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On L-functions of
Hecke characters and anticyclotomic towers
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Haijun Jia

Abstract. We generalize a result of Rohrlich (1984). Let K/Q be an imaginary
quadratic field and ϕ be a Hecke character of K of infinite type (1, 0) whose restric-
tion to Q is the quadratic character corresponding to K/Q. We consider a class of Hecke
characters χ, which are anticyclotomic twists of ϕ with ramification in a prescribed finite
set of primes. We prove that the central vanishing order of the Hecke L-function L(s, χ)
attached to each χ is 0 or 1 depending on the root number W (χ) for all but finitely many
such χ.

1. Introduction. Let K be an imaginary quadratic field with class num-
ber h and O be the ring of integers of K. Let M be an abelian extension
of K which can be infinite. We say M/K is anticyclotomic if the nontrivial
element of Gal(K/Q) acts on Gal(M/K) by inversion. Let P be a fixed finite
set of rational primes. Let L be the compositum of all anticyclotomic exten-
sions of K which are unramified outside P . The field L can also be described
as the union of all ring class fields of K with conductor divisible only by
primes in P . Using class field theory, we know that Gal(L/K) is isomorphic
to the product of a finite group and the group∏

p∈P
Zp,

where Zp is the ring of p-adic integers.
Let ϕ be a Hecke character (also called Grössencharacter in the literature)

of K with infinite type (1, 0), and f(ϕ) be the conductor of ϕ. We say ϕ
is equivariant with respect to complex conjugation (or just equivariant for
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2 H. Jia

simplicity) if for all integral ideals a of K, we have
ϕ(ā) = ϕ(a).

In the following, we assume that ϕ is equivariant with respect to complex
conjugation.

For a given finite order character ρ : Gal(L/K) → C×, we view it as an
idele class character through

A×
K/K× ≃ Gal(Kab/K) ↠ Gal(L/K) → C×,

and we let ϕρ denote the primitive Hecke character given by their product.
Let

X = {χ | χ = ϕρ for some finite order character ρ of Gal(L/K)}.
We note that ρ is equivariant because L/K is anticyclotomic, so χ is also

equivariant for all χ ∈ X. Hence

L(s, χ) =
∑
a

χ(a)Na−s =
∑
a

χ(ā)Na−s =
∑
a

χ(a)Na−s = L(s, χ̄).

For any real number s,

L(s, χ̄) = lim
t→∞

∑
Na≤t

χ̄(a)Na−s = lim
t→∞

∑
Na≤t

χ(a)Na−s = L(s, χ),

so L(s, χ) is real. Therefore, in the functional equation
Λ(s, χ) = W (χ)Λ(2− s, χ̄) = W (χ)Λ(2− s, χ),

the root number W (χ) is 1 or −1, and W (χ) determines the parity of the
vanishing order of L(s, χ) at s = 1. Here Λ is the completed L-function which
is defined exactly in (2.10) below. However, W (χ) in fact almost determines
the vanishing order, and we give the main result of this paper:

Theorem 1.1. For all but finitely many χ ∈ X,

ords=1 L(s, χ) =

{
0 if W (χ) = 1,
1 if W (χ) = −1.

Our result is a generalization of that of Rohrlich [Roh84], who actually
proved the case when the class number h of K is 1. As there are only nine
imaginary quadratic fields with class number 1, it is desirable to remove the
class number 1 assumption. We explain this from an arithmetic point of view.
We know that there is a cusp form of weight 2, which has trivial central char-
acter in our case, associated with χ (see [Hec59, Shi71a, Shi72]). Then there
is an abelian variety A associated to this cusp form (see [DDT95, Definition
1.44]). This abelian variety has to be defined over Q and of GL2-type, and
has complex multiplication over K as well (see [YZZ13, Chapter 3.2] for the
definition of GL2-type, and see [Mil] for the definition of abelian variety with
complex multiplication). Every elliptic curve defined over Q with complex
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multiplication by the ring of integers O of K can be obtained through this
approach. This is because for each elliptic curve E of this type, there is a
Hecke character ϕ of K associated to E, i.e. satisfying

L(s, E/Q) = L(s, ϕ),

by Deuring’s result (see [Sil94, Chapter II, Theorem 10.5]). This Hecke char-
acter is equivariant because it is determined by an elliptic curve over Q (see
[Shi71b, p. 519, (4.6)]), and also has infinite type (1, 0), so we use the same
notation ϕ when we state our main result. E is given by this ϕ under the
corresponding principle. Note that the class number h of K must be 1 if
this kind of elliptic curves exists. Rohrlich [Roh84] proved the same theorem
for this kind of Hecke characters given by elliptic curves, and his calculation
relies on the assumption that K has class number 1. Our main result does
not need this assumption. So it can be viewed as a generalization from ellip-
tic curves to abelian varieties defined over Q and of GL2-type with complex
multiplication over K. Even earlier, Greenberg proved the case of an elliptic
curve E where P consists of a single prime (except 2, 3) of ordinary reduction
for E (see [Gre83, Theorem 3 and Proposition 8, and the argument before
Theorem 3]). The method of Greenberg is quite different.

