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Indices of nilpotency in certain spaces of modular forms
by

MATTHEW BOYLAN and SWATI

Abstract. We study the index of nilpotency relative to certain Hecke operators in
spaces of modular forms with integer weight and level N with integer coefficients modulo
primes p for (p, N) € {(3,1),(5,1),(7,1),(3,4)}. In these settings, we prove upper bounds
on certain indices of nilpotency. As an application of our bounds, we prove infinite families
of congruences for p‘-core partition functions modulo p for p € {3,5,7} and ¢t > 1, and
we prove an infinite family of congruences modulo 3 for the rth power partition function,
pr(n), when r = 12k with ged(k, 6) = 1. We also include conjectures on a function which
quantifies degree lowering on powers of the Delta-function by the relevant Hecke operators
in these settings, and on the index of nilpotency relative to a modification of this degree-
lowering function.

1. Introduction and statement of results

1.1. Introduction. Let p be prime, let Q,) denote the localization of Q
at p,let N > 1, let £ >0, and let

Mi(Io(N)) ) = Mie(Io(N)) N Q) lal,
denote the space of weight & modular forms on IjH(N) with coefficients
in Q). If f =2 a(n)g" € Qyylq] then we define

F=>"an)q" € Fylql,
to be its coefficientwise reduction modulo p, and we define
MP(Ly(N)) = {[ : f € Me(To(N) )} € Fyplal,

the algebra of holomorphic integer weight modular forms on [H(N) with
coefficients in Q,) reduced modulo p. For relevant details on these spaces,
see Section [2} Theorem [I.T] below gives instances where Hecke operators act
locally nilpotently on subspaces of M ®)(I'3(N)). When a Hecke operator T'
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acts locally nilpotently on a subspace MC M® (I'v(N)), we define, for every
nonzero f € M, the index of nilpotency of f with respect to T' by

(1.1) Nz(f,p) :=min{u>1: f|T" =0 in F,[q]}.

In this paper, we study NT(}’V, p) in certain settings, and we give applications
of our results. Some recent works on local nilpotency include [CZ23] [GG16),
Me15l [Mel8| IMo16l IMT06), NS12al, INS12bl [OT05]; some recent applications
of nilpotency to congruence properties of arithmetic functions include [B02,
B06, BOO1L [C09, [C13, D15, IM05, [SY15].

Before we describe our work, we give some of the benchmark results on
local nilpotency of Hecke operators on spaces M ®) (I'H(N)). We require some
notation. We consider the set of primes

L,n={l:4=+1 (mod p) is prime and £ { N},

and for all primes ¢ € L, v, we consider the modified Hecke operators

(12) 7! — Ty ?fﬂ = —1 (mod p),
T,—2 if £=1 (mod p).

We let MO’(I’)(FO(N)) denote the subspace of M(p)(FO(N)) of forms with
weights congruent to zero modulo p— 1. Theorem 3 of [SD73| implies, for p €
{2,3}, that MO®)(Iy(1)) = M@)(I}(1)) = F,[A]. Further, Theorem 2(iv)
of [SD73] implies that M(5)(F0( )) = F5[Eg). Since A =2 — QEG, we have
MO "B)(Iy(1)) = IF5[E6] = IE<‘5[A] Similarly, we observe that M( N(Ih(1)) =
F7[E4), and hence A =1 — E3 gives MO (Iy(1)) = F7[E3] = F7[A].

The following theorem captures some instances where Hecke operators
act locally nilpotently on spaces of modular forms modulo p.

THEOREM 1.1. In the notation above, we have:

(i) (Serre, Tate [Se87, [Ta%4]) Let p € {2,3,5,7}. For all ¢ € L1, the
operator T, acts locally nilpotently on MO( )(FO( ) = FP[A].

(ii) (Ono, Taguchl [OTO05]) Let1 < N < 17 be odd, and let a > 0. For all

primes £ { 2N, the operator T, acts locally nilpotently on M® (IH(2*N)).

(iii) (Moon, Taguchi [MTO06]) Let (p, N) ={(3,4),(5,2)}, and leta > 0. For

all £ € Ly, N, the operator T, acts locally nilpotently on M(p)(Fo( N)).

We now give theorems due to Nicolas and Serre [NS12b] and Medve-
dovsky [Mel5] on indices of nilpotency. To state the theorem of Nicolas and
Serre, we need to extend Definition [1.1 When an algebra A of Hecke op-
erators acts locally nilpotently on a subspace MCM (p)(FO(N )), we define
Na( f p), the index of nilpotency of a nonzero f € M with respect to A, to
be the integer n > 1 such that
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e for all Ry,...,R, € A, we have

FIRi| - [Ry =0,
e there exist S1,...,S5,-1 € A with

FISu] -+ |Sno1 #0.

For all T € A and nonzero f € M, we note that Np(f,p) < Na(f,p). To
simplify notation, when ¢ € L, y and fis in one of the spaces in Theorem
we set Ny(f,p) = NTé(]?, p). The following theorem gives bounds on indices
of nilpotency modulo p € {2,3,5,7} in level 1.

THEOREM 1.2. Let k > 1.

(i) (Nicolas—Serre (2012) [NS12b|) Let k be odd with base 2 expansion k =
3" Bi(k)2¢, and define

na(k) =Y Bur1(k)2, ns(k) = Baira(k)2’,
and A= (Ty: L #2). Then
Ik < Na(A%,2) = 1+ ng(k) + ns(k) < 3VE.

(i) (Medvedovsky (2015) [Mel5|) For all (p,£) listed in the table below, the
eaplicit constants ¢ > 0 and 0 < o < 1 given there satisfy Ny(AF,p)

<c-k“.
Table 1. Explicit values of ¢ and « for different p and ¢
(»,0) ¢ @ (».0) ¢ o
(2, 3) 3 0.5 (2, 5) 7/3 2/3
(3,2 4 log@ | 3,7 32 log(6)
(5,19) 138/11 logys(23) | (5,11) 6.3  logys(21)
(7,13)  564/23 log,e(47) | (7,29) 564/23 log,q(47)

1.2. Statement of results. We now turn to our results. For details
on modular forms, see Section [2] Our first theorem gives upper bounds on
Ny(f*,p) in certain cases.

