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Ramification groups of Galois extensions over local fields of
positive characteristic with Galois group isomorphic to the
group of unitriangular matrices
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Abstract. We study the ramification groups of finite Galois extensions L/K of a
complete discrete valuation field K of equal characteristic p > 0 with perfect residue field
and Galois group isomorphic to the group of unitriangular matrices UT, (Fp) over F,.
We show that the upper ramification breaks can be expressed as a linear function of the
valuation of the entries of a matrix directly constructed from the coefficients of a defining
equation of the extension. This allows us to compute the ramification groups without
using any elements of L — K.

1. Introduction. Let K be a complete discrete valuation field of equal
characteristic p > 0 with perfect residue field k. For any finite Galois ex-
tension of K, one can define the upper and lower ramification groups, or
filtrations. When the extension is abelian, the jumps in the upper ramifi-
cation filtration can be described in terms of the coefficients of a defining
equation of the extension. For example, if L/K is an Artin—Schreier exten-
sion defined by 2P + a = z, where a € K satisfies p 1 vg(a) < 0, then
the unique upper ramification break of L/K is given by —vk(a). Kanesaka
and Sekiguchi [KST9] generalized this result to finite cyclic cases, using Witt
vectors. Since every finite abelian group can be decomposed into a direct
product of cyclic groups, this allows one to compute the upper ramification
breaks of any finite abelian extension L/K in terms of the coefficients of a
defining equation of the extension.

In the abelian case, the Hasse—Arf theorem asserts that the upper ram-
ification breaks are integers. On the other hand, in the non-abelian setting,
the situation is more complicated, and upper ramification breaks can be a
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fraction with a denominator of a divisor of the order of the Galois group.
Specifically, [125] calculates the upper ramification breaks for some finite Ga-
lois extensions of maximal nilpotency class and shows that in some cases,
they belong to %Z — Z. Furthermore, [E23| shows that if the Galois group is

non-abelian and of order p?, then the extension can have non-integer upper
ramification breaks, except for the case where the Galois group is isomorphic
to the dihedral group Dg of order 8.

In this paper, we study the ramification groups of totally wildly rami-
fied finite Galois extensions whose Galois group is isomorphic to the group
UT,(F,) of n x n upper triangular unipotent matrices, or unitriangular
matrices, over [F,. We have proved in our main result, Theorem @, that
when 3 < n < p+ 2, the largest upper ramification break is given by a
linear expression of the valuation of the entries of a matrix explicitly con-
structed from the coefficients of a defining equation of the extension. This
result is an analogue of the previous findings by Kanesaka and Sekiguchi
IKS79] in the abelian case: they showed that the largest upper ramifica-
tion number of an Artin—Schreier—Witt extension of K defined by an equa-
tion (zf),...,2%) — (zo,...,z5s) = (ao,...,as) of Witt vectors is given by
maxo<;<s(—vk(a;)p*™"), and the equation (1.1)) proved in Theorem of
this paper is a counterpart in the UT,(IF,) case. Note that in the Kane-
saka and Sekiguchi’s result, the ramification number is derived only from
the information of the elements a; of K. Similarly, the left-hand side of the
equation consists of the valuation of the element sg;; € Kg, which
can be calculated without depending on any elements of L not in K. Since
every finite p-group can be embedded into UT;,(IF,) for some n, findings in
these cases are expected to shed light on more general situations.

This paper consists of five sections:

In Section [2, we define a valuation on the subring FT,,(M) of the ring
of upper triangular matrices over a discrete valuation field M of positive
characteristic, by extending the valuation on M. This valuation vy satisfies
upm (XY) > min(va(X),vp(Y)) for any X, Y € FT,(M), analogous to the
formula vy (x + y) > min(vps(x),var(y)) for any x,y € M. This valuation
of matrices is a partial analogue to the filtration on Witt vectors in [KS79].

In Section [3] we recall some properties of ramification numbers of separa-
ble extensions over a complete discrete valuation field K of equal character-
istic p. We also define a totally wildly ramified separable extension Kr/K of
degree ¢ with a unique upper ramification break %, where R is a positive
integer coprime to p and ¢ is a power of p.

