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Explicit Hecke eigenform product identities
for Hilbert modular forms

by

ZEPING HAO, CHAO QIN and YANG ZHOU

Abstract. Let F' be a totally real number field, and g, f, h be Hilbert modular forms
over F' that are Hecke eigenforms satisfying g = f-h. Under the grand Riemann hypothesis,
we characterize such product identities among all real quadratic fields of narrow class
number 1, proving they occur only for F' = Q(\/g), with precisely two such identities.
We also shed some light on the general totally real case by showing that no such identity
exists when both f and h are Eisenstein series of distinct weights.

1. Introduction and statement of the main theorems. Nearly
three decades ago, William Duke proposed a question: When is the product
of two Hecke eigenforms an eigenform? Duke [D99] and Ghate [G00] inde-
pendently discovered exactly 16 eigenform product identities g = f - h for
SL2(Z), all of which hold trivially for dimension reasons. Later, Johnson [J13]
extended this result to 61 eigenform product identities over all levels, all
weights and any Nebentypus, some of which hold non-trivially. Recently,
Joshi and Zhang [JZ19] generalized this question to Hilbert modular forms
over real quadratic fields, proving the finiteness of eigenform product identi-
ties g = f - h among full-level Hecke eigenforms of weight 2 or greater. They
showed that there exist two eigenform product identities when F = Q(v/5).
You and Zhang [YZ21] further established the finiteness of eigenform product
identities over all totally real number fields of fixed degree n.

In this paper, we enumerate all such product identities over all quadratic
fields with narrow class number 1 and all product identities of two distinct-
weight Eisenstein series over all totally real number fields of degree 3 or
greater. Our results extend those in [JZ19] and [YZ21], in the sense that we
exhaust the possibilities of all such identities in the setups described. More
precisely, we prove the following theorems.
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THEOREM 1. Quer all real quadratic fields F of narrow class number 1
and full-level Hecke eigenforms of parallel weights, eigenform product iden-
tities exist only for F = Q(v/5) under the grand Riemann hypothesis, with
the explicit identities

Ey=60E2, hg=120E, - hg,

as established in [JZ19, Theorem 7.4]. Here Ej, is the normalized Hecke eigen-
form of weight k in the Eisenstein subspace, and hg, hg are the unique nor-
malized cuspidal eigenforms of weights 6 and 8 respectively. More precisely,
over all such fields with discriminant D > 5, we have:

(1) No eigenform product identity g = f-h exists when g, f, h are Fisenstein
series of weight 2 or greater, and f,h are normalized.

(2) No eigenform product identity g = f - h exists where g is a Hecke eigen-
form, with one of f,h a normalized FEisenstein series of weight 4 or
greater and the other a normalized cuspidal eigenform. Under the grand
Riemann hypothesis, this non-existence extends to identities involving
weight-2 normalized Fisenstein series paired with any normalized cuspi-
dal eigenforms.

It is immediate that the product of two cuspidal eigenforms cannot be an
eigenform since its Fourier coefficient at the unit ideal vanishes. Therefore
Theorem |[1| separates into two cases: either one of f,h is cuspidal or both
are Eisenstein series. Inspired by the method of |JZ19], we use the relations
between Fourier coefficients at small primes or at powers of small primes in
the eigenform product identity g = f - h to obtain effective bounds for such
identities. As the numerical values of the Fourier coefficients of eigenforms
are difficult to compute when the narrow class number exceeds 1, we restrict
our attention to the case where the narrow class number equals 1.

For the first case of Theorem (I}, we first bound the discriminants of real
quadratic fields in which an eigenform product identity may occur. For each
such real quadratic field, we then bound the possible weights for which the
eigenform product identity can hold. Finally, by comparing Fourier coef-
ficients of Eisenstein series using SageMath, we obtain a complete list of
eigenform product identities.

For the second case of Theorem [I] effective bounds on the discriminant
and the weight can be derived in a similar manner. However, computing
the Fourier coefficients of eigenforms in higher-dimensional cusp form spaces
is computationally difficult. We therefore apply the main theorem of [Z2Z24]
together with the grand Riemann hypothesis (see [BCT08, p. 60]) to conclude
that eigenform product identities hold trivially for dimension reasons (see
Theorem in Section 4 for details). This allows us to avoid the computation
of Fourier coefficients in higher dimensions.
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REMARK 1.1. Note that only the second part of Theorem [I] depends on
the grand Riemann hypothesis, which predicts that all zeros of a normalized
automorphic L-function with 0 < Re(s) < 1 lie on the line Re(s) = 3. The
main theorem of [ZZ24] does not cover the case g = Es - h with h cuspidal,
since the relevant point does not lie in the region of absolute convergence
of the Rankin—Selberg L-function. However, under the grand Riemann hy-
pothesis, this case can be handled.

