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Abstract. Rudyak’s conjecture states that for any degree one map f : M — N be-
tween oriented closed manifolds there is the inequality cat(M) > cat(N) for the Lusternik—
Schnirelmann category. We prove this conjecture for n-dimensional simply connected spin
manifolds with n < 8.

1. Introduction. The reduced Lusternik-Schnirelmann category (briefly
LS-category) catpg(X) of a topological space X is the minimal number n
such that there is an open cover {Uy, ..., Uy} of X by n+1 sets contractible
in X. We note that the LS-category is a homotopy invariant. Most of the
deep applications of the LS-category are based on the classical Lusternik
and Schnirelmann theorem [CLOT| which states that catyg(M) + 1 gives a
lower bound for the number of critical points on a manifold M of any smooth
not necessarily Morse function. The concept of LS-category and the above
theorem were brought forth by Lusternik and Schnirelmann to solve the
Poincaré problem on the existence of three closed geodesics on the 2-sphere
for any Riemannian metric on it [LSI] [LS2]. In modern times Yu. Rudyak
applied LS-category in his approach to the Arnold conjecture on the number
of fixed points of symplectomorphisms [Ru2].

LS-category is a numerical homotopy invariant which is difficult to com-
pute. Clearly catys(S™) = 1. The converse is also true in view of the classical
results by Smale, Freedman, and Perelman: If caty,g(M) = 1 then M is hom-
eomorphic to a sphere. It was proven in [DKR] that if catpg(M) = 2, then
the fundamental group of M is free.
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Moreover, many natural conjectures on LS-category turned out to be
false. Perhaps the most famous one was the Ganea Conjecture of the 60s
(see |Gal) which states that catyg(M x S™) = catps(M) + 1 for a closed
manifold M. On the break of the 20th century N. Iwase [Iwl, Tw2| con-
structed two simply connected 16-dimensional counterexamples My and Ms
to the Ganea Conjecture. His examples are quite delicate and they are based
on some phenomena for primary 2-components and primary 3-components
in unstable homotopy groups of spheres.

In the late 90s Rudyak proposed the following [Rull:

CONJECTURE 1.1. For a degree one map f : M — N between closed
orientable manifolds, catyg(M) > catyg(V).

In [Rul] Rudyak proved this conjecture under some restrictions on the
dimension, connectivity and LS-category of the domain. It turned out that
his conjecture is quite difficult even in the case of simplest maps of degree one,
f: M#N — N, collapsing a summand in a connected sum [DS]. Perhaps
the most interesting and still challenging case of Rudyak’s conjecture is the
case of a birational morphism f : M’ — M between nonsingular projective
varieties. We note when M’ is a blowup of M at a point, Rudyak’s conjecture
for f follows from the above formula.

Rudyak’s conjecture like many other natural conjectures on LS-category
could be false. In [Dr3| there was an attempt to construct a counterexample
by means of Iwase’s manifolds. Using Iwase’s examples the first author con-
structed a map f : M — N of degree one between 32-dimensional simply
connected manifolds which would be a counter-example to Rudyak’s conjec-
ture if catpg(My x Ms3) > 5. We recall that catps(Ma) = catpg(Ms) = 3.
The classical inequality [CLOT]

catpg(X x Y) < catpg(X) + catps(Y)

and computations in [Dr3] imply that 4 < caty,g(Ma x Ms) < 6.

A different idea for a counterexample was suggested in [Dr2].

In any case we believe Rudyak’s conjecture is valid for lower-dimensional
manifolds. In [Ru3| Rudyak verified his conjecture for manifolds of dimension
< 4. In this paper we prove Rudyak’s conjecture for simply connected spin
manifolds of dimension < 8 (Theorem . At the end of the paper we give
an example of a non-spin simply connected 7-dimensional manifold. The
existence of such an example does not allow us to extend our approach to
non-spin manifolds.

2. Preliminaries

2.1. Properties of maps of degree one. The following is well-known.
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ProrosiTION 2.1. Let f : M — N be a map of degree one between
closed connected orientable n-manifolds. Then the map f. : H.(M;R) —
H.(N;R) is a split epimorphism and f*: H*(N; R) — H*(M; R) is a split
monomorphism, for any coefficient ring R.

