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for Lyapunov exponents of typical one-step cocycles
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Reza Mohammadpour

Abstract. We study the multifractal formalism for Lyapunov exponents of typical
one-step cocycles. We establish a variational relation between the Legendre transform
of topological pressure of the generalized singular value function and measure-theoretic
entropies. As a consequence, we show that the restricted variational principle for Lyapunov
exponents holds for typical one-step cocycles. Furthermore, we prove a variational principle
for the generalized singular value function.

1. Introduction and statement of the results. A continuous map
T : X — X on the compact metric space X is called a topological dynamical
system and we denote it by (X, T'). A matriz cocycle A on a compact metric
space X is a continuous map A : X — GL4(R) over a topological dynamical
system (X,T). For n € N and € X, we define the product of A along the
length n orbit of X as

A(z) == AT Hz))... A(z).

Let k£ € N be given. The one-sided shift X}, on k& symbols is the space
{1,...,E}N. Let T : X}, — X be the left shift map. For simplicity, we denote
it by (X, T). For each n € N, we define £, = {1,...,k}" to be the set of
all length n words of Xj. Also, we denote by M(Xy,T) the space of all
T-invariant Borel probability measures on Y.

A well-known class of matrix cocycles is formed by one-step cocycles,
defined as follows. Suppose that T : X — X is a left shift map. Given a
k-tuple A = (Aj,..., Ag) € GLg(R)* of matrices, we associate with it the
locally constant map A : X — GLg4(R) given by A(x) = A,,; this means
the matrix cocycle A depends only on the zero-th symbol zg of (x;);en. In
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this case, we say that A is a one-step cocycle. The k-tuple A of matrices is
called the generator of the cocycle A. For any length n word I = ig,...,ip—1,
we denote
.A[ = Ain—l e Aio-
Therefore, when A is a one-step cocycle,
A(x) = Ay, | - Ay

For each T-invariant probability measure u such that log [ A*!|| € L'(p),
Oseledets’ theorem ensures that for p-almost every z there exist k(zx) > 1

and an A-invariant splitting R = El @ E2 @ --- @ E¥™® such that the
Lyapunov exponents are well defined by the limits

1 .
Ai(A,z) = lim —log ||A"(z)v]| for every v € E. \ {0} .
n—oo N

We denote by x1(A,z) > -+ > x4(A, z) the Lyapunov exponents, counted
with multiplicity, of the cocycle A at z € X. Set also x;(u, A) := [ xi(A, ) du
for 1 <7 < d. We denote

2:= {(Xl(:u'vA)a <o 7Xd(,u7-A)) YRS M(Ek,T)}
We note that the Lyapunov exponents x;(.A4, x) can be computed as

1 n
Xi(A,z) = nlgn;oﬁlogai(A (x)),

where o1, ..., 04 are the singular values, listed in decreasing order according
to multiplicity. The Lyapunov spectrum of the matrix cocycle A is the set

(1.1) L={aecR?: B@) # 0},

where, for each @ := (a,...,aq) € R? the d-level set is defined by
1
(1.2) E(@) = {:1: € Xy ILm —logo;(A"(x)) = o for every 1 <i < d}.
n—oo n

When p is an ergodic invariant probability measure, y;(\A, x) is constant
for p-almost every z, for each i = 1,...,d. Since there are many ergodic in-
variant measures, the Lyapunov exponents may take different values. There-
fore, it is natural to study the size of E(&). This size is typically measured
either by the Hausdorff dimension or by the topological entropy hop(E(&))
(in the sense of [10]).

Feng and Huang [20] calculated hiop(E(&)) for special classes of linear
cocycles so that the natural family of potentials is almost additive (to be
defined in Section 2.2), extending the work of Barreira and Gelfert [7]. It is
important to note that the almost additivity condition is a strong assumption
and applies only to a restrictive set of matrix cocycles.