In essence, under the grand Riemann hypothesis, our result shows that
Hecke eigenform product identities occur only when F = Q(v/5) for dimen-
sion reasons. An explicit dimension formula involving the Dedekind zeta
values implies that the dimension of the relevant space grows with the dis-
criminant. As F' = Q(+/5) has the minimal discriminant among totally real
quadratic fields, it yields the minimal dimension required for such identities
to hold trivially. Indeed, we establish relations among special values of the
Dedekind zeta functions, with estimates involving factors of the discriminant,
and increasing the discriminant invalidates these relations. Similarly, we can
generalize our results to arbitrary totally real number fields of degree 3 or
greater, concerning the case of unequal-weight Eisenstein series.

THEOREM 2. Quer all totally real number fields of degree n > 2 and
all full-level Hecke eigenforms of weight 2 or greater, no eigenform product
identity g = f - h exists, where g, f,h are Hecke eigenforms in FEisenstein
subspaces with f,h being normalized and having distinct weights.

We expect our methods to also apply to other cases, such as equal-weight
Eisenstein series and cusp-form-Eisenstein series identities, once appropriate
data including special values of Hecke L-series and explicit dimension for-
mulas for spaces of cusp forms become available. We hope to address this in
future work.

The layout of this paper is as follows. In Section 2], we set up the notations
and introduce the basics. Section [3]is dedicated to the first case of Theorem![l]
establishing Propositions [3.3] 34 and [3.8 Section [] completes the proof
of Theorem [I] by handling the second case via Propositions [£.12] and [£.13]
Finally, Section [5| provides the proof of Theorem

2. Preliminaries. Let F' be a totally real number field of degree n
over Q, with ring of integers O, different 0, discriminant D, class number h,
and narrow class number A, Denote the group of positive units of F by OT
and that of totally positive units by O*7. In this paper, we are only inter-
ested in the Hilbert modular group of full level,

I = [,(0,0) = {7 _ <Z Z) e (;9 D(_;) ‘ det(y) € o”},
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which can be embedded into GLj (R)" by

o) (o))
— goeey 5
c d c dp cn dp

where a — (a1,...,a,) gives the embedding F' C F ®g R. Let H be the
complex upper half-plane. A Hilbert modular form of parallel weight k € 7Z
for I'r is a holomorphic function f on H" such that

() (2) = det(v)"2j (v, 2) ¥ f(v2) = f(2)  for any v € I'p,
where z = (21,...,2,) € H", det(y) = (det(71), ..., det(vy,)) and

(alzl +b Gn2n + b,
Yz =

C121 +d1’...7cnzn+dn
Denote by My (I'r) and Sk (I'r) the space of Hilbert modular forms and that
of cusp forms of weight k € N for I'r respectively. Here N is the set of natural
numbers and 0 € N. Let & (I'r) be the Eisenstein subspace orthogonal to
Sk(I'r) in My(I'r). Every f € My(I'r) has a unique Fourier expansion at
the cusp of the form

n
f= Z ey (f)exp <2m' Z I/Z‘ZZ).
veO =3

Now, let us briefly review the Hecke theory for Hilbert modular forms; for
simplicity, we restrict to h™ = 1. For any non-zero integral ideal n = (v) with
v € O, the n-th Fourier coefficient of f is defined to be ¢(n, f) = ¢, (f) (see
[ST8, eq. (2.24)]), and the constant term of f is denoted by co(f). The n-th
Hecke operator Ty, acts on My (I'r), preserving Sk(I'r) and E(I'r). A Hecke
eigenform is a non-zero common eigenfunction for all Hecke operators T,.
Since the Hecke operators T, on Si(I'r) are self-adjoint and mutually com-
mute, they admit a basis of eigenforms. Any Hecke eigenform f satisfies
c(O, f) # 0, and is called normalized if (O, f) = 1 (see [ST8, p. 650]). For
a normalized eigenform f, the Ty-eigenvalue is exactly c(n, f), and if p is a
prime ideal, then