Proof. The splitting map for f, : H.(M; R) — H.(N; R) is the compo-
sition

H,.(N; R) LNy *(N; R) ~— H" *(M;R) ———)H (M;R)
and for f*: H*(N;R) — H*(M;R) is the Composmon

H*(M;R) 22 H,_ (M; R) L% Hy o(N; R) 22 H*(N:R). »

2.2. G. W. Whitehead Theorem. For nice spaces, such as CW com-
plexes, it is an easy observation that catpg(X) < dimX. D. P. Gross-
man [Gro| and independently G. W. Whitehead [Wh|, [CLOT]| proved that
for simply connected CW complexes we have catyg(X) < dim X/2. More-
over, the following inequality holds true [CLOT].

THEOREM 2.2. For k-connected CW complezes,
catpg(X) < dim X/(k + 1).

2.3. Ganea’s approach to LS-category. Recall that an element of
an iterated join Xg x X1 * --- % X,, of topological spaces is a formal linear
combination toxg + -+ + tpz, of points x; € X; with Y t; =1, ¢; > 0, in
which all terms of the form Ox; are dropped. Given fibrations f; : X; — Y
for i = 0,...,n, the fiberwise join of the spaces Xy, ..., X,, is defined to be
Xo*y---*yX = {tol‘o-I—---—l—tn.Tn S Xo*- . *Xn | fo(xo) == fn(xn)}
and the fiberwise join of fibrations fy,..., f, is the fibration

foxy *-xy fn: Xoxy Xixy - xy X;, 2 Y
defined by taking a point tgxg+ - - -+ tpxy, to fi(x;) for any ¢ with ¢; > 0. As
the name ‘fiberwise join’ suggests, the fiber of the fiberwise join of fibrations
is given by the join of fibers of fibrations.

When X; = X and f; = f: X — Y for all ¢, the fiberwise join of spaces
is denoted by *”+1X and the fiberwise join of fibrations is denoted by *”+1 f.

For a topologlcal space X, we turn an inclusion of a point * — X into
a fibration pg : Go(X) — X. The n-th Ganea space of X is defined to be
Gn(X) = *SL(HGO(X), while the n-th Ganea fibration p;X : G% — X is the
fiberwise join of fibrations pg : Go(X) — X.

The following theorem was proven by Shvarts [Shv| in a more general
form:

THEOREM 2.3. The inequality catys(X) < m holds if and only if the
fibration pX : Gp(X) — X admits a section.
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We note that the fiber of péf is homotopy equivalent to the loop space
2(X). Thus, the fiber of pX is homotopy equivalent to the join product
*MHLO(X).

We recall that the LS-category of amap f: Y — X, denoted by catys(f),
is the least integer k such that Y can be covered by k41 open sets Uy, ..., Uy
such that the restrictions f|y, are null-homotopic for all i. The above theorem
can be extended to maps [Dr2]:

THEOREM 2.4. For a map f:Y — X to a CW-space X, catrs(f) <n
if and only if there exists a lift of f with respect to pX : G (X) — X.

We note that catys(f) < min{catys(X),catrs(Y)}. We recall that the
cohomology cup-length of X is a lower bound for catyg(X). A similar state-
ment holds true for maps: catyg(f) > cup-length(Im f*) (see e.g. [St]).

We call amap f: X — Y a k-equivalence if it induces an isomorphism
of homotopy groups in dimension < k and an epimorphism in dimension k.

The following proposition was proven in [DKR] and in [DS]:

PROPOSITION 2.5. Let f : X — Y be an (n — 2)-equivalence of (r — 1)-
connected pointed CW-complexes with r > 0. Then the map **Y1f is an
(sr+ s+ n — 2)-equivalence.

3. Reduction to the 2 vs 3 case. All manifolds in this paper are
assumed to be connected, closed, orientable, and smooth.

PROPOSITION 3.1. Let N be an n-dimensional simply connected manifold
with n < 5. Let f : M — N be a map of degree one. Then catys(M) >
catyg(V).