In Section we introduce a totally wildly ramified Galois extension L/K
with Galois group G,k isomorphic to the group of unitriangular matrices

UT,(F,) over F,. This extension has a defining equation of the form X ®) A
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= X with A € UT,(K). This equation is analogous to the defining equation
2P + a = z for Artin—Schreier cases. We denote by @ one of the solutions of
X® A = X, where X denotes the matrix obtained by raising each entry
of X to the pth power. Specifically, the entries of © generate L over K. We
define an isomorphism tp : K — Kpg and extend it to separable closures.
We also define the Galois extension Lr/Kpg, where Lr = tr(L), and the
matrices Or = tg(0) € UT,(Lg) and Ar = tr(A) € UT,(Kpg). In order
to reduce the calculation of the ramification breaks to the Artin—Schreier
case, we introduce another matrix Dy defined by A, Ag, ©, and Og, and
approximate it by a matrix Sg constructed using only A and Ag.

In Section [5] we study the relationship between the valuations of the
entries sg; j of Sg and the upper ramification breaks of the extension L/K.
Specifically, our goal in this section is to prove that the formula
(1.1) UKR(SR,i,j) = —qrij + R
holds for 1 <i < j <nif vg,(SrRim) < —qim +pR for all i <1 <m < j,
where 7;; is the largest upper ramification break of K(0;,, (i <1 < m
< j))/K, and pi ,, is a number calculated directly from the valuations of the
entries of A. We also prove in Lemma that if holds for R = R’ for
some positive integer R’ coprime to p, then it holds for R > R’ as well. This
lemma is crucial for completing the proof of the main theorem in Section [6]

In Section [6] we complete the proof of the main theorem, which states
that the formula holds for j —i < p+1, by showing that vk, (Sr1m) <
—qt1,m +pR holds for all i <1 < m < j in this case. As a direct consequence,
in Corollary we also establish that ji; j, which is easier to compute than
SR.i,j» can be used as an upper estimate for the upper ramification break,
and provide a criterion for this estimate to be sharp.

Generalization of our result to any j — ¢ € Z>1 or to Galois extensions
with different Galois group structures merits further investigation, but we
expect that the method of this paper may be adapted to such cases.

Our approach is inspired by that of [A95]. Abrashkin constructed a fil-
tration on some Lie algebra that corresponds to the ramification filtration of
a profinite Galois extension K,/ K. The upper ramification groups of K, /K
are described in terms of a specific set of generators of the Galois group
Gal(K,/K). This result allows one to deduce the ramification filtration of
any Galois subextension of K,/K, provided that the Galois group of the
subextension can be expressed using the same set of generators. The field
Kpg and the matrices ©, O, A, Ar, Dg, and S roughly correspond to K’,
F,F',E, E' A1, and A} in [A95].

The unique aspect of our approach is the use of the valuation vy; on the
ring F'T,, (M), which allows us to significantly simplify the calculation of the
valuations of the entries of the matrices Sg and Dg. Moreover, we show not



4 K. Imai

only that the Artin—Schreier extension defined by 2P +sg; j = x over Kg has
a ramification break connected to the upper ramification breaks of L/K, but
also that we have an explicit formula relating 7; ; and sg; ; in Sections
and [6] This formula essentially provides an algorithm to compute the largest
ramification break using only the entries of the matrices A and Ag.

2. Valuation on upper triangular matrices. For any field F' of
characteristic p > 0, let UT,(F) (resp. NT,(F)) denote the groups of
n X n unipotent (resp. nilpotent) upper triangular matrices, or unitriangular
(resp. niltriangular) matrices, over F, respectively. We denote the identity
matrix and the zero matrix of size n x n by I and O, respectively. Let
FT,(F)={il+X | ieF, X e NT,(F)}, where I denotes the identity
matrix. The set F'T,(F) is closed under matrix multiplication and subtrac-
tion, and contains the identity matrix. Thus, F'T,,(F') is a subring of M, (F).
This ring F'T,,(F) consists of upper triangular matrices whose diagonal en-
tries are the same element in [F,,. Note that F'T,(F)* = FT,(F) — NT,(F),
where FT,,(F)* denotes the group of invertible elements in F'T),(F'). Denote
the algebraic (resp. separable) closure of F' by F' (resp. Fep).

Note that if X = (.CC,‘J‘)@J',Y = (y@j)@j S FTn(F) and XY = (%,j)i,j,
then we have

j
(2.1) Zig = ) i
l=1i

forany 1 <i<j<n.