(21) e )=o), el f) = N e ), G=12
If f € Sp(I'F) is a normalized Hecke eigenform, then by the Ramanujan
conjecture proved in [B06, Theorem 1|, for any prime ideal p,

(2.2) le(p, £)I < 2N (p)

If F' has narrow class number 1, the dimension of & (I'r) is equal to 1.
Denote its normalized eigenform by FEj; its Fourier coefficients satisfy (see
IDDP11l [S78])

(2.3) c(n, By) = Zt‘nN(t)k{ colEx) = 2-"Cr(1 — k)

), J(v,2) = (c1z1 + da,y ..oy enzn + dy).

k—1
2 .
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for any non-zero integral ideal n, with ((k) the Dedekind zeta function of F'.
Note that (r(k) satisfies the following bounds (see [JZ19] eq. (2.3)]):

1 1
2( D \"2 C(4k) 2( D\"2
24) =(-= I(k)? <|Cr(1—k)| < == I'(k)*¢(k)?
e 2(2) Trerg <ien-ni2(5) Trwr®
where ((k) is the Riemann zeta function and we further have

(25) W<DY%NW§mﬂ—M ﬁ<DY%NW,

= < (=
w5 \ An2 ’_18 472

since 1 < ¢(k) <((2) = %f.

3. The case of two Eisenstein series. In this section, let F' be a real
quadratic field with narrow class number 1 and D > 5. We prove the first
part of Theorem [I| by contradiction, assuming that f and h are normalized
Hecke eigenforms with cy(f)co(h) # 0, and that their product g = f-h is also
a Hecke eigenform. The mechanism for the contradiction relies on comparing
the Fourier coefficients of both sides of this identity ¢ = f - h, which yields
relations involving special values of the Dedekind zeta function that are
incompatible with analytic bounds derived from their growth properties.

Since the Eisenstein subspace is non-trivial only if the weight is even, we
assume ki, ko > 2 are even in this case. Put f = Ey, and h = E},. Since g
is a Hecke eigenform, it must be proportional to Ej, 1,. By comparing the
term corresponding to the trivial ideal O in g = Ey, - Ey,, we have

g = (co(f) +co(h))Er, sk,

Then from the constant terms, we have

(co(f) 4 co(h)) - co(Er, k) = co(f) - co(h).
Hence, by ([2.3]), we obtain the key equation

Cr(1 — k1 — ko)
Cr(1 = k1)Cr(1 = ka)

We treat the unequal-weight and the equal-weight cases separately. In
the unequal-weight case, the bounds (2.4]) for the Dedekind zeta function
suffice to show that (3.1 fails for D > 5. However, the equal-weight case ad-

ditionally requires the relations between Fourier coefficients at small primes
to establish effective bounds for the eigenform product identities.

(3.1) 1= (Cr(1 k1) +Cr(1 — ko))

3.1. The unequal-weight case. Let f = Ej,, h = Ej, and assume
k1 > ko without loss of generality. As outlined above, we show that (3.1))
fails by establishing a lower bound on the right-hand side using ([2.4)). Put
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C(D, k1, k2)

(AR + k) < D )’“2F<k1+k2>2
(R + k2)2¢ (k)2 \ 42 (k)2

’ 4/<;1 (D)kl_sz(/ﬁ)z B 1‘
C(k1)2C (k)2 \ A2 I (ks)?
e <k:1 +k2>> (D - k%)’@ C(4ky) (D)’“"”FW 1
T (k1 + k2)2((k1)? \ 4m? (k1)2C(k2)? \ 472 I'(k2)?
since I'(k1)/T (ko) > k5*~*. By and (B.1)), the identity g = Ejy, - Eg,

must satisfy

)

B B B Cr(1 =k — k2)
(3.2) 1= ‘(CF(l kl) + CF(l kQ))CF(l _ kl)CF(l _ k2)
Cr(1 — k1 — ko)

> |[¢r(1 = k1)| = [Cp(1 — ko)
> C(D, k1, ka),

which leads to the contradiction proved in the following propositions.

NP1 = k1)Cr(1 - ko)

PROPOSITION 3.3. There is no eigenform product identity g = Ey, - Ey,
over all real quadratic fields with narrow class number 1 and D > 41.