The proof of Theorem 1.1 follows the pattern of [Roh84]. A key ingredient
of [Roh84] is the following conclusion. Given χ ∈ X and a field automorphism
σ of C, let χσ : a 7→ χ(a)σ. Then we have

L(1, χ) = 0 =⇒ L(1, χσ) = 0,

W (χ) = −1 and L′(s, χ) = 0 =⇒ L′(s, χσ) = 0.

The first statement follows from [Shi76, Shi77], and the second from [GZ83].
These results allow us to take a suitable kind of average. Another key in-
gredient of [Roh84] is Ridout’s p-adic version of Roth’s theorem [Rid58].
Rohrlich uses it to give an important estimation, which we shall use later.

Our contribution is in the transition to Roth’s theorem. The main dif-
ficulty is that the Hecke character has no good description on nonprincipal
ideals. A novel point of our work is to formulate the restriction given by χ
on nonprincipal ideals. More precisely, for each integral ideal a which con-
tributes to the average, every generator of ah must satisfy a strict restriction
given by χ. Another point is to give a more general version of the Main
Lemma of Rohrlich – it is necessary to work with certain hth radicals in
each local part so that we can apply Rohrlich’s estimation directly to get
the right bound for a crucial set.

2. L-functions. We retain the above notations. Define v = v(χ) = 0
or 1 through W (χ) = (−1)v(χ). We want to prove that for all but finitely
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many χ ∈ X,
L(v)(1, χ) ̸= 0.

We recall some basic notations and results about Hecke characters. Let I
be the group of nonzero fractional ideals and P be the subgroup of nonzero
principal ideals. Given an integral ideal b of K, we say that a fractional ideal
a ∈ I is coprime to b if no prime ideal dividing b occurs in the factorization
of a as a product of prime ideals. The multiplicative group consisting of
such a will be denoted Ib, and the subgroup P ∩ Ib will be denoted P (b).
We say an element α ∈ K× is coprime to b if αO ∈ P (b), and we write
K(b) for the subgroup of K× consisting of all such α. Given α ∈ K×, we
write α ≡ 1 mod b to mean that for every prime ideal p dividing b, we have
vp(α − 1) ≥ ordp b, where vp is the valuation associated to p and ordp b is
the multiplicity of p in b. The set of such α is a subgroup Kb of K(b).

Now ϕ is a character of If(ϕ) and we write ϕ(a) = 0 if a ∈ I is not coprime
to f(ϕ). We know that there exists

(2.1) ϵ1 : K(f(ϕ)) → K(f(ϕ))/Kf(ϕ) ≃ (O/f(ϕ))× → C×

such that

(2.2) ϕ(wO) = ϵ1(w)w, ∀w ∈ K×.

Here we set ϵ1(w) = 0 if w is not coprime to the conductor. In particular, let

(2.3) ϕ(nO) = κ1(n)n, ∀n ∈ Z.

Then

(2.4) κ1(n) = ϕ(nO)n−1

is a Dirichlet character. Let κ be the quadratic Dirichlet character corre-
sponding to K/Q. The following proposition is an equivalent description of
equivariant Hecke characters with infinite type (1, 0). This is used in the
argument of Rohrlich [Roh84, Section 1].

Proposition 2.1. Let ϕ be as above, but we do not assume ϕ is equiv-
ariant here. Then the following are equivalent:

(1) ϕ(ā) = ϕ̄(a) for every integral ideal a.
(2) κ1 is a quadratic Dirichlet character, and it coincides with κ on rational

integers coprime to N f(ϕ), where N denotes the absolute norm. More-
over, ϕ(a) = 0 for an integral ideal a implies ϕ(ā) = 0.

Proof. (1)⇒(2). If ϕ(a) = 0, then ϕ(ā) = ϕ̄(a) = 0, so we may assume
ϕ(a) ̸= 0. Note

κ1(n) = ϕ(nO)n−1 = ϕ(nO)n−1 = κ1(n).
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This means that κ1 is a quadratic Dirichlet character. Assume κ1 is a char-
acter of (Z/mZ)×. Then

κ1(−n) = ϕ1(nO)(−n)−1 = −κ1(n), so κ1(−1) = −1.

So κ1 is nontrivial, hence it equals 1 on half of the residue classes of (Z/mZ)×,
and −1 on the other half.

For each integral ideal a of K which is coprime to f(ϕ),

κ1(Na) = ϕ(Na · O)Na−1 = ϕ(a)ϕ(ā)Na−1 = ϕ(a)ϕ̄(a)Na−1 = 1.

