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Abstract. Let C' and W be two sets of integers. If C' + W = Z, then we say that
C' is an additive complement to W. If no proper subset of C is an additive complement
to W, then we say that C' is a minimal additive complement to W. Let m and h be two
positive integers with m > 2, h = 1 (mod m). We show that there exists an infinite, not
eventually periodic set W = {w; }§2; such that w;11 —w; € {m, h} for all i and W admits
a minimal additive complement.

1. Introduction. Let Z be the set of all integers and N be the set of all
nonnegative integers. For C, W C Z and integer a, we define

C+W={c+w:ceC, we W},
a+W={a+w:weW}.

For integers a and b, [a, b] is defined as the set of all integers between a and b.
For a positive integer k and set A, we define A (mod k) = {i € [0,k — 1] :
i =a(modk),a € A}. If there exists a positive integer T such that +7 € X
for all sufficiently large integers z € X, then we call X eventually periodic
with period T'. The set C'is called an additive complement to W if C+W =7
and if no proper subset of C' is an additive complement to W, then the set
C is called a minimal additive complement to W.

This concept of additive complement is already present in the works of
Newman |16] and Weinstein |17]. In 2011, Nathanson |15] initiated the study
of minimal complements in infinite abelian groups. He proved the following
theorem.

THEOREM A (see |15, Theorem 8|). Let W be a nonempty, finite set of
integers. In 7, every complement to W contains a minimal complement to W.
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Nathanson [15] also posed the following problem.

PROBLEM 1.1 (see |15, Problem 11] ). Let W be an infinite set of integers.
Does there exist a minimal complement to W 2 Does there exist a complement
to W that does not contain a minimal complement?

In 2012, Chen and Yang [10] showed that if W C Z is unbounded both
above and below, then W has a minimal complement.

THEOREM B (see |10, Theorem 1]). Let W be a set of integers with

inf W = —o0 and supW = +4o00. Then there exists a minimal complement
to W.

Observing that the case of inf W or sup W finite can be reduced to
W ={1=w < wy < -}, Chen and Yang [10] showed that removing
an extremely sparse set from N can still yield a set that does not have a
minimal additive complement.

THEOREM C (see [10, Theorem 2|). Let W = {1l =w; <wz <---} be a
set of integers and W = (Z N (0,4+00)) \ W ={w; < wz < --- }.

(1) If limsup,_, o (wi41 — w;) = +00, then there exists a minimal comple-
ment to W.
(2) If limjyyoo(Wiz1 — w;) = 400, then there does not exist a minimal
complement to W.
In 2019, Kiss, Sandor and Yang |13| investigated sets W with
lim sup (wj+1 — w;) < +00
i——400
which have a minimal complement. They studied the existence of minimal
complements for “eventually periodic” subsets of Z. A central problem in
this topic is to classify infinite sets in groups that admit minimal comple-
ments. This topic has attracted widespread attention; for related problems
see [1-8,/14,18]. In 2019, Kiss, Sandor and Yang ingeniously constructed an
infinite, non-eventually-periodic set W C N with w;y1 — w; € {1,2} which
has a minimal additive complement.

THEOREM D (see [13, Theorem 4|). There exists an infinite, non-
eventually-periodic set W C N such that wi+1 —w; € {1,2} for alli and there
exists a minimal complement to W.

Recently, Chen and Tang [9] generalized Theorem D.

THEOREM E (see |9, Theorem 1.3]). Let ¢ and d be distinct positive
integers with c|d. Then there exists an infinite, non-eventually-periodic set
W = {wy,ws,...} such that wit1 —w; € {c,d} for all positive integers i and
there exists a minimal complement to W.
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Inspired by the work of Kiss, Sandor and Yang (see [13, Theorem 4])
and Nathanson (see |15, Theorem 8|), we attempt to study whether there
exists an infinite, non-eventually-periodic set W = {w; }2; such that w; 41 —
w; € {2,3} for all ¢ for which there exists a minimal complement to W.
In [11], our idea is to first use Kiss, Sandor and Yang’s method to construct
a set V = {v;}3°, such that v;41 —v; € {1,2} for all i and there exists a
minimal complement C' to V', and then choose a set W C V that satisfies
wi+1 —w; € {2,3} for all i. We find that if |Z\ (C'+W)| < 400, then we can
use Nathanson’s method to construct a minimal complement to W based
on C.

