thus £,(E, F) C L(E,F) C Ly (E, F).

The order dual of E is given by E~ = L,(E,R). Since R is a Dedekind
complete Riesz space, it is the vector space generated by the positive linear
functionals on E. The order continuous dual of E is given by EY = L,,(E,R).
The sequentially order continuous dual of E is given by EY = L.(E,R). We
have Y C E C E~, and furthermore both E" and E_” are bands in E7.

Say that E~ separates the points of E if for each nonzero x € E there
exists f € E~ with f(z) # 0. Since the order dual is a Riesz space, we have
the second order dual E~~ = (E~)~. For each x € E, we have the order



10 P. Bubenik and A. Elchesen

bounded linear functional & : f — f(x). In fact, this linear functional is
order continuous. If £~ separates the points of £ then the mapping z — &
is one-to-one and embeds F as a Riesz subspace of its second order dual.
Furthermore, if A is an ideal in £~ that separates the points of E, then the
mapping x — & embeds E as a Riesz subspace of Ay .

2.3. Monoids and the Grothendieck group completion. A com-
mutative monoid M = (M,+,0) is a set M together with an associative
commutative binary operation + : M x M — M for which there exists an el-
ement 0 € M satisfying m+0 = m for all m € M, called the neutral element.
We say that M is cancellative if a + ¢ = b+ ¢ implies a = b. Moreover, M is
zero-sum-free if a + b = 0 implies that a = b = 0. A monoid homomorphism
between commutative monoids M = (M, +p7,0p7) and N = (N, +xn,0p) is
amap f: M — N such that f(a 4+ b) = f(a) +n f(b) for all a,b € M
and f(0Opr) = On. A subset P C M is a submonoid if it contains 0 and +
restricts to a binary operation on P.

A metric p on a commutative monoid M is translation invariant if
pla + ¢,b+ ¢) = p(a,b) for all a,b,c € M. Note that if M is equipped
with such a metric then M is automatically cancellative.

An equivalence relation ~ on a commutative monoid M is called a con-
gruence if a ~ b and ¢ ~ d implies a + ¢ ~ b+ d. If ~ is a congruence then
there is a well defined commutative monoid structure on the set of equiv-
alence classes M/~ given by [a] 4+ [b] = [a + b]. Let M be a commutative
monoid and P C M any submonoid. Define a relation ~ on M by a ~ b iff
there exist x,y € P such that a +x = b+ y. Then ~ is a congruence and
we denote the commutative monoid M/~ by M/P and refer to it as the
quotient of M by P.

Given a commutative monoid M = (M, +,0), the Grothendieck group
of M, denoted K (M), is the abelian group defined as follows. Define an
equivalence relation ~ on M x M by (a,b) ~ (a’,b') if and only if there
exists some k € M such that a + b +k = a' + b+ k. As a set, we define
K(M) = (M x M)/~. We denote the equivalence class of (a,b) under ~ by
a —b. The binary operation on K (M) is also denoted by + and is defined by
(a—0b)+ (a =V) = (a+d") — (b+V). This operation makes K (M) into an
abelian group with identity element 0 = 0 — 0 and with the inverse of a — b
given by b — a. Note that if M is a cancellative monoid then a — b =a’ — ¥’
in K(M) if and only if a + ¥ = @’ + b in M. There is a canonical monoid
homomorphism ¢ : M — K (M) given by m — m—0. If M is cancellative then
this map is injective and hence defines an embedding of M into K (M ). The
Grothendieck group is universal in the following sense. Given any abelian
group A and monoid homomorphism f : M — A, there exists a unique
group homomorphism f : K (M) — A such that foi= f. Equivalently, the
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Grothendieck group construction gives rise to a functor K : CMon — Ab
from the category of commutative monoids to the category of abelian groups,
and this functor is left adjoint to the corresponding forgetful functor.

If M is equipped with a translation invariant metric p, then K (M) can
be equipped with a canonical translation invariant metric d given by d(a —b,
a —b)=pla+t,d +b). In this case, M is cancellative and d restricts to p
on the image of M in K (M) under the canonical inclusion i : M — K(M).
In categorical language, the functor K restricts to a functor X : CMon" —
Ab' from the full subcategories of CMon and Ab of commutative monoids
and abelian groups internal to the category of metric spaces and Lipschitz
maps, respectively, equipped with translation invariant metrics, and this
functor is left adjoint to the corresponding forgetful functor [BE22b].

2.4. Convex cones. Recall that RT = {a € R | @ > 0}. A conver
cone [FL&1] is a commutative monoid (C,+,0¢) together with a binary
operation - : Rt x C — C which satisfies, for all o, 3 > 0 and z,y,2 € C,

Ma-(z+y)=a-z+a-y, 2)(a+B)-z=a-x+p8- =,
3) (af) - z=a-(B-z), @A 1l-z=z,  (5)0-2z=0c.

A cone homomorphism between convex cones C, C’ is a function f : C — C'
b)

such that f(az + fy) = af(x) + Bf(y) for all z,y € C and «, 5 > 0.

REMARK 2.1. We may define a vector space to be an R-module and
a convex cone to be an RT-module, which are instances of the definition
of a module over a commutative monoid internal to a symmetric monoidal
category. In the former case, R is a commutative ring, i.e. a commutative
monoid internal to (Ab, ®, 1), where ® is Hassler Whitney’s tensor product
on abelian groups [W38]. Similarly, RT is a commutative semiring/rig, i.e.
a commutative monoid internal to (CMon, ®,1). In fact, these definitions
are special cases of the definition of a module over a monad. Modules over
semirings are also called semimodules [G99).

There is a bijection between ordered vector spaces with generating pos-
itive cones and zero-sum-free cancellative convex cones. Indeed, given an
ordered vector space (V, <), the positive cone V7T is a zero-sum-free can-
cellative convex cone. Given a zero-sum-free cancellative convex cone (C, +),
we have the vector space K(C) and the partial order corresponding to the
cone C'. Furthermore, this bijection respects sub-ordered vector spaces and
sub-cones. Note that ordered vector spaces with generating positive cones
are the same as ordered vector spaces with a directed order.

An ordered convex cone is a convex cone C together with a partial order
< such that for w,z,y,2z € C and o € R", if z < y and w < z then
z+w < y+zand ar < ay. A lattice cone |[FL81] is an ordered convex
cone (C, <) such that for all z,y € C there is a supremum z V y and for all
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z,y,2 € C, (xVy)+2z=(x+2)V (y+ 2). A lattice cone need not be a
lattice. A convex cone C' has a natural preorder < given by x < y iff there
exists z € C such that x + z = y. If C' is cancellative and zero-sum-free then
< is a partial order.

A norm on a convex cone C'is a metric p on C satisfying, for all z,y € C
and a > 0, p(azx,ay) = ap(z,y) (RT-homogeneity) and p(z + 2,y + z) =
p(x,y) (translation invariance).

Such a norm is subadditive: by the triangle inequality and translation
invariance,

plz+y,2 +y) <plx+y,a +y)+pl@ +y,2" +v)
= p(z,2") + p(y,y').

A pair (C, p), where C is a convex cone and p is a norm on C' is called a
normed convex cone. Such a convex cone is cancellative. Indeed, if x 4+ z =
y+z then, by translation invariance of p, we have 0 = p(z+2z,y+2) = p(x,y)
and hence x = y. A cone homomorphism between normed convex cones
& (C,p) — (C',p') is said to be bounded if @ is Lipschitz.

REMARK 2.2. A norm on a convex cone resembles a vector space norm
in the following sense. Given a normed convex cone (C,p), define ||, :
C — R by ||z, = p(z,0¢) for all z € C. Then |||, is positive definite,
R*-homogeneous, and satisfies the triangle inequality, analogous to a vector
space norm. However, it is not possible, in general, to recover p from |||, as
is the case for vector space norms.

Let V be a vector space. Given a cone C'in V', the vector space operations
define a cancellative convex cone structure on C. If V' is equipped with a
norm ||-||, then C' becomes a normed convex cone when equipped with the
restriction of the metric induced by |||

Conversely, given a convex cone C, let K(C) denote its Grothendieck
group. Then K (C') can be equipped with a vector space structure by defining
scalar multiplication by a(z—y) = ar—ay if @ > 0 and a(z—y) = |a|ly—|a|z
otherwise. If C' is cancellative then the canonical inclusion C' — K(C) is an
injective cone homomorphism and hence the convex cone operations on (the
image of ) C' are obtained by restriction. Moreover, if C' is a normed cone, then
p extends canonically to an absolutely R-homogeneous, translation invariant
metric d on K(C) [BE22b|. These are exactly the conditions needed for a
metric to be induced by a norm ||—||. These are related as follows, ||z —y|| =
d(li - Y 0) = p(CE, y)

Combining the above results, we have a bijection between normed or-
dered vector spaces with generating positive cones and zero-sum-free normed
convex cones, given by sending a vector space to its positive cone, and by
sending a zero-sum-free normed convex cone (C, p) to the vector space K (C')
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with norm given by ||z — y|| = p(z,y). Furthermore, this bijection respects
sub-ordered vector spaces and sub-cones.

2.5. Metric pairs and Lipschitz functions. Let (X, d) be a metric
space with a closed subset A. We call this a metric pair and denote it by
(X,d,A), or simply by (X, A). We will consider R to be a metric space
with the usual metric given by d(x,y) = | — y| and a metric pair with the
subset {0}. We also have the sub-metric pair R™.

Given a metric space (X, d), a subset A C X, and € > 0, we define the
e-offset of Aby A* ={z € X | d(z,A) <e}. Let A* denote X.

A metric space (X,d) is boundedly compact if it has the Heine-Borel
property: every closed and bounded subset is compact. Equivalently, a metric
space is boundedly compact if every closed ball is compact. Such metric spaces
are also called proper. A o-compact space is Lindel6f. For a metric space, the
properties Lindelof, separable, and second-countable are equivalent.

For L > 0, a function f : (X,d) — (Y,e) between metric spaces is
said to be L-Lipschitz if e(f(z), f(z')) < Ld(z,2’) for all 2,2/ € X. The
function f is said to be Lipschitz if it is L-Lipschitz for some L > 0. Call
the smallest such constant the Lipschitz number of f and denote it by L(f).
Given functions f: X > Randy:Y — R, define f@dg: X xY — R by
f®g=fopi+gopy, where p; : X XY — X and py: X xY — Y denote
the canonical projections. That is, for (z,y) € X x Y,

(2.1) (fog)(z,y) = f(=)+9(y).
A function f: X — R is L-Lipschitz if and only if f & (—f) < Ld.

A morphism of metric pairs f: (X,d, A) — (Y, e, B) is a Lipschitz func-
tion f : (X,d) — (Y,e) such that f(A) C B. Given metric pairs (X,d, A)
and (Y, e, B), define the product of these metric spaces to be the metric pair
(X xY,d+e, Ax B), where (d+¢€)((z,y), (z',y')) = d(z,2") + e(y,y’). This
is the categorical product in the category of metric pairs and morphisms of
metric pairs, and the canonical projection morphisms are 1-Lipschitz.

Let (X, d, A) be a metric pair. Let Lip(X, A) denote the set of morphisms
of metric pairs from (X,d, A) to R. If A = () then Lip(X, A) is the set of
Lipschitz functions from X to R. The Lipschitz number is only a semi-norm
on Lipschitz functions on X, but if A # () then it is a norm on Lip(X, A).

If A # ) then the vector space Lip(X, A) together with the Lipschitz
number (Lip(X, A), L(-)) is a Banach space [W18, Proposition 2.3(b)]. De-
note the collection of all f € Lip(X, A) with compact support by Lip.(X, A).
The vector space Lip.(X, A) with the Lipschitz number is a normed vector
space but need not be a Banach space. For L > 0, we define

Lip (X, A) = {f € Lip(X, A) | L(f) < L},
Lip,, (X, A) = Lip,(X, A) N Lipy (X, A).
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Then Lip, (X, A) and Lip,. ; (X, A) are the closed unit balls of Lip(X, A) and
Lip.(X, A), respectively. Similarly, we denote the set of morphisms of metric
pairs from (X, d, A) to RT by Lip"™ (X, A). It has the subsets Lip} (X, A),
Lip/ (X, A), and Lip/; (X, A).

If f,g: X — R are bounded Lipschitz functions then their product fg is
Lipschitz as well. If h, k : X — R are Lipschitz and one of h or k is compactly
supported, then hk is also compactly supported and Lipschitz. For a function
f: X = R, we define f* = max(0, f) and f~ = —min(0, f) = (—f)*. Then
f=ft—f",andif fis Lipschitz then so are f*, f~ with L(f%),L(f™)
< L(f). Given a subset B C (X,d), we define dg : X — R by dp(x) =
d(xz,B). Then dp is 1-Lipschitz and dp(z) = 0 for all z € B. Moreover,
dp > dc whenever B C C and di = dp for all B C X. For x € X, denote
dizy by dy. If A # 0 then dy € Lipy (X, A). If A = (), then we adopt the
convention that da(z) = oo for all z € X.