Here we use the fact that for the infinite type (1, 0) Hecke character ϕ, we
have ϕ(a)ϕ̄(a) = Na. Therefore, κ1(p) = 1 for each prime p which is coprime
to N f(ϕ) and splits in K. These primes take up half of the residue classes of
(Z/mZ)×, because they have Dirichlet density 1/2. So the other half of the
residue classes of (Z/mZ)× will be taken up by primes which are inert in K,
and κ1 takes value −1 on that half. Recall that κ(p) = 1 if p splits in K,
and κ(p) = −1 if p is inert in K. So we get the conclusion.

(2)⇒(1). If ϕ(a) = ϕ(ā) = 0, then (1) is obvious. Hence we may assume
ϕ(a) ̸= 0. Since ϕ has infinite type (1, 0), we get ϕ(a)ϕ̄(a) = Na. Using
condition (2) and the definition of κ1, and noting that κ(Na) = 1 for each
integral ideal a if κ(Na) ̸= 0, we get

ϕ(a)ϕ(ā)Na−1 = κ1(Na) = κ(Na) = 1,

and hence ϕ(a)ϕ(ā) = Na. Therefore

ϕ(a)ϕ̄(a) = ϕ(a)ϕ(ā)

and so ϕ̄(a) = ϕ(ā) since ϕ(a) ̸= 0.

We also need a technical reduction. Let R(χ) be the set of rational prime
factors of N f(χ). Then R(χ) is a finite subset of R(ϕ) ∪ P . In particular,
there are only finitely many possibilities for R(χ). Therefore, we fix a subset
R ⊆ R(ϕ) ∪ P , and let

Y = {χ ∈ X | R(χ) = R}.

It will be sufficient to show that L(v)(1, χ) ̸= 0 for all but finitely many
χ ∈ Y .

For χ ∈ Y , let

(2.5) ϵ : K(f(χ)) → K(f(χ))/Kf(χ) ≃ (O/f(χ))× → C×

be such that

(2.6) χ(wO) = ϵ(w)w, ∀w ∈ K×.

Here we also set ϵ(w) = 0 if w is not coprime to χ. We have shown that

(2.7) χ(nO) = κ(n)n, ∀n ∈ Z coprime to f(χ).
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Now we begin to deal with L-functions. Let

A = (2π)−1|discriminant of K|1/2,(2.8)

f = f(χ) = (N f(χ))1/2,(2.9)
Λ(s, χ) = Γ (s)(Af)sL(s, χ).(2.10)

The functional equation is

(2.11) Λ(s, χ) = W (χ)Λ(2− s, χ).

Let K(χ) be the finite extension of K generated by the values of χ. Let
σ be a K-automorphism of C. Define the Hecke character χσ by

(2.12) χσ(a) = (χ(a))σ

for all integral ideals a. Then χσ has infinite type (1, 0).
We consider

(2.13) L(v)(1, χ)av = [K(χ) : K]−1
∑
σ

L(v)(1, χσ),

where σ runs through the set of automorphisms of C which restrict to the
distinct embeddings of K(χ) over K. The reason that this average can sim-
plify the problem is the following. Suppose L(v)(1, χ) = 0. Then by the
implications

L(1, χ) = 0 =⇒ L(1, χσ) = 0,

W (χ) = −1 and L′(s, χ) = 0 =⇒ L′(s, χσ) = 0,

which we have mentioned in the introduction, we know that every L(v)(1, χσ)
is zero. In particular, L(v)(1, χ)av = 0. On the other hand, we shall prove that
L(v)(1, χ)av ̸= 0 when f(χ) is sufficiently large. This will prove the theorem,
because there are only finitely many χ ∈ Y such that f(χ) lies below a given
bound. We define

(2.14) χav(a) = [K(χ) : K]−1
∑
σ

χ(a)σ = [K(χ) : K]−1TrK(χ)/K(χ(a)).

For χ ∈ Y , let N (χ, t) denote the set of integral ideals a of K satisfying
the following conditions:

(1) χav(a) ̸= 0;
(2) a ̸= ā;
(3) Na ≤ t.

Let N(χ, t) be the cardinality of N (χ, t).
The following two propositions about N(χ, t) will be proved in the next

section:

Proposition 2.2. Fix a < 1. If f = f(χ) is sufficiently large, then

N(χ, fa) = 0.
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Proposition 2.3. There exist numbers b > 1 and r < 1/2 such that if
f = f(χ) is sufficiently large, then

N(χ, f b) < f r.

Now assuming Propositions 2.2 and 2.3, we can follow the discussion in
Rohrlich [Roh84] to obtain the asymptotic property of L(1, χ)av when f goes
to infinity: {

L(1, χ)av → 2L(1, κ) if W (χ) = 1,

L′(1, χ)av ∼ 2L(1, κ) log(Af) if W (χ) = −1.