THEOREM 1.3. Let k > 1.
(i) For all primes { # 3, we have

1+ |k/3], £=1 (mod 3),

Ak
Ny(A”%,3) < {1+ |2k/3], ¢=2 (mod 3).
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(ii) Let p € {5,7}. For all primes { = +1 (mod p), we have

1+ [2k/5], p=5,ptk,

1+ |3k/7], p=T7,ke{l,3,5} (mod 7),

24 |3k/7|, p=T7,ke{2,4,6} (mod 7),

No(A¥/7.p), plk.

(iii) Let Do(z) = n(22)*2 € Se(Iv(4)), where n(z) is the Dedekind eta-
function as in (2.2)), and let ¢ & {2,3} be prime.
(a) Suppose that ged(k,6) = 1. We have

Ny(AF,p) <

No(DE,3) <1+ gJ

(b) We also have

Ni(D¥3.3), 3|k,

Ny(Dk,3) < ~
elDs )_{Ng(A’“/Q,B), 2 k.

REMARKS. (1) An important feature of Medvedovsky’s bounds on
Ng(ﬁk, p) in part two of Theorem is that they are sublinear. While ours
are linear, we note that they are stronger than the bounds in Table [1] for a
large—Dbut finite—number of values of k, as follows:

for =1 (mod 3) and k < 2.1 x 10°,

for = —1 (mod 5) and k < 5.86 x 10°7,
for =1 (mod 5) and k < 1.27 x 10?2,
for £ = 41 (mod 7) and k < 1.36 x 10164,

(2) Let p € {2,3,5,7} and let £ € {£1 (mod p)} be prime. By [NS12b
Théoréme 23| and [Mel5, Propositions 4.21 and 6.2], the sequence {A¥|T7
k > 1} satisfies a recurrence
(13) M= Y b HAT,

1<m<t

where
. (+1, £=-1 (mod p),
1442, ¢=1 (modp),

is the order of the recurrence and b, ¢ € Fp,[Y] has degree at most m. For all
feF » [A], we let deg Av(f) denote the degree of f in A. In the terminology of
[Mel5l Chapter 4], the sequence is i-filtered for some 7 > 0 precisely when we
have degﬁ(jﬂTé) <n—ifor all n > 1. Part (i) of Theorem |1.1{implies that
the sequences {ﬁk|Té : k > 1} are 1-filtered. Parts (i) and (ii) of Theorem
follow by showing that the sequences are 2-filtered when p € {3,5,7}.
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When p € {3,5,7}, we note that for certain primes ¢, the sequence
{ANk\Tlf : k > 1} may be i-filtered for some i > 2, which would yield better
bounds on Ng(ANk,p) than in the theorem. For example, when p = 5, compu-
tations show that degj(AN"|T{1) <n—4for 1 <n <13. An induction argu-
ment using shows that the sequence {AF|TY, : k > 1} is 4-filtered. An
argument as in the proof of the theorem then gives N11(A~k, 5) <1+ |k/4].

Medvedovsky’s computations and ours suggest that N (AF,3) = O(k!/2).
Our computations also suggest that Nyj(A¥, 5) and Nyg(A*, 5) = O(k'/2).

Next, we let 6| 24 and Dj(z) = n(52)?*/?, and we note that D (z) = A(z).
By [CS17, Propositions 5.9.2 and 5.9.3], we have

S1/2(Io(576), (1)), § =24,
D(;(Z) € 53/2 (F0(64)’ (%4))’ d=38,

Siays(To(62), (L)) 5 ¢ (8,24},

where the forms with half-integer weight transform with respect to the theta-
multiplier system as in Shimura’s theory. In the following proposition, we
identify some primes p and ¢ and exponents k such that Dg“(z)\Tg =0 in

F,[g]. In such cases, when T} acts nilpotently on an algebra containing Ds
as in Theorem we have Ny(D%(z),p) = 1.

PROPOSITION 1.4. Let m > 1, let p # £ be primes, and let (%) denote
the Legendre symbol.

(1) Let 6|24, let m be odd, let p satisfy

(b) 28 = pt or 3pt for some t > 0,

p+1
(c) ptd,
and let rpm = p;:zl € Z. Then for all primes ¢ # p with £ t § and

(£) = —1, we have Ds(2)»m|T; = 0 in Fplql. The set of (0,p) satisfy-
ing conditions (a)—(c) is
{(1,2),(1,7),(1,23),(2,3),(2,11),(3,7),(4,5) }.
(2) Let d |24 and let p satisfy

(a) 24/d = p' or 3p* for some t > 0,
(b) ptd.
Then for all primes £ # p with £ {d and

(7)o

(), m is odd,

(}1), m 1S even,
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we have Dy(z)P" Ty = 0 in F,lq]. The set of (d,p) satisfying condi-
tions (a) and (b) is

{(1,2), (3,2} U{(8,p) : p> 3} U{(24,p) : p > 5}.

REMARK. The primes p # 2 in part (1) of the proposition are precisely

those with 24/ S e {1,3}, in which cases we find that Ds(z)"»™ is a product
of two theta—serles modulo p:

24/ 24/
Ds(z)Pm =n(dz) pHin(dp™z) P+ (mod p).

Our next theorems are applications of Theorem to congruences for
arithmetic functions. Let ¢ > 1. We recall that a partition A of a positive
integer n is t-core precisely when none of the hook numbers associated to its
Ferrers—Young diagram are divisible by ¢. The notion of a t-core partition
plays a role in modular group representation theory [JK81]. We denote the
number of ¢-core partitions of n by a;(n). See [CKNS21| for a survey of
results on t-core partitions and t-core partition functions. For p € {3,5,7},
our first application of Theorem yields congruences for p’-core partition
functions a,:(n) modulo p.