In this paper, we establish a variational relation between the Legendre
transform of the topological pressure of the generalized singular value func-
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tion and measure-theoretic entropies for generic one-step matrix cocycles.
As a consequence, we describe hiop(E(@)) in terms of the measure-theoretic
entropy with a vector containing all the Lyapunov exponents (with respect
to the same measure) for generic one-step matrix cocycles. This formula is
called the restricted variational principle (see Corollary .

While there are several results on the entropy spectrum of the top (or
largest) Lyapunov exponent (see e.g. [6/16,/18-20,22|), there are few results
that calculate the entropy spectrum of a vector containing all Lyapunov
exponents. The relatively small body of research on the entropy spectrum
of all Lyapunov exponents can perhaps be explained by the fact that the
behavior of the vector of all Lyapunov exponents in matrix cocycles is much
more complicated than that of the top Lyapunov exponent. We refer the
reader to [4,14}[23] for references and full details.

For q := (qu,...,qq) € R?, we define the generalized singular value func-
tion @94 (A) : R4 — [0, 00) by
(1.3) P di(A) = oy (A) - og(A)%e.

For any q := (q1,...,qq) € R%, we denote ¢7(A) := ¢p@9(A). There is
some similarity between Falconer’s singular value function ¢*(.A) (see [17])
and the generalized singular value function 19(A), as when s € [0,d], the

singular value function ¢*(A(-)) coincides with the generalized singular value
function 9% (A(-)), where

ey =(1,...,1,s —m,0,...,0),
(@ qa) = ( )

m times

and m = |s|. We should note that while Falconer’s singular value function
©*(A) is submultiplicative, the generalized singular value function ¥7(.A) is
neither submultiplicative nor supermultiplicative.

In this paper, we consider typical one-step cocycles (see Section 2| for the
definition). The assumptions of typicality are considered to be suitable gener-
alizations of the concepts of proximality and strong irreducibility within the
context of random products of matrices (cf. [21,29]). Bonatti and Viana [9]
introduced the concept of typical cocycles, showing that the set of typical
cocycles is both open and dense within the set of fiber-bunched cocycles,
and that its complement has infinite codimension. Note that they require
the fiber-bunching assumption as one of the key ingredients for the existence
of stable and unstable holonomies, which is guaranteed in the context of
one-step cocycles (see [9,22]).

The topological pressure of the generalized singular value potential
is defined by

(1.4) P*(log 9?(.A)) := limsup 1 log Z VI(Ar), VqeR<
n—oo T IeL,
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In case A is a typical cocycle, one can replace lim sup by a limit in and
we denote it by P(log¢?(A)) (see Lemma [3.1)).

The measure-theoretic entropy of T with respect to p € M(Xy,T') exists,
being defined by

where [I] is a cylinder set and 0log0 = 0. The measure p is also invari-
ant under 7™ and we have h,(T™) = mh,(T') for each m € N. For more
information on measure-theoretic entropy, we refer the reader to [27].

We denote by ri(S) the relative interior of a set S (see |28]). Our first
result is as follows:

THEOREM 1.1. Assume that (A, ..., Ax) € GLg(R)¥ generates a typical
one-step cocycle A : X — GLg(R). Then

sup{h,(T) : p € M(Zy,T), xi(p, A) = ; fori=1,...,d}
— inf {P(log$"(A)) - (g, @)}
qcR4
for & e ri(£2).
In the following corollary, we show that the restricted variational principle
of Lyapunov exponents holds for typical one-step cocycles.

COROLLARY 1.2. Assume that (A, ..., Ar) € GLg(R)* generates a typ-
ical one-step cocycle A : X — GLg(R). Then

hiopl(B(@) = inf, {Plog v¥(4)) — (d.))

=sup{hu(T) : p € M(Zy,T), xi(n, A) = o fori=1,...,d}
for all & € ri(12).