We refer to Rohrlich [Roh84, Section 1], or to the arXiv version of the
present paper 2412.05867v1, for the detailed proof. We say a few words about
N (χ, t) here. In the proof, the functional equation is involved and L(s, χ)av
can be written as a sum in terms of χav(a), where a is an integral ideal.
Only a such that χav(a) ̸= 0 contribute to the sum, so condition (1) in the
definition of N (χ, t) should appear. If one checks the proof, it will be found
that the sum of a = ā terms forms the main term, and the sum of a ̸= ā
terms forms the error term. So condition (2) in the definition of N (χ, t)
should appear as well. Hence N (χ, t) should be considered.

There are two points which should be additionally verified when applying
Rohrlich’s method. The first point is that we know χσ is still an equivariant
Hecke character because of Proposition 2.1 although it may not be in Y .
Note that χσ is in Y in the class number 1 case. The second point is that
the formula [Roh84, (16)]

(2.15) W (χσ) = W (χ)

should be verified in the general case rather than in the class number 1 case.
We write it as a proposition.

Proposition 2.4. Let χ be an equivariant Hecke character of infinite
type (1, 0). Let σ be a K-automorphism of C. Then

W (χσ) = W (χ).

Proof. There is an explicit formula for W (χ) (see [Miy89, p. 93, Theorem
3.3.1]). Let D be the different ideal of K, i.e. the integral ideal of K such
that

(2.16) D−1 = {a ∈ K | TrK/Q(ab) ∈ Z, ∀b ∈ O}.

For a quadratic field K = Q(
√
D), we have

(2.17) D =

{
(2
√
D)O ifD ≡ 2, 3 mod 4,√

DO ifD ≡ 1 mod 4.

http://arxiv.org/abs/2412.05867v1
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Take an integral ideal c such that f(χ)c = bO, b ∈ O, and f(χ) is coprime
to c. Let δ be a generator of D. Then by [Miy89, Theorem 3.3.1, p. 93], we
have

(2.18) W (χ) = (−i) · f−1 · δ

|δ|
· b

|b|
· N(c)1/2

χ(c)
·
∑
w

ϵ(w)e2πiTrK/Q(
w
δb

),

where w runs through the representatives of c/f(χ)c. We may assume that
δ/|δ| = i. Then we substitute f = N(f(χ))1/2, |b| = N(f(χ)c)1/2, and let
c(χ) = b

N(f(χ))χ(c)
−1. Then

(2.19)

W (χ) =
b

N(f(χ))
χ(c)−1

∑
w

ϵ(w)e2πiTrK/Q(
w
δb

) = c(χ)
∑
w

ϵ(w)e2πiTrK/Q(
w
δb

).

Let ξ be a root of unity such that Q(ξ) includes K and all roots of unity
e2πiTrK/Q(

w
δb

). Let σ(ξ) = ξm, where m is a positive integer. We apply σ to
W (χ) (recall that W (χ) = 1 or −1) to get

(2.20) W (χ) = c(χσ)
∑
w

ϵ(w)σe2πiTrK/Q(
mw
δb

).

Taking n ∈ Z such that nm ≡ 1 mod f(χ) and replacing w by nw in the
above equation, we have

(2.21) W (χ) = κ(n)W (χσ),

where we use ϵ(nw) = κ(n)ϵ(w). Note that κ(n) = κ(m) = 1, because a
description of κ is Gal(Q(ξ′)/Q) → Gal(K/Q) ≃ {±1}, for a suitable root
of unity ξ′, and we have assumed σ fixes K.

By the two points described pior to (2.15), we can show that the state-
ment before formula (17) in [Roh84], ‘...whence formula (14) remains true
(with the same v and f) if χ is replaced by χσ’, holds true in our case.

Now we can use the asymptotic property of L(1, χ)av when f goes to in-
finity and the well-known result L(1, κ) ̸= 0 to obtain L(1, χ)av ̸= 0 when f is
sufficiently large, and thus finish the proof of the theorem under the assump-
tion of Propositions 2.2 and 2.3. Hence, it remains to prove the propositions.

3. The proof of Propositions 2.2 and 2.3. We shall convert Propo-
sitions 2.2 and 2.3 into statements about pairs of rational integers. The final
form is exactly the estimation given by Rohrlich, which will finish the proof.
We begin with a lemma about the trace of a root of unity.

Lemma 3.1. Let F be a number field, and ξ be a root of unity of order N.
Then there is a positive integer µ only depending on F such that if there
exists a prime p satisfying pµ |N, then TrF (ξ)/F (ξ) = 0.
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Proof. We prove that for a fixed prime p, there is a positive integer µp,
depending on F and p, such that if pµp |N , then TrF (ξ)/F (ξ) = 0, and we
can take µp = 2 for all but finitely many p.