We equip Lip(X, A) with the pointwise partial order, i.e., for f,g €
Lip(X, A), we have f < ¢ iff f(x) < g(z) for all x € X. This partial
order makes Lip(X,A) into a Riesz space, with f V g = max(f,g) and
f A g =min(f,g). Note that L(f V g) < max(L(f),L(g)) and L(f A g) <
max(L(f), L(g)). The positive cone of Lip(X, A) is LipT (X, A). Recall that
the Riesz space Lip(X, A) together with the Lipschitz number is also a Ba-
nach space. However, this norm is not a lattice norm, since | f| < |g| does not
imply that L(f) < L(g). So Lip(X, A) is not a Banach lattice or a normed
Riesz space. If f,g are compactly supported then so is f V g, and hence
Lip.(X, A) is a Riesz subspace of Lip(X, A). If f is compactly supported
and |g| < |f| then g is compactly supported. Therefore Lip.(X, A) is an
ideal in Lip(X, A). However, Lip.(X, A) need not be a band in Lip(X, A).
Assume A # (). For f € Lip(X, A), since f(A) =0, |f| < L(f)da. Therefore
the function dy4 is an order unit for Lip(X, A).

2.6. Measure theory. A measure is a countably additive set function
on a o-algebra with values in [0,00]. A measure is finite if it has values
in [0,00). Let X be a Hausdorff topological space and let i be a Borel mea-
sure on X . The measure p is tight if it is inner regular with respect to compact
sets, i.e. for all Borel sets F, u(E) = sup {u(K) | K compact and K C E}.
Equivalently, for all Borel sets E' and € > 0 there is a compact set K. C F
such that u(E \ K.) < e. The measure p is locally finite if each x € X has
some neighborhood A with p(A) < co. The measure pu is a Radon measure if
it is tight and locally finite. The measure p is 7-additive if whenever {U, } is
an upwards directed family of open sets then u(lJ, Ua) = sup, u(Uq). If p
is tight then p is 7-additive [F06l 414E].

If E is a Borel subset of X then the Borel subsets of E with respect to
the subspace topology are exactly the Borel subsets of X that are contained
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in E. Therefore the restriction of p to these Borel sets, denoted pg is a
Borel measure on E. This Borel measure on F has a canonical extension to
Borel measure on X, which we will also denote by ug, given by ug(B) =
up(BNE) = u(BNE), for any Borel subset B of X. A Borel measure p
on X defines a positive linear functional on any vector space of u-integrable
functions given by f + §  J di. We also denote this linear functional by p,
so that p(f) = fdp.

A signed measure is a countably additive set function on a ¢-algebra with
values in R. A signed measure p has a Jordan decomposition p =y — pu~,
where p™ and p~ are finite measures. The variation of p is given by |u| =
w4 p~, which is finite. A signed Borel measure u is a signed Radon measure
if || is tight.

2.7. Extensions of positive linear functionals. We will use the fol-
lowing extension theorems. The first is a classical result of Kantorovich and
the second is a consequence of the Hahn-Banach theorem.

THEOREM 2.3 (|K37|). Let V' be an ordered vector space. Let W C V
be a subspace with the property that for all v € V, there exists w € W with
v < w. Then any positive linear functional T : W — R has an extension to
a positive linear functional T' : V — R.

THEOREM 2.4 (JABOG, Theorem 1.27]). Let E be a Riesz space with Riesz
subspace G and let T : G — R be a positive linear functional. Then T has
an extension to a positive linear functional T' : E — R if and only if there
exists a monotonic sublinear functional p : E — R such that for all x € G,

T(z) < plx).

3. Riesz cones. In this section we develop analogs of Riesz spaces whose
underlying structure is a convex cone rather than a vector space. Taking the
Grothendieck group we obtain Riesz spaces.

DEFINITION 3.1. A Riesz cone is a cancellative convex cone that is a
lattice cone with respect to the natural partial order.

Recall that a lattice cone has pairwise suprema but need not have pair-
wise infima. However, we will show that Riesz cones do indeed have pairwise

infima (Proposition [3.4).

LEMMA 3.2. Let C' be a Riesz cone and x,y € C such that x < y. Then
there exists a unique z € C such that x + z = y.

Proof. By the definition of the natural partial order, there is a z € C
such that x + z = y. Assume there exists w € C such that x + w = y. Then
T+ w =z + 2z, and since C is cancellative, w = z.
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LEMMA 3.3. Let C be a Riesz cone and let x,y,z € C such that x + z <
y+z. Then z <y.

Proof. By the definition of the natural partial order, there is a w € C
such that x + z + w = y + z. Since C is cancellative, x + w = y. Therefore
z< Y. nm

PROPOSITION 3.4. Let C be a Riesz cone. For each x,y € C there exists
an infimum x Ay such that for all x,y,z € C, (x ANy)+2z = (x+2) A (y+ 2).
In addition, for allz,y € C, zVy+xANy=x+y.

Proof. Let x,y € C. Since x,y < x+y, we have x Vy < x+y. Therefore,
there exists z € C such that zVy+2z = z+y. That is, (z+2)V(y+2) = z+y.
Thus z + 2z < z 4+ y and hence z < y. Similarly z < x and hence z is a lower
bound for {z,y}. Let w be a lower bound for {z,y}. Then w+y <z +y
andw+z <z+y Thusw+zVy=(w+z)V(w+y) <z+y=zVy+-z
Hence w < z. Therefore z=xAyandxVy+zAy=x+y.

Let z,y,2€ C. Wehave s Vy+z+(x+2)AN(y+2) =(x+2)V(y+ 2)
+(x+2)AN(y+2)=c+y+2z=aVy+azAy+2z Thus (z+2)A(y+2) =
TAY+ 2z m

Note that V and A are monotone in either coordinate.

PROPOSITION 3.5. Let C' be a Riesz cone. For each z,y € C, there is a
unique element in C' denoted x \ y such that y + z \ y =z V y. In addition,
forallz,y € C, x Ny+x \ y = x. Furthermore, \ is monotone in the first
coordinate.

Proof. Let x,y € C. Since y < x V y, there is a unique z € C such that
y+ 2z =2xVy. Denote z by x \ y. Since z Ay < x, there is a unique w € C
such that tAy+w =xz. Thenz+y+z\y=zAy+w+zVy=x+y+w.
Therefore w =z \ y.

Let z,2',y € C with x < 2’. Then x Vy < 2’ Vy. That is, y + = \ y <
y+a'\ y. Therefore z\y <z'\y. =

PROPOSITION 3.6. Let C be a Riesz cone. Then C is a distributive lattice.

Proof. Let x,y,z € C. We show that x A (yV z) = (x Ay) V (z Az). Since
yz<yVz,zAy<zazA(yVz)and z Az <z A(yVz). ThuszA(yVz)is an
upper bound for {x Ay, z A z}. Let w be an upper bound for {z Ay, x A z}.
By Proposition y=zANy+y\z<w+(yVz)\zand similarly for z.
Thus y Vz < w+ (yV 2) \ . Therefore yVz+a2A(yVz) <w+yVz
and hence z A (y V z) < w. Therefore z A (y V z) is the desired supremum. It
follows that zV (yAz) = (zVy) A(z Vz). =

ProrosiTION 3.7. There is a bijection between Riesz spaces and zero-
sum-free Riesz cones given by sending a Riesz space to its positive cone,
and by sending a zero-sum-free Riesz cone C to the ordered vector space
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K (C) with partial order given by the cone C' and defining for x —y € K(C),
(x—y)VO=2xVy—uy.

Proof. Let E be a Riesz space. The positive cone of an ordered vector
space is a zero-sum-free cancellative convex cone. Since E is a Riesz space,
E is a Riesz cone. Let C' be a zero-sum-free Riesz cone and let z—y € K(C).
Since K(C) is an ordered vector space, sup(z —y,0) = sup(x,y) — y if either
side exists. m

DEFINITION 3.8. Let C be a zero-sum-free Riesz cone. A subset A C C
is solid if for ally € Aand x € C with x <y, z € A. An ideal in C is a solid
Riesz subcone.

PROPOSITION 3.9. The bijection between Riesz spaces and zero-sum-free
Riesz cones gives a bijection between Riesz spaces and their ideals and zero-
sum-free Riesz cones and their ideals.

Proof. Let E be a Riesz space with ideal A. By Proposition ETisa
zero-sum-free Riesz cone with Riesz subcone AT. Let y € AT and let z € ET
such that x < y. That is, |z| < |y|. Therefore z € A and hence z € A™.

Let C be a zero-sum-free Riesz cone with ideal A. By Proposition [3.7]
K(C) and K(A) are Riesz spaces. Recall that K(C) = (C x C)/ ~¢ and
K(A)=(AxA)/ ~4. Since C is cancellative, ~¢ restricts to ~4 on A x A.
Therefore K (A) is a Riesz subspace of K(C). It remains to show that K (A)
is solid. Let z —y € K(A) and w — z € K(C) with |w — z| < |z — y|. That
is, w+ 2z <x+y. Thus w,z < x4+ y € A. Hence w,z € A and therefore
w—z€K(A). n

4. Measures for metric pairs. In this section we define Radon mea-
sures for metric pairs and determine some of their structure.

4.1. Borel measures on metric pairs. Let (X, d, A) be a metric pair.
That is, (X, d) is a metric space and A C X is a closed subspace. Let BT (X)
denote the set of Borel measures on X. Addition and the zero measure give
Bt (X) the structure of a commutative monoid. It is zero-sum-free, but not
cancellative. Let p € BT (X). The Borel sets of A are the Borel sets of X
that are contained in A and p restricts to ug € BT (A). Furthermore, B*(A)
is a submonoid of B*(X). Similarly, u restricts to px\a and p = pa+px\a-

DEFINITION 4.1. Let BY(X, A) be the quotient monoid BT (X)/BT(A).
Call elements of B* (X, A) relative Borel measures on (X, A), or simply Borel
measures on (X, A).

LEMMA 4.2. Let p,v € BT (X). Then [u] = [v] € BT(X, A) if and only
if px\a = Vx\A-
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Proof. Assume [u] = [v] € BT (X, A). Then there exists 0,7 € BT (A)
such that y + 0 = v+ 7. Let E be a Borel set in X \ A. Then u(E) =
(n+o0)(E) = (v+7)(E) =v(E). Therefore jix\4 = vx\ 4-

Assume piy\ 4 = vx\4- Then pu+va = px\a+patva =vx\atuatva =
v+ p1a. Since pa,va € BY(A), [u] = [v]. =

Hence, there is a bijection between Borel measures on (X, A) and Borel
measures on X \ A that sends [u] to px\ 4. We will use this bijection implicitly.
If f € Lip(X,A) then {y fdu = SX\AdeX\A- Thus, for [u] € BT(X, A)
and f € Lip(X,A), { fdu € [0,00] is well defined. If a Borel measure
on X is tight then so is px\ 4. We say that [u] € BY(X, A) is tight if p|x\a
is tight, which is well defined by Lemma . Similarly, for [u] € B (X, A),
the property of being locally finite at © € X \ A, is well defined. For [u] €
Bt(X, A), let the support of [u] be defined by

supp([u])
= {z € X | for each open neighborhood U of x, u(U N (X \ A)) # 0}.

Note that supp([¢]) O supp(u|x\a) but these need not be equal, since the
former may contain points of A. If we view supp(ju|x\4) as a subset of X,

then supp([p]) = supp(u|x\a)-
For simplicity, from now on we will use p instead of [u] to denote elements

of BT (X, A). We will need the following uniqueness result.

LEMMA 4.3. Let p,v € BT(X, A) such that p and v are tight and u(K) =
v(K) for all compact subsets K C X \ A. Then p = v.

Proof. A subset U C X'\ A is compact in X \ A if and only if it is compact
as a subset of X. Since p and v agree on compact subsets of X \ A, it follows
from the definition of tightness that ux\4 = vx\a. Therefore p=v. u

4.2. Finiteness conditions on Borel measures. Let (X,d, A) be a
metric pair. Assume that A # (). For ¢ > 0, let A° = {x € X | da(z) < &}
and A® = X. Let 0 < ¢ < § < oo. Let A2 = A%\ A and let A, = AX. In
particular, A° = A and A = X'\ A. Let o be a Borel measure on X. Define
a Borel measure u® on X by setting

H2(E) = p(EN A7),

for each Borel set E. Also let ;* denote ug and let p. denote p2°. The
measure 0 is well defined for [u] € B*(X,A). Also there is a bijection
between [u] € BT (X, A) and measures of the form pJ°® € B (X). Recall that
we will often abuse notation and refer to both [u] and pJ° by u. Note that
fora < b < ¢, AgUAg:AfL and,ug—l—ug:,ug.

Let p € BT (X, A) and let 0 < p < oo. We say that p is upper p-finite if
for all e > 0, pe(d%) < oco. We say that p is upper finite if p is upper 0-finite,
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i.e. for all e > 0, pu(X) < oco. We say that u is upper co-finite if p is upper
finite and if there exists 6 > 0 such that us = 0. That is, u is upper finite
and the essential supremum of d4 with respect to p is finite.

LEMMA 4.4. Ifp € BT (X, A) is upper p-finite, then ase — oo, pe(dy) 1 0.