Proof. This follows from the combination of [24, Theorem A] and Theo-
rem [T =

Cao, Feng and Huang [12] proved a variational principle for subadditive
potentials. A variational principle for superadditive potentials was proved
by Cao, Pesin and Zhao [13]. ?(A) is neither supermultiplicative nor sub-
multiplicative. Therefore, one cannot use their results to prove a variational
principle for log¢?(A) for any ¢ € R Notice that the limit defining the
Lyapunov exponent,

lim {log (A" (2)) dy(x).

n—oo N

exists with respect to any invariant measure p € M(Xy,T) for any ¢ € R?

(see Remark [2.2).
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In the following result, we prove a variational principle for log?(.A) for
any ¢ € R?

THEOREM 1.3. Assume that (A, ..., A;) € GLy(R)* generates a typical
one-step cocycle A : Xy, — GL4(R). Then a variational principle holds for

{log 1(A™) }nen for any q € R?, that is,
P(logy(A))

= sup {h“(T) + nh_)n;o %Slogqpq(/w(x)) du(x) : p € M(Ek,T)}

for any q € R%.

In Section [2| we introduce some notation and preliminaries. In Section
we prove Theorem [I.3] We prove Theorem [I.1] in Section [4]

2. Preliminaries. For each n € N, we recall that £,, is the set of all
length n words on Xj. We define £ := J,cy £n to be the set of all words.
If i € £, then we define 4|, = ip---in—1 for all n € N. The empty word
i|y is denoted by @. The length of i € L is denoted by |i|. The longest
common prefix of ¢,j € L U X} is denoted by ¢ A j. The concatenation of
two words ¢ € LU X} and j € L is denoted by ji. If i € L, for some n,
then we set [i] = {j € X% : j|ln =i}. The set [i] is called a cylinder set.
A cylinder containing = = (z;)iez € X% of length n € N is defined by
[®]n = {(¥i)ien € Xk : x; = y; for all 0 < i < n — 1}. The shift space Xy
is compact in the topology generated by the cylinder sets. Moreover, the
cylinder sets are open and closed in this topology and they generate the
Borel o-algebra.

Let p € M(Xy,T) and let Z C X} be a measurable set with p(Z) > 0.
By Poincaré’s recurrence theorem, for almost every z € Z the return time
nz(xr) = min{n > 1: T"(x) € Z} is finite. This defines the induced map
Ty : Z — Z by Ty(x) = T"2@)(z). The normalized measure pz(B) =
w(B)/u(Z) is Tz-invariant, and the system (Z, Tz, uz) is called the induced
system.

2.1. Typical cocycles. We denote by Grass(k,d) the k-th Grassman-
nian, i.e., the set of all k-dimensional subspaces of R.
The eccentricity of a linear map B € GL4(R) is defined by

Fee(B) = min —21B)_
1<i<d 0441 (B)

DEFINITION 2.1. Suppose that A : X — GLg4(R) is a one-step cocycle
generated by (A1, ..., A;) € GLg(R)*. We say that A is typical if
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(i) {As}rec contains elements with arbitrarily large eccentricitys;

(ii) for any 1 < ¢ < d— 1 and any F € Grass(i,d), and any finite family
Gi,...,G, € Grass(d — i,d), there exists K € L such that Ax(F)NG;
= {0} for every 1 < j <n.

The above definition comes from [29, Section 8] and |2 Section A.4.5].
Avila and Viana [2, Section A.4.5] showed that this definition is equivalent
to the general definition of typical cocycles given in |2, Definition 1.2|. Avila
and Viana [2,[3], as well as Bonatti and Viana [9], showed that the set of
typical cocycles is open and dense. Their works are considered an extension
of Furstenberg’s work [21], in which he proved the similarity of Lyapunov
exponents under the assumptions of proximality and strong irreducibility
(see [29,130] for more details).

One can think of typicality as being an analogue of strong irreducibility
and proximality for cocycles on subshifts of finite type. In fact, it is not diffi-
cult to show that one-step GLga(R)-cocycles which are proximal and strongly
irreducible are typical.