THEOREM F (see [11]). Let {b;}°,,{Vi}2, and C' = {c¢;}32, be such that

(i) by =—1, Vi ={1,...,12}, c1 = —6;

(ii) b 1s the largest negatwe integer ¢ Vi1 +{c1,...,¢ci—1} fori>2;
(iii) ¢ < b;+2¢;_1 — 3 for all i > 2;
(iv) fori>2,

i1
Vi=Viq U ([_2@‘717 —2¢; — 1]\ U{—Ci + bj})-
j=1

There exists a non-eventually-periodic set W = {w;}5°, satisfying bj—c; € W
and wiy1 —w; € {2,3} for all i. In particular, if |Z\ (C + W)| < 400, then
there exists a minimal complement to W.

The construction of Theorem F does not necessarily yield a pair (C, W)
satisfying |Z \ (C'+ W)| < 4o00. Let m > 2 be a positive integer. In this
paper, to overcome this limitation, we directly construct an infinite, non-
eventually-periodic set W = {w; }3°; with w;;1 —w; € {m, m+1} which has
a minimal complement.

THEOREM 1.2. Let m and h be positive integers with m > 2 and h =
1 (mod m). There exists an infinite, non-eventually-periodic set W = {w; }5°,
C N such that wiy1 — w; € {m,h} for all i and there exists a minimal
complement to W.

We pose the following problem.

PROBLEM 1.3. Let m and h be positive integers with m > 2 and h =
1 (mod m). Does there exist an infinite, non-eventually-periodic set W =
{w;}22, € N such that wit1 — w; € {m, h} for all i and there does not exist
any minimal complement to W ?

In light of Theorem [I.2] it is natural to ask: Let m > 2 and 1 < r <
m — 1 be positive integers with (r,m) = 1. Does there exist an infinite, not
eventually periodic set W C N such that w;+1 — w; € {m, m + r} for all ?
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Inspired by the construction framework presented in this paper, He and
Tang [12] introduced two new parameters to control the construction of W
and to find a uniqueness witness for each element in C. They dealt with the
case where m > 3 and 2 < r < m — 1. The following result was formally
published prior to the present paper.

THEOREM G (see |12, Theorem 1.1]). Let m > 3 and 2 <r < m —1
be positive integers with (r,m) = 1. There exists an infinite, non-eventually-
periodic set W C N such that wiz1 — w; € {m,m + r} for all i and there
exists a minimal complement to W.

2. Proof of Theorem By Theorem E, it is sufficient to consider
h > 1. Write h = km+1 with & > 1. We can construct {d;}°,, {W;}2; and

1 (2
{c( c

i & e 7C£m)}7?il as follows:

() do=-1, =—km3—j,j=1,...,m,
Wi={mi:i=0,...,2km?+2};

(ii) d; is the largest negative integer ¢ W;_ 1 + {cgl),...,cgm),...,cgl)l,

’Cng)} for i > 2;
(iii) for all 7 > 2, choose 9 (j =1,...,m) such that

i
cgl) < min{d; + QCETI) —km® — 2km? —m + 1,
3¢, — (km+1)(2m — 1) — 2(m — 1)}
and cgj) = cgl) -7+ 1
(iv) for each i > 2, we shall consider the following steps to construct the

elements of W which fall in each interval (—201@2, —2C§m)].

STEP 1. Construct the elements of W which lie in (—201(-?1), d; — cl(-l)].

(m)

Let s; be the least nonnegative residue of d; — cl(.l) + 2¢;_{ modulo m.
By (iii), we have d; — cgl) + 20§T1) —m(km+1) > km3 + km? — 1, thus
A,
(2.1) {ZJ — ks; > km?,

m

where A; = d; — cgl) + QCETE —m(km+1).
If s; = 0, then choose

(2.2) v = (—2d™ b (km 4D l=1,...,m}

71—

U{—2c§_1)+m(k:m+1)+mj:jzl,..., {J}
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If 1 <s; <m —1, then choose
2.3) VU ={=2d™ 4 (km+ 1)l 1=1,... m+ s}
A,
U {—QCEZ) +mkm+1)(m+s)+mj:j=1,..., {ZJ - k‘si}.

By the construction of Vz(_li in 1} and 1) we know that

(2.4) max V) =d; — M, i=2,3,....
Combininig this with 7, we know that for all ¢ > 2,

(iv-a) d; — 01(1) —ml € Vl(_li, l=1,...,km?