Proof. By (3.2), it suffices to prove that C(D,kq, ko) is always greater
than 1 when D > 41 > 472 and 2 < ky < ko + 2 < k;. Note that
(k1)) (kg) > k5 %2 We have

C(4ky) ( D >’“l"“2r(/ﬁ)2

C(k1)2( (k)2 \ 472 (k)2
(k) (DR3\"7* 291600
a C(kl)QC(k&) <47r2> 1 2 >L

since 1 < ((k) <({(2) = %ﬁ and ((4) = %. It follows that
C (D, ky, k)

CAn+k) [ D\PTUn+ke)? [ C(4k)  (DR3\O "
<<’ﬁ+’f2>2<<k1>2< ) I (k1)? <<<k1>2<<k2>2<47r2> ‘1>

472
291600 [ 41-42\? /291600 [ 41-22\?
> l2 472 l2 472 —1)>1
always holds for k1 > ko > 2 and D > 41, which contradicts (3.2). Hence,
there is no eigenform product identity when D > 41. =

Now we only need to consider the case where D € {8,13,17,29, 37}, since
F has narrow class number 1.
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PROPOSITION 3.4. There is no eigenform product identity g = Ey, - Ey,
over all real quadratic fields with D € {8,13,17,29,37}.

Proof. Following the lines of Proposition [3.3] we give a detailed proof for
D = 8. We first consider ko > 4 and have

C(4ky) (8 : k§>k1_k2 _ 291600 (8-42)2 -
C(k1)2¢(ka)2 \ 4m2 wi2 472 '
It follows that
2\ 4 2\ 2
C8, ki, ko) > 297316200 (847T62 > <297:16200 (84; > B 1) o1
Hence, there is no eigenform product identity when D = 8 and k1 > ko > 4.
Now we only need to consider the case k2 = 2 and determine the minimal

value of
(k) (8 \MTI(k)?
C(k1)2¢(2)? <47T2> rep? ‘
Note that the function
8 ki1—2 )
f(k1) = <47r2) I'(k1)

increases with respect to kj over S = {4+ 2k | k € N}, as for k; > 4,
flki+1) 2k
f (k1) s
Given that f(4) > 1.478 and f(6) > 24.281, the inequality
C(ky) (8 \M7PI(k)? _ 291600
C(k1)?¢(2) \ 4 I'(2)? i
holds for all k1 > 6. It follows that for k4 > 6,

291600 (8 - 62\ % /291600

112 (4772 ) < 112 'f(6)_1> > 1,
which contradicts (3.2)). For the remaining triple (D, k1, k2) = (8,4,2), a nu-
merical evaluation using SageMath yields C(8, k1, k2) ~ 7.2291, contradict-
ing (3.2). Hence no eigenform product identity exists for D = 8. The proofs

for the other cases are analogous to the D = 8 case but easier, we therefore
leave the details to the reader. m

> 1.

f(6) >1

C<8,k1,2) >

REMARK 3.5. The relevant data associated with the computation of
C(D, k1, ka) and the proof of Proposition [3.4] are available on GitHub [Z24].

By Propositions [3-3] and [3:4] no eigenform product identity of the form
g = Ey, - Ey, with ky # ko exists over all quadratic fields with narrow class
number 1 and D > 5.
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3.2. The equal-weight case. Now we consider the equal-weight case
and put f = h = Ej. In this case, and are insufficient to derive a
contradiction. Therefore, we must examine the Fourier coefficients at small
primes.

If the ideal (2) is not inert, we may assume without loss of generality
that (2) = p? or (2) = pp’, where p is a prime ideal. Comparing the Fourier
coefficients at p on both sides of g = f - h yields
(3.6) (2°F71 = 2" J¢p(1 - 2k) = 0,
which corresponds to a special case of [JZ19 eqgs. (5.4) and (5.5)]. Since
is impossible for £ > 2, an eigenform product identity can only occur
when (2) is inert.

Put

1 2
C(D,k) = (:f) D2 - k.

If (2) is inert, an eigenform product identity must satisfy [JZ19l eq. (5.3)],
that is,
42k—1 _ 4k—1 4
Cr(1—=2k)  Cp(1—k)Cr(1—k)
Combining this with (2.5)) shows that an eigenform product identity should
satisfy

(37) 1 Z 41—2k(42k—1 _ 4k—1)
_1
()" Ik

> 422k > C(D, k)

T (B k(R

by Stirling’s bound on the binomial coefficients (2:) > n=2220-1,

ProOPOSITION 3.8. There is no eigenform product identity g = Ey, - Ey,
over all real quadratic fields with narrow class number one and D > 5.