DEFINITION 2.1. Let 1 < i < j < n. We define a partition of length s for
(,7) as a sequence A = {A, }y=0,. s of integers satisfying
(2.2) T=A <A< <A1 < Ag =]
We denote the length of a partition A by |A|. Let A;; be the set of all
partitions for (i, j).

LEMMA 2.2. Let X = (x;)i; € UT, (M), and X' = (27 ;)i . Then

n—1
(2.3) XM= (-1)(X - 1)
s=0
and
[A—1
(24) x;k,] = Z (71)|>\‘ H ':L‘>\u7)\u+1'
)\EAiyj u=0

Proof. Since X — I is a nilpotent upper triangular matrix of size n x n,
we have (X — I)"™ = O. By Taylor expansion, we have (2.3)). Hence, we have

.bY.
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For any discrete valuation field M of equal characteristic p > 0, we denote
the valuation, the ring of integers, and the maximal ideal of M by vpr, O,
and myy, respectively. We also define O3 and my; for M in the same manner.

LEMMA 2.3. Let v;; (1 < i < j < n) be rational numbers satisfying
vij 2> vyt foralll < i <1 < j <n. Define subsets H<,, and H, of
UT,(M) as follows:

(2.5) Hey ={X = (2i)ij € UTn(M) [V1 < i <j <n, —vnm(ij) <vij},
(2.6) H., = {X ( i.j ) ij € UTn(M) ’Vl <1< j<n, —’UM(.CCZ‘J‘) < Vi,j}-
Then:

(1) The subset H<,, is a subgroup of UT, (M).

(ii) The subset He,, is a subgroup of UT,(M).
(iii) The subset Hey, is a normal subgroup of H<,.
(IV) Let X = (-Tz',j)i,j € HSV; Y = (y@j)i,j € H.,, XY = (Z@j)i,j, and

YX = (z;;)ij- Then

(2.7) zij = Tij = 7 ; (mod m,, 9t )

foralll <i<j<n.
Proof. (1) Let X = (a:i,j)i,j,Y = (yi,j)m € Hsy, X1 = ("L’Z]‘)i,j and
XY = (Zi,j>i,j- By ' , We have
(2.8) vn(zij) > min (var(zig) +om(y;))
i<l<j
forall 1 <i < j < n. Since X,Y € He,, we have vp(z;;) > —v; for all

1§i<l§j§nande(yl,j)Z—Vz,jforalll§i§l<j§n.Thus,we
obtain

(2.9) om (i) +oam(yg) > —(vig + ) > —vij
forall1<i<l<j<nand
(2.10) om(ij) +vm(Yj5) = —Vij,
(2.11) onm (i) + vm(Yig) = — Vi
Therefore
(2.12) om(2ij) = —Vij,
for all 1 <14 < j <mn, and consequently XY € Hc,.

Since

[A]—-1 [\ -1 [A]—-1

(2.13) UM( H Tau,A u+1> = Z OM(Tru A1) = Z “UAuAus1 = Vi
u=0

foralll <i<j S nand A\ € Am-, we deduce that X1 € H<, by Lemma.
Therefore, H<, is a subgroup of UT,(M).
(ii) This follows from the same argument as[(i)|
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(iii) Let X = (i)ij € Hev, Y = (yig)iy € Hep and XY X1 = (y] /)i j-
By (2.1),

J
/
(2.14) Yij = Z xi,lyl,mx:n,j = Z xi,lyl,mx:n,j + Zﬂleﬁ]

i<I<m<j i<l<m<j =i

Since X X! = I, we have

J
(2.15) > @i, =0

I=i
for all 1 <i < j <n by (2.1). Thus, we obtain
(2.16) Yi; = Z T 1Ylm Ty, -

i<l<m<j
Since
(2.17) UM (i1 Ytm T, ) = UM (Ti0) + 0r (Yim) + 0n (25, 5)

> —Vil — Vi — Um,j = —Vij
forall1 <: <1< m < j < n, we deduce that UM(ygyj) > —v; ; for all
1 < i < j < n. Therefore, we have XY X! € H_,, and consequently H_,
is a normal subgroup of H<,.