THEOREM 1.5. Lett > 1, let p € {3,5,7}, let

9t—1 _
kp,t = p2§_1’ p N 3’
24 p € {57 7}a

and let
+ 2| =143(257Y),  p=3 and £ =2 (mod 3),
— L:’%tJ :1+3(9t7§1__11), p=3and{ =1 (mod 3),
7 L 55tJ:1+5(25 12_1)’ p =95,

o4 5] 2y r(wi), po7

(i) Let p € {3,5,7}, and let £ = —1 (mod p) be prime. Then for all r with
p" > myy, and for all n > 1 with £ n, we have

apt (PP —kpy) = —ay (07" "0 — k) (mod p).

(ii) Let p € {5,7}, and let £1,...,4y,, = —1 (mod p) be distinct primes.
Then for all n > 1 with ged (¢ - -Emw,n) =1, we have

apt (01 -+ b, 0 — kpy) =0 (mod p).

(iii) Let p € {3,5,7}, and let £ =1 (mod p). Then for all r with p" > my,
and for all n > 1 with £t n, we have

apt (PP —kpy) — pt (07" 2 — kyy) = 2ap:(n — kpt) (mod p).
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REMARKS. (i) The integers myp; in the theorem are bounds on
Ny(AF»t p) from parts (i) and (ii) of Theoremwhen p=3andpe {57},
respectively.

(ii) Analogues of parts (i) and (ii) of the theorem hold for p € {2,3}.
Using part (i) of Theorem the first author [B02] proved congruences of
these types for p = 2 prior to the result of Nicolas and Serre in part (1) of
Theorem Later, Chen [C13] used part (i) of Theorem [1.2]to sharpen the
results in [B02|, settling a conjecture from [HS99|. Dai [DI15] used part (ii)
of Theorem to prove the analogue of part (ii) for p = 3.

We now let > 1, and define functions p,(n) by

(1.4) > pen)g* =[] @ -q"
n>0 n>1

We let per(n) and p, (1) denote the number of r-colored partitions of n > 1
into even and odd numbers of parts, respectively, and we note that p,(n) =
Pe,r(n) — por(n). Our second application of Theorem gives congruences
for p12,(n) (mod 3) when ged(r,6) = 1.
THEOREM 1.6. Let r > 1 with ged(r,6) =1, let u, = 1+ |r/3], and let
£ £ 2 be prime.
(i) Let £ = —1 (mod 3). Then for all j with 3 > wu, and for all n > 1 with
01 2n, we have
firn —1r =2 —
p127‘<2> = 2p127« (2) (mod 3)

(ii) Letly,..., 4y, = —1 (mod 3) be distinct odd primes. Then for allm > 1
relatively prime to 20y - -- ¢, , we have

Plor <€1€;Tn—r> =0 (mod 3).

(iii) Let £ =1 (mod 3). Then for all j with 3 > w, and for all n > 1 with
01 2n, we have

-7 "2y n—r
P12r <2> — Pi2r <2> = 2p12r< 5 > (mod 3).

1.3. Computations and conjectures on some related quantities.
Here we discuss quantities of interest that we encountered in our study of
nilpotency, and we make some conjectures on these quantities. We let p €
{5,7}, and for all £ > 1 and all primes £ = +1 (mod p), we define
(1.5) Dy(k,p) = deg 5(A*|Ty),
where T, denotes thS modif:lved Hgf:ke operator as in (1.2, and deg A~( f) de-
notes the degree of f € F,[A] in A.
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1.3.1. Some conjectures modulo 5. When ¢ = 19 and p = 5, we define
the modified degree-lowering function

Dlg(ka5 _1a 5 D19(k75 ;
Lol 5) = { )b 2 Pl

Dig(k,5), otherwise.
For all t > 1, we denote by D;Z(t)(k’,p) the tth iteration of Dy(k,p). Theo-
rem (1) implies that Dj(k,p) < k and that there exists a least j > 1 with

Dz(j) (k,p) = —oo. Our computations suggest precise conjectures on Dig(k, 5)
and on a second quantity, S7¢(k,5), the nilpotency index of Dy(k,5):

Sto(k,5) =min {t > 1: D! (k,5) = —cc}.

Furthermore, our computations suggest that ng(jk,5) < Siy(k,5). For
n > 1, we define vs(n) to be the largest power of 5 dividing n.

CONJECTURE 1.7. Assume the notation above. Let k > 1 with 5 1 k.
Then the following formulas hold for Dyg(k,5):

Table 2. Degree D1g(k,5) of A~k|T19 in Fs5[q]

k Dio(k, 5)
k=j (mod 5),j € {1,2} k— (3282 (k- 5) =1 (mod 2)
k— (328245) (k- §) = 0 (mod 2)

k=3,4 (mod b), k & {13,14} (mod 25) k—2
k =13 (mod 25) k—3
k =14 (mod 25) k—4

(i) Suppose that k has base 5 expansion k = > a;-5', and that s = ap+a1-5.
For allt >0, let ¢; = S}g(5' +1,5) — 1. Then

e c0=0,c1 =2, and ¢; = 3¢;_1 + 2¢;_9 for all i > 2,
° Sig(kja 5) = 519(8, 5) + ZiZQ a;C;.

(ii) S19(k,5) = O(k®), where a = 10g5(3++m) ~ 0.7892.
(iii) N19(ANI€)5) < Sig(h 5)

REMARKS. (i) Using PARI/GP |[PARI23|, we verified the conjecture for
k<8 x10%

(ii) The quadratic irrational HT‘/ﬁ in the argument of the logarithm in
part (3) is the dominant root of the polynomial x? — 3z — 2, which is the
characteristic polynomial of the recurrence in part (2).