Let ξ = ζη, where ζ is a root of unity of order pk, and η is a root of unity
of order coprime to p. Let F p and Qp denote the fields generated by all roots
of unity of p-power order over F and Q respectively. View Gal(F p/F ) as a
subgroup of Gal(Qp/Q) ≃ Z×

p through Gal(F p/F ) ≃ Gal(Qp/Qp ∩F ). Take
µp ≥ 2 such that the inertia subgroup at some prime of F over p contains
1+ pµp−1Zp. Then the ramification index of F (ζ)/F (ζp) over this prime is p
when k ≥ µp. Since F (ξ)/F (ζ) and F (ξp)/F (ζp) are unramified at every
prime over p, the ramification index of F (ξ)/F (ξp) at some prime over p is p
when pµp |N . In particular, [F (ξ) : F (ξp)] = p, thus TrF (ξ)/F (ξ) = 0.

Note that we can take µp = 2 if Qp ∩ F = Q, and this is true for all but
finitely many p. So the constant

µ = max
p|[F :Q]

µp

satisfies our demand.

We define some notations before applying Lemma 3.1. Fix an ideal class
of K. Let a0 be a fractional ideal in this class such that a0 is coprime to f(χ)
and every integral ideal in this class can be written as wa0 (w ∈ O). Let
N0(χ, t) be the set of all integral ideals a satisfying the following conditions:

(1) χav(a) ̸= 0;
(2) a ̸= ā;
(3) Na ≤ t;
(4) a is in the ideal class of a0.

Thus N0(χ, t) is a subset of N (χ, t). Let N0(χ, t) be the cardinality of
N0(χ, t). It suffices to prove N0(χ, t) satisfies the same bound as in Proposi-
tions 2.2 and 2.3 since the class number is finite.

Let ah0 = w0O and fix p ∈ R. Consider the natural embedding
O → O ⊗ Zp.

Then
w0 ∈ (O ⊗ Zp)

× ≃
∏
v|p

O×
v ,

where Ov is the completion of O with respect to v. This is because we have
assumed that a0 is coprime to f(χ) and p ∈ R, so w0 ∈ O×

v for all v | p. Recall

(3.1) O×
v ≃ µq−1 ⊕ µpa ⊕ Z[kv :Qp]

p ,

where q is the cardinality of the residue field, µ with a subscript denotes the
group of roots of unity of a certain order, and a is a positive integer. Hence
(3.2) (O ⊗ Zp)

× ≃ finite group ⊕ Z2
p.
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We know there exists a character ϵp of (O ⊗ Zp)
× for each p ∈ R such

that

(3.3) ϵ(w) =
∏
p∈R

ϵp(w), ∀w ∈ O.

Here ϵp is extended to O⊗Zp by setting it to be 0 on nonunits. This decom-
position can be found in [Roh, Lecture 2].

Now we apply Lemma 3.1 to get the following lemma.

Lemma 3.2. There exists a positive integer µ such that if χav(a) ̸= 0,
then the order of ϵp(whw0) is not divisible by pµ for any p ∈ R.

Proof. Let a = wa0. Note that

χ(a)h = χ(ah) = χ(whw0O) = ϵ(whw0)w
hw0,

thus χ(a) has the form ζw h
√
w0, where h

√
w0 is a fixed hth radical of w0 in

C (we do not care which one), and ζ is a root of unity. Hence

χav(a) = TrK(χ)/K(ζw h
√
w0)(3.4)

=
1

n
TrK(χ, h

√
w0)/K(ζw h

√
w0)

=
1

n
TrK( h

√
w0)/K(TrK(χ, h

√
w0)/K( h

√
w0)(ζw

h
√
w0))

=
1

n
TrK( h

√
w0)/K(w h

√
w0TrK(χ, h

√
w0)/K( h

√
w0)(ζ)),

where n = [K(χ, h
√
w0) : K(χ)]. Therefore,

χav(a) ̸= 0 =⇒ TrK(χ, h
√
w0)/K( h

√
w0)(ζ) ̸= 0.

Applying Lemma 3.1 to K( h
√
w0), we find that

• there exists a positive integer µ1 such that if χav(a) ̸= 0 then the order of
ζ is not divisible by pµ1 for any prime p.

Thus

• there exists a positive integer µ2 such that if χav(a) ̸= 0 then the order of
ϵ(whw0) = ζh is not divisible by pµ2 for any prime p.

Therefore

• there exists a positive integer µ such that if χav(a) ̸= 0 then the order of
ϵp(w

hw0) is not divisible by pµ for any p ∈ R.

This is because for every w ∈ O,

ϵ(w) = ϵp(w)
∏

l∈R, l ̸=p

ϵl(w),

and the power of p in the order of ϵl(w) is controlled by a constant because
(O ⊗ Zl)

× is the product of a finite group and a pro-l group. Thus the
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statement that the order of ϵ(w) is divisible by pµ is equivalent to the order
of ϵp(w) being divisible by pµ when µ is sufficiently large.