(iv) Since YX = X(X 'Y X) and H_, is a normal subgroup of He,, it
suffices to show the assertion for XY. Since Y € H.,, the first inequality
in for all 1 < i <l < j < n and the inequality in are strict
inequalities. Thus, we obtain the assertion for XY by . n

We will now generalize the valuation vy : M — ZU{+o0} to F'T,(M) —
QU {+o0}.

DEFINITION 2.4. Define maps vys, Op 1 FT,(M) — QU {400} by

(@)
(2.18) op(X) = uin (= ),
. B ) v (i)
(2.19) om(X) = 152]1.1@(7]._1. )
(1,9)#(1,n)

for any X = ()i, € FTo(M).
From this definition, for any X = (z;;);; € F'T,(M), we can assert that
(2.20)  wvm(X)=sup{reQ|Vi,je{l,...,n}, vpm(zi;) > (j—9)r},

) oL Vi,j € {l,...,n},
(221)  om(X) = p{ €Q (i,7) # (1,n) = vm(xiy) > (J — i)r}’

since vps(0) = 400 and vps(x;;) > 0 for 1 <i < mn.
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For any X = (z;;)i; € FTo(M) and m € Zsq, we denote by X ™) the
matrix obtained by raising each entry of X to the p™th power.

LEMMA 2.5. Let X = (z;;)i; and Y = (y;)i; be arbitrary elements of
FT,(M).

(i) vam(X) = 400 if and only if X is diagonal.

(i) oar(X) > oar(X).

(iii) For any i,j € )y, we have vy (1X + jY) > min(vy(X),va(Y)) and
O (X + jY) > min(op(X),00(Y)). In particular, adding integer
multiples of I does not affect vy; and Ups.

(iv) var(X®) = popr(X) and 0y (XP)) = poips (X).

(v) vp(XY) >min(vpr(X), v (Y)) and v (XY) > min(0p(X), 0ar(Y)).

(vi) If X s nilpotent (i.e. not invertible), then we have vy (XY) >
min(va (X), 0a(Y)) and vpr (Y X) > min(vp (X), 00 (Y)).

(vil) If both X andY are nilpotent, then vy (XY) > min(0p(X), 0pa7(Y)).

(viil) If X s invertible and vy (X) > vy (Y), then vy (XY) = oy (Y X) =

vy (Y).

(ix) If)(( z')s invertible and Upr(X) > Op(Y), then oy (XY) = oy (Y X) =
o (Y).

(x) Suppose X is invertible. Then vy (X 1) = vy (X) and oy (X71) =
o (X).

(xi) Take an integer ¢ and suppose X is nilpotent. Fix v € M satisfying
vp(y) = c. Then

(2.22) o (7 X) > min< ¢ 1,0) +ou(X),

(2.23) (v X) > min(

Proof. Let XY = (% )i ;-

Assertions |(1)H(iv)| immediately follow from the properties of the valua-
tion of M and the definitions of vy; and vp;. We will prove the remaining
assertions.

(v) By (2.1)), we have

c 2,6) + o (X).

(2.24) o (zi5) = @g(”M(%l) + vnr(y1,5))
> Z.Ignlignj((l —dom(X) + (G — Dom(Y))
= (j — i) min(va(X), vp(Y)).
Thus we get
v (XY) > min(vp (X)), var(Y))
and

500 (XY) > min(o (X), o (Y)).
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(vi) Since X is nilpotent, we have x;; = 0 for all 1 < i < n. Therefore,

(2.25) on(zig) = Hl"lﬂgi}lgj(UM(%l) +vnr (y1,5))
> Z.ngéi}léj((l — Do (X) + (5 — Dom(Y))

=om(X) + (j — i — 1) min(op (X), 0m(Y))

> (7 — 1) min(vp (X)), 0ar(Y)).
We thus obtain vy (XY) > min(vp (X), 0a(Y)). The assertion for Y X fol-
lows from a similar argument.