(iii) Following Nicolas and Serre [NS12b|, one approach to proving the
formulas in Table [2| might be to argue by induction using the recurrence
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satisfied by A¥ | T19 as in . As in Chapter 6 of [Mel5], one can explicitly
write down this order 20 recurrence and its associated characteristic poly-
nomial. However, its relatively large number of terms and the complexity of
its coefficients prevented us from effectively pursuing this approach to prove
the conjectured formulas.

(iv) We conjecture a more complicated formula for Di;(k,5), which we
omit for brevity.

1.3.2. Computations modulo 7. Our computations suggest a similar for-
mula for the nilpotency index of a modified degree-lowering function in the
mod 7 setting, which we briefly describe. With Dag(k,7) as in ((1.5)), we
define Dfy(k,7) to be the degree of the second highest nonzero term in
A¥|Tyy € F7[A] if 7| Dag(k,7) or if Dog(k,7) = 5 (mod 98); otherwise, we
define D5y(k,7) to be Dag(k, 7). We also define

Soo(k,7) = min{s : D )(k: 7) = —o0}.
We suppose that 7 1 k, that k has base 7 expansion k = > a; - 7%, and that
s =k (mod 98) with 1 < s < 97. Forallt > 1, we let y, = S}y(2-7"'+1,7)—

Then for 1 < k < 3.5 x 10* with certain exceptions depending on the residue
class of k (mod 2 - 77) for j > 2, our computations give

Sho(k,7) = )+ sz Yi
1>2
where the z; are linear combinations of L%J and L“’T”J depending on the
parity of a;. For brevity, we give one example of an exception. When k =
5 (mod 98), we have

Sé/Q(Akv 7) =1+ S A szyz

i>2
Our computations also suggest that y; satisfies the recurrence relation
y1 =3, y2 =16, and y; = 5y;—1 + 2y;—2 for 1 > 3;

that Shy(k,7) = O(k®), where o« = log7(%) ~ 0.864; and that Nog(AF,7)
< 899 (k, 7). The quadratic irrational argument in the logarithm arises as the
dominant root of the characteristic polynomial for the recurrence satisfied
by {y;}. We note that a similar recurrence relation can be conjectured for
¢ =13, but we omit it due to the complicated definition of D{5(k,7).

1.3.3. Computations modulo 3. We recall that Ds(z) = n(22)'? €
Se(L0v(4)). Theorem (iii) gives bounds on Ng(ﬁé, 3) for all £ > 1 and for
primes ¢ ¢ {2,3}. While our proof does not require (T : £ > 5)-invariance
of the F3-module generated by {D4 : gcd(k,6) = 1}, computations with
k < 4 x 10* and small ¢ suggest that it is indeed invariant. Under this
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assumption, for all k£ and for all primes ¢ > 5, we define
Ey(k,3) = deg, (D§|T})

and its modification

Ej(k,3) := {

and we define S}’(k,3) to be the nilpotency index of Ej(k,3). We suppose
that ged(k,6) = 1, that £ = > a; - 3*, and that s = k (mod 54) with
1<s<53.Forle{7,11} and for all ¢ > 1, we let z,, = S}"(2-3"+1,p) — 1.
For k < 4-10* and ¢ = 7, our computations show that

Sé//(kap) = 2//(87])) + wa,i 20,05
>3

Ei(k,3)—1, 3|E(k,3),
E(k,3), otherwise,

where the wy; are linear combinations of the coefficients a; which do not
appear to satisfy obvious general formulas. When ¢ = 11, the formula holds
for all k # 7,11 (mod 54) and for k not of the form 3= where m > 1 is
odd. Our computations also suggest that

271 = 1,272 =2, and 27; = 27,1 + 2272 for i > 3;

2112 = 2, and 2114 = 22111 for i > 3;

for ¢ € {7,11}, we have S}’(k,p) = O(k®), where a = logz 2 ~ 0.631; and
N¢(D5,p) < Sy'(k,p).

1.4. Plan for the paper. We structure the rest of the paper as fol-
lows. In Section [2], we give necessary background. In Section 3, we prove
Theorem [I.3] Proposition and Theorems and

Before we proceed, we give a brief overview of the proof of Theorem
When 7} acts nilpotently mod £ on a subspace F,[f] € M) (IH(N)), it low-
ers degrees in f To prove the theorem, we show that 7}, lowers degrees by at
least two, uniformly for all ¢ # p, when (p, N) € {(3,1),(5,1),(7,1),(3,4)}.
When N = 1, we decompose M%®)(I}y(1)) = F, [A] into subspaces of forms
whose expansions in [, [¢] have support on squares mod p, nonsquares mod p,
and multiples of p. The residue class of £ modulo p determines how 7, maps
between these subspaces.

When (p, N) = (3,4), with F(z) as in (8.7), we note that M®) (Iy(4)) =
F3[F] as in (3-22), and that Do(z) = F(z) — F3(2) in F3q] as in (B-9).
We adapt arguments of Monsky [Mol6] to study how T; maps between the
subspace W; generated by 5]2“ for k =1 (mod 6) and 55153 for i =4 (mod 6)
and the subspace Ws generated by D% for k = 5 (mod 6) and DLF3 for
i =2 (mod 6). In both the N = 1 and N = 4 settings, the mapping properties
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of Hecke operators on our subspaces allow us to prove our degree-lowering
results.