Proof. Since p is upper p-finite, u$°(d";) < co. By the monotone conver-
gence theorem, as e — oo, p§(d) increases to pf°(dy). Since ug® = u§ + e,
the result follows. =

LEMMA 4.5. Let p € BT (X, A) and let 0 < p < q < co. If p is upper
q-finite then p is upper p-finite.

Proof. We start with the case that p is upper oo-finite and 0 < p < oc.
Let € > 0. Since p is upper oco-finite, there is a > ¢ such that us = 0. For
all 2 € A%, da(z) < 6. Then pc(dy) = pd(dh) < Pud(X) < Pu.(X) < oo
since p is upper finite.

Assume that p is upper g¢-finite for ¢ < oo and let 0 < p < q. Let
e > 1. Forall z € A}, &(z) < dq( ). Therefore p.(dy) < pe(d%) < oo.
Let 0 < ¢ < 1. Wehaveugz,u5+u1 Let 0 < r < oco. For € Al
¢ < dala) < 1 Thus (A1) < d{dy) < p(AD). Hence pl(d5) < u(47) <
Er,us(d’") Therefore, pl(d)) < (Al) < Lpul(d%) < oo. Hence pc(dy) =
pi(dhy) + p(dh) < oo. w

Let u € BT (X, A) and let 0 < p < co. We say that u is lower p-finite if
for all € > 0, uc(d) < co. We say that p is lower finite if p is lower O-finite,
ie. for all e > 0, pu°(X) < oo. We say that p is lower oco-finite if for all
0<d<e, uz(X) <oo.

LEMMA 4.6. Let 0 < p < oo. If p € BY(X, A) is lower p-finite, then as
el 0, p=(d) 1 0.

Proof. For 0 < e < 1, p!(d5) = p(dy) + pk(dh). Letting € | 0, we get
pl(dh) 1 pt(dh) < oo. Therefore, as € | 0, u°(d%) 1 0. =

LEMMA 4.7. Let p € BT (X, A) and 0 < p < q < oo. If p is lower p-finite
then p is lower q-finite.

Proof. Assume that p is lower p-finite and p < oco. First we show that
is lower oo-finite. Suppose 0 < § < €. Let x € A5. Then dA( ) > 6, which
implies that 1 < #d% (x). Therefore p5(X) < ap,ué(dp) SHuc(dh) <

Now assume that ¢ < co. Suppose 0 < ¢ < 1. For z € A%, d%(z) < dp ( ).
Thus pf(d%) < pf(d%) < oo. Suppose ¢ > 1. Then pf = Ml + ,uﬁ. For
z € A5, 1 < da(z) < e. Therefore pu(A5) < p5(dy) < ePu(A5). Hence
pi(d}y) < elp(Af) < elpi(dy) < elps(d)) < oo. m

The strongest combination of these conditions is that p is lower O-finite
and upper oo-finite, which is equivalent to saying that p is finite and has
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bounded support. The weakest combination of these conditions is that pu is
lower oo-finite and upper O-finite, which is equivalent to saying that u is
upper finite. Also note that for any 0 < p < oo either upper p-finite or lower
p-finite imply lower oo-finite.

Let u € BT(X, A) and 0 < p < co. We say that u is p-finite if p is lower
p-finite and upper p-finite. Since p = p® + pe, for p < oo, p is p-finite if
and only if p(d) < oo. That is, the indefinite integral measure [F03], 234J]
dp is finite. In other words, p has finite pth central moment about A. In
particular, p is O-finite if and only if p is finite. Furthermore, p is oo-finite
if and only if for all € > 0, p(X) < oo and there exists § > 0 such that
ps = 0.

Let p € BT (X, A) and let 0 < p < oo. We say that u locally p-finite at
x € X if there exists a neighborhood U of = such that uy is p-finite. We say
that p is locally p-finite if it is locally p-finite at all € X. In particular, p
is locally O-finite if and only if u is locally finite.

LEMMA 4.8. Let p € BT (X, A), z € X\ A, and 0 < p < oo. Then p is
locally p-finite at x if and only if u s locally finite at x.

Proof. First consider the case p = oo. Suppose that p is locally oo-
finite at x. Since x € X \ A, there is a neighborhood U of x such that uy
is oo-finite and for all y € U, da(y) > ¢ for some ¢ > 0. Then u(U) =
uy(X) = (p)e(X) < oo. Suppose p is locally finite at z. Then z has a
neighborhood U such that u(U) < oo and U € A? for some § > 0. Let £ > 0.
Then (prr)e(X) < py(X) = p(U) < oo. Also, (uy)s(X) = ps(U) = 0.

Now assume that p < co. Suppose p is locally p-finite at . Then there is
a neighborhood V' of z such that d’ (V) < oo and for ally € V, da(y) > ¢
for some £ > 0. Then e?p(V) < dhpu(V) < .

Suppose p is locally finite at x. Then z has a neighborhood V such
that (V) < oo and for all y € V, da(y) < M for some M > 0. Then
dhp(V) < MPu(V) < co. m

LEMMA 4.9. Let p € BT (X, A), x € A, and 0 < p < oo. Then p is
locally p-finite at x if and only if x has a neighborhood U such that uy is
lower p-finite.

Proof. The forward direction follows from the definitions. It remains to
show the reverse direction. First consider the case that p = co. Suppose that
there is a neighborhood U of x such that uy is lower oo-finite. Then there
is a neighborhood V of z such that uy is lower oco-finite and for all y € V,
da(y) < § for some & > 0. We claim that py is upper oco-finite. Indeed, for
all € >4, (uy)e(X) =0and for 0 < e < 6, (uy)e(X) = (uy)2(X) < o0.

Now assume that p < oo and that x has a neighborhood U such that
pu is lower p-finite. Then there is a neighborhood V' of z such that py is
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lower p-finite and for all y € V| da(y) < d for some § > 0. We claim that
wy is upper p-finite. Indeed, for ¢ > §, (uy):(X) = 0 and for 0 < € < 9§,

(v)e(dy) = (uv)2(d) < (nv)°(X) < oo. =
4.3. Radon measures on metric pairs. Let 0 < p < oco.

DEFINITION 4.10. Let p € BY(X, A). We say that u is a p-finite Radon
measure on (X, A) if it is tight and p-finite. We say that p is a locally p-finite
Radon measure on (X, A) if it is tight and locally p-finite. Let M} (X, A) C
Bt (X, A) denote the subset of p-finite Radon measures. Let /\;l; (X,A) C
BT (X, A) denote the subset of locally p-finite Radon measures.

For example, for z ¢ A, the Dirac measure J, is a p-finite Radon measure.
Since p-finite implies locally p-finite, M5 (X, A) C M;‘(X, A). Since p €
M;(X, A) is tight it is 7-additive. For the case p = 0, u is a locally 0-finite
Radon measure on (X, A) if and only if 1x\ 4 is a Radon measure on X and
p is a O-finite Radon measure on (X, A) if and only if ux\ 4 is a finite Radon
measure on X.

Note that for p € (0,00] and [u] € ./\;l;r(X, A), there may be x € A such
that for every open neighborhood U of z, u(U N (X \ 4)) = oo. So [p] may
not have a representative u € B (X) such that p is Radon.

LEMMA 4.11. Let 0 < p < oo. Let p € M (X, A) and let € > 0. Then
pe € MJ (X, A).

Proof. Since i is upper p-finite, by Lemma [4.5] w is upper O-finite. Thus
te is finite. By the definitions, if p is tight then so is p.. »

REMARK 4.12. Let 0 < p < oo. Recall that there is a bijection between
B*(X, A) and Borel measures on X \ A given by [u] — pux\ . Since d’) is con-
tinuous and positive on X \ A, we have a bijection of Borel measures on X'\ A
given by p — dhp and v — dipy. This bijection preserves tightness [F00,

A
412Q)]. By definition, [u] € M{ (X, A) is p-finite if and only if d’, x is finite. So
we have a bijection between M.} (X, A) and finite Radon measures on X \ A.
On the other hand, for u € M;’ (X, A), d" 1 is a Radon measure on X \ A.

However, given a Radon measure v on X \ A, [dipl/] € BT(X, A) is tight and
A
locally p-finite for all x € X \ A, but need not be locally p-finite at x € A.

Furthermore, given p € M;; (X,A), d"u is a Radon measure on X. If
p € M (X, A) then d i is a finite Radon measure on X.

LEMMA 4.13. Let pu € M;(X, A) and let K C X \ A be a compact set.
Then p(K) < oo.
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Proof. By Lemma [4.8] each € K has an open neighborhood U, such
that pu(U,) < oo. Since K is compact, it has an open cover U,,...,Us, .
Therefore p(K) < co. =

Observe that /\;lj‘oF (X, A) is a commutative monoid under addition, with
neutral element the zero measure. Also, there is an obvious RT action,
a - pu = ap, for which M;(X, A) is a convex cone. Furthermore, M;;(X, A)
has an elementwise partial order given by pu < v if u(F) < v(E) for all Borel
sets F C X \ A. This order is compatible with addition and the R action,
making M; (X, A) an ordered convex cone.

PROPOSITION 4.14. M (X, A) is a zero-sum-free Riesz cone.

Proof. First, we show that the commutative monoid ./\;ll‘,F (X, A) is zero-
sum-free and cancellative. If u, v € M;(X, A)and p+v =0thenuy=v=0.

Let \,u,v € M;(X,A) such that p+ X = v+ X Let K C X\ A be a
compact set. By assumption pu(K)+ A(K) = v(K) + A(K). By Lemma [1.13]
p(K) = v(K). Therefore, by Lemma [1.3} = v.

Next, we show that the elementwise partial order coincides with the nat-
ural partial order. That is, for u,v € ./\;l;(X, A), p(F) < v(E) for all Borel

sets E C X'\ A if and only if there exists A € M; (X, A) such that p+X =v.

Let p,v € M;‘(X,A). Assume that there exists A € M.F(X, A) such that
1w+ A =wv. Let E be a Borel set in X \ A. Then u(F)+ A\(E) = v(E). Hence
u(E) < v(E). For the converse assume that for all Borel sets £ C X \ A,
u(E) < v(E). Define the set function A on Borel sets £ C X \ A by
MNE) = sup{v(E') — u(E")}, where the supremum is taken over all Borel
sets E' C F such that u(E") < oo. Since u, v are countably additive, so is .
Therefore A € BT (X, A) and g+ A = v. Since 1 and v are locally finite, so
is A. Since v is tight and A < v, X is tight. Therefore A € M;‘(X, A).

It remains to show that ./\;I;Dr (X, A) is a lattice cone. Let p,v e M;(X, A).
For a Borel set E C X\ A, we define (uVv)(E) = sup {u(E1)+v(FE2)}, where
the supremum is taken over all partitions of E into Borel sets E7 and Fs. To
see that pV v is countably additive, consider a sequence { £ }72 ; of pairwise
disjoint Borel sets. Observe that there is a bijection between partitions of
Ur—; E, into two disjoint Borel sets and disjoint partitions of each Ej into
two Borel sets. Since p and v are countably additive, so is u V v. Next, note
that p Vv < p+ v. Since p and v are locally finite and tight, so is p V v.
We need to check that p V v is indeed the supremum of p and v. If p < K
and v < k, then for any Borel set E and for any partition of E into two
disjoint sets Fy and FEs, we have pu(E1) + v(E2) < k(E1) + k(E2) = k(E)
and hence (puV v)(E) < k(E). Thus p Vv < k. Finally, for A € M;(X, A),
(LVv)+ A= (u+ AV (r+A) since A is additive. m
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PROPOSITION 4.15. M (X, A) is an ideal in M (X, A).

Proof. We only treat the case p < co. The case p = oo follows similarly.
First, we show that M} (X, A) is a sub-Riesz cone. Let p,v € M} (X, A)
and let a € RT. Then (pu + v)(d%) = pu(d) + v(d%) < oo and (ap)(dy) =
ap(dy) < oo. Also, 0 € M} (X,A). Furthermore, since p Vv < pu+ v,
(n Vv v)(d}) < oco. Finally, let v € MJF(X,A) and p € M;(X, A) with
p < v. Then p(dh) <v(d)) <oco. =

4.4. 1-finite Radon measures on metric pairs. Recall that the 1-

finite Radon measures on (X, A) are given by
M (X, A) = {p e BT(X, A)| pis tight and p(ds) < oo}.

They have the following equivalent functional analytic definition.

PROPOSITION 4.16. Let u € BY(X, A). Then pu(da) < oo if and only if
u(f) < oo for all f € LipT(X, A).

Thus, if u is 1-finite, then p is a positive linear functional on Lip(X, A).
Furthermore,
(41)  M{(X.A)

= {u € BT (X, A) | u is tight and p(f) < oo for all f € Lip* (X, A)}.
Proof. Let p € B'(X,A). In the forward direction, assume that

pu(da) < oo. Let f € LipT(X,A). Then f < L(f)da. Therefore u(f) <
L(f)u(d4) < oo. The reverse direction follows easily, since d4 € Lip™ (X, A). =

For an equivalent functional analytic definition of Radon measure, we
need to assume that (X, d) is locally compact.

PROPOSITION 4.17. Let u € BT (X, A).

(a) If p is locally 1-finite then for all f € Lip (X, A), u(f) < oo. Thus, p is
a positive linear functional on Lip,(X, A).