Proof. By Theorem catps(INV) < 2. If catpg(M) = 1 then M is a
homotopy sphere. By Proposition N is a homology sphere. Since N is
simply connected, by the Hurewicz theorem it is a homotopy sphere. Then
by the J. H. C. Whitehead theorem, N is homotopy equivalent to S™. Hence
catps(N) = 1. So, always caty,g(M) > catpg(N). =

PROPOSITION 3.2. Let f: M — N be a map of degree one between simply
connected manifolds of dimension < 8. Suppose that catys(M) > 3. Then
catps(M) > catpg(N).

Proof. By Theorem the LS-category of simply connected manifolds
of dimension < 7 does not exceed 3. So, we have to consider only the case
of n = 8 where catyg(M), catyg(N) < 4. Assume that catyg(N) = 4. Then
there is no section of the Ganea fibration p3 : G3(IN) — N. The fiber F'
of this fibration is homotopy equivalent to a 6-connected space x*Q2(N).
The primary obstruction x € H®(N;7m7(F)) to a section of p3 is the only
obstruction. Since the primary obstruction is natural, f*(k) is the primary
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obstruction to the lift of f with respect to ps. By Proposition f* (k) #0.
Hence by Proposition [2.4] catys(f) > 3. The inequality catys(f) < catps(M)
completes the proof. m

We recall that if an n-manifold M’ is obtained from M by a surgery then
there is a bordism beetween them, i.e. an (n + 1)-dimensional manifold W
with boundary OW = M U M’. If the surgery was in dimension k, then
W is homotopy equivalent to M with some (k + 1)-cells attached. If M’ is
obtained by a k-surgery from M, then M is obtained by an (n—k—1)-surgery
from M'.

PROPOSITION 3.3.

(a) Suppose that M’ is obtained by a k-surgery, k < 4, from a simply con-
nected n-manifold M with caty,g(M) < 2. Then catr,s(W) < 2 where W
s a bordism of the surgery.

(b) Suppose that M' is obtained from a simply connected manifold M with
catps(M) < 2 by a surgery in dimension 2. Then catpg(M') < 2.

Proof. (a) The inequality catyg(M) < 2 implies that there is a section
o : M — Go(M) of the Ganea fibration pys : Go(M) — M. The bordism W
is homotopy equivalent to the space

X =Mul JDE

obtained from M by attaching (k + 1)-balls along disjoint embedded k-
spheres S¥. We show that caty,s(X) < 2. Note that the fiber of the Ganea fi-
bration px : G2(X) — X is 4-connected. Moreover, for any contractible sub-
set C' C X, the preimage py' (C) is 4-connected. Let p3! : G} (X) — M be
the restriction of px over M. Clearly pﬂ\(/‘f contains pys as a subfibration. Then
the restriction of o to S, is a null-homotopic map |, : S& — py ' (DF+1) for
all a. Let

1 -1 1
oy D<]§¢+ — Dx (D§+ )
be an extension. Then o U J, o), is a homotopy section of px. Then the

Homotopy Lifting Property produces an honest section of px.
(b) We note that W is homotopy equivalent to the space

X'=MulJDi2
(0%

Hence the inclusion j : M’ — X’ is an (n — 3)-equivalence. Then §2(j) :
(M) — 2(X’) is an (n — 4)-equivalence. By Proposition 2.5 the induced
map

SO(f) B - 20X
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between the fibers of G3(M') and Go(X') is a (2 + 2 + n — 4)-equivalence.
This implies that the map ¢ : Go(M') — Z to the pull-back in

Go(M') " 7 — T Gy(X)

Past
Nl

M X
is an n-equivalence. A section o : X' — Go(X') defines a section s : M’ — Z.

Since ¢ is an n-equivalence, the map s can be lifted with respect to q. Thus,
py admits a section, and hence, by Theorem catpg(M') < 2. =

4. Main result. The following theorem was proven by I. M. James [Ja]:

THEOREM 4.1. Letp > 2 and X be a finite (p—1)-connected CW complex
of dimension N < p(n+1). Denote by ax € HP(X;m,(X)) the fundamental
class of X. Then catrg(X) =n+ 1 if and only if

0 # (ax)"™ e HPOHD(X; @™+ ir, (X)),
where (ax )" is the (n + 1)-fold cup product of ax.
Proof. For the proof see [CLOT) Proposition 2.50]|. m

THEOREM 4.2. Let N be a 3k-dimensional (k — 1)-connected manifold.
Let f: M — N be a map of degree one. Then catyg(M) > catrg(N).