2. Background. For details on modular forms, one may consult [CS17],
for example. When N and k are integers with N > 1, we denote the space
of weight k& holomorphic modular forms on I'h(N) by My(Io(N)), and we
denote its subspace of cusp forms by S (Io(N)). We introduce here some of
the forms in these spaces that we require. We let z € H, the complex upper
half-plane, and we let ¢ = €?™*. For even k > 2, the level 1 Eisenstein series

in weight k is
o0

2k k-1
B =1 S
n=1 d|n
where Bj denotes the kth Bernoulli number. When k > 4, we have Ej €
My (IH(1)); when k=2 and N > 2, we have
(21) E27N(Z) :NEQ(NZ) —EQ(Z) (S MQ(FO(N))
The Dedekind eta-function is defined by

(2.2) n(z)=q¢"* [ @-am.
n=1

The Delta-function

oo
(2.3) AGz) = (=2 = g [ (1~ ¢") € Sia(To(1))

n=1
plays an important role in our work. When D is the discriminant of a
quadratic number field, we let xp denote the corresponding Kronecker char-
acter. Some classical identities relating the eta-function to theta functions
are

(2.4) =)= > xaeme

neL
n=1 (mod 6)
(2.5) n(z)* = > x-aln)ng™’,
n>1
n odd
n(22)° n?
2. =—F—5 = .
20 OC) = i ~ 21

We note that ©(z) is a modular form of weight 1/2 and level 4 in Shimura’s
theory.

When p > 5 is prime, we recall some facts in the NV = 1 setting following
[Se73] and [SD73]. Since E,—1 = 1, we have M (Io(1)) € M) (Io(1))
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for all even k > 0, and we define

M) = | MP(1).
k=a (mod p—1)

Lemma 5(ii) of [SD73| implies that

(27) 0= a5 MP(T(1) = 31, (To(1).

We next discuss Hecke operators. We let £ { N be prime, and we let
f(z) =>"c(n)g™ € Mi(I'h(N)). We define Hecke operators Ty on M, (1H(N))
by

(2.8) fITe =" (e(tn) + £ e(n/£))g",

n

where ¢(n/f) = 0 if £1n. The Hecke operator Ty maps My (IH(N)) to itself.
We let r > 0, and for all n > 0, we define ¢,.(n) by

(2.9) FRITE =Y ern)g"

n

where T} denotes the rth iteration of Tj. For all integers m, we let v(m)
denote the f-adic valuation of m. For our applications, we require formulas
for ¢, (n). The following lemma gives such formulas depending on v(n).

LEMMA 2.1. Let 1 N be prime, let r,s > 0; for alln > 0, let ¢,.(n) be
as in (2.9); and suppose that ve(n) = s. Then

s

er(n) =Y C) ¢ilk=1) o(gr=2ip)

1=0

LT+S

B 0-( e

j=s+1
where the second sum is zero when it is undefined (i.e., when s+1 > [752]).

Proof. We induct on r. The base case follows directly from (2.8)). We let
t > 1, and we suppose that the statement holds for 0 < r <t. We fix s > 0.
For n > 0 with vy(n) = s > 0, using (2.8)) and the induction hypothesis, we
write

ci1(n) = ci(fn) + 5 1¢, <Z>

in terms of the coefficients ¢(n). Since vy(fn) = s+ 1 and v(%) = s — 1, the
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induction hypothesis gives
s+1

ct(fn) = Z <j> gi(kfl)c(gtJrlfQin)
i=0
Lt+s+1J

RO (e

j=s+2

s—1

ny _ U\ Jitk—1) . pt—1—2

ct <£> = EO <Z,>€( e n)
Lt+s 1J

+ 3 (()-(L))eeveem,
It follows that

cei1(n) = ci(fn) + 5 1¢, <Z>

Lt+s+1J

E (e E(()(-1)

j=s+2
% gj(k’—l)c(et-i-l—an)

+s <t>£ i+1)(k—1) Et 1-24 )
=0

Lt+s 1

) < t >)€(3+1 )(k—1) (gt—1—2jn)

J—

] s
€t+1 +Z<<t> +< ))[L(k 1) (€t+1*2’in)

=1

t s+ (k1) o ptA1—2(s+1)

<<s+1 (1) = (o) ey
Lt+.s+lJ

)
e s+2<<@+(y—1)> (o) + (i)

w (A=) o(ptH1=25 )
s |5 ]

(e 52 ((5)-(500)

j:8+1 . .
« Ej(lcfl)c(grfmn)7

4+

l\’)
N
N\
S, o+

=0
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where the third equality follows from shifting j to 7 — 1 in the second sum
and combining terms, and the final equality uses Pascal’s identity. m

We have a particular interest in the following special case of the lemma.

COROLLARY 2.2. Assume the notation in Lemma 2.1 Let r > 1, let ¢
and p be distinct primes with pl ¥ N, and suppose that f(z) = > c(n)q™ €
M (Io(N)) - Then for all n > 0 with £ 1 n, we have

cpr(n) = (P n) — €57 Le(fP" ~2n) (mod p).

Proof. Letting s = 0 and replacing r by p" in Lemma it follows for
all n > 0 with £ {n that

pl—1
2 T T . - )
epr(n) = (@ n)+ 3 ((p.> - (.p ))M’“)c(ep ~2ip)
S\ Jg—1
= c(P" n) — 5 Le(P" 2n) (mod p),
where the congruence follows since (ﬁ; ) =0 (mod p) for 1 <m <p"—1 and
-1
Lastly, for m > 1, we recall the U,,-operator on f(z) = > c(n)¢" €

My (IH(N)). We have

(2.10) f@)Un =) c(mn)q"
and
Mi(IH(N)),  m|N,

3. Proofs of Theorem [1.3], Proposition and Theorems [1.5
and [1.6

3.1. Proof of Theorem [1.3|(i)—(ii). Since the proofs of Theorem
1.3(1)H(i1)| are similar for p € {3,5,7}, it suffices to give details for the

p = 5 case. To begin, we require a lemma. We recall from Theorem |1.1f1)
that when ¢ = £1 (mod 5), the Hecke operator Tj acts locally nilpotently

on M®G)(Iy(1)) = F5[A].
LEMMA 3.1. The space MO’(E’)(FO(I)) has a basis B = {f;}i+j :1>0,0<
Jj <4}, where

Z ai,j(n)qnv j € {174}7

n=1,4 (mod 5)