(b) If X is locally compact and for all f € Lip} (X, A), u(f) < oo, then p is
locally 1-finite.

Thus, if (X, d) is locally compact then
M (X, 4)
= {u € BT (X, A) | u is tight and p(f) < oo for all f € Lipf (X, A)}.
Proof. @ Assume that p is locally 1-finite. Then each x € X has a
neighborhood U, such that g, is 1-finite. That is, py, (da) = (dap)(Us)
< 00. Let feLip/ (X, A). Then f < L(f)d4 and there exists a compact set K
such that supp(f) C K. Since K is compact, the cover {U,},cx has a finite

subcover {Uy,,...,Uy, }. Therefore pu(f) < L(f)ux(da) = L(f)(dap)(K) <
L(f) 2oiy (dap) (Ur) < oo
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Assume that X is locally compact and that for all f € Lip} (X, A),

u(f) < oo.
Let z € X. Since X is locally compact, x has a compact neighborhood Nj.

Also, x has a compact neighborhood Ny contained in the interior of Ny. Fur-
thermore, there exists a Lipschitz function f : X — R such that f|y, = 1 and
flx\n, = 0. Hence daf € Lipf (X, A). Since p(daf) < oo, dap(N2) < oo,
and thus g is locally 1-finite at z. =

4.5. Real-valued Radon measures on metric pairs. Let 0 < p < co.
In this section, we consider differences of Radon measures on metric pairs.
We need to be careful, since each of the two Radon measures may take
the value oo for some of the Borel sets. A key fact is that M} (X, A) and

./\;I;Dr (X, A) are cancellative commutative monoids (Proposition |4.14]).

DEFINITION 4.18. Let M, (X, A) be the Grothendieck group of M (X, A)
and let M, (X, A) be the Grothendieck group of M;‘(X, A)

Then M, (X, A) is a subspace of the vector space M,,(X, A). Following
Schwartz [ST3, p. 57|, we call elements of Mp(X, A) locally p-finite real-

valued Radon measures on (X, A). Note that for g = put — pu~ € M,(X, A),
the set function on the Borel sets of X \ A given by pix\4 = ,LLJ;(\A — u;(\A

is only guaranteed to be defined for relatively compact Borel sets of X \ A.
However it is countably additive wherever it is defined. We call elements of
M, (X, A) p-finite real-valued Radon measures on (X, A). For p € Mp(X, A),
dap is a signed Radon measure on X.

Combining Propositions and we have the following.

COROLLARY 4.19. M, (X, A) is a Riesz space.
Combining Propositions and we have the following.
COROLLARY 4.20. M, (X, A) is an ideal of M,(X, A).

5. Linear functionals on Lipschitz functions on metric pairs.
In this section we prove that certain linear functionals on Lip.(X, A) and
Lip(X, A) can be represented as integration with respect to 1-finite and
locally 1-finite Radon measures on (X, A).

Let (X,d, A) be a metric pair denoted by (X, A). Assume that A # ().
Recall that the 1-finite Radon measures on (X, A) are given by
(5.1)  M{(X,A) = {u€ B (X, A) | u(da) < o0, j is tight}
and that the locally 1-finite Radon measures on (X, A) are given by

MF(X,A) = {u € B(X, A) | V& € X, 3 neighborhood U
with py(da) < oo, w is tight}.
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Let T be a positive linear functional on a Riesz space E. Then T' is order pre-
serving and hence order bounded. That is, T' € E~ = L,(E,R) = L, (E,R).
Furthermore, T' is sequentially order continuous (i.e. T' € E7’) if and only if
z, | 0 implies T'x,, — 0.

5.1. Linear functionals on compactly supported Lipschitz
functions

LEMMA 5.1.

(a) Let u € BT (X, A) such that p is 1-finite. Then u is a sequentially
order continuous, positive linear functional on Lip(X, A). Thus, u €
Lip(X, A)7.

(b) Let € BT(X, A) such that p is locally 1-finite. Then p is a sequentially
order continuous, positive linear functional on Lip.(X,A). Thus, p €
Lip, (X, 4);"

Proof. Let p € BY(X,A). If p is 1-finite then by Proposition s
a positive linear functional on the Riesz space Lip(X, A). Furthermore, by
Beppo Levi’s theorem, p is sequentially order continuous. Since p is a positive
linear functional, p is order bounded. Thus, p € Lip(X, A)7. If u is locally
1-finite, then the result follows in a similar way, by using Proposition [4.17]
instead of Proposition [£.16] =

It is a result of Lozanovsky [W16,[AT07| that for an ordered Banach space
E with closed and generating positive cone, E~ C E’. We give a direct proof
for our case.

LEMMA 5.2. Let T : Lip(X, A) — R be an order-bounded linear functio-
nal. Then T is a bounded linear functional. That is, Lip(X, A)~ CLip(X, A)'.
It follows that T restricts to a bounded linear functional on Lip.(X, A).

Proof. Suppose that T is order bounded. Let S C Lip(X, A) be norm
bounded. Then there exists M > 0 such that supscg L(f) < M < oo,
Hence |f| < Mdy for all f € S and thus S C [-Mda, Mdya]. Since T is
order bounded, T'(S) is bounded in R in both the order-theoretic and metric
senses, which are equivalent in R. Therefore T is bounded. =

Since positive linear functionals are order bounded, positive linear func-
tionals on Lip(X, A) are bounded. In fact, their norm can be computed
directly.

LEMMA 5.3. Ewvery positive linear functional T : Lip(X,A) — R s
bounded. If A # 0, then ||T|op = T(dAa).

Proof. Assume A # (). If A = X then dy = 0 and ||T||op = 0 = T'(da).
Assume A # X. For f € Lip(X, A) and z € X we have |f(x)| < L(f)da(x).
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Hence |T'(f)| < T(|f|) < L(f)T(da) so that | T|lop < T(da). On the other
hand, L(da) = 1 so that T'(da) < ||T||op- =

THEOREM 5.4. Let (X, A) be a metric pair. Assume that X is locally
compact. Let T be a sequentially order continuous positive linear functional
on Lip.(X, A). Then T is represented by a unique p € MT(X, A), where for
each compact set K C X \ A, u(K) =inf {Th | h > 1k, h € Lipf (X, A)}.

Proof. We will apply a representation theorem of Pollard and Topsge
[PT75, Theorem 3|. It is easy to check that the conditions are satisfied, as
follows. Condition A1 is satisfied since Lip} (X, A) is a zero-sum-free Riesz
cone. A2 is satisfied since T is a linear functional and since T' is positive it
is order preserving. For A3, LipS (X, A) is a zero-sum-free Riesz cone and
for h € Lipf (X, A), hA1 € Lip/ (X, A). Let K be the collection of compact
subsets of X \ A. Then ) € K and K is closed under finite unions and in-
tersections, giving A4. For h € Lip} (X, A), h is continuous, so h=1[0, a] is
closed for all @ > 0 and A5 is satisfied. Since X is a metric space, A6’ is sat-
isfied. Hence A6 is satisfied. IC is closed under arbitrary intersections. Each
h € Lipf (X, A) is compactly supported, so the “K exhausts 77 condition
is trivially satisfied. For h € Lip} (X, A), h An 1 h. Since T is sequen-
tially order continuous, T'(h A n) 1 Th, and thus (10) is satisfied. We are
left with showing that T is 7-smooth at () with respect to K. That is, if a
net K, | 0 in K then inf {Th | h > 1k, for some a} = 0. Consider a net
K, | 0 in K. Choose an element Kg of this net. Since X is Hausdorff,
{K§} is an open cover of Kg. Since Kg is compact, it has a finite subcover
K ..., K . Therefore the collection {Kg, Ka,,...,Kq,} has empty in-
tersection. Since {Kg, Kq,,...,Kq,} is contained in the net {K,}, it fol-
lows that its intersection is as well, and thus K, = (0 for some «. So,
inf {Th | h > 1k _for some a} = T'(0) = 0. Therefore, there is unique tight,
T-additive Borel measure p on X \ A representing 7', where for each K € K,
w(K) =inf {Th|h > 1k, h € Lip/ (X, A)}. Since T is finite on Lip} (X, A),
w is finite on Lip! (X, A). By Proposition ue MT(X, A). m

Before stating some corollaries to this result, we give an example showing
there exist positive linear functionals Lip,(X, A) that are not sequentially
continuous and hence cannot be represented by elements of M7 (X, A).

ExXAMPLE 5.5. Let (RT,0) denote the metric pair (R*,d,{0}), where
d(a,b) = |a — b|]. Here we show that there exists a positive linear functional
on Lip,(RT,0) that is not sequentially order continuous. For k € Z, let
gr = (do A\ (28 —dp)) V0. Then B = {g}rez is a linearly independent subset
of Lip.(R™,0). Let W denote the subspace of Lip,(R™,0) generated by B.
Then W has the property that for all f € Lip.(R™,0), there exists g € W
with g > f. Define T': W — R by setting T(g) = 1 for all ¢ € B and
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then extending linearly to W. Consider f = Zm cjgk;, in W. Then T'(f) =
> iy ¢j, and for x sufficiently close to 0, f(z) = > ', ¢jo = 2T(f). Hence,
if f > 0 then T'(f) > 0. That is, T is positive. By Theorem [2 -, T extends
to a positive linear functional T : Lip,(R*,0) — R. As k — —o0, g | 0 but
T(gx) = T(gx) = 1, and hence T is not sequentially order continuous.

COROLLARY 5.6. Assume that X is locally compact. Let p, UEM;F(X, A).
Then = v if and only if u(f) = v(f) for all f € Lipf (X, A).
COROLLARY 5.7. Assume that X is locally compact. Then
M (X, A) = {u € BY(X, 4) | Vf € Lipf (X, A), u(f) < oo}.

Proof. Let u € B (X, A) such that for all f € Lip} (X, A), u(f) < oo.
Since integration is linear, y is a positive linear functional on Lip,.(X, A). By
Beppo Levi’s lemma, p is sequentially order continuous. By Theorem
we /\;lf(X , A). The reverse direction is given by Proposition "

REMARK 5.8. If we only assume that X \ A is locally compact then The-
orem does not hold. Consider the following example arising in persistent
homology. Let Y = {(z,y) € R? | z < y} with the Euclidean metric and
let A = {(z,x) | = € R}. Let (X,d) be the quotient metric space Y/A
and consider the metric pair (X, d, A) where A is the one-point set contain-
ing the equivalence class A. Then X \ A is locally compact but X is not
locally compact. Thus, for all f € Lip} (X, A), f vanishes in a neighbor-
hood of the point A. Let p = >7;2, §(0,1/k). Then p € BT (X, A) and for
all f € Lipf (X, A), u(f) < co. However, p is not locally 1-finite at A, so
i d M{ (X, A).

THEOREM 5.9. Let (X, A) be a metric pair. Assume that X is locally
compact. For any order bounded, sequentially order continuous linear func-
tional T : Lip,(X, A) — R, there exists pu,v € M{ (X, A) such that T(f) =
\x fd(pp — v) for all f € Lip.(X,A). Moreover, i and v can be chosen
uniquely such that, for all f € Lip (X, A),

inf{ggdu+§hdy\g+h:f, g,heLipj(X,A)} —0.
X X

That is, Lip.(X, A)y = M1(X, A).

Proof. Since T is order bounded, it is an element of the order dual
Lip.(X, A)™ of the Riesz space Lip.(X, A). Hence, it has a unique decom-
position T'= T+ —T~, where T+ and T~ are positive linear operators with
TT AT~ = 0. Since T is sequentially order continuous, so are T and T~. By
Theorem there exist unique u, v € M{ (X, A) such that T+ (f) = §x fdu
and T~ (f) = {y fdv for all f € Lip.(X, A). Hence T(f) =\ fd(u—v) for
all f € Lip.(X, A). The uniqueness statement is simply a restatement of the
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uniqueness of the decomposition T = T — T~ with TT AT~ = 0, expressed
in terms of y and v.

5.2. Linear functionals on Lipschitz functions

DEFINITION 5.10. Let T : Lip(X, A) — R be a positive linear functional.
Say that T is ezhausted by compact sets if for all f € Lip™ (X, A) and for all
e > 0, there exists a compact set K C X \ A such that

sup{T(g) | gk =0, g < f, g€ LipT (X, A)} < e.

For T' € Lip(X, A)~, say that T exhausted by compact sets if |T'| is exhausted
by compact sets.

LEMMA 5.11. Let T : Lip(X,A) — R be a positive linear functional.
Then T is ezhausted by compact sets if and only if for all € > 0 there is a
compact set K C X \ A such that for all L >0, T(da A Ldg) < €.

Proof. In the forward direction, let f = d4 and let ¢ = da A Ldg.
In the reverse direction, fix f € Lip™ (X, A). Then f < L(f)da and for
g € Lip"(X,A) with ¢ < f and g|g = 0 for some K € X\ 4, g <
L(f)da N L(g)dk. For € > 0, there is a compact set K C X \ A such that
for all L > 0, T(da A Ldg) < &/L(f). Then for g € Lip™ (X, A) with g < f

and g|x =0, T(g) < T(L(f)da A L(g)dx) = L(/)T(da A £ dic) < <. m

LEMMA 5.12. p € M{ (X, A) is ezhausted by compact sets.