Proof. By Theorem catpg(N) < 3. Assume that catpg(N) = 2. If
catps(M) = 1 then M is a homotopy sphere, so N is a homotopy sphere in
view of deg f = 1, hence catys(IN) = 1, which is a contradiction.

Now let catpg(N) = 3. The case catyg(M) = 1 is impossible by the
previous argument. Suppose that catpg(M) = 2. Assume that 7 (N) # 0.
Let u € H*(N;m,(N)) be the fundamental class. Since dim N = 3k, we
conclude that u? # 0, by the James Theorem. Since f* : N — M is a mono-
morphism (see Proposition by the previous proposition, we conclude

that (f*(u))® #0. =
COROLLARY 4.3. Let N be a 6-dimensional simply connected manifold.
Let f: M — N be a map of degree one. Then caty,g(M) > catpg(N).

LEMMA 4.1. Let f : M — N be a map of degree one between n-di-
mensional simply connected manifolds where n = 7 or 8 that induces an
isomorphism of homotopy groups fi : m;(M) — 7;(N) for i < n —5. Then
max {catrs(f),2} > catrg(V).

Proof. We may assume that catpg(/N) = 3. If n = 7 this is a maximal
value for catr,g(N). If n = 8 and catrg(N) = 4, by Theorem the cup-
length of N is 4. Then by Proposition [2.I] the cup-length of Im f* is 4. Since
cats(f) > cup-length(Im f*), we may assume that catys(f) < 2.
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Now, since M and N are simply connected, we see that mo(M) is isomor-
phic to Hy(M) and m2(N) is isomorphic to Ha(N) by the Hurewicz theorem.
Hence, the map f induces an isomorphism f, : Hyo(M) — Ha(N).

Since catrs(f) < 2, by Theorem there is a lift ¢ : M — Ga(N) of f
with respect to the Ganea fibration p3',

G2(N)

]
Py

_—
M 7 N

We show that there is a section s : N — Ga2(N).

Since M and N are simply connected, the assumptions of the lemma
imply that f, : H;(M) — H;(N) = m;(N) are isomorphisms for i < n —5 by
the classical Whitehead theorem. Then by Poincaré duality, f* : H(N) —
H*(M) are isomorphisms for i > 5.

Note that the fiber F' = *302N of p = p) : Go(N) — N is the join prod-
uct of three copies of the connected space {2IN and hence it is 4-connected.
Therefore in the Moore—Postnikov tower for p : G2(N) — N we have
N=71=Zy=Zs=7Z4=Us:

Z3
ar
v/ Zi— K(m:(F),8)

q6
i

Go(N) Py Zg —"" K (76(F), 7)

M N

K5

K (m5(F),6)

We recall that the maps g : Zx+1 — Zj are principal bundles with fibers
K (7 (F), k). Thus, there are pull-back diagrams

/

K
Zt1 - » B
qk Pk
Zy —*—— K(mp(F),k +1)

where F,, are contractible and p,, are principal bundles with fibers topologi-
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cal abelian groups having homotopy type of the Eilenberg—MacLane spaces
K(mp—1(F),n —1) (see [Mc] or [Dr1l).

By commutativity of the above diagrams we obtain

Ksf = K5q5P60 = P5k5D6O-

Since pskiEpe¢ factors through a contractible space Eg, the map ks f is null-
homotopic. We recall that f* is injective on 5-cohomology. Since the map
k5 f represents the image f*[rs] of the cohomology class represented by ks :
N — K(m5(F),6), the map k5 is null-homotopic. Therefore, k5 admits a
lift, and hence ¢5 admits a section. Since ¢5 is a principal bundle that has a
section, it is a trivial bundle over N with fiber K (75(F'),5).