> aig(n)d",  j € {23},

n=2,3 (mod 5)



Indices of nilpotency in spaces of modular forms 15

Proof. We define

fo=1,
fi=A+4A2 =g+,
fo=A2=¢+.

fs = A3+2A4+3A5—q + -

fa= A+ AP =gty
Forallz>0and0<j<4 we let f5,+] A5Zf =@ 4. With@zqd%
as in , we claim that

~ i\~
0°(fsirj) = <5> Fsitis
where (%) is the Legendre symbol. We compute
0%(f;) = f; for j € {1,4} and 6*(f;) = —f; for j € {2,3}.
Furthermore, for all > 0 and 1 < j < 4, we have
0% (frivg) = O(A™0(f;)) = A76%(f;) + 0(f;)0(A™)
_ AVig2(f) = i 7€ {L4},
’ —foitjs J€1{2,3}.
To conclude, we observe that 92(f5z+]) = f5l+] for j € {1,4} implies that
f5Z+J is supported on squares modulo 5, and for j € {2,3} that 6%( f5Z+J)
— f5z+] implies that f5l+] is supported on nonsquares modulo 5. =

We also require explicit representations of powers of A in F5[[¢]] in the
basis B:

fsi if j =0,

B fit1 + frit2 ifj=1,

(3.1) AP = }},ZH if j =2,
f5z+3 + 3f5z+4 +dfsapn =3,

Foiva + 4f5(z+1 if j=4.

We denote the subspace of Mof’)(FQ( )) of cusp forms by 5%()(I(1)), and
we note that S©(®)(I}(1)) = AF5[A]. We consider the following subspaces
of §0 = SO( )(Ip(1)):
0l = {f e S 0%(f) = f} = Spang, { fsir; : j € {1,4}},
SO’*1 ={f€8°:0°(f) = =} = Spang, {fai1; : j € {2,3}},
SO0 = {F e S 0%(f) = 0} = Spang,_{fsi : i > 1}.
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Let £ # 5 be prime. It follows from that
(32) Ty:5% — 8% for j € {~1,0,1} and £ = +1 (mod 5);

T, : SOl §0—1 g0~y §01 GO0y GO0 £ p = 42 (mod 5).
We also observe that S = §%1 @ §%~1g 590 Let £ = 41 (mod 5) be prime,
let i+ > 0, and let 0 < 57 < 4. We prove Theorem for p = 5 of the

following form:
2i+1, je{1,2},
(3.3) No(APH 5) < 2i+2, je{3,4},
1, j=0.
We first claim that in order to prove (3.3)), it suffices to show that
2i+1, je{1,2},
(34) Ng(f5i+j, 5) <2142, j€ {3, 4},
i j=0.

To see this, we let £ = £1 (mod 5) and j = 3, and we assume that ((3.4)
holds. For all ¢ > 0, we use (3.1)) to obtain

AP3|T) = (figs + 3fsira + Afs41)|T7
in F5[[¢]]. Using (3.4)), it follows that
N(APF3.5) < max {Ny(f5i+3,5), Ne(fsi4a.5), Ne(fo(ir1):5)} < 20 + 2.

The arguments for j # 3 are similar.

We now prove (3.4). We will show, for all ¢ > 1, that

39 max {Ny(fe.5): 1 <k<5(i—1),5|k},  j=0,
max {Ne(fi,5): 1<k <5 -1, (8) =1}, =1,

Ni(fsiegs5) < 144 max {Ny(fi,5) : 1 <k <5i—2, (£) =1}, j=2,
max {N¢(fr,5): 1 <k <5i+2 (5)=-1}, j=3,
\max {N(fi,5): 1<k <5i+1, (§) =1}, j=

To illustrate, we prove (3.5)) for j = 1. We observe that

Jsis1 € Syiny NS = Spang, {frars: a > 0,b € {1,4},50+b < 5i+1}.

When ¢ = +1 (mod 5), we see from ({3.2)) that 7} maps this space to itself.
It follows that

i i1
fsin|TE =D & fors1+ D dsfosta
r=0 5=0
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We claim that ¢; = 0 in F5. We suppose that ¢; # 0. We compute
degg(,}%i-‘rl) =5i4+2>5i= 0<mzzx {degj(ﬁ)rﬂ), degj(ﬁsﬂ)}

= 0<£1§2}§ 1{57’ +2,5(s+1)} = degA(fgn 1)-

Therefore, ¢; # 0 implies that degj(f5i+1 T)) =5i+2 = degﬁ(ﬁ,i+1), which
contradicts nilpotency of T;. We conclude that

i—1 i—1
(3.6) FsinalT =Y e forir + D dsfosia,
r=0 s=0

which gives (3.5]) for j = 1. The proof of the remaining cases follows similarly.
We now use induction to prove (3.4), and with it, the p = 5 case of Theo-
rem [1.3(ii)} The base cases are

No(f1,5) = No(f2,5) =1, Ni(f3,5) <1+ Ny(fa,5) =2,

Ny(f1,5) <14 No(f2,5) = 2.