2.2. Subadditive thermodynamic formalism. Let @ = {log ¢y, }nen
be a subadditive potential over a full shift (X, T), i.e., each ¢, is a continuous
positive-valued function on X such that

0< ¢n+m(x) < ¢n(x)¢m(Tn($)) Vo € X, m,n € N.

Similarly, we call a sequence ¢ = {log ¢y, }nen of continuous functions
(potentials) superadditive if —® = {—log ¢, }nen is subadditive.

Moreover, @ = {log ¢,,}°2; is said to be an almost additive potential if
there exists a constant C' > 0 such that for any m,n € N and « € X}, we

have
C™ () pm (T™)(2) < Gnim(x) < Con(m) (T ().

The subadditive variational principle (see |12]|) states that

1) (@) =sup { (D) + lim  §loga(0)dute) s i € M(ELT) .

where P(®) is the topological pressure of the subadditive potential ¢ and
hu(T) is the measure-theoretic entropy. Moreover, the superadditive varia-
tional principle was proved in [13].

Let A: X — GLg(R) be a matrix cocycle over a full shift (X, T"). The
submultiplicativity of the norm || - || implies that ||.A|| is submultiplicative in
the sense that for any m,n € N and x € Xy,

0 < [[A™F™ (@) < AT (@) [ A™ ()]

This gives rise to a norm potential {log ||.A"||}en. Therefore, we can use the
variational principle for topological pressure for the potential {log ||.A™||}nen-
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Let p € M(Xy,T) and let Z C X}, be a measurable set with pu(Z) > 0.
We define the induced cocycle by Az(z) = A™#)(z) over the induced system
(Z,Tz). Wojtkowski [31] showed that

(2.2) vi(nz, Az) = (§nz(@) duz (@) )y (s A).
Z

Assume that (Ay,..., A;) € GLg(R)* generates a one-step cocycle A :
Y — GLg(R). We denote @an = (logoi(A"),...,logoy(A")) for any
n € N. For any n € N and ¢ € R?, we have (g, ®4») = log)?(A™).

We will also make use of the exterior product cocycle AN for 1 < m <
d — 1, where A"™(x) is considered as a linear transformation on (R%)"\™.
Observe that exterior powers commute with iteration and induction, namely

(2.3) (A" (@)™ = (AN™)" (2)
for all n € N.
REMARK 2.2. For any ¢ = (¢q1,...,94) € R?, we can write
d
(2.4) YA = T I,
i=1

where t; = ¢i — giy1 and gay1 = 0 for i € {1,...,d}. Since || A" is ei-
ther submultiplicative or supermultiplicative, lim,_, % {log ||AQ‘Z” % du(z)

exists for any invariant measure p € M(X, T). Thus,

. 1
Jim —Vlog?(Aq,) dp()

exists. Moreover, for a measurable set Z C X with p(Z) > 0, we have

lim lSlog1/1‘1((AZ)"(33)) z(x) . 3 th x1(pz, A%

n—oo N

=1
= (| nz(e) duz(a )thm (1 A™)
Z =1
= ({n2(e) duz(a)) Tim ~ {log y9(A"(x)) du(x).

Z

3. Proof of Theorem We recall that 1)9(.A) is neither supermulti-
plicative nor submultiplicative. For one-step cocycles, the limsup topological
pressure of log¢?(A) is defined in (1.4). When the limit exists, we denote
the topological pressure by P(log?(.A)).