Proof. When (2) is not inert, (3.6) directly proves the result. Hence we
only need to consider the case when (2) is inert. Note that C'(D, k) increases
with both D and k. We first fix D at its minimum value 13, yielding k£ < 20
by . For each such k, we determine the maximum D via (3.7) (see
Table . An exhaustive verification of equality is carried out by evalu-
ating the rational values of (r at negative integers via generalized Bernoulli
numbers for all resulting (D, k) pairs. We find that no eigenform product
identities exist in this case. m

Table 1. Maximal possible D for weight k

k 2 4 6 8§ 10 12 14 16 18 20
Maximal D | 15649 389 173 61 61 37 29 13 13 13
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REMARK 3.9. The source code used to generate Table [I| and perform
the exhaustive verification has been provided on GitHub [Z24]. Note that
if the narrow class number of a real quadratic field is 1, the norm of the
fundamental unit must be —1. This implies that all odd prime factors of D
are congruent to 1 modulo 4. Furthermore, if (2) is inert, the discriminant
must satisfy D =5 (mod 8). Conversely, if (2) is not inert, then either 2| D
or D=1 (mod 8).

This completes the proof of the first part of Theorem [I|

4. The case of Eisenstein series and cusp forms. In this section we
assume F' is a real quadratic field with narrow class number 1 and D > 5,
so its fundamental unit €p has norm —1. Therefore, My (I'r) = {0} for odd k
via the action of €pf. We consider the product of an Eisenstein series f of
even weight ki with a cuspidal eigenform h of even weight ks and assume
g = f - his also a Hecke eigenform.

The proof of the second part of Theorem [I| proceeds in two steps. First,
we identify all possible triples (D, k1, k2) by analyzing the properties of the
Fourier coeflicients in the eigenform product identities. Second, employing
the main theorem of [ZZ24] together with the grand Riemann hypothesis, we
rule out those triples corresponding to non-trivial dimensions of the space of
cusp forms.

To prove the second part of Theorem [1| we first bound the coefficients of
Eisenstein series.

LEMMA 4.1. If m is a non-zero integral ideal of F, then |c(m,Ey)| <
N(m)’”l.

Proof. The proof follows the approach of [YZ21, Lemma 3.2|. For any
prime ideal p and 7 > 1, we have

e+, Br)| = |e(v, Bx)e(p, Bx) — N(p)*te(p’™, Byl
< |e(p?, Bx)e(p, Bi)| + [N (p)*le(p’™ 1, Ey)|
by (2.1), and c(p, Ex) = 1+ N(p)*~! < 2N(p)*~! by (2:3)). This implies
(B, B < anN (™, m >0,

where {a,,} satisfies ap = 1, a1 = 2, and ay42 = 2441 + . Inductively,
am < 3™, yielding

[e(p™, By)| < 3™N(p™)F < N(p?)™ - N(p™)FE = N(pm)H

The case of non-zero integral ideals m follows via coefficient multiplicativity. =

~— —

Next we recall the main theorem of [ZZ24] concerning real quadratic
fields and parallel weights, which establishes sufficient conditions for the
non-existence of eigenform product identities.
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THEOREM 3 ([|ZZ24] Main Theorem, Remark 3.4|). Let F' be a real
quadratic field of narrow class number 1 and let k,I > 2 be even integers.
Under the grand Riemann hypothesis, if f = Fy is an Fisenstein series and
h € Si(I'r) a normalized eigenform, then f-h is not an eigenform whenever

dim Sy (I'r) > 1.

REMARK 4.2. Note that Theorem |3|requires the grand Riemann hypoth-
esis when k = 2, explaining the formulation of the second part of Theorem

With the dimension formula for Hilbert cusp form spaces over quadratic
fields established in [TV83|, we obtain the following lemma.

LEMMA 4.3. Let F = Q(v/d) be a real quadratic field with square-free d,
discriminant D > 12 and narrow class number 1. For k > 2,
dim Sor,(I'p) = 2k(k — 1) - ¢p(—1) + x(I'r) — h(—=3D) - 6;,/6,

where 6, is 1 if k = 2 (mod 3) and 0 otherwise, h(D) is the class number of
the quadratic field with discriminant D, and x(I'r) =1+ dim So(I'F) is the
arithmetic genus.