(vii) Since X and Y are nilpotent, we have z;; = y;; =0 forall 1 <1i <
7 < n. Thus,

(2.26)  wn(ziy) > iHISHliSHj_l(UM(%l) +om(y,))

> min (=) (X) + (= Dour(Y)

= v (X) +vm(Y) + (J — i — 2) min(dp (X), 0 (Y))
> (j — ) min(0p (X), 0pr(Y))
forall 1 <i < j <mnwith j —4> 1. We have 2,11 = 0, so we also have
v (ziz) > (7 — ) min(Op (X),0m(Y)) for 1 < i < j < n with j —i = 1.
Thus vp(XY) > min(op(X), 0ar(Y)).
(viii) Let (¢, ) be one of the indices where vas(yi ;) = (j —i)var(Y). Then
forall i 4+ 1 <1 <7, we get
(2.27) om (@iayg) = var(wig) + var(ye)
> (I =)oy (X) + (G = Dom(Y)
> (7 = D)om(Y) = v (yi)
= vpr(Ti,i¥i5)-
The last equality is due to x;; # 0, deduced from the assumption that X is
invertible. Therefore, by ({2.1]), we obtain

(2.28) om (zi3) = v (@iayig) = (7 — Dom(Y).
This gives vp(XY) < vp(Y) by the definition of vy, Combining this in-
equality with we get var(XY) = vpr(Y). The assertion for Y X follows
from a similar argument.

(ix) This can be proved in the same way as |(viii)|

(x) Since X is invertible, z11 # 0 and I — 217X is nilpotent. Then we

have (I — a:l_iX)" = O, because the size of the matrix is n x n. Hence, by
Taylor expansion, it follows that

I
—

n

(2.29) X '=ar ) (I—a1X).

)

N
Il
=)
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Applying and we conclude that vy (X 1) > vp(X). Applying this
inequality to X ! gives vp(X) > v (X 1), and hence vy (X) = vp (X 1),
A similar argument shows that oy, (X 1) = 9/(X).

(xi) By the definition of vys, we have

) ar(YZ1m)
(2.30) v (7X) 1§{r<lgzl§n< m —1 >
= min c 4 vn (F1m)
1<l<m<n\m —1 m — [

. c . UM(:L'l,m)
>  min + min _—
1<l<m<n \Mm — l 1<i<m<n m — [

c
= mi X).
mm(n_l,c>—|—UM( )

The assertion for ¥5; can be proved in the same manner. =

3. On ramification numbers. Let K be a complete discrete valuation
field with algebraically closed residue field k of characteristic p > 0.

For any finite separable extension L/K, we denote by Gp,/k the set of
the embeddings of L into K over K. Note that this set coincides with
the Galois group when L/K is Galois. We define the upper (resp. lower)
ramification numbering {RE/K}Z-GQ?1 (resp. {Rp,Kk }icgs_,) on the data
of equivalence relations over Gz ¢, the function ¢ translating the lower
ramification numbering to the upper ramification numbering, and the inverse
Yk of ¢k as in [D84, Appendice]. Note that the equivalence relation
RiL/K (resp. Ry k ;) gets finer as 4 increases. When a rational number i > —1

satisfies RZ/K + RZ/K (resp. Rp/k; # Rpk,) for all i’ > i, we call i an
upper (resp. lower) ramification break of L/K. We denote the set of the
upper (resp. lower) ramification breaks by Uy x (resp. Ly ). Specifically,

(3.1) Uk ={i € Q|Vi' > i, Ry i # RiL//K},

(3.2) Lryx={1€Q|Vi'>i,Ryk; # R/}
Denote by e,k the ramification index of L/K. We extend vi : K —
Z U {400} to L — QU {+oo} by defining v (x) = L@ for any x € L. We

e
similarly extend v, 0k : FT,(K) — QU {400} to %’%n(L) — QU {400}
by defining v (X) = %/XK) and U (X) = %/XK) for any X € FT,(L).
When L/K is Galois, we denote the ith upper (resp. lower) ramification
group of G /x = Gal(L/K) by GiL/K (resp. G ki)
Let us now cite from [D84] the properties of ramification numbers which
we will use in this paper.
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LEMMA 3.1 (|[D84, Appendice|). For any separable extensions M/K and
L/K of complete discrete valuation fields, we have the following assertions.