Proof. Let u € M7 (X,A). Let f € Lip™(X,A). Then u(f) < oo.
Let € > 0. By the definition of the integral, there is a simple function
Soryaixe, < f, with each E; a Borel set, such that Y " | a;u(E;) > p(f)
— €/2. Since p is tight, for each i there is a compact set K; C E; with
w(K;) > p(E;) — e/2n. Thus, we have the simple function Y ;" | aixk, < f
with >0 aip(K;) > p(f) —e. Let K = i, K;. Choose g € Lipt (X, A)
with g < f and g|x = 0. Then f—g > (f—g)xKx = fxx > > i=; aixx; Thus
u(f) —e < iy ain(Ks) < u(f — g) = p(f) — p(g). Therefore u(g) <e. m

LEMMA 5.13. If X \ A is locally compact and o-compact then every se-
quentially order continuous positive linear functional T : Lip(X, A) — R is
erhausted by compact sets.

Proof. Since X \ A is locally compact and o-compact, X \ A is ex-
hausted by compact sets. That is, there is a sequence (K,,) of compact sets
in X \ A such that for each n, K, is contained in the interior of K41
and X \ A C Uy, Kyp. Let T : Lip(X,A) — R be a sequentially or-
der continuous positive linear functional. Let f € Lip™ (X, A). Let a, =
inf {T(g) | g € Lip™ (X, A), glx, = f, glxe,, = 0}. Let by = sup {T(h) |
h € Lip"(X,A), hlk,,, =0, h < f}. Then for all n, a, + b, < T(f).
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Since T is sequentially order continuous, a,, T T'(f). Therefore b, | 0. Thus,
T is exhausted by compact sets. m

Combining Lemmas [5.1] and [5.12] we have the following.

PROPOSITION 5.14. Let p € M{ (X, A). Then p is a sequentially or-
der continuous positive linear functional on Lip(X, A) that is exhausted by
compact sets.

The following result gives a converse to Proposition [5.14]

THEOREM 5.15. Let (X, A) be a metric pair. Let T be a sequentially order
continuous positive linear functional on Lip(X, A). Then T is represented by
a unique pu € M{(X,A) if and only if T is evhausted by compact sets. If
so, then for each compact set K C X \ A, u(K) = inf{Th | h > 1, h €
LipT(X, A)}.

Proof. We will again apply the representation theorem of Pollard and
Topsge |[PT75, Theorem 3|. Let I denote the compact subsets of X \ A.
By the identical arguments as in the proof of Theorem A1-A5, A6’ and
hence A6 hold, as well as (10), and also T is 7-smooth at () with respect
to K. Therefore, there is unique tight, 7-additive Borel measure pon X \ A
representing T, if and only if T is exhausted by compact sets, and if so, for
each K € K, u(K) =inf {Th | h > 1k, h € Lip} (X, A)}. Since T(d4) < oo,
if there exists such a g, then p € M{ (X, A). =

Before stating some corollaries to this result, we give an example of a pos-
itive linear functional on Lip(X, A) that is not sequentially order continuous
and hence cannot be represented by an element of M (X, A).

EXAMPLE 5.16. There exists a positive linear functional on Lip(R*,0)
that is not sequentially order continuous. Let M C Lip(R™,0) be the lin-
ear subspace generated by Lip.(R*,0) and dy, and define T : M — R by
setting T'(g) = 0 for all g € Lip.(R™,0) and T'(dg) = 1 and then extending
linearly. Since dy cannot be written as a finite linear combination of com-
pactly supported functions, 7' is well defined. By Theorem [2.3] T has an
extension to a positive linear functional T : Lip(R*,0) — R. For n > 1, let
gn = (do A (n—dp)) V0. Since g, € Lip,(RT,0), T(g,) = 0 for all n. However,
gn T do and T(do) = 1. Thus T is not sequentially order continuous.

COROLLARY 5.17. Let p,v € M{(X,A). Then u = v if and only if
u(f) = v(f) for all f € Lip™ (X, A).

COROLLARY 5.18.

(a) Let u € BY(X, A) such that p(da) < oo. Then u is exhausted by compact
sets if and only if p is tight.
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(b) If X \ A is locally compact and o-compact then
MY (X, A) = {p € BY(X, A) | p(da) < o0}
={neB"(X,A) | Vf eLip*(X,A), u(f) < oo}

Proof. @ For the reverse direction, if u is tight then by Definition m
we MT(X ,A), and so by Lemma 1 is exhausted by compact sets. For
the forward direction, by Beppo Levi’s theorem, p is a sequentially order
continuous positive linear functional on Lip(X, A). Thus, by Theorem
1 is tight.

Let p € BT (X,A) such that p is 1-finite. By Lemma [is a
sequentially order continuous positive linear functional on Lip(X, A). Thus,
by Lemma u is exhausted by compact sets, and hence by @, 1 is tight.
Therefore, we may omit the tightness condition from and . "

THEOREM 5.19. Let T : Lip(X, A) — R be an order bounded, sequentially
order continuous linear functional, which is exhausted by compact sets. Then
there exists measures p,v € M7 (X, A) such that T(f) = { fd(u—v) for
all f € Lip(X, A). Moreover, u and v can be chosen uniquely such that, for
all f € Lip™ (X, A),

inf{Sgdu—i— S hdv|g+h=f, g,hELip+(X,A)}:0.
X X

Proof. Since T is order bounded, it is an element of the order dual,
Lip(X, A)™, of the Riesz space Lip(X, A). Hence there is a unique decompo-
sition T'= T+ — T—, where T+ and T~ are positive linear functionals with
T+ AT~ = 0. By assumption, 7" and T~ are exhausted by compact sets.

Since T is sequentially order continuous, so are 7" and 7. Thus, by
Theorem there exist measures p,v € M{ (X, A) such that T(f) =
wu(f) —v(f) for all f € Lip(X, A). The uniqueness is a restatement of the
uniqueness of the decomposition 7' =T+ — T~ with TT AT~ =0. =

Combining Lemma and Theorem [5.19] we have the following.

COROLLARY 5.20. If X \ A is locally compact and o-compact then
Lip(X> A); = MI(X7 A)

LEMMA 5.21. Assume that X \ A is locally compact. Let K be a compact
subset of X \ A. Then there exists § > 0 such that K° is a compact subset of
X\ A

Proof. Since K is a compact subset of X \ A and X \ A is locally com-
pact, for z € K, we may choose 0 < ¢, < da(z) such that Bs, (x) is com-
pact. Consider {B;, /2()}zek . Since K is compact, there is a finite subcover
B5x1/2($1), .oy Bs, ja(zn) of K. That is, for all z € K there exists 1 <i <n
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such that
(5.2) d(z, ;) < g,/2.

Let K' = Bs, (v1)U---UB;s, (2,). Then K’ is a compact subset of X \ A.
Let 0 = min {8,,/2,...,0s,/2}. We will show that K° C K'. Let x € K°.
That is, there exists 2/ € K such that d(z,2’) < 4. Apply to 2’ € K to
choose 1 <1i <n. Then d(z,z;) < d(xz,2’) + d(2’,2;) < 0z,/2 + 0z,/2 = 0,
Therefore z € K’. Thus K% C K’ as claimed. Hence K? is a compact subset
of X \ A u

LEMMA 5.22. Assume that X \ A is locally compact. Let T' be a positive
linear functional on Lip(X, A), which is exhausted by compact sets. Then T
18 sequentially order continuous.

Proof. Let (hy,) C Lip* (X, A) such that h, | 0. Let ¢ > 0. Since T is
exhausted by compact sets, there exists a compact set K C X \ A such that
sup{T(g) | g € Lip™ (X, A),g|xk =0, g < h1} < /2. By Lemma there
exists 6 > 0 such that K is a compact subset of X \ A.

For each n, let ay, = sup, ¢y hn(x). Since K is compact, by Dini’s theorem
an | 0. Let g, = %”d(Ks)c A an € Lipf (X, A). Let g, = gn A hy, and let
fn = hn — gn. Then f, € Lip+(X, A)v fn‘K =0, fn‘(K‘s)C = hn|(K5)C and
fn < hy < hy. Therefore T(f,) < &/2.

Furthermore, g, = an(5d(gs)e A 1). Thus T(gn) = anT(5d(gsye A1) L 0.
Since gn < Gn, T'(gn) < T(gn). Hence, T(g,) < €/2 for n sufficiently large.
Therefore, T'(hy,) = T(fn) + T(gn) < € for n sufficiently large. u

Combining Lemma and Theorem [5.15 we have the following.

THEOREM 5.23. Assume that X \ A is locally compact. Let T : Lip(X, A)
— R be a positive linear functional which is exhausted by compact sets. Then

T is represented by a unique p € MT(X, A). Furthermore, for each compact
set K C X\ A, w(K)=inf{Th|h> 1k, h € Lip" (X, A)}.
Combining Lemma [5.22] and Theorem [5.19] we have the following.
THEOREM 5.24. Assume that X \ A is locally compact. Let T : Lip(X, A)
— R be an order bounded linear functional which is exhausted by compact
sets. Then there exist p,v € M{ (X, A) such that T(f) = § fd(u—v) for

all f € Lip(X, A). Moreover, i and v can be chosen uniquely such that, for
all f € Lip™ (X, A),

inf{ggd,u+ghdu|g+h:f, g,hELip*(X,A)}:O.
X X

5.3. Bounded linear functionals on Lipschitz functions. We intro-
duce the following condition on a metric pair (X, A) which is slightly more
general than X being boundedly compact.
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DEFINITION 5.25. We say that the metric pair (X, A) is boundedly com-
pact if X is locally compact and o-compact and for each x € X \ A and for
each e,7 > 0, B,(z) N A; is compact.

THEOREM 5.26. Assume that (X, A) is boundedly compact. Let T' be a se-
quentially order continuous, bounded, positive linear functional on Lip, (X, A).
Then T is represented by a unique pu € M7 (X, A).

Proof. By Theorem [5.4] T is represented by a unique u € M+(X A).
Fix x € X\ A. For eachnz 1, let K,, = Bp(x )ﬂAl/n and let hy, = d(f,,)e.
Since A C (Ky)¢, d(k,)e < dA. Also, since (X, A) is boundedly compact, K,
is compact, and hence h,, € Lipj1 (X, A). Moreover, h,, 1 da (here, we are
using the convention that dg, e = 00 if (Kp)© = 0).

Since T is bounded, there is an M > 0 such that T'(h,, ) ML(h,) <M
Since h,, T da, by Beppo Levi’s lemma we have p(dag) = wlhy) < M
Therefore p € M (X, A). =

COROLLARY 5.27. Assume that (X, A) is boundedly compact. Then there
s a bijection between sequentially order continuous, positive, bounded linear
functionals on Lip.(X, A) and sequentially order continuous positive linear
functionals on Lip(X, A).

Proof. Let T : Lip,(X, A) — R be a sequentially order continuous, posi-
tive, bounded linear functional. Then by Theorem[5.26] T is represented by a
unique p € MT(X , A), which gives a sequentially order continuous positive
linear extension of 7" to Lip(X, A).

Let T be a sequentially order continuous positive linear functional on
Lip(X, A). By Lemma T is bounded. Therefore T restricts to a sequen-
tially order continuous positive, bounded linear functional on Lip, (X, A). =

THEOREM 5.28. Assume that (X, A) is boundedly compact. Let T be an
order bounded, sequentially order continuous, linear functional T:Lip, (X, A)
— R such that both T and |T| are bounded. Then there exists p,ve M{ (X, A)
such that T(f) =\ fd(p —v) for all f € Lip.(X,A). Moreover, i and v
can be chosen uniquely such that, for all f € Lip} (X, A),

inf{g gdp+ \hdv|g+h=F, g,heLipj(X,A)} —
X X
Proof. Since T is order bounded, it is an element of the order dual
Lip.(X, A)™ of the Riesz space Lip,(X, A). Hence, T has a unique decom-
position T' = T — T—, where T and T~ are positive linear operators
with 7T AT~ = 0. Since T is sequentially order continuous, so are T
and T~. Since T and |T| are bounded, so are T = (T + |T|) and T~ =
(T — |T]). By Theorem there exists unique p,v € M7 (X, A) such
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that T7(f) = { fdp and T—(f) = {y fdv for all f € Lip,(X,A). Hence
T(f) =Sy fd(p—v) forall f € Lip.(X,A). =

6. Relative optimal transport. Classical optimal transport is con-
cerned with finding the most cost effective plan for transporting one con-
figuration of mass to another. In the classical formulation, the initial and
final states must have the same finite total mass. In the relative transport
problem, we have a reservoir which provides an unlimited source or sink for
mass. As with the classical transport problem, the relative transport problem
induces a family of distances between measures called Wasserstein distances.
However, unlike the classical problem, the corresponding relative distance is
well defined between measures of different total mass. In this section assume
that all metric spaces are complete and separable.