Proof. The dimension formula follows directly from [TV83, eq. (2.15)].
2

Specifically, [TV83] eq. (2.8)] shows that Y oo, 6xth = lt_—t3, and hence we
get
o
Zéktk =t2. Zt?’” => <1
n=0

By comparing the coefficients of t* on both sides, we deduce that §; = 1
when k& = 3n + 2 for some integer n > 0 and §; = 0 otherwise.

Since elliptic points of order 5 do not occur for D > 12, we see that
as(I") in [TV83] eq. (2.15)] is 0. Now we consider the contribution of order-3
elliptic points to the dimension formula. Since the fundamental unit of F' has
norm —1, the Pell equation z2—dy? = —1 has solutions. It follows that all odd
prime divisors of D are congruent to 1 modulo 4, so 3 1 D. Applying [vdG88,
the second formula on p. 17|, we obtain the desired dimension formula. =

COROLLARY 4.4. For k > 3, dim Sox(I'r) > 1 for D > 12.

Proof. From the Dirichlet class number formula and [R0I), Corollary 1],
we have

1/2
nay =27y <
v

A log|A[ |
s

5 2 — log 6)

for fundamental discriminant A < —4, Kronecker symbol x = (é) and
Dirichlet L-series L(1,x). In view of the functional equation (p(—1) =
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D32 . (47%)~1 . ¢p(2) and Lemma we have
(4.5)  dim Sor(I'r)
=2k(k—1)-(p(—1)+1+dim So(I'r) — h(—3D) - 6, /6
2k(k —1)- D32 . (47~ +1 — h(—3D)/6
/
(3D)1/2 <10g(3D) n 5 log 6)

>3.D3/2. (711 _
= )+ 67 2 2
for k > 3, since (¢(2) > 1 and —3D is also a fundamental discriminant. Note
that the right-hand side of (4.5)) increases with D and exceeds 1 for D > 12,
hence dim Soi(I'F) > 1.

We now apply the bounds from [JZ19|] to determine all possible triples
(k1,k2, D). When (2) is inert, the Hecke relation (2.1)) for g = f - h yields

@)

o) LD e,
= |¢ . M 2_ k1+ko—1 —c e 2 gko—1
ety (F2R0) gttt} o) @2 - 4

= lco(f) ™" +2¢((2), h) + co(f) (472" — ahrthe=h),
On the other hand, [JZ19, Lemma 4.3] implies
c((4),9) — co(f)e((4), h) = c((3), h) + c((3), f) + c((2), h)e((2), f).
Hence, by , , , Lemma and [YZ21l, Lemma 3.2], the eigen-

form product identity g = f - h must satisfy

(4.6)  4k2mlgh 1

)

5 92 2 kl*%
+ 7178<( g) ) F(k1)72 . (3k2+3 + 9k1+1 + (1 + 416171) . 2k2)

5 92 2 kl—%
< ﬂ@(( g) ) (D (ky) 72 (370 4 98 4 (14 4B 2k,

By removing D, we obtain

(4.7)  4k2mlgh 1)

5
< % S(2m)R T (k)72 (3R gl (1 4 gRim Ty Lok
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By dividing both sides of ({#.7) by 4*2, we have

2 5
(48)  Ab 1< T @n)P (k)2 (28 4 9R L 4 gL,
If (2) is not inert, Subsections 6.1 and 6.2 of [JZ19] imply that g = f - h

satisfies

5 277)2 kl—%
(4.9) gh2—1(gk1 _ 1) < 71L8 <( g) > - T(k1)72,

5
(4.10) 2 (2h — 1) < To - (@mP T Dk

5
(4.11) ok 1< % C(@2r)% L P ()2

Now we prove the second part of Theorem [I] according to the inert and
non-inert cases of the ideal (2).

PROPOSITION 4.12. Under the grand Riemann hypothesis, no eigenform
product identity g = f - h with co(f) # 0 and co(h) = 0 exists over all real
quadratic fields with narrow class number 1, D > 5 and (2) inert.