(i) Suppose M O L and fix an embedding 71, of L into Keep = Lsep. Then
for any 71,72 : M — Ksep € Gy such that mi|p = 72|p = 71 and
1 € Q>_1, we have
(3.3) T = To (mod RM/L,i) — T1=T2 (mod RM/K,i)‘
Consequently, Larrc O Lay/r-
(ii) Suppose M D L. Then for any 11,72 : M — Ksep € Gy and i €
Q>_1, we have
(34) 7i|r = m|r (mod RiL/K)
T{|L = 7—1|La
< 3,15 € Gk such that Tl = TlL,
71 = 74 (mod R}i\/[/K).
Consequently, Uy e O Ur k-
(iii) Suppose M D L. Then for any 71,72 : M — Kgsep € Gpyy and i €
Q>_1, we have
(3.5) 7—1|L = T2|L (mod RL/K,qu/L(i))
Tl = nlL,
— HT{,TQEGM/K such that 7_5|L:7'2|L,

T{ = Té (mod RM/K,@)

Consequently, ¢nr/r,(Lar/i) O Lok -

)

.6) <Z>M/K = ¢>L/K o d)M/La
7) Yu/k = VLo VYL/K-

v) We have
8) Lk ={1€Qs_1 | ¢r/k(v) is non-differentiable at x = 1},
9) Uk ={r € Q>—1 | Yk () is non-differentiable at v = r}
) We have
1

3. 0) maXZ/ILM/K:max(UL/K UUM/K)

Proof. |(1)H(iv)| See [D84 Appendice, Section A.4].

(v) This follows from [D84, Appendice, Proposition A.4.2], and the
definitions of Ly r and Uy /x.

(vi) This follows from [(ii)} =
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LEMMA 3.2. Let M/L/K be a tower of finite totally ramified separable
extensions and let K'/K be a finite totally ramified separable extension of
degree e. Suppose that the following conditions hold.

(a) Uk i is a singleton {r'}.

(b) Ly is a singleton {ypr k() }
(c) max(Up k) <71’ <.

Then
(311) maXZ/[LK//K/ S ’I“,,
(3.12) max Uy i = er — (e — 1)r'.
Proof. Note that
x (—1<z <),
3.13 / =
(3.13) Vi i (@) {m -1 (@),

By Lemma m condition and the definition that ¢/, is the inverse
of ¢pr/r, we see that ¥y r(z) has a unique non-differentiable point at r =

érr/L(Yaryx (r)). By Lemma we have ¢y o Yy = Yk, and
hence vy;/7,(z) has a unique non-differentiable point at = = 9,/ (r). This
implies

(314) Z/{M/K:{T}UUL/K

by Lemma Therefore, by Lemma we have

(315) maxZ/lMK//K = max(Z/lM/K UUK’/K) = max({r, 7“,} UZ/[L/K) =T.

By condition [(¢)| and Lemma |3.1(iv)| we get

Yuk k() (1 <z <),
(3.16) Yrmrr () =
/ Yk (ex —(e—1)r")  (z>1").
Therefore by Lemma [3.1{(v)| and condition we get (3.12)). By the same
argument, we obtain (3.11]). m

Suppose that K is of equal characteristic p > 0 and fix t € K such that
v (t) = —1 for the rest of this paper. We will now introduce a separable
extension Kr/K of K. Using this extension, we will show in Lemma
that the calculation of the ramification numbers of finite non-abelian Galois
extensions of K can be reduced to the case of Artin—Schreier extensions.

DEFINITION 3.3. Let R be a positive integer coprime to p. Let K =
K(T) be the extension of K defined by

(3.17) T4+ T = ¢f,

where ¢ is a power of p.
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Equation (3.17)) yields

tFRl q tqul R
3.18 - = ta-1
(3.18) () -5 =

—_— 1 1
in K. Therefore, Kr(te-1) is an Artin—Schreier extension of K(t«-1), and
consequently a separable extension of K.

R
We have U %)(tﬁ) = —R. Since —R is coprime to p and negative,
=

by , we have
[Kp: K] = [Kpt77) : K(t71)] = ¢
LEMMA 3.4. We have Uk, /ic = {qTRl}.
Proof. 1t follows from and the fact that K (tq%l) /K is totally
tamely ramified. =

Let tg € K be the (gR)-th root of tf(1 4 T—1)~! congruent to t/a
modulo ¢!/ Ymz, where mz denotes the maximal ideal of K. Then we have
tﬁ =T, since
(3.19) tfa4+1H =11
by the definition of T'.

LEMMA 3.5. We have Kr = K(tr) and

(3.20) th =14 (1 + i (l/iR) t;{R>
=1
forleZ.

Proof. The inclusion Kr = K(