6.1. Products of metric pairs. We start with some elementary results
on products of metric pairs.

Consider metric pairs (X, d, A) and (Y, e, B). Assume that A, B # (). We
have the product (X x Y,d + e, A x B). For simplicity, denote these metric
pairs respectively by (X, A), (Y, B) and (X xY, Ax B). Denote the projection
maps by p1 : (X xY,AXx B) = (X,A4) and p2 : (X xY, A x B) — (Y, B).
It is easy to verify the following.

LEMMA 6.1.

(a) p1 and pa are 1-Lipschitz.

(b) A morphism of metric pairs ¢ : (X, A) — (Y, B) induces @, : BT (X, A)
— BT(Y,B).

(¢c) (d+e)axp=dsDep.

(d) Let m € BF(X xY,A x B), f € Lip(X, A), and g € Lip(Y, B). Then

m(f ®g) = ((p1)«m)(f) + ((p2)+7)(9)
if either the left or right hand side is defined in [—oo, o0].

Proof. @ and are elementary calculations.

For a metric pair (X, A), let tx denote the canonical map from BT (A)
to BT(X) by tx. From the definitions, ¢, o tx = ty o ¢.. Therefore there is
a canonical induced map between the quotient monoids.

[(d)] By definition and [F03, 235G|, n(f ® g) = 7(fopi + gops) =
§fordm + §gpadm = { fd((p1)«m) + § g d((p2)sm) = (p1)s7(f) + (p2)s7(g). =

In the case that (X,d,A) = (Y,e, B), we have the metric pair (X x
X,d+d, A x A) which we denote by (X2, A?). Then d: (X?,d+d) — R is
1-Lipschitz but d| 42 # 0 in general. Let

(6.1) d=dA (da®da),
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Since d and (d+d) 4x 4 are 1-Lipschitz, d € Lip] (X?, A?). Also, d is a pseudo-
metric on X [BE22al, Lemma 3.13] such that d(z,y) = 0 if and only if either
r =y or 2,y € A. Furthermore d is the quotient metric on X/A [BE22a,
Lemma 3.17].

LEMMA 6.2. Let f € Lip(X, A). Then for all z,y € X, f(x) — f(y) <
L(f)d(z,y).
Proof. First, d is 1-Lipschitz. Second, for all x,y € X, f(x) — f(y) <

[f@) +1fW)] < L(f)(da ® da)(z,y). = -

6.2. 1-Wasserstein distance for metric pairs. Let (X,d, A) be a
metric pair with (X, d) complete and separable and A # (). In this sec-
tion we define a function Wy : BY(X, A) x BT (X, A) — [0,00], which we
call the (relative) 1-Wasserstein distance. For u,v € BT (X, A), we prove
that Wi (p,v) = Wi(v, ), Wi(p, n) = 0, and that if p,v are 1-finite then
Wi (p,v) < oo. Under the additional assumption that u,v € M7 (X, A), we
prove that Wi (u, v) = 0 implies that 4 = v and that W satisfies the triangle
inequality.

Given a € A, we have maps i¢ : X — X2 and ¢ : X — X2 given
by i§(xz) = (x,a) and #§(x) = (a,x), which induce 1-Lipschitz morphisms
i%: (X, A) = (X2,A42%) and % : (X, A) — (X2, A2).

Throughout this section p,v € BT(X, A). Also pj,v; € BT (X, A) for
j=1,2.

DEFINITION 6.3. A coupling of 1 and v is given by 7 € BT (X?, A%) such

that (p1)«(m) = p and (p2)«(m) = v. Let IT(u, v) denote the set of couplings
of u and v.

Note that if my € IT(p1,v1) and wo € I (2, v2) then w1 +m9 € IT (11 + pa,
1+ 1/2).

EXAMPLE 6.4. Let a € A. By Lemma [6.1(b), we can define 7 =
(i)sp + (i§)sv € BT (X7, A%). Then (p1)sm = (p1if)«p + (p133)sv = p and
similarly (p2)«m = v. We call 7 a trivial coupling of u and v.

EXAMPLE 6.5. Let u = p1 + p2 and v = vy + vo. Then 7y € IT(u1, p2)
can be trivially extended to m € II(u,v) by adding the trivial coupling of us
and v5 in Example [6.4] to 7.

Because of the existence of trivial couplings, we have the following.

LEMMA 6.6. IT(u,v) # 0.

EXAMPLE 6.7. For p € BT(X, A), we have the diagonal coupling A.pu,
where A : X — X x X is given by z — (z,z). For j = 1,2, pjo A
equals the identity map on X, and thus (p;).A«p = (pj 0 A)sp = p. Hence
Ay € H(p, o).
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EXAMPLE 6.8. Let ¢ > 0. Recall that © = u® + p.. Let a € A. Combining
a trivial coupling of u® and 0 and the diagonal coupling on u., we find that

(19)(17) + Au(pe) € I (12, prc).
Recall (6.1), d = d A (da & da) = d A (d+ d)axa. That is, d(z,y) =
d(z,y) A (da(x) +da(y)). Given a € A, for all z € X, d(z,a) = da(x).
DEFINITION 6.9. Define the (relative) 1- Wasserstein distance between p
and v to be

If m € II(u,v) then by Lemma [6.1§(d)| we have 7(f @ g) = (p1)«7(f) +
(p2)«7(g). Since (p1)«m = p and (p2)«7 = v, we have the following,.

LEMMA 6.10. Let m € II(u,v). Then n(f ® g) = p(f) + v(g) for all
f,g € Lip(X, A).

The converse of Lemma is true under additional hypotheses.

PROPOSITION 6.11. Assume that X is locally compact. Let u,v €
MT(X, A) and m € BY(X?, A%). Then the following are equivalent:

(a) me II(p,v).
(b) For all f,g € Lip} (X, A), n(f ® g) = u(f) + v(g).

Proof. The forward direction is Lemma[6.10] For the reverse direction, by
Lemma [6.1(b)] (p1).7 € B*(X, A). Let f € Lip} (X, A). By Lemma [6.1[d)]
((p1)«m)(f) = x(f ® 0), which by assumption equals u(f), which is finite
by Corollary Hence, by Corollary (p1)«m € /\;lf(X , A). Since for all

f € LipH (X, A), ((p1)«m)(f) = p(f), by Corollary 5.6, (p1)«7 = p. Similarly
(p2)s«m = v. Therefore 7 € II(y,v). m

Similarly, using Corollary |5.18(b)| instead of Corollary and Corol-
lary instead of Corollary [5.6) we have the following.

PROPOSITION 6.12. Assume that X \ A is locally compact and o-compact.
Let p,v € M{(X,A) and m € BY(X?, A%). Then the following are equiva-
lent:

(a) me II(p,v).
(b) For all f,g € Lip™ (X, A), n(f @ g) = u(f) + v(g)-

LEMMA 6.13. If u = v then Wi(u,v) = 0. The converse holds if p,v €
M (X, A).

Proof. Suppose that u = v. By Example [6.7], we have the diagonal cou-
pling A,p. Then A,u(d) = pu(do A) = p(0) = 0. Therefore Wi (p, 1) = 0.

Suppose that Wi(u,v) = 0. Let f € Lip(X,A). Given € > 0, there
exists m € II(p,v) with 7(d) < ¢/L(f). By Lemmas and we have

e > L(f)m(d) = n(f & (=f)) = u(f) —v(f), and hence p(f) < v(f) +e.



36 P. Bubenik and A. Elchesen

Similarly, v(f) < p(f) +e. Thus u(f) = v(f) for all f € Lip(X,A). If
w,v € M{ (X, A), then by Corollary L=1V.m

LEMMA 6.14. Wi (u,v) = Wi(v, p).

Proof. Consider the transpose map ¢ : X x X — X x X given by (z,y)
(y,x). For m € I (p,v), tuw € II(v,pn) and (tsm)(d) = m(dot) = w(d). The
result follows. m

LEMMA 6.15. If p is 1-finite then Wi(u,0) = p(da).

Proof. Let a € A. Consider the trivial coupling (i{)«p € II(,0). Then
(11)«p(d) = p(d 0 if) = p(da). Hence Wi(p,0) < pu(da).

Consider m € II(u,0). Since (p2)«m = 0, we have 7(X x (X \ A)) =
m(py (X \ A)) = (p2)+m(X \ A) = 0. Thus, supp(r) C X x A. For z € X,
a € A, d(z,a) = da(x). Therefore m(d) > 7(daop1) = (p1)«m(da) = pu(da).
Hence W1 (p,0) > p(da). m

LEMMA 6.16. Let x,y € X. Then Wi(04,6y) = d(z,y).
Proof. Consider 6,y € II(8;,0,). Then & ,(d) = d(z,y). Hence

Wi (0z,6y) < d(z,y). It remains to prove that Wy(d,,d,) > d(z,y). We
give both a functional-analytic and a measure-theoretic proof.

Let B = AU {z,y} and define a function f : B — R by f(z) = da(z),
f(y) = da(z)—d(z,y), and f(a) =0 for all a € A. Then f(s)— f(t) < d(s,t)
for all s,t € B. By McShane’s extension theorem, f extends to a function
f : X — R which satisfies f(p) — f(q) < d(p,q) for all p,q € X. Hence

f @ (—f) < d. By Lemma m(d) > 7(f ® (=f) = 6.(f) = 6,(f) =

f(@) = f(y) = d(z,y), and hence W1(0y,0y) > d(z,y).
Consider 7 € I1(dz,dy). Then m = cd(, ) + p for some c € [0, 1] and some

p € BT(X?, A?) with supp(p) C {z} x AUAx{y}. Onsupp(p), d = da®da.
Then 7(d) = cd(x,y) + p(da ® da). Furthermore, (p1).p = (1 — ¢)d, and
(p2)«p = (1= ¢)dy. S0 p(da ®da) = (1 = ¢)(0z(da) +0y(da)) = (1 —¢)(da®
da)(z,y) > (1 —c)d(z,y). Hence W1 (6,,0,) > d(x,y). =

LEMMA 6.17. Let € > 0. Let m € I (p,v). If pe,ve are finite then so
18 Te.

Proof. Assume that j. and v, are finite. Then 7(A. x X) = m(p1) 1 (A.)
= u(A:) = pe(X) < oo. Similarly, 7(X x A.) = v(X) < oo. Therefore
Te(X) =m((AxA)e) = (A X XUX xA,) < (A x X)+7m(X xA) < 0. m

COROLLARY 6.18. Let w € II(u,v). If p and v are upper finite then so
1S .

COROLLARY 6.19. Let m € II(p,v). If p and v are finite then so is .

LEMMA 6.20. Let o € II(p,v) with p,v finite. Let i € BT (A) be fi-
nite with fi > (p1)«(0|ax(x\a))- Then o has a representative o1 € Bt (X?)
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such that (p1)«o1 = fi + plx\a. Similarly, let v € BT (A) be finite with
7 > (p2)«(0](x\a)yxa)- Then o has a representative oy € BY(X?) such that
(P2)x02 =V + V|x\a-

Proof. Let 6 € B*(X?) denote the canonical representative of o with
o(A?) = 0, and similarly for 4 and 2. Then (p1)«6 = fi + (p1)«(0]ax(x\4))-
Let o1 = & + (if)«(ft — (p1)+(0]ax(x\4)))- Then o1 is the desired represen-
tative of . The other case is similar. m

Assume ¢ > 0. Let a € A. We will define a (discontinuous) retraction
from X2 to (AU A.)2. Let # : X — X be given by

{a if x € A§,

6.2 7(x) =
(62) () xr otherwise.

Then we have the desired retract r : X2 — X? given by r = # @ 7, i.e.,
r(z,y) = (F(x),7(y))-
LEMMA 6.21. Let m € II(p,v). Then rom € IT (e, ve).

Proof. First note that 71 = pe, since (uo7)|a. = pla. and (por)|a= = 0.
Next note that pjor = Fop;, since both send (z,y) to #(x). Then (p1).rem =
(pror)sm = (Top1)«m = 7i(p1)«T = Fipt = pe. Similarly, (p2)«7«m = ve. Hence
T € IT(pe,ve). m

PROPOSITION 6.22. Let m € II(p,v). Then r,(7)(d) < w(d) + puf(da) +
ve(da).

Proof. Note that 7.7m(d) + r.m(da ® da) < 7(d) + 7(da ® da) so that
rem(d) < w(d) +m(da®ds) —rem(da®dy). By Lemma m(da®da) =
w(da)+v(da) and rim(da®da) = m((daor)B(daor)) = u(d Aor)+y(dAo7“)
te(da) + ve(da). Thus, m(da ® da) — rem(da ® da) = p(da) + v°(da), and
the result follows. =

Note that r.m has a trivial extension to a coupling of p and v given by
() + ()2 (1) + (i5). (7).

Recall Md (X, A) = {u € BT(X,A) | pis tight, and u(X \ A) < oo}.
Let pi2,po3 : X3 — X? denote the projections on the first and second, and
first and third coordinates, respectively.

PROPOSITION 6.23. W satisfies the triangle inequality on M7 (X, A).