For j=1,...,m — 1, we have

di — (km+1)j — cl(-jﬂ) =d; — kmj — CEI) € Vl(ji,
thus, for any 1 < s <m and s # j + 1, we have
(iv-b) d; = (km +1)j - ¢ ¢ V).
Noting that
Wi+ {cgl), e ,c(lm)} = [~km® —m, km® + 2m — 1],

we have dy = —km3 —m — 1, thus dy — d; = —km3 — m.
For 1 =0,...,km?, we have
di —mi = (d; — ¢ — mil) + ¢,
o — (d; — M — .
(2.5) di — (ml+1) = (d; — ¢ ml) +¢;”,

di —(ml+m—1)=(d; — cgl) —ml) + ™.

By (2.4), (2.5) and (iv-a), we have
1 1 m
{di—ml,....di—(ml+m—1)} SV + {0 ™
By (ii) we know that d;1 < d; — (km® +m — 1). That is, we have
di+1 - di S —km3 —m.

STEP 2. Construct the elements which lie in (d; — cgl), dy — cgl) —1].

To construct all these elements, we first construct the elements of Vf%,o
which lie in this interval. Let ¢; be the least nonnegative residue of d;_1 — d;
modulo m.
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If t; = 0, then choose
26) V& ={di ) —1—(km+1)l:1=0,...,m—1}

di_1 — d;
U{@—é”+mwj:1ww{§nJ—mn+w—1ﬁ.

If 1 <t; <m —1, then choose

27 V& ={di ) —1—(km+1):1=0,...,m—1}

1

U{di—C§1)+(km+1)l:l:1,...,ti}

U{dicgl)+(km+1)ti+mj:
d; d;
j=1..., {1J—kzti—km+(k¢—1)}.

By the construction of V 0 in and ) we know that the distance

between the first element of V 1 0 and d; — is either m or km + 1. Thus,
for any 2 < j < m,
(iv-c) d; —c()—d —c() j—l%VZ»(_QiO.

Note that the distance of the adjacent elements in
V2 o0 dict — ) — km? + (k — )ym, di—y — ¢tV — 1]
is km + 1. Thus, forany 1 <j <m — 1,
(iv-d) iy — e —(km+Dj=diy — ) —1— (km+1)j+s¢ V7,

where s =1,...,m.
Noting that
i—2
[di—l — CZ(»l), d1 — CZ(»l) — 1] = U [di—u — Cl(l),d -1 — C(l) — 1],
u=1
if i — 1 > 2, then we will proceed to choose all the elements of VZ(_Q%M which
fall in [d;—,, — CZ(-l), di—y—-1 — cl(-l) —1]forallu=1,...,i—2.
Let p; ., be the least nonnegative residue of d;_,—1 — d;—, modulo m.

If p; w = 0, then choose
28) VP, ={diur—c —1—(km+1)l:1=0,...,m 1}

U{di_u—cgl)—l—km—kmj:j:(),...,{MJ —k:m—l}.

m
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If 1 <p;u <m—1, then choose

29) V&, ={dicur— ) —1—(km+1):1=0,...,m—1}

)

U{di,u—c§1)+km+(km+l)l 1=0,...,piu}

)

difuf _difu
j:l,...,\‘l J_kpi,u_km_l}-

m

By 1’ and l , we know that the first element in Vz(au is dj—qy —
cgl) + km, thus

(iv-e) di—y — cgj) ¢ v

i—1,u’

U {diu ) + km + (km + 1)p; o +mj :

j=1...,m.
Note that the distance of consecutive elements in
2 1 1
Vz(—},u N [dz;ufl — CZ( ) _ km? + (]{7 — 1)m,d¢,u71 — CZ( ) _ 1]
is km + 1. Thus, fixing an integer 1 < j <m —1, forall s =1,...,m, we
have

(iv-f)  dimue1 —¢” —(km41)j = dimyr — e — 1= (km+1)j+s ¢ V2 .
Write

1—2
2 2
v =4,
u=0

Then
max V&) =dy — M -1, i=2.3,....
STEP 3. Construct the elements of Vz(_i? which lie in (d1 —cgl) -1, —2c£m)] )

Let g; be the least nonnegative residue of —QCgm) —d; + cgl) modulo m.
If ¢; = 0, then choose

—2¢™ —di + c§1)J _ k;}
m

Vi(_?’i:{d1—c§1)+kzm+mj:j:0,...,{
If 1 <g <m—1, then choose
V) = {dy — Y fkm+ (km+1)1:1=0,..., ¢}

U {dl —cgl) +km+ (km+ 1)g; +mj :

_9cm) _ (1)
j:l,...,{ 26 —dite J—kqi—k:}.
m

Then
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By the construction of 1/;(_3}, the first element in VZ(_?’% is di — CEI) + km, and
thus

(iv-g) d—e g Ve =1 m
Fori=2,3,..., let

(2.10) Wi = Wi, uv oA uve),

Write

W = GW C = G{cf.”,...,cgm)}.
=1 =1

(1)

Since condition (iii) provides only an upper bound on ¢;”’, we may choose

M 00 as i — oo Consequently, _2Cz(m)

: — +400. Thus, each newly
constructed block of W lies strictly to the right of the previous blocks, and
all sufficiently large elements of W are positive integers. Therefore, W C N.