Thus,

Zs = K(m5(F),5) x N.
The projection pr : Zg — K (75(F'),5) to the fiber defines a cohomology class
a = [propg o] € H>(M;ms(F)).
Since f* is an isomorphism on 5-cohomology, there is 8 € H®(N;75(F))
with f*(8) = . The class 8 can be represented by a map
s: N — K(m5(F),5)

which defines a section s5 : N — Zg of g5 such that the map

pep = (propsod, f): M — K(ms(F),5) x N
is homotopic to

ssf=(sf,f): M — K(m5(F),5) x N.

Next we show that the map s5 : N — Zg admits a lift with respect to gs.
This is equivalent to saying that

KkgSs : N — K(']Tﬁ(F),?)
is null-homotopic. Since p7¢ is a lift of pg¢ with respect to gg, the composition
Kkeped : M — K(mg(F),7)

is null-homotopic. Therefore, kgs5f is null-homotopic. This means that f*
takes the cohomology class [kgss5] to zero. Since by Proposition the ho-
momorphism f* is injective, we find that [rkgss] = 0. Thus, the map rgss is
null-homotopic.

Suppose that n = 7. Since p7 is a T-equivalence, i.e. it is an isomorphism
for i-dimensional homotopy groups for ¢ < 7 and epimorphism for ¢ = 7,
there is a homotopy lift 0 : N — G2(N) of the map sg : N — Z; with
respect to p7. Then o is a homotopy section of p. Since p is a fibration, it
admits a regular section. Therefore, catyg(V) < 2.
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If n = 8, we construct a lift s;7 : N — Zg of s5 with respect to ggq7y and
complete the proof similarly to the case of n = 7. For that we modify sg to
a map such that sgf becomes homotopic to pr¢.

Since ggsg = s5 is an embedding, the map gg is defined by a section of gg
on s5(N). Since the map

KgS5 . N — K(W7(F),7)
is null-homotopic, the restriction of gg over s5(IN) is a trivial bundle,
g5 ' (s5(N)) 2= s5(N) x K (m6(F),6).

Since pg¢ is homotopic to s5f and ggpr¢ = pep, by the homotopy lifting
property of gg, we can homotope p7¢ to a map ¢ : M — Z; such that
gs = ssf. Thus the map

¥ M = s5(N) x K(m(F), 6)

has two components (s5f,%1). Since f induces an isomorphism of 6-dimen-
sional cohomology groups, there is a map

§: N — K(mg(F),6)

such that f* takes the cohomology class [¢] € HS(N;mg(F)) to the cohomol-
ogy class [¢1] € HS(M;7g(F)). Thus, 11 is homotopic to £ f. We consider a
section

S ¢ 55(N) 2 N = g5 (55(V)) = 85(N) x K ((F), 6)

defined by £. Then 1) is homotopic to s’s5f. Since pg¢ is a lift of pr¢ with
respect to g7, the composition

krprd : M — K(m6(F),7)

is null-homotopic. Hence k71 is null-homotopic and so is x7s"s5 f. This means
that f* takes the cohomology class [k7ss5] to zero. Since f* is injective, we
obtain [k7s's5] = 0. Thus, the map k7s’s5 is null-homotopic, and hence there
is a lift s7 : N — Zg of s's5 with respect to ¢7.

Since pg is an 8-equivalence, there is a homotopy lift 0 : N — G2(N) of
s7: N — Zg with respect to pg. Then o is a homotopy section of p. Since p
is a fibration, it admits a regular section. Therefore, catpg(N) < 2. =

PROPOSITION 4.4. A degree one map f : M — N of an n-dimensional,
n = 7,8, simply connected spin manifold with catygs(M) < 2 is bordant by
means of surgery in dimension 2 and 3 to a degree one map ' : M' — N with
catrs(f') < 2 that induces isomorphisms f': my(M') = m;(N) fori <n—5.