Proof. Let p1,p2,pu3 € MT(X,A). Let ¢ > 0. Let ma € II(p1, po)
and mo3 € II(po,p3) such that mya(d) < Wi(p1,u2) + /8 and ma3(d) <
W1(M2,/L3) + /8. By Lemma [4.6] there is a § > 0 such that for j = 1,2,3,
(117)°(da) < £/8. For 4, use (6.2) to define a retract r from X2 to (AUA(;)
Con81der r«(m12) and r*(7r23) By Lemma [6.21} 7. (712) € IT((11)s, (n2)s) and
r«(m23) € I ((p12)s, (13)s). By Lemma (11)s, (12)s, (13)s € Mg (X, A).
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By Proposition [6.22) 7.(m12)(d) < 7r12(d) + (1)° (dA) (112)°(da) < m12(d)
+E/4 and T*(ﬂ'gg)(d) < 7T23(d) ( ) (dA) + ( ) (dA) < 7['23( ) +€/4

Let fiz = (p2)«(re(m2)l(x\a)yxa) V (P1)«(re(m23)|ax(x\4)). By Lem-
ma[6.20} 7. (m12) has a finite representative oo € B (X?) such that (ps).o2 =
fio + (p2)s and 7. (mo3) has a finite representative oy € B (X?) such that
(p1)so1 = fiz + (p2)s. Let m = (12 + (p2)s)(X). Let y12 = Loo and let
V23 = %01. By the gluing lemma for probability measures on a Polish
space [AGS08, Lemma 5.3.2|, there exists a probability measure v on X3
such that (p12)«(7) = 712 and (p23)«(7) = 703, where pi2,pag : X3 — X2
denote the projections on the first two and last two coordinates, respectively.
Let 13 = (p13)+7, where pi3 : X2 — X? denotes the projection onto the
first and third coordinates. Then m~y;3 represents a coupling 74 of (u1)s
and (us3)s. Let m = my.

By the triangle inequality,

7r13(cz) = S C{(Q), Z) dWig((B, Z) = S Cj(.%', Z) dﬂ(l’, Y, Z)

X2 X3

< | (d(z,y) +d(y, 2)) dr(x,y, 2)
X3

= S J('l'vy) d02($7y) + S J(?/? Z) dgl(yv Z)
X2 X2

= ru(m12)(d) + r4(m23)(d).

Fix a € A and extend 7713 trivially to a coupling 713 of p; and p3. That is,

T3 = Mg + (11) ((1)° )+( $)«((112)°) and i3 € I(p1, p3). Then mi3(d) =
mr3(d) + (1) (da) + (n2)° (dA) < mi3(d) + /4. Hence mi3(d) < r.(mi2)(d) +
ri(m3)(d) + /4 < mia(d) + maa(d) + 3e/4 < Wi(pa, p2) + Wi, pz) + €.
Therefore Wi (p, p3) < Wi(pa, p2) + Wilpz, p3). =

Combining Lemmas [6.13], [6.14] and [6.16] and Proposition [6.23] we have
the following.

THEOREM 6.24. (M (X, A),W1) is a metric space. Moreover, inclusion
X — M7 (X, A) given by x +— & gives an isometric embedding (X, d) —

+
(Ml (Xv A)v Wl)'

PROPOSITION 6.25. Let u € M (X, A) then there exists a sequence
(™) € MJ (X, A) N MF (X, A) such that p™ — pin (MT (X, A), Wr).

Proof. By Lemma for all n > 1, there exists 6 > 0 such that p°(d4)

< 1/n. By Example [6.8) Wi(p, pus) < p®(da) < 1/n. Since ps < p, ps €
M (X, A). By Lemmald.11} p5 € M (X, A). Let p™ = ys. u

6.3. p-Wasserstein distance for metric pairs. Let (X,d, A) be a
metric pair with (X, d) complete and separable and A # (. Recall (6.1)),



Relative optimal transport 39

d=dNds®dy = dA(d+d)axa. Thatis, d(z,y) = d(z,y) A(da(z) +da(y)).
For 1 < p < 00, define
(6.3) dy = d A (&% @ dP))VP.

That is, dp(z,y) = d(z,y) A | (da(z),da(y))llp- In particular, dy = d. One
can check that d, is a pseudometric on (X, d, A) [BE22a, Lemma 3.13| and
dy(xz,y) = 0 if and only if either z = y or x € Aand y € A, and d, is a
metric on the quotient X/A [BE22al, Lemma 3.17].
Let u,v € BY(X, A).
DEFINITION 6.26. Let 1 < p < oo. Define
. . » 1/p
Wyl w) = (it (@) "

DEFINITION 6.27. Let a € A. For € > 0, let

HE(Ma V)
={m € II(pu,v) | 3n’ € II(uc,ve) such that 7 = 7" + (i) pu® + (i%)°}.
Note that IT.(u,v) # 0 since every coupling 7" € IT(u., ) can be trivially

extended to a coupling 7 € IT(u,v) by Example Define the p- Wasserstein
distance between y and v to be

1/p
— 1 i b
Wy(p, v) = (;2]8 wEIIYIal(fW) i )>

Note that if 7 = 7" + (i§)«p® + (#5)° then w(dp) = 7'(dp) + p°(dy) +
vE(d).
LEMMA 6.28. If0 < e <&’ then o (p,v) C II.(p, v).

Proof. By Example [6.4] we can trivially extend a coupling of p. and ves
to a coupling of . and v..

From the definitions we have the following.

LEMMA 6.29. W, (1, v) < W,(11,v).

PROPOSITION 6.30. W1 (1, v) = Wi(u,v).

Proof. By Lemma it remains to show that Wi(u,v) < Wi(u,v).
Let € > 0. By Lemma there exists § > 0 such that u’(d4) < £/3 and
I/fs(dA) <¢e/3.By Deﬁnition there exists m € II(u,v) such that 7(d;) <
Wi (u, )+€/3 Use ¢ and ((6.2] . ) to define the retraction r and let 7' = re(m).
By Lemma 7' € II(us,vs). By Proposition [6.22] 7 d1 m(dy) +

pd(da) +v (dA) < Wi(p, v) + €. Therefore, by Definition [6.27] W1 (n,v) <
Wl(u, v) 4 ¢ and hence W1 (p, v) < Wi (p, )

It is an open question whether Wp =W, for p > 1.
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LEMMA 6.31. Wp(p, ) = 0.

Proof. Let € > 0. by Lemma , there exists § > 0 such that ,ué(di)
< €/2. By Example we have the diagonal coupling 7’ = A,us. By
Example extend 7’ trivially to a coupling 7 of g and p. Then 7 (dp) =
7' (dp) + 2p°(d")) < e. Therefore Wy (p, ) = 0. m

LEMMA 6.32. Wy(p,v) = Wy(v, p1).

Proof. Let € > 0 and let 7w € II.(u,v). Then using the transpose map t,
we have t,m € II.(v, p) and (t.m)(dh) = w(dp). The result follows. =

PROPOSITION 6.33. W, satisfies the triangle inequality on M;‘(X,A).

Proof. For j =1,2,3, let p; € M;‘(X, A). Let e > 0. By Lemmaand
Definition there is a § > 0 such that for j = 1,2,3, (1;)°(d) < £/2 and
there exists g € IT((111)5, (112)s) such that mi9(dh)Y/P < W1, p2) + £/2
and there exists mo3 € IT((12)s, (113)5) such that mog(dh)'/? < Wy (2, u3)
+¢/2. For j = 1,2,3, pj is upper p-finite and hence upper-finite and thus
()5 is finite.

Let fi2 = (p2)«(mi2](x\a)xa) V (P1)+(723| ax (x\ 4))- By Lemma [6.20] 712
has a finite representative o € BT (X?) such that (p2).«o2 = fia + (p2)s, and
73 has a finite representative oy € B (X?) such that (py)«o1 = jiz + (u2)s.
Let m = (fig 4+ (p2)s)(X). Let y12 = %02 and let o3 = %01. By the gluing
lemma for probability measures on a Polish space [AGS08, Lemma 5.3.2],
there exists a probability measure v on X? such that (p12)«(y) = 12 and
(p23)«(7) = 723, where pia,po3 : X> — X? denote the projections on the
first two and last two coordinates, respectively. Let vi13 = (pi13)«7y, where
p13 : X3 — X? denotes the projection onto the first and third coordinates.
Then m~i3 represents a coupling 713 of (u1)s and (us)s. Let 7 = m~y. By
the triangle inequality and the Minkowski inequality,

mi3(dD)/P = ( | dp(z,2) dmg(m)y/p _ ( | dy(z, 2) d7r(:1;,y,2)>1/p
X2 X3

= [ldp © p13llpx < lldp 0 pr2 + dp © pasllpx = lldpllp.miz + [ dpllp.mas
= T12(dB)M/P + ma3(dD) /P,
where || f||p,o = (| f? do)/P. Therefore,
W, 13) < ()" () + () () + mas ()7
< (e + (madp) /P + mas () V)7

< (e + (Wplp, p2) + Wy(pz, us) +€)")
Since € > 0 was arbitrary, Wy(p1, pz) < Wp(p1, p2) + Wz, p3). =

l/p.
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LEMMA 6.34. If p € M (X, A) then W(p,0) = pu(d5)V/P.

Proof. Let a € A. Consider the trivial coupling © = (i).p € II(p,0).
Then for all ¢ > 0, m € II.(p,0) and 7(dp) = p(dh o i) = p(d%). Hence
W (1, 0) < pu(dl)M/?.

)

= ((p2)«m)(X \ A) = 0. Thus, supp(7) C X x A. For z € X, a € A, we
have d,(z,a) > da(x). Therefore w(dp) > m(d o p1) = (p1)«7(dy) =

Hence W,(11,0) > p(d5)/?. u

LEMMA 6.35. Let x,y € X. Then Wy(04,9y) = dp(x,y).

Proof. 1If y € A then by Lemmam W (82, 8y) = Wp(6z,0) = 8,(d5) /P
= da(z) = dp(z,y). Similarly if z € A then W, (04,0dy) = dp(z,y). Assume
z,ye X\ A

Considerlé(w,y) € U[()5x,5y)- For all 0 < & < da(x) A da(y), d(zy) €
II.(6.,0y). Since 5(x7y)(dp) = dp(x,y)?, Wp(6z,0y) < dp(,y).

Next, consider 7 € I1(6z,0y). Then m = cd(,,) + p for some ¢ € [0,1]
and some p € BT (X2, A?) with supp(p) C {2} x AU A x {y} such that
p{z} x A)=1—cand p(Ax{y}) =1—c. Foralla € A, d,(x,a) > da(z).
Similarly, for all a € A, dp(a,y) > da(y). Therefore, we have

m(dy) = edp(,y) + (1 = ¢)(d o p1)(z,y) + (1 = ¢)(d}) o p2)(2,y)
= cdp(w,y)" + (1 = o) (dy ® &) (2, y) = dp(,y)".
Hence Wy(9z,0y) > dp(z,y). =

Combining Lemmas [6.31] [6.32] and [6.35] and Proposition [6.33], we have
the following.

THEOREM 6.36. (M (X, A),W),) is a pseudometric space, and the in-
clusion X — M;'(X, A) given by x +— 6, gives an isometric embedding
(X7 dp) - (M;—(X7 A)va)

It is an open question whether Wy,(x,v) = 0 implies that © = v when
p> 1

PROPOSITION 6.37. Let € M} (X, A). Then there exists a sequence
(u™) c M (X, A)N MF(X, A) such that ™ = pin (MF(X,A),Wy).

Proof. By Lemma for all n > 1, there exists § > 0 such that ,u‘s(dﬁ)

< 1/n. By Example [6.8] W, (11, us) < p°(da) < 1/n. Since ps < p, ps €
M (X, A). By Lemma4.11] u5 € M (X, A). Let 1™ = s, w

7. Duality. In this section, we prove the analogs of Monge—Kantorovich
duality and Kantorovich-Rubinstein duality in the relative setting. Our
Kantorovich—Rubinstein duality allows for a nice description of the oper-
ator norm of order bounded, sequentially order continuous linear functionals
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on Lip(X, A) and Lip.(X, A) in terms of the relative Wasserstein distance,
leading to a strengthening of Theorems[5.28 and [5.15 In this section assume
that all metric spaces are complete and separable.

7.1. Monge—Kantorovich duality and Kantorovich—Rubinstein
duality. In thissection, we prove analogs of the classical Monge—Kantorovich
duality and Kantorovich—Rubinstein duality in the relative setting. Our main
tools are the Hahn-Banach theorem, Theorem [2.4] and the representation
theorems, Theorems and Many of the main ideas here are due to
Edwards, who used them to give a proof of the classical Kantorovich—-Rubin-
stein duality theorem [E10]. In the other direction, we view Kantorovich—
Rubinstein duality as a strengthening of Theorem We observe that
the operator norm of an order bounded, sequentially order continuous linear
functional on Lip(X, A) can be described in terms of the the relative 1-
Wasserstein distance, from which we obtain our main results, Theorems
and [Z.9

Let (X, A) denote the metric pair (X,d, A) and let (X2, A%) denote
(X x X,d+d,A x A). Recall that the projections p1,ps : X x X — X
induce 1-Lipschitz morphisms py,ps : (X2, A%2) — (X, A). Also recall that
(d+d) axa = da®d_4 is an order unit for Lip(X?2, A?) and for h € Lip(X?2, A%),
h < L(h)(da®da).