We view Z×
p ≃ (Z⊗ Zp)

× as a subgroup of (O ⊗ Zp)
×, and define

Hp = {a ∈ (O ⊗ Zp)
× | am ∈ Z×

p for some positive integer m}.
Then Z×

p is of finite index in Hp. For every p ∈ P , fix a set Ωp of represen-
tatives of Hp/Z×

p . Define

Sp = {a ∈ (O ⊗ Zp)
× | ah ∈ Hpw

−1
0 }.

The set Sp may be empty. When it is not empty, for all x1, x2 ∈ Sp we have
xh1x

−h
2 ∈ Hp, and thus x1x

−1
2 ∈ Hp. We fix xp ∈ Sp if Sp is not empty; then

every element in Sp can be written as ηpωpxp, where ηp ∈ Z×
p and ωp ∈ Ωp.

Let
P ′ = {p ∈ P | Sp is not empty}.

Lemma 3.3 (Main Lemma). For every χ ∈ Y , there exists a positive
integer

q(χ) =
∏

p∈P∩R
pnp(χ)

satisfying the following conditions:

(1) Assume χav(a) ̸= 0 for some a = wa0. Then for every p | q(χ), we have
p ∈ P ′, and there exist ηp ∈ Z×

p and ωp ∈ Ωp such that

w ≡ ηpωpxp mod q(χ)O ⊗ Zp.

(2) f(χ) ≤ k0q(χ) and q(χ) ≤ k1f(χ), where k0 and k1 are positive integers
independent of χ.

Proof. Let µ be the constant of Lemma 3.2. We may assume µ is so large
that pµ annihilates the Sylow p-subgroup of (O⊗Zp)

×/(1 + p3O⊗Zp). For
every χ ∈ Y , define mp(χ), p ∈ R, through

(3.5) N f(χ) =
∏
p∈R

pmp(χ).

Let

(3.6) order of ϵp|1+p3O⊗Zp
= pop(χ).

For every p ∈ P ∩R, define

(3.7) np(χ) =

{
0 if op(χ) ≤ µ+ h,

op(χ)− µ− h if op(χ) > µ+ h.

Now we analyse the kernel of ϵp|1+p3O⊗Zp
. The restriction of ϵp to Z×

p

is κp, which is the p-component of κ, hence a quadratic character. In partic-
ular, ϵp is trivial on 1+ p3Zp, because every element in 1+ p3Zp is a square.
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On the other hand, ϵp is also trivial on 1+ p3+op(χ)O⊗Zp, because we have
(3.6) and every element in 1 + p3+op(χ)O ⊗ Zp is a pop(χ)th power. Since

(1 + p3O ⊗ Zp)/(1 + p3Zp)(1 + p3+op(χ)O ⊗ Zp)

is a cyclic group of order pop(χ), we obtain

(3.8) ker ϵp|1+p3O⊗Zp
= (1 + p3Zp)(1 + p3+op(χ)O ⊗ Zp).

We begin to verify (1). The condition p | q(χ) means op(χ) > µ+h. Since
χav(a) ̸= 0, we have pµ ∤ order of ϵp(whw0). Since pµ annihilates the Sylow
p-subgroup of (O ⊗ Zp)

×/(1 + p3O ⊗ Zp) as we have assumed, we have

(3.9) wmhwm
0 ∈ 1 + p3O ⊗ Zp,

where m = jpµ with j a positive integer coprime to p.
The order of ϵp(whw0) is not divisible by pµ, so the order of ϵp(wmhwm

0 )
is coprime to p. Then ϵp(w

mhwm
0 ) has to be 1 as its order is a power of p.

Because of (3.8), we can assume

(3.10) zwmhwm
0 ∈ 1 + p3Zp, z ∈ 1 + p3+op(χ)O ⊗ Zp.

Write

(3.11) z = zm1 , z1 ∈ 1 + pnp(χ)+hO ⊗ Zp.

So

(3.12) (z1w
hw0)

m ∈ 1 + p3Zp.

In particular,

(3.13) z1w
hw0 = η′pω

′
p, η′p ∈ Z×

p , ω
′
p ∈ Ωp.

Write

(3.14) z1 = zh2 , z2 ∈ 1 + pnp(χ)O ⊗ Zp.

Then

(3.15) (z2w)
h = η′pω

′
pw

−1
0 .

So Sp is not empty, i.e. p ∈ P ′, and we can suppose

(3.16) z2w = ηpωpxp, ηp ∈ Z×
p , ωp ∈ Ωp.

Hence we obtain the congruence equation

(3.17) w ≡ ηpωpxp mod qO ⊗ Zp.

Now we verify (2). For every p ∈ P ∩R, let f(ϵp) be the conductor of ϵp,
i.e. the maximal integral ideal of k such that

(3.18) ϵp|1+f(ϵp)⊗Zp
= 1.