Proof. For n = 7,8 by Proposition the induced homomorphism f, :
Hy(M) — Hy(N) is surjective with a finitely generated kernel K = ker f,
which by the Hurewicz Theorem is isomorphic to ker{ f, : ma(M) — m2(N)}.
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Let S1,...,S; be disjoint 2-spheres smoothly embedded in M that gen-
erate K. For each sphere S; its normal bundle v; is classified by a map
vi + S; = BSO(n — 2). The map v; is null-homotopic, since otherwise the
evaluation of the Stiefel-Whitney class wy € H?(BSO(n — 2);Zs) on the
image (4)«([S;]) € H2(BSO(n —2);Z3) would be nonzero. The latter would
contradict the spin condition on M. Thus, we can perform a surgery to obtain
a bordism W of M to M’ together with a map f: W — N. The restriction
f'+ M — N of f to M’ has degree one and f’ induces an isomorphism of
2-dimensional homotopy groups. For n = 7 by Proposition [3.3(b) we have
catpg(M') < 2, and hence catpg(f’) < 2.

When n = 8, by the above we may assume that f : M — N induces an
isomorphism of 2-dimensional homotopy groups. Since w3(BSO(n—3)) = 0,
we deduce that the normal bundle of any embedded 3-sphere in M’ is trivial.
Hence we can perform surgery on generators of ker{ f : m3(M') — w3(N)} to
get a bordism W between M and M’ together with a map f : W — N that
agrees with f on M such that the restriction f' : M’ — N of f to M’ has
degree one and it induces isomorphisms of homotopy groups of dimension
< 3. By Proposition (a) we find that catpg(W) < 2. Hence catrg(f) < 2.
By Theorem f admits a lift ¢ : W — Go(N) of f with respect to Y.
The restriction of ¢ to M’ is a lift of f': M’ — N with respect to p}’. Then
by Theorem catrs(f) < 2. m

THEOREM 4.5. A degree one map f : M — N between simply connected
spin n-manifold for n < 8 satisfies the Rudyak conjecture,

catr,g(M) > catrg(N).
The spin condition can be dropped when n < 6.

Proof. When n < 5 the statement is proven in Proposition 3.1} In view of
Proposition [3.2]it suffices to show that there is no degree one map f : M — N
with catrg(M) < 2 and catyg(IV) > 3. The case of n = 6 is taken care of in
Corollary

We consider the case when n > 7 and M is spin. Let catyg(M) = 2.
In view of Propositions and we may assume that f induces isomor-
phisms of homotopy groups of dimension < 3, and catyg(f) < 2. Then by

Lemma [4.1] catyg(N) < 2.

REMARK 4.6. There are nonspin simply connected 7-manifolds with LS-
category 2. We recall that the Wu manifold SU(3)/SO(3) is simply connected
and non-spin. A 7-manifold M constructed from the product of a 2-sphere
and the Wu manifold,

5% x (SU(3)/30(3)),

by a 2-surgery on the factor S? is called a gyration of the Wu manifold [Xul.
It is simply connected and nonspin. Below we compute its LS-category.
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PROPOSITION 4.7. The LS-category of the gyration of the Wu manifold
s 2.

Proof. Let Y = SU(3)/SO(3). By Theorem catr,g(Y) = 2. The bor-
dism X defined by the 2-surgery on Y x S? is homotopy equivalent to the
union (Y x S?)U({yo} x D?) which is homotopy equivalent to the half-smash

product
Y %82 = (¥ x %)/ ({yo} x D).

It is known that for the half-smash product we have [SS]
cats(A x B) = catys(A).

Hence catrg(X) = catg(Y) = 2. Let M be the gyration of the Wu manifold.
Then X is homotopy equivalent to X’ = M U D?. The rest of the proof
coincides with the end of the proof of Proposition [3.3|(b). Since the inclusion
Jj: M — X'is a 4-equivalence, 2(j) : 2(M) — 2(X’) is a 3-equivalence.
By Proposition 2.5

$30(5) : B32M) = B302(X)
is a (24 2+ 3 = 7)-equivalence. This implies that the map ¢ : Go(M) — Z
to the pull-back in the diagram

Go(M) L— 7 —15 Gy (X)

&f/‘ p J/pX/
M—T . x

is a T-equivalence. Since catyg(X') = catpg(X) = 2, there is a section o :
X" — G2(X') which defines a section s : M — Z of p’. Since the map ¢ is a
T-equivalence, s can be lifted with respect to ¢. Thus, pys admits a section,
and hence catyg(M) < 2.

Since M is not homeomorphic to a sphere, caty,g(M) > 1 and we conclude
that catpg(M) =2. =
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