LEMMA 3.1. Assume that (A1, ..., Ay) € GLg(R)* generates a typical
one-step cocycle A : X — GLg(R). Then the limit defining P*(logy?(A))
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exists for any q € R Moreover, P(log¢(A)) is a convex function of q
in R?,

Proof. By |26, Theorem 4.1], typical cocycles are simultaneously quasi-
multiplicative (see |24, Remark 3.4|). Hence, we immediately obtain the exis-
tence of the limit by |24, Lemma 3.1]. Moreover, the convexity of P(log¢4(.A))
follows by a standard argument (see [27]). =

THEOREM 3.2. Assume that (Ayq, ..., Ax) € GLg(R)* generates a typical
one-step cocycle A : X — GLg(R). Then

sup {1 (T) + lim - Jlog (A" (o)) di(o) : 1 € M(51.T) } < Plog ()

for any q € R,
Proof. We recall the following inequality (see [11]):

m m
> pilei —logpi) <log Y e,
i=1

i=1
where ¢; € R, p; > 0 and > " p; = 1.
Assume that € M(X, T). Then » ;. p([I]) = 1. Thus, by using the
above inequality,

LS () log (1)) +log t(An) < log 3 (A

Iely 1eln

for any ¢ € R%.
By Lemma and Remark the limits defining P(log¢9(A)) and
limp o0 = §log Y2(A™(2))dp(z) exist for any ¢ € R?, respectively. Letting
n — 00 gives
log ¢¥4( A,
h(T) + lim gi‘w a,)
n

n—oo

du(z) < P(log¢?(A)).

Therefore,

sup {hu(T) + JLH;O%Slogwq(A"(x)) du(x) : p € M(Zk,T)}

< P(log(A)). =
Let A be a compact set in GLg(R). We say that A is dominated of

index 1 if there exist C' > 0 and 0 < 7 < 1 such that for any finite sequence
Aq,..., Ay in A we have

oit1(A1- - An)

oi(Ar - Ay)

A one-step cocycle A generated by A is dominated of index i if A is
dominated of index i (see [8]). We also say that A is dominated if it is

<oV,
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dominated of index ¢ for each i € {1,...,d—1}. Similarly, a one-step cocycle
A generated by A is dominated if A is dominated (see [§]).

THEOREM 3.3 (|24, Corollary 4.6]). Assume that (A1, ..., Ay) € GLg(R)*
generates a typical one-step cocycle A: X, — GL4(R). Then there exists
Ky €N such that for every n €N and I € L,, there exist Jo = Jo(I) and
J1=J1(1) with |J;| < Ko for i =1,2 such that the tuple

(Ak)ecrp, where LP = {(h(DIJ(I): 1T €L},
18 dominated.

Note that for each I € LP we have |I| € [n,n + 2Kg]. Let A : X} —
GL4(R) be a typical one-step cocycle. By Theorem the one-step cocy-
cle B : (LPYN — GL4(R) over a full shift ((L2)N, f) defined by B(w) :=
A, (1)175(1), Where B depends only on the zero-th symbol Ji(I)IJ2(I) of

w € (LP)N is dominated. Tt is easy to see that (LP)N c 5. We denote
U(B) = (logoi(B),...,logoq(B)).

We define a pressure on the dominated subsystem L£LP by setting

. 1
P,p(logy) := lim —log Z o(ly...Iny)

m—oo M
11,...,ImEEE
whenever ¢ : £L — R>q is submultiplicative, i.e.,

e)p(J) = (L J).
forall I,J € £ with IJ € L.
Let 2 : X — GL4(R) be a one-step cocycle. If the cocycle 2 is dominated
of index i, then {log o; (™)} en is almost additive by |22, Proposition 5.8]
(see also [24, Remark 4.2|). Note that the domination property can also be

characterized in terms of existence of invariant cone fields (see |8, Theo-
rem BJ).

LEMMA 3.4. Assume that (A1,...,A) € GLg(R)* generates a typical
one-step cocycle A : Xy — GLg(R). Then the potential {{q,¥(B"))}nen is
almost additive for any q € R%.

Proof. As explained above, the one-step cocycle B : (LP)N — GL4(R)
over a full shift ((LP)N) f) is dominated. Therefore, {logo;(B")}nen is al-
most additive for each i € {1,...,d — 1} by |22, Proposition 5.8|. Hence,
{{q,¥(B"™)) }nen is almost additive for any ¢ € R%. u

The following proposition could be seen as a generalization of [15, Propo-
sition 5.2|, with statement for general ergodic measures as opposed to the
measure of maximal entropy.