Then N f(ϵp) = pmp(χ).
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If op(χ) ≤ µ+ h, then np(χ) = 0 and ϵp is trivial on 1 + p3+µ+hO ⊗ Zp.
Hence

(3.19)
∣∣∣∣mp(χ)

2
− np(χ)

∣∣∣∣ ≤ 3 + µ+ h.

If op(χ) > µ+h, then np(χ) = op(χ)−µ−h, ϵp is trivial on 1+p3+op(χ)O
⊗ Zp, but is nontrivial on 1 + p2+op(χ)O ⊗ Zp. So we also have

(3.20)
∣∣∣∣mp(χ)

2
− np(χ)

∣∣∣∣ ≤ 3 + µ+ h.

Let

k =
∏

p∈R, p/∈P

p
mp(χ)

2 ,(3.21)

k′ =
∏

p∈P∩R
p3+µ+h.(3.22)

Let k0 = kk′, k1 = k′/k. Note that

f(χ) =
∏

p∈R, p/∈P

p
mp(χ)

2 ·
∏

p∈P∩R
p

mp(χ)

2 ,(3.23)

q(χ) =
∏

p∈P∩R
pnp(χ).(3.24)

Along with (3.19), (3.20), we obtain (2).

If every integral ideal a in the ideal class of a0 satisfies χav(a) = 0, then
the conclusions of Propositions 2.2 and 2.3 obviously hold. We can always
assume that there exists a such that χav(a) ̸= 0, thus (1) of the Main Lemma
implies that q(χ) is only divisible by primes in P ′.

Now we begin to apply the Main Lemma. Let

Ω =
∏
p∈P ′

Ωp,

which is a finite set. For ω ∈ Ω and p ∈ P ′, let ωp be the p-component of ω.
Take ω ∈ Ω, a positive real number t, and a positive integer q which is only
divisible by primes in P ′. Define Nω(q, t) to be the set of w ∈ O satisfying
the following conditions:

(1) for every p ∈ P ′, there exists ηp ∈ Z×
p such that

w ≡ ηpωpxp mod qO ⊗ Zp;

(2) whw0O ≠ whw0O;
(3) |w| ≤ t.

Let Nω(q, t) be the cardinality of Nω(q, t).
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In view of the Main Lemma, there exists a map

N0(χ, t) →
⋃
ω∈Ω

Nω(q(χ), lt
1/2).

The map assigns to each a = wa0 an arbitrarily chosen generator w ∈ O
for the integral ideal aa−1

0 , and the constant l equals |w0|−1/h. The map is
injective since these ideals are uniquely determined by their generators. So

N0(χ, t) ≤
∑
ω∈Ω

Nω(q(χ), lt
1/2).

Therefore it suffices to show the following form of Propositions 2.2 and 2.3.

Proposition 3.4 (Second form of Propositions 2.2 and 2.3). Fix c < 1/2.
If q is sufficiently large, then

Nω(q, q
c) = 0.

Moreover, there exist absolute constants d > 1/2 and s < 1/2 such that if q
is sufficiently large, then

Nω(q, q
d) < qs.

Let us see how to deduce the first form of Propositions 2.2 and 2.3 from
the second form. Fix a < 1 and choose c such that a/2 < c < 1/2. From (2)
of the Main Lemma, when q(χ) is sufficiently large,

(3.25) f(χ)a/2 ≤ (k0q(χ))
a/2 ≤ l−1q(χ)c.

Hence when q(χ) is sufficiently large,

(3.26) N0(χ, f(χ)
a) ≤

∑
ω∈Ω

Nω(q(χ), q(χ)
c),

and the right side is 0. Thus we obtain the first form of Proposition 2.2.
Next, take d > 1/2 and s < 1/2 as in the second form of Proposition

2.3, and choose b, r such that 2d > b > 1 and s < r < 1/2. Then, if f(χ) is
sufficiently large,

(3.27) N0(χ, f(χ)
b) ≤

∑
ω∈Ω

Nω(q(χ), q(χ)
d) <

∑
ω∈Ω

q(χ)s < f(χ)r,

i.e. the first form of Proposition 2.3 holds true.
Fix ω ∈ Ω and let τ be an element of O such that {1, τ} is a basis for

O over Z. Then for each p ∈ P ′, {1, τ ⊗ 1} is a basis for O ⊗ Zp over Zp. In
particular, for every p ∈ P ′, there exist unique αp, βp ∈ Zp such that

(3.28) ωpxp = αp + βpτ ⊗ 1.

Let M(q, t) be the set of all pairs (u, v) of rational integers satisfying

(1) for every p ∈ P ′, uβp − vαp ≡ 0 mod qZp;
(2) for every p ∈ P ′, uβp − vαp ̸= 0;
(3) |u|, |v| ≤ t.
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Let M(q, t) be the cardinality of M(q, t). Our purpose is to convert Propo-
sitions 2.2 and 2.3 into a description of M(q, t).