DEFINITION 7.1. Let p,v € M7 (X, A). Define w,,,, : Lip(X?, A%) - R
by

Since d4 @ d4 is an order unit for Lip(X?, A2), the set on the right hand
side of (7.1)) is nonempty.
PROPOSITION 7.2. Let p,v € M{ (X, A). Then

(a) wu is a monotonic sublinear functional,
(b) for all m € I(p,v) and h € Lip(X?, A?), n(h) < wyu(h),
(c) forall f,g € Lip(X, A), wuu(f © g) = p(f) +v(g)-

Proof. [(a)] Let h,h’ € Lip(X?, A%). Let f,g € Lip(X, A) such that f ®
g > h and let f',¢" € Lip(X,A) such that f' & ¢ > h'. Then h + h' <
(/+ )@ (g+4) and hence wp, (h+ ) < u(F) +v(g) + (") +v(g'). Thus
wup(h + 1) < wuu(h) +wyuy(h'). For o > 0 we have h < f @& g & ah <
af @ ag and hence wy, , (ah) = aw, , (h).

To see that w,,, is monotonic, let h < b’ € Lip(X?, A?). Then for f,g €
Lip(X,A), f & g > h whenever f @& g > h'. Hence wy,,(h) < wy(h).

Consider m € IT(u,v) and h € Lip(X?2,A?). Let f,g € Lip(X, A)
such that h < f @ g. Then by Lemma [6.10] w(h) < n(f @ g) = p(f) + v(g)
and hence m(h) < w,,,(h).
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Let f,g € Lip(X,A). By Lemma and (7.1), for all m €
I (p,v), we have u(f)+v(g) = 7(f@9) <wun(f©g) < u(f)+v(g), giving
the result. =

THEOREM 7.3. Assume that (X, A) is boundedly compact. Let p,v €
M (X, A). Let T : Lip(X?,A%) — R be a positive linear functional such
that T(h) < wy,(h) for all h € Lip(X?, A%). Then there exists a unique
coupling o € II(u,v) such that T'(h) = o(h) for all h € Lip(X?, A%).

Proof. Since T is a positive linear functional on Lip(X, A), it is order
bounded, and hence by Lemmal[5.2} T is a bounded, positive linear functional
on Lip, (X, A).

Next we show that T is sequentially order continuous. Let (h,) C
Lip.(X?2, A%) such that h, | 0. We want to show that T'(h,) — 0. Since
hy is compactly supported, there exists a compact subset K C X such that
supp(hn) C K x K for all n. Hence hy, < L(h1)d(g2)eya2- Let an = sup(hn).
By Dini’s theorem, a,, | 0.

We claim that d(g2yeya2 < dgeua®dieya. Since (K?)°UA? = (K°x X)
(X xK€)UA?, we have d(g2yey a2 (2, y) = min(dge(z), dge(y), da(z)+da(y)).
For the right hand side,

(dreua @ dgeua)(z,y)

= min(dge(z), da(x)) + min(dge(y), da(y))

= min(dge(z) + dxe(y), die(®) + da(y), da(x) + dxe(y),da(z) + da(y)).
The left hand side is less than or equal to each of the four terms above, and
the claim follows.

Therefore, hy, < hy < L(h1)dgeua ® L(h1)dieua. Also, hy, < a,. Hence,
h, < (L(hl)chuA AN an) D (L(hl)dKeuA A an).

By Proposition T(hn) < W,u,l/(hn) < L(hl)(ﬂ+y)(dKCUA/\an) 10,
since p, v are sequentially order continuous by Lemma [5.1]

By Theorem T is represented by a unique o € M (X?, A?). Tt
remains to show that o € IT(u,v). For f,g € Lip(X, A), we have T(f @ g) <
wup(f @ g) = p(f) +v(g) and =T (f® g) =T((—f) ® (—g)) S wu((=f) ®

(—=9) = —u(f) = v(g). Thus, o(f @ g) = T(f © g) = p(f) + v(g) for all
fyg € Lip(X, A) so that o € II(u,v) by Proposition as desired. m

THEOREM 7.4 (Relative Monge-Kantorovich Duality). Assume that
(X, A) is boundedly compact. Let p,v € M (X, A) and h € LipT(X?, A2).
Then

min  w(h) =sup{u(f) +v(9) | f,g € Lip(X,A), f ® g < h}.
well (p,v)

Proof. First, let k = —h. Then k& < 0, and since w,, is monotonic,
wuv(k) < 0. Let G C Lip(X?, A2%) be the linear subspace spanned by k.
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Define 7" : G — R by T'(ak) = aw, (k) for all o € R. Then T” is a linear
functional on G. Furthermore, 7" is positive, since if ak > 0 then o < 0,
and hence T"(ak) = aw,, (k) > 0. Moreover, since w,, ,, is sublinear, we have
awyy (k) < wyy(ak) for all @ € R, and hence T"(ak) < wy,(ak) for all
a € R. Thus, T" < w,, on G.

Since k < 0, G equals the Riesz subspace generated by k. By the Hahn—
Banach theorem (Theorem , T’ extends to a positive linear functional
T : Lip(X?, A%) — R such that T(¢) < w,,(¢) for all ¢ € Lip(X?, A?).
In particular, T'(k) = wy (k). By Theorem there exists a unique o €
II(p,v) such that T(¢) = o(¢) for all ¢ € Lip(X?, A%). Hence, o(k) =
T(k) = wyu, (k). On the other hand, w(k) < w,,, (k) for all 7 € II(p,v) by
Proposition Thus, supregr(y,) 7(k) is attained by o(k) and so we
have

max (k) =o(k) =wy,(k)

well (p,v)
=inf {u(f)+v(g) | f,g € Lip(X,A), k< f@ g}

The result now follows from the facts that min, 7(h) = —max, 7(—h) =
— max, 7(k) and

sup {u(f) +v(g) | f.g € Lip(X,A), f ®g < h}
= —inf{u(f) +v(g) | f,g € Lip(X,A), k< f® g}
By taking h = d in Theorem we get the existence of optimal couplings
achieving the relative Wasserstein distance.

COROLLARY 7.5 (Relative optimal transport). Assume that (X, A) is
boundedly compact. For any p,v € /\/l]'f(X7 A), there exists 7 € II(p,v)
such that Wi (u,v) = 7*(d).

THEOREM 7.6 (Relative Kantorovich-Rubinstein Duality). Assume that
(X, A) is boundedly compact. Let p,v € M{ (X, A). Then
Wi(p,v) = sup{u(f) —v(f) | f € Lip; (X, A)}.
Hence, viewing p and v as linear functionals on Lip(X, A), we have ||pu —
Vop = Wilp,v).
Proof. By Monge—Kantorovich duality, Theorem [7.4]

Wi(p,v) = min 7(d
I(M ) well(p,v) ( )
= sup {u(p) +v(q) | p,q € Lip(X, A), p® g < d}.

By Lemma for f € Lip; (X, A), we have f @ (—f) < d. Hence

sup {p(f) —v(f) | f € Lip; (X, A)}
< sup {u(p) +v(q) | p,q € Lip(X, A), p® g < d} = Wi(u,v).
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To prove the reverse inequality, let p, ¢ € Lip(X, A) be such that p ® ¢ < d.
Recall that d is a pseudometric and recall Lemma We may now apply
a standard argument to obtain a 1-Lipschitz function from p and ¢ (see
[V03l Section 1.2] and [V09, Chapter 5|). Define p’ : X — R by p/(z) =
inf,(d(z,y) — q(y)) and then define ¢ : X — R by ¢'(y) = inf,(d(z,y) —
p/(x)). Then p’ is 1-Lipschitz, p’® ¢ < d, p < p', and ¢ < ¢’. Moreover, it can
be checked that ¢’ = —p'. Hence pu(p') — v(p') = u(p') +v(¢') = p(p) + v(q),
from which the desired inequality follows.

The last statement follows immediately from the definition of the opera-
tor norm. m

COROLLARY 7.7. Assume that (X, A) is boundedly compact. Let p,v €
M (X, A). Then Wi (p,v) = sup{u(f) —v(f) | f € Lip.;(X,A)}. Hence
Wi(p,v) = ||pp — v||op, where we view p,v as positive linear functionals on
Lip.(X, A).

Proof. Clearly sup {u(f) — v(f) | f € Lipe, (X, A)} < sup {u(f) — v(f) |
f € Lipy (X, A)} = Wi(p,v).

On the other hand, let ¢ > 0 be given and let f € Lip;(X, A) be such that
w(f)—v(f) > Wi(p,v)—§. Then f = fT— f~, where T, f~ € Lip] (X, A).
By Lemma [5.12] p and v are exhausted by compact sets. So there exists a
compact set K C X \ A such that

sup{u(g) | g € Lipt (X, A4), glx =0, g < f1} < e/4,

A4)
sup {p(g) | g € Lip" ( A), glk =0, 9 < [} <e/4,
sup {v(g) | g € Lip" (X, A), g|x =0, 9 < [T} <e/4,
sup{v(g) | g € Lip" (X, A4), gl =0, 9 < [} <e/d.
Let r* = HfﬂKHoo and 7~ Hf |k ||oo- By Lemma [5.21] there exists a
§ > 0 such that K?° is a compact subset of X \ A. Choose L > 0 such that
rt/L,r~ /L <4.Let ht = (r* —Ldg)AfT and h~ = (r~ —Ldg)A f~. Then
h® € Lip/ | (X, A), h* < f*, and h*|x = f*|k. Therefore u(f*) —u(hi) =
B = W5) < £/4, u(f%) — v(h=) = v — BE) < =/4, p(h®) < p(f),
and v(h*) < v(f*). Let h=ht —h™ € Lip. (X, A). Then p(h) —v(h) =
u(h) = p(h) = () + w(h™) > () — /4 p(f) — w(FH) +u(f) —
e/d = u(f) —v(f) —e/2 > Wi(u,v) —e. Hence sup{u(f) —v(f) | f €
Lipc,l(X7 A)} > Wl(#? 1/)'
The last statement follows from the definition of the operator norm. m

Combining Corollary with Theorem gives our main result.

THEOREM 7.8. Assume that (X, A) is boundedly compact. For any order
bounded, sequentially order continuous linear functional T : Lip(X, A) — R,
there exists measures p,v € M7 (X, A) with T(f) = u(f) — v(f) for all
f € Lip(X, A). Moreover, ||T|op = W1(p,v).
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By combining Theorem with Corollary [7.7, we get the following
analogous statement for linear functionals on Lip,.(X, A).

THEOREM 7.9. Assume that (X,A) is boundedly compact. Let T :
Lip.(X,A) — R be an order bounded, sequentially order continuous linear
functional. Suppose that T and |T'| are bounded. Then there exist measures
w,v € MT (X, A) with T(f) = u(f)—v(f) for all f € Lip,(X, A). Moreover,
I llop = Wi (1, ).

7.2. A norm for 1-finite real-valued Radon measures. In this sec-
tion, we show that our Wasserstein distance may be used to define a relative
version of the Kantorovich-Rubinstein norm. Let (X, A) be a metric pair.
We assume that (X, A) is boundedly compact. Recall that M (X, A) is an
ideal in the zero-sum-free Riesz cone M (X, A) (Propositions m and 4.15
and that Wi is a metric for M{ (X, A) (Theorem [6.24). We will show that
(M7 (X, A),W1) is a normed convex cone.

LEMMA 7.10. The metric Wy on M{ (X, A) is RT-homogeneous.

Proof. Let p,v € M{ (X, A). Let a > 0. There is a bijection of couplings

I (p,v) =N I (ap, av) given by o — ao. Furthermore the costs are related
by C(ac) = aC(c). Therefore, W1 (ap, av) = aWi(u,v). =

LEMMA 7.11. The metric Wy on M{ (X, A) is translation invariant.

Proof. Translation invariance of Wj follows from Kantorovich—Rubin-
stein duality (Theorem , since for A, pu,v € M{ (X, A),

Wi+ A v+ A) = sup {u(f) + M) = v(f) = A(f) | [ € Lipy (X, A)}
=sup {u(f) —v(f) | f € Lip;(X, A)} = Wi(u,v). =

Combining the previous two lemmas, we have the following.

PROPOSITION 7.12. (M (X, A), W1) is a normed convex cone.

Since the Grothendieck group of a normed cone (C, p) is a normed vector
space (KC,||—|) with norm ||z — y|| = p(z,y), we have the following.
PROPOSITION 7.13. M1(X, A) is a normed vector space with norm
|—llxr given by
[ —vllkr = Wi(u,v),
which we call the Kantorovich—-Rubinstein norm.

The following example shows that ||—| kg is not a lattice norm.

ExaMPLE 7.14. Consider the pointed metric space R. Let u = Jo + dg
and let v = 02 — 03 + dg — d9. Then |u| < |v|, but ||u|lkr = Wi(k,0) = 10
and ||v||jxkgr = Wi(vT,v) = 2.
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Combining Corollary Theorem [7.6] and Proposition we now
have the following succinct summary of (relative) Kantorovich-Rubinstein

duality.

THEOREM 7.15. We have M1(X, A) = Lip(X, A)7, and for up € Mi(X, A),
[ellop = llpllkg-
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