Welet i > 1 and 0 < b < 4, and we suppose for all 0 < a < i — 1 that
the statement holds for 5a + b. To illustrate the general argument, we prove
the statement for 5i + j when j = 1. Using the induction hypothesis (3.4])

and (3.6, we find that
Ny(fsit1,5) < 1+max {Ng(f,5): 1 <k <5(i—1)+4, k=1,4 (mod 5)}
< 1+ max {Nﬁ(ﬁv 5)’ Nf(ﬁa 5)7 s 7Nf(f5(i—1)+17 5)> Nf(!ﬁ)(i—l)—&-éb 5)}
<l4max{l,2,...,2(—1)+1,2(—1)+2} =2 +1,
which proves (3.4]) for j = 1.
3.2. Proof of Theorem (iii). We shift our attention to 1/ ®) (Io(4)).
We let
P(Z) = EZQ(Z) = 2E2(22) — EQ(Z) S MQ(FQ(2)),

)16
A=) = (22,))8

( € My(Io(2)),
B ML), Gle) = A(22) € Sua(To(2)

where Ej2(z) is an Eisenstein series as in (2.1). We recall from Section 1
that Do(2) = 1(22)12 € Sg(I1(4)), and we note that

(3.8) Dy(2)? = G(2),
(3.9) Dy(2) = F(z) — F3(2)  in F3][q]],
(3.10) P(z)=1 in F3[[q]].

n
(3.7) F(z) = E
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We use the next theorem to prove bounds on Ng(f)]g,?)) for primes ¢ ¢
{2,3} and k > 1. Its proof is an adaptation of Monsky’s work [Mol6] in

M®(Iy(3)).
THEOREM 3.2. Consider the following subspaces of M(3)(F0(4)):
Wy = SpanF3{5§,5§ﬁ3 :k=1 (mod 6) and i =4 (mod 6)},
W5 = SpanF3{ﬁ§,l~)§ﬁ3 :k =5 (mod 6) and i =2 (mod 6)}.
We have

T Wi — Wi, W5 = W;s Z'féEl (mod 6),
W — Wy, W5 — W1 if £ = —1 (mod 6).

Our proof of Theorem requires studying forms on Iy(2). We recall,
for all even k > 0, that dim(My(I0(2))) = 1+ |k/4]. Thus, for all j > 1, we

have dim (M) (I'p(2))) < 2j + 1. Since
(3.11) Bj={A":0<i<2j}
is linearly independent, it is a basis for Mé?)(F 0(2)). For all even t > 0, we
define
KyP (I0(2)) = Ker(Us) - on M (Io(2)),
KO = U K 0he) € MOI(2),

t>0, teven

where Us is the U-operator as in (2.10). We investigate properties of
K®)(I3(2)) in the following lemma.

LEMMA 3.3. Assume the notation above. For all i > 0, let
(3.12) Gi(z) = AY(A — A?).
A basis for IZ'(?’)(FO(Q)) is

B '={g;:i>0 andi# 2 (mod 3)}.

Proof. Since P(z) has weight 2 and P(z) = 1 as in (3-10), it suffices to

show, for all j > 1, that
B ={gi(z) =¢"' +--:0<i<2j—2andi#2 (mod 3)}

is a basis for IN(E(;?)(F 0(2)). We note that Bj is linearly independent. To show

that it spans, we let f(z) € I?é?(]b@)). Since Bj C I?S)(FO(Q)), for all
0 <i<2j—2withi# 2 (mod 3) there exists a; € Fg such that
J() = 30 @gile) =2 + - € K (To(2)) € M (To(2)
=0
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for some ¢ € F3. Since Mé?) (I5(2)) has basis B; in (3.11]), we must have

252
f - &@ (Z) = EAQJ.
=0

It follows that ¢A% e [?ég)(FO(Q)). However, for all ¢ > 0, the coefficient
of @3 in A3 A3+ and A3*2 is nonzero in Fs[[g]]. We conclude that
¢ =0, and therefore MB(?)(FO(Z)) C Spang, (B;). =

LEMMA 3.4. With G(z) as in (3.7), we have K®) (I(2)) C F3[A, G).

Proof. In view of Lemma it suffices to show, for all ¢ # 2 (mod 3),
that g; as in (3.12)) lies in F3[A, G]. We note that

Go—A— A= A+0C,
G1=AA- A% =G,

gz = A3(A— A%) = —A?+ G+ G2,
u=AYA-A%)=-A’+G.

Let n > 1. We have
Gan — 53(n+1) _ A’Sn(;[ _ AVQ) A (n+1)(A A2) (A3n A’3n+1)§0
= (A" — A3, = AP D(A = A)GE = Gagn1) G-
Similarly, we find that gs,+1 — g3(n F)41 = gg(n 1) 1195 Therefore, for all

i > 5 with 4 # 2 (mod 3), we have §; = gi—3 — gi—6gs- The claim follows by
induction on 7. m

LEMMA 3.5. The space K®)(I(2)) is a free Fs[G3]-module with basis
(A 1. 30, R°G.5.5.
Proof. Since é(~z:)3 €~q3F3 [4%] ; the space K®)(I3(2)) is an 1[5 [G3] module.
With h(z) = 23 — Gz 4+ G? € (F3[G])[z], we observe that h(A) = A — AG +

G3 = 0. It follows that [Fg(AN, é) : ]Fg(é)] = 3. Therefore, Fg[g, G] is a free
F3[G3]-module with basis

We note that 1, AG, A2G? ¢ q3IF3[[ ]], while the other forms in the basis
liec in K®)(I(2)). It follows that K®)(I(2)) is a free F3[G3]-module with
basis {A, A2, AG?, A2G,G,G?}. =
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Let i € {1,5}. We consider the map pg; on F3[[¢]] defined by
(3.13) pos(dcma’) = Y e
n n=1i (mod 6)
We note that pg ; is F3 [G]-linear. For primes £ ¢ {2, 3}, the definitions (2.8)
and (3.13) imply that
(3.14) p6,4(NITe = poe1 (FIT2).

We also note that the F5[G3]-submodules V; = Ker(ps 1) and Vs = Ker(pg 5)
have bases

respectively. From ([2.8)), we observe that

- {V1—>V1, Vs > Vs if =1 (mod 6),

3.15 :
( ) Vi —>V5, V5—>V1 ifl=-1 (mod 6).

‘6 .