Since all norms on a Euclidean space are equivalent, there exists a con-
stant k such that

(3.29) max(|x|, |y|) ≤ k|x+ τy|, x, y ∈ R.
Now we verify that

w = u+ vτ 7→ (u, v)

is a map from Nω(q, t) to M(q, kt). From

w ≡ ηpωpxp mod qO ⊗ Zp,

we see that for each p ∈ P ′,

u ≡ ηpαp mod qZp,(3.30)
v ≡ ηpβp mod qZp.(3.31)

Multiplying the first congruence by βp and the second by αp, and subtracting,
we obtain

(3.32) uβp − vαp ≡ 0 mod qZp,

i.e. (u, v) satisfies (1) of the definition M(q, kt).
Suppose uβp − vαp = 0. Since αp, βp are not both 0, we can write

(3.33) (u, v) = η(αp, βp), η ∈ Qp.

Then w = ηωpxp in K ⊗Qp. From xp ∈ Sp, we have

(3.34) wh = ηhωh
px

h
p = η′ω′w−1

0 ∈ K ⊗Qp, η′ ∈ Qp, ω
′ ∈ Hp.

Take a positive integer m such that (ω′)m ∈ Z×
p . Then

(3.35) wmhwm
0 = (η′ω′)m ∈ Qp ∩ O = Z,

contradicting whw0O ≠ whw0O. So uβp − vαp ̸= 0, i.e. (u, v) satisfies (2) of
the definition of M(q, kt).

Finally, if |w| ≤ t, then |u|, |v| ≤ kt (by (3.29)), i.e. (u, v) satisfies (3)
of the definition of M(q, kt). So w = u + vτ 7→ (u, v) indeed defines a map
from Nω(q, t) to M(q, kt), and the map is obviously injective. Therefore,

(3.36) Nω(q, t) ≤ M(q, kt).

So it is sufficient to show the following form of Propositions 2.2 and 2.3.

Proposition 3.5 (Third form of Propositions 2.2 and 2.3). Fix c < 1/2.
If q is sufficiently large, then

M(q, qc) = 0.

Moreover, there exist absolute constants d > 1/2 and s < 1/2 such that if q
is sufficiently large, then

M(q, qd) < qs.
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Since Nω(q, t) ≤ M(q, kt), we can easily deduce the second form from
the third. Fix c < 1/2 and choose c′ such that c < c′ < 1/2. Then if q is
sufficiently large, we have

(3.37) Nω(q, q
c) ≤ M(q, kqc) ≤ M(q, qc

′
) = 0,

i.e. the second form of Proposition 2.2. The argument for Proposition 2.3 is
similar.

We now show that we may assume that αp, βp are algebraic over Q.

Lemma 3.6. (αp, βp) can be written as (αp, βp) = ηp(α
′
p, β

′
p), where α′

p, β
′
p

are elements in Zp which are algebraic over Q, and ηp ∈ Z×
p .

Proof. For each nonnegative integer j, define aj , bj ∈ Z through τ j =
ajτ ⊗ 1 + bj . Take a positive integer m such that

(3.38) (ωpxp)
mh ∈ Z×

p w
−m
0 .

Then

(3.39) (ωpxp)
mhwm

0 ∈ Z×
p ,

and
(3.40)

(ωpxp)
mh =

(mh∑
j=0

bj

(
mh

j

)
αmh−j
p βj

p

)
+

(mh∑
j=0

aj

(
mh

j

)
αmh−j
p βj

p

)
τ ⊗ 1.

Let

(3.41) wm
0 = u0 + v0τ ⊗ 1, u0, v0 ∈ Z.

Then

(3.42) (ωpxp)
mhwm

0 =

(mh∑
j=0

(u0bj + v0b2aj)

(
mh

j

)
αmh−j
p βj

p

)

+

(mh∑
j=0

(v0bj + (u0 + v0a2)aj)

(
mh

j

)
αmh−j
p βj

p

)
τ ⊗ 1.

Therefore,

(3.43)
mh∑
j=0

(v0bj + (u0 + v0a2)aj)

(
mh

j

)
αmh−j
p βj

p = 0.

Note that a0 = 0, b0 = 1, a1 = 1, b1 = 0. If v0 ̸= 0, we have v0b0 + (u0 +
v0a2)a0 = v0 ̸= 0. If v0 = 0, we have u0 ̸= 0, v0b1 + (u0 + v0a2)a1 =
u0 ̸= 0. Hence (αp, βp) always satisfies a nontrivial homogeneous polynomial
equation with coefficients in Z. This implies the desired conclusion.
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Since the conditions of M(q, t) are homogeneous, we may assume αp, βp
are algebraic over Q.

The third form of Propositions 2.2 and 2.3 is already proved in [Roh84,
Section 3], by applying Roth’s theorem. So the proof of Theorem 1.1 is
complete.
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