PROPOSITION 3.5. Assume that (Ay,...,A;) € GLg(R)* generates a
typical one-step cocycle A : Xy — GLg(R). There exists Ko > 1 such that
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for eachn > 2K there is a dominated one-step cocycle B : (LP)N — GL4(R)
over a compact full shift (LP)YN, f) (depending on n) satisfying the following:
For any ' € M((LPYN, f), there is p € M(Xy, T) such that

n+2KQ
n

(3.1) by (F) < (n + 2Ko)h,(T) + log(2K + 1)

and

(32)  lim (g W(B"(@) di(2)

m—00 M,

< (n + 2Ko) Jlog ¢?(A™ (2)) dp(x).

. 1
lim —
m—o0 M
Proof. There is a natural projection
7 (LW 5 5y
given by the substitution map. In this projection, each symbol I € EE is
mapped to a word of length in [n,n + 2Kj).
For any u' € M((LP)N, f), the image v = 7. () is not T-invariant on X.
To make it invariant, define
1]—1

N:% > T lem)),

IeL? i=0

where C[I] is the cylinder in (LP)N consisting of sequences whose first symbol
is I, and
Z="Y U/ (CH)

IecL?

is the normalizing constant, with n < Z < n + 2Ky. The measures p thus
obtained are supported in the space
n+2Ko—1
o= U TEE)).
i=0

If the projection 7 : (LP)N — X’ were injective, or equivalently if the infi-
nite sequences in X’ were uniquely decipherable as concatenations of words
from £ then the Abramov formula [1] would give us

hy (f) = hy(T) - \n(I) dp/ (C[1]) < (n + 2Ko)h,(T),

where n(I) is the return time map. However, those sequences are in general
not uniquely decipherable, which leads to a (possible) drop of the measure-
theoretic entropy. On the other hand, this nonunique decipherability is not
very strong. That is, any word W € {1,...,k} of length N > n can be
presented as a concatenation of words from L2 (with the first and last words
possibly incomplete) in no more than (2Ko+1)'"/" ways. Indeed, fixing the
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partition means fixing the partition points, which are at distance at least n
and at most n + 2Kj from each other. That is, at most 1 + N/n times we
have to make a decision, and this decision can be made in 2Ky + 1 ways,
hence the formula.

Thus, the noninjectivity can decrease the measure-theoretic entropy with
respect to pu by at most

1 1
lim — log(2K + 1)/ — Z1og(2Ky + 1
NgnooNog( 0+1) nog( o+1)

(compared with the ‘ideal’ situation given by the Abramov formula [1]),
which ends the proof of (3.1)).

Similarly, (3.2]) follows from Remark "

THEOREM 3.6 {24, Theorem 4.8]). Assume that (Ay,. .., Ay) € GLg(R)*
generates a typical one-step cocycle A : X, — GLg(R). Then

lin, —Po((a, W(5)) = Pllog y7(4)

n—oo

for each q € R (uniformly on compact subsets).

Now, we are in a position to prove Theorem

Proof of Theorem|1.5. Since {(q,¥(B™))}men is almost additive for each
q € R? (see Lemma [3.4)), we have a variational principle for (g, #(B™)), i.e.,

(3.3)  Pup({(q,¥(B)))

—sup {0+ fim_ 0. DB @) aute) s s € MULDY 1) .

m—00 M,

For any ¢ € R, by [5, Theorem 10.1.9], the supremum is attained by a
unique ergodic equilibrium state pf, € M((LD)N, f), which has the Gibbs
property. Therefore,

(3-4) Pop((q,¥(B))) = hys (f) + lim lS<61,W(3m(30))>du%(év)~

m—o0 M,

Note that for uh € M((LP)N, f), there is v € M(Zy, T) such that

(35)  lim (g, ¥(B"(x))) dul ()

m—oo M,
1 m
< (n+2Ko) lim — |log!(A™ () dvi(x)
and
(3.6)  hu(f) < (0 + 2Ko)hyg (1) + 250 10g (2 +1),

by Proposition [3.5
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By (3.3)-(.6) and Theorem [3.2]
1
B1) (e V()