We require

(3.16)  p1(A) =D, pe1(A°G) = —D3F?,  ps1(G) = ps1(G*) =0,
(3.17) pes(A%) = —D3F®,  pes(AG®) = D3, pes(G) = pes(G*) =0
We turn to the proof of Theorem [3:2]

3.2.1. Proof of Theorem [3.4 We first observe, using (3.8) and (3.16),
that pg1 maps V5 onto W7 via

(3.18) pe1(A-GP) = DL

(3.19) p6.1(AG - G3™) = —DSm S,

Similarly, using and , we find that pg 5 maps V; onto Wi via
(3.20) pes(A° - GO™) = —D§m T2 F,

(3.21) p65(AG? - G¥™) = D5,

Let £ =1 (mod 6), and let m > 0. We use (3.14)), (3.15)), (3.18)) and (3.19)

to compute

ﬁgm-i-l’Té — P6,1(A~ . é3m)|Té = p6,1((5 . é3m)’Té)
= 6.1 (Z ard GV 4} bsG - GY

r>0 520

+3 G G Y d(A%G) - G

>0 u>0
= Z a, DS — Z dyDS"F3 i F3[q],

r>0 u>0
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which gives ﬁgm+1|Té € Wi. We argue similarly using (3.14]), (3.15), (3.18),
(3-19)-(3.21)) to complete the proof that T, preserves Wy and Ws when ¢ =
1 (mod 6) and swaps W; and W5 when ¢ =5 (mod 6).

3.2.2. Conclusion of proof of Theorem (z’z’i). With O(z) as in (2.6),
we note that [CS17, Proposition 15.1.2] implies that M (Ip(4)) = C[O%, F].

We also observe that ©* = 1 + 2F in Fs[[g]]. It follows that

(3.22) M®(Iy(4)) = FsF).

Hence, from (3.9) we see that f € W has degﬁ(f) € {3,15} (mod 18), while
f € Ws has degﬁ(f) € {9,15} (mod 18). We conclude Theorem E(iii) by
applying Theorem while observing from Theorem |1. |(iii) that T lowers

degrees in F' for primes ¢ ¢ {2, 3}.

3.3. Proof of Proposition We use the theta-series expansion for
n(z) in (2.4) to prove part (1) of the proposition for (4,p) = (1,2). The
proofs for

(5,19) € {(L 23)7 (2’ 11)’ (3’ 7)7 (47 5)}

are similar, and are adaptations of an argument of Elkies [E13]. .
Let m be odd, and let B(z) = n(8z2)n(8-2™z). We observe that A(z) o3
= B(z) in F2[[¢]]. Using (2.4), we obtain

Koy a?42mp2
A(z) 73 = Z x12(ab)g 3 .
a,beZ
a,b=1 (mod 6)
Let ¢ be prime with (52) = —1. We claim that ¢|(a® + 2™b?) implies

that a,b = 0 (mod ¢). We suppose that ¢ { b. Then we have (ab™!)? =
—2™ (mod /). Since m is odd, we find that (#) = (7) = -1, which is a

l
contradiction. Let AN(,Z)H:%2 = Y a(n)q". Since A(z) “3~ has even weight,

(2.8) implies that

(3.23) A5 T = Z(szn) - a(Tlf))q"

We suppose that £ f n. Then we have a(%) = 0. We also claim that a(¢n) = 0.

If (% # 0, then there exist a,b =1 (mod 6) such that ¢n = “2+7§me. The
above argument shows that ¢|a,b, and hence that ¢|n, which is a contra-
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diction. When ¢ | n, we compute

a(tn) =" Y xwe)= Y xlr)s)
a,b=1 (mod 6) r,s=1 (mod 6)
a2+2mb2 "y £2T2+2'mz252 —in
3 3

- ¥ XlQ(rs):a@).

r,s=1 (mod 6)

n

Using (3.23), we conclude that Az ) |Tg = 0. One can argue similarly to
prove the remaining cases in part (1 ) of the proposition using the theta-series
expansion for 7(z)? as in (2.5). The proof of part (2) of the proposition uses
the same arguments.

3.4. Proofs of Theorems and We prove Theorem for
p = 5. One can argue similarly to prove the theorem for p € {3,7}.
The generating function for a;(n) is

(3.24) Y an)gt =] w

n>0 n>1 1—¢
We recall that k5 = _1 . Using ([2.2) ., and ([3.24 , we deduce that
S ase(n—ksg) ¢ = A2)"*in Fsfg]).

n>0

We let £ = £1 (mod 5), and > 1 be such that 5" > ms; = 1+ L%“J
Theorem [1.3(1)| implies that

A(z)Fse| T if ¢=—1 (mod 5),
A(2)P4 (TP —2) if £=1 (mod 5)

since (Ty — 2)® =T} — 2 (mod 5). Applying Corollary we find, for all
n > 0 with ¢ { n, that

ase (0'n — ks g) — 025 Lag, (057720 — ks )
0 if £=—1 (mod 5),

0= A(2)> (1) = {

251 (n — ksz) if =1 (mod 5),

holds modulo 5, which proves Theorem |1.5(1)H(ii1)| for p = 5.
While Theorem concerns the iteration of a single 7T}, its proof applies
more generally to show that

(3.25) A(z)kse |y |- |T}

1%,

=0.
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Since ¢; = —1 (mod 5), we have Tlfi = Ty,. By (2.8), for n > 1 with ¢; { n,
we observe that Akst|T, 7, has the nth coefficient

n
ast (ﬁln — k5,t) — agt (el — k5,t> = agt (ﬁln — k‘5’t).

Similarly, for ¢; # f3, and n > 1 with ¢1, ¢ 1 n, we find that A~k5»t|Tgl|Tg2
has the nth coeflicient

lo

We iterate in this way using (3.25]) to prove Theorem for p = 5.
To prove Theorem we recall that Do(2) = n(22)!%, and we let
ged(r,6) = 1. When n is odd, we use ([1.4]) to deduce that

> piar (TZQ_T)QH = 1(22)"%" = Da(2)".

From here, the proof runs parallel to the proof of Theorem forp=25
given above, this time applying Theorem (iiia).

hLhn
ast (flfgn — k:57t) — ast (1 — k57t) = ast (Elfgn — k‘57t).
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