Moreover, consecutive elements of W satisfy
(2.11) Wit1 —w; € {m,h}, h=km+ 1.

In fact, the initial set W7 is an arithmetic progression with common differ-
ence m. So, holds trivially. During the inductive construction of W,
every new element added maintains the property that its difference from the
previously added element (which is either within the same block or the last
element of the previous block) is either m or km + 1. By induction,
holds for the entire infinite set W.

Since dy = —1 and d;41 — d; < —km3 —m for all i > 1, it follows that
d, — —o0. By (ii) we have (—oo, km? 4+ 2m — 1] C W + C. For any integer
n > km?> + 2m, there exists an 7 > 2 such that —CETl) <n< —cgm). Hence

—cgl) +di < —cl(inl) — cl(l) <n-— cgl) < e <n— cgm) < —QCEm).

Since

—c(ml) — M~ (dy — cgl) +km) = —CETI) —di—km>km®+m+1—km,

— 7

we have

™ > g~ kmd 4 km41>di — &Y 4 kmE+m - 1

i i i i
Hence,

n— cgl), B cl(-m) € [dl — cl(-l) +Em?4+m — 1, —2cim)].
Write
I =d — cgl) +Ekm? +m — 1, —2c§m)].

Within this interval, all elements of the set Vl(_gi lie in the same fixed
3)

residue class modulo m. In fact, the elements of V,;\"; form arithmetic pro-



Minimal additive complements for {m,h}-sets 9

gressions with common difference m after the initial km + 1 shifts. Hence,

®3)

in the interval I; the elements of V.'°; appear periodically with step m.
1) (m) (3)

Therefore, exactly one of n —¢;”,...,n—¢; " isin V,\";. Hence,
n e W; —l—{cz ,...,cgm)}.
So, W+ C =Z.
Next, we prove that the complement C' is minimal. For ¢ = 2,3, ..., write
1 (2 1 2
Ci_q = {c1 ),cg ), .. ,cgm), . 705—)1705—)17 .. ,CETI)}
First, for ¢ = 2,3, ..., we have the following fact:
(iV—h) di — (k:m + 1)(8 - 1) ¢ Wi—l + Ci—l-

Indeed, by (i) we have
Wi+ C1 = [—km? —m, km3 +2m —1], dy=—km®—m—1.
Thus, for all s =2,...,m, we have dy — (km + 1)(s — 1) ¢ W1 + C1.
Fori=2,3,..., by (2.10) we have

(212) Wi+ Ci=Wi1UVig)+ (Ciyu{cd",... ™}
= Wizt + Cim1) U (Viey + Cig) U (W | +{c2 o dm™
UV g MY U ™)
U (V-(S) + {C(l) ) (m)})
where V;_; = V) v uv®),
Combining this with the construction in Step 1, write
w1 = 2c(m) + (km+1)(m+ s;).
If s; = 0, then
V) = {wl D — jkm+1):5=0,...,m—1}
U{w Y +mj:j=1,... [A;/m]}.
Thus,
213) VU 4V ™)
m—1
= U [w(i_l)—)\(km+1)+c§m),w(i_l)—/\(km—i—l)—i—c( )] [w(i_l)—i—cz(m),di].
A=1
If1<s;<m-—1, then
Vz(ﬂ = {wY —j(km+1):j=0,...,m+s —1}
U{w Y +mj:j=1,..., [Ai/m] —ks;}.
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Thus,

214) VY 4D My
m—+s;—1
= U [w("*l)—/\(km—i—l)%—cgm),w("*l)—/\(km+1)+c§1)]u[w(ifl)—i—cgm),di].
A=1
m)

Noting that min(V;—1 + C;j—1) > —201(71 + E 1) 0 and by (iii) we have

w0 4™ = o™ — 26" 4 (km + 1)(m + 57)
< c,gl) —(m—1)— 2(0( ) —(m—=1))+ (km+1)(2m — 1)
<" 1> = min(W;_; + Ci_1).
Combining this with , we obtain
diy1 = w1 4 cz(»m) —1.
Noting that

max(W;_ 1+{c ...,cgm)})— 2¢;

7 )

(1)

ml) C
m) (m)

(
< 2051 km—l—l—i—c
—mm(V1)+{cl),...,c§m)}),

]

together with (2.13]) and (2.14), for any s = 2,..., m we have
dit1 — (km + 1)(8 — 1) Q;L W; + C;.