D Lo o)+ i L @r@ @i ne M)

(9 + Jim (0 2B () )

B-9B-5) n + 2K, 1
: q m q
s (hyg(T)Jrn}gréomSlogw (A" (2)) dvi(x) )
n+ 2

+ TKO log(2Ko + 1)
P . {hu(T) + lim lSloa(wq(w‘lm(fﬂ))allﬁ(gf) e M(E’“T)}

m—o00 M,

n + 2K
+ TO log(2Ko + 1)

ThBEZ 1, + 2K, 2K
< %P(log PI(A)) + % log(2Ky + 1).

The statement follows from Theorem [3.6] by letting n — co. =

4. Proof of Theorem As an application of Legendre transform,
we have the following theorem:

THEOREM 4.1. Assume that S is a nonempty, convex set in R? and let
g:S — R be a concave function. Set

Z(x) =sup{g(a) + (a,z) :a € S}, x€RY,
G(a) =inf {Z(z) — (a,z) :z € RY}, a€S.
Then G(a) = g(a) for a € ri(S).
Proof. See, e.g., |20, Corollary 2.5|. =
Now, we prove Theorem

Proof of Theorem[1.1 {2 is nonempty and convex. We define g : 2 — R
by
9(a@) = sup {hy(T) : p € M(Zk, T), (xa (i A)s - -+, xalp, A)) = a}.
Since the entropy map p — h,,(T) is concave and the Lyapunov exponent
map g — (x1(p, A), ..., xa(p, A)) is affine, convex combinations of invariant
measures preserve the constraint and do not decrease entropy. Taking the

supremum over such measures therefore shows that g is a real-valued concave
function on 2. We define

Z(z) :=sup {g(@) + (&, z) : d € 2}, zeR™L
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Let S: R? — RU {400} be the function which agrees with —g on {2 but
is +00 everywhere else. Then S is convex and has {2 as its effective domain,
ie, 2 = {x : S(x) < oco}. By its definition, Z is equal to the conjugate
function of S, so Z is a convex function on R? by the Legendre transform
property (see |22, Section 3.2|).

We have

9(@) = inf {Z(z)—(d,z)}
zER?
for all @ € ri(£2), by Theorem [4.1]

By Lemma P(log9(A)) is a convex function of ¢ in R%. Then, by

Theorem (variational principle),

Z(q) = P(logy’(A)) Vg€ R
Thus,

(4.1)  sup{hu(T):p e M(X,T), xi(pt, A) =g fori=1,...,d}
— inf {Pog ¥1(A)) - (0.}

for @ €ri(£2). =

5. Remarks. Assume that (A, ..., A;) € GLg(R)* generates a one-step
cocycle A : X — GL4(R). We consider the potential G; := {tlog ||.A"|| }nen,
which is subadditive when ¢ > 0 and superadditive when ¢ < 0. We are
going to discuss the existence of an equilibrium measure for G;. In the sub-
additive case, the supremum of the variational principle is attained as
the measure-theoretic entropy and the Lyapunov exponent are upper semi-
continuous, so there exists an equilibrium measure for G;. In contrast, when
t < 0, the functional p — ¢ x1(p,.A) is lower semicontinuous, and equilibrium
measures may fail to exist. We refer to |25] for further details.

Finally, observe that G; is a special case of the potential {log ¥)?(A™)},en
with ¢ = (¢,0,...,0). This naturally leads to the following question:

QUESTION 5.1. Assume that (A1, ..., Ay) € GL(d,R)* generates a typi-
cal one-step cocycle A : X — GL(d,R). Is the supremum in the variational
principle in Theorem [L.3] attained?

The answer to this question determines whether an equilibrium measure
for the potential log19(A) exists.
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