Proof. Assume that (2) is inert. We begin by analyzing the growth in &y

of the right-hand side of inequality (4.8]). Define
9 5
G(k1) = % (2m)"M T P(ky) TP (28 + 9 aRT

and we have

Glk) _ @m0 T(ky)~2- (28490 +4h ™) (21)°-9

Gky—1)  (2m)2k1=3.[(ky —1)72- (28 + %1 4 4k1-2) = (ky — 1)2

for k1 > 20. Hence G decreases over S = {20 + 2k | k € N}. By the
monotonicity of G(k1), we find that inequality (4.8) fails for k; > 28, es-
tablishing 28 as the maximal kj. As both sides of inequality (4.7) increase
strictly in ko, but at different rate, we determine the maximal ko for each
k1 by iterating over ko = 2,4,6,.... Similarly, for each fixed pair (ki1, k2),
inequality ([4.6) yields the maximal D (see Table [2)).

Table 2. The possible ki, k2 and D

k1 2 4 6 8 10 12 14 16 18 20 22 24 26 28
Maximal k2 | 38 42 38 26 18 16 16 14 14 12 8 6 4 0
Maximal D | 3517 109 37 13 o ¢ ¢ ¢ ¢ o o 0 0 0

By Corollary [4.4] we find that dim Sk, 4, (I7) > 1 for all possible triples
(K1, ko, D) where k1 + ko > 6 and D > 13, and hence no eigenform product
identity exists in this case by Theorem [3] and Table
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It remains to consider k; = ky = 2 and D € [13,3517]. Following the
lines of Corollary [4.4] dim S,(I'z) > 1 for k = 4 and D > 29, reducing the
remaining case to (ki, k2, D) = (2,2,13). However, [I88] shows no weight-2
cuspidal eigenform exists in this case. Therefore, there is no eigenform prod-
uct identity over all real quadratic fields with narrow class number 1, D > 5
and (2) inert. m

PRrROPOSITION 4.13. Under the grand Riemann hypothesis, no eigenform
product identity g = f - h with co(f) # 0 and co(h) = 0 exists over all real
quadratic fields with narrow class number 1, D > 5 and (2) non-inert.

Proof. Assume that (2) is not inert. We put

Glki) = T2 - 1t ()2
and have
G (k1) (2m)2i =1 (k)72 (27)?

Glki—1) @023 T(ky — 12 (b — 1) !
when k; > 8. Hence G strictly decreases in S = {8 + 2k | k € N} and then
inequality implies that the maximal possible value of ky is 12. For
each possible k1, we then determine the corresponding maximal ko satisfy-
ing inequality . Finally, for every fixed pair (k1, k2), we compute the
maximal possible D satisfying inequality , yielding Table

Table 3. The possible k1, k2 and D

kq 2 4 6 8 10 12
Maximal k2 | 10 14 14 12 8 2
Maximal D | 73 8 0 ] ] 0

This reduces to k1 = 2 or 4 by Table 3] For k; = 4, Table [ shows
that the only possible quadratic field is F = Q(+/8). In this case, a Magma
computation yields dim Syix, (I'F) > 1 for ka € [2,14] and it follows that
no eigenform product identity exists by Theorem [3| For k1 = 2, only the
triple (k1, k2, D) = (2,2,8) yields dim Sy(I'r) = 1. However, no weight-2
cuspidal eigenform exists for D = 8 by [I88|. Thus, no eigenform product
identity exists over all real quadratic fields with narrow class number 1,
D > 5 and (2) non-inert. m

REMARK 4.14. The dimensions of the associated cusp form spaces were
computed using the online Magma calculator, while the data in Tables [2]
and [3] were generated using SageMath. All the corresponding code is available
in our GitHub repository [Z24].

We have thus completed the proof of the second part of Theorem
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5. On totally real number fields beyond the quadratic case. In
this section, we prove Theorem [2] by considering two Eisenstein series of
distinct weights. This theorem provides an analogous result for all totally
real number fields of degree greater than 2 and with arbitrary narrow class
number. Following our earlier approach, we apply the bounds for special
values of Hecke L-series and Odlyzko’s bound to demonstrate that these
estimates contradict the relations on the constant terms of Eisenstein series
derived from the Hecke eigenform product identity.

Let F' be a totally real number field of degree n > 2, and let f =
Ei, (¢1,11) and h = Eg,(¢2,12), where k; # ko and ¢;, 1); are narrow
ideal class characters of F' (see [DDP11, §2| for details). For a narrow ideal
class character ¢, we recall the following estimate for the Hecke L-function
L(s, ¢) (see [YZ21, eq. (2.4)]):

2 ;

<ta-nons (2) (o2s)  rercr

N3

™

As in [YZ21l egs. (2.1) and (2.3)], ¢ is equal to Eg, 4k, (6,%) up to a
non-zero scalar, and the identity ¢ = f - h implies
1 1 1

2 —
G2 ATkt

L(1 — ko, 5 'p2)  L(1— k1 — ko, ¢719)’

where ¢ = ¢1¢2 and ¢ = ¥1109. We define A = L(1 — k1,¢f1¢1), B =
L(1 — ko, 3 '1bg) and C = L(1 — ky — ko, ¢~ 10).
Assume that k; > ko. By (5.1)), we obtain

(5.3) ‘g‘ > < D )kleF(kl)” C(n?ky) (Dkg )’“’”C(l

(2m)n I(k2)™ C(k)"¢(k2)™ — \ (2m)" 2)2n
Similarly,
B cl A C D \"™ (kL + k)"
o 1=faemp| =[5 [3]2 (@) TR
where
C =5 - C(n? (k1 + k2))

" (ks A k) ()"

and ¢, arises from estimating ‘% + 1‘. We shall prove d,, can be chosen
as a constant depending only on n. To proceed, we recall Odlyzko’s bound
from [T83].
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ProposITION 5.5 (|T83| Proposition 2.3|). We have
D > a" exp(—b),
where a = 29.099 and b = 8.3185.

LEMMA 5.6. We can take

0.2 ifn=23,
O0p=140.03 ifn=4,
1 if n > 4.

Proof. We first consider n > 4 and it suffices to prove }%‘ > 2. In this
case, by (b.3) and Proposmon we find that for each fixed n > 4,

(Lkz eXp( b)) k1—ko 6(1 2n
H o2 () oot

() )"

is minimal when k1 = 4 and k9 = 2. As the function

(fr‘;>% - exp(—2b)

increases with n, it follows that ‘%! > 2, and hence ‘% +1’ > 1 for alln > 6.
For n = 5, substituting D > 14641 from [V08, Table 3| into the stronger
bound of (5.3)) also yields }% + 1‘ > 1.

For n = 3,4, we use the minimal discriminants 49 and 725 respectively
from [VO8| Table 3] to bound ’% +1|. For n = 3, the expression

49 - fp\ M h

( € )3 > C(2)72" ~ 0.786299
T

is closest to 1 when ko = 2 and k; = 8, yielding |% + 1‘ > 0.2. For n = 4,

the expression

725 - ki F R

< 2 )n2> ¢(2)72" &~ 1.033449
T

is closest to 1 when ko = 2 and k; = 4, giving ‘% + 1‘ >0.03. =

Now we verify whether (5.4]) holds by Proposition and Lemma [5.6[ to
prove Theorem

(5.7)

since

PROPOSITION 5.8. No eigenform product identity

g = Ekl (¢17 1/]1) : Ek2(¢2) %Z)Q)
with k1 > ko exists over all totally real number fields of degree n > 2.
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Proof. To complete the proof, it suffices to prove (5.4]) does not hold. We
first consider n = 3. Since

C(9(k1 + k2)) 1
C(k1 + k2)3¢ (k1) = ((6)3 - ((4)3
Lemma [5.6| gives C3 > 0.14. Since k1 > 4, we have
D \*2I'(ky + k)3 DE3 \ ™ 49 - 43\ ?
> M) >014 | .
C3<<2w>3> rk)? - 03<<2w>3> =01 < (2m)? ) > 2231,

which contradicts (|5.4)).
Then we consider n = 4 and we see that Cy > 4 - W > 0.02, while

D \*2 (ki +ky)* _ (725 4%
<<2w>4> L Z((%)‘*

so ((5.4]) does not hold for n = 4.
It remains to consider n > 4. For each fixed n > 4, note that

((52) o)

increases with respect to k; and ko, and

() 2)" s

increases with respect to n. Hence the expression

90 2n a-k:1 n ko
() ((5) ewin)
achieves its minimum at (n, k1, ko) = (5,4, 2), that is,
D \*2I(ky + ko) _ [180a)\*"
c, > -exp(—2b) > 128426,
(ar) “Fap 2 () evtm>
contradicting (5.4) for all n > 4. =

> 0.74,

2
) > 14181,

By Proposition [5.8) we have thus finished the proof of Theorem [2]
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