Second, we shall show every cgl) is necessary. For any positive integer i,
write d; = ¢+ w with ¢ € C and w € W. We shall prove that ¢ = cl(l).
By (i), we have di — ") = km?® € Wy and
Cll — ng), e ,dl - Cgm) ¢ Wl.
By (2.4), we have
(2.15) di—cV ew  foralli>2.
Moreover, by (iv-c),
(2.16) di—c?, . di—d™ ¢ w.
Fix an i > 2. By (iv-e) we know that for any j > i+ 1,
( ) (2) _ (m) (2)
di—c; ' di—c;”, ... di—c; 0 ¢ V7.
By (iv-g), for all j > 2,
(1)

d1 — C d1 — C(2) . ,dl — C§m) ¢ V(E)l
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Hence, for any fixed ¢ > 1, if 7 > ¢+ 1, then
1 2 m
(2.17) di_c§)7di—6§),...,di—cg ¢ W

m)

That is, if d; = ¢+ w, then ¢ # c§1), .. .,cg. for all positive integers

Jj >
By (iii) and the construction of Vz(_li in Step 1, we have
min(W \ W;_1) > —2057_"1) +Ekm+1= —2(0&)1 -m+1)+km+1
= 2" + (k+2)m — 1,
thus for all 7 <7 — 1, we have
di — cg-l) <d; - cgl_)l <<y — CETI) < —2021_)1;
it follows that for all positive integers j < i — 1,
di— D, di— ™ g WA Wiy
By (ii), we know that
1 m 1 m
d; ¢ Wi_1 —1—{05 ),...,Cg )7"'702(—)17"‘761( 1)}
Hence,
1 m 1 m
(2.18) dig W {V, ™Yl

So, by 7, if di = ¢+ w, then ¢ = cgl).
(s)

Third, for all s =2,...,m, we shall show that every ¢;” is necessary.
For any positive integer i, write d; — (km+1)(s —1) = c+w with c € C

and w € W. We shall prove that ¢ = cgs) .
By (i), we have

dy — (km+1)(s — 1) — &) = km® — k(s — 1)m € W}
and dy — (km+1)(s —1) — cgj) ¢ W, for all j # s. By (iv-a) we have
di — (km+1)(s—1) — CES) =d; — c,gl) —km(s—1)eW foralli>2.

Moreover, by (iv-b), we find that for all i > 2,

di — (km+1)(s—1) — cz(j) ¢ W forall j #s.

For all i > 1, by (iv-d) we know that
di— ) —(km+1)(s—1)¢ W forallj=1,... m.

For any ¢ > 1, by (iv-f) for all j > i+ 2,

di— N —(km+1)(s—1) ¢ W, A=1,...,m.
Hence, for all positive integers j > ¢ and A = 1,...,m, we have

di — N — (km +1)(s — 1) ¢ W.
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That is, if

di— (km+1)(s—1) =c+w,
then

for all positive integers j > 1.
For all j <i— 1, we have

di — D — (km+ 1)(s — 1) < di — i) — (km + 1)(s — 1)
<di— P = (km+1)(s — 1)

< e
<d; — CETl) —(km+1)(s—1)
< —202(1_)1.

It follows that for all positive integers j <i—1and A =1,...,m we have

di — N — (km +1)(s — 1) ¢ W\ Wi_1.
Moreover, by (iv-h) we have
di— (km+1) (s —1) ¢ Wiy + {1V, ... ™, e dmy
Hence,
di— (km+1)(s—1) ¢ W+ {c", ... ™ Yl

So, for any s =2,...,m, if d; — (km +1)(s — 1) = ¢ + w, then ¢ = cgs).
Therefore, C' is a minimal complement to W.

Fori=1,2,..., write R; = —QCEm). Since condition (iii) grants complete
(1)
i

lim R; = 400, lim(R;y1 — R;) = +o0.
1—00

1— 00

freedom to choose ¢;”’ arbitrarily negative, we can choose cl(-l) such that

Suppose that W is eventually periodic with period T and starting point V.
We can choose an index j such that Rj+m(km+1) > N and R;+m(km+1)
+ T < Rjy1. By the construction in Step 1, we can choose suitable cﬁ)l to
ensure R; + m(km + 1) + T ¢ W by appropriately controlling the value of
sj+1. In all, W is infinite and not eventually periodic.

This completes the proof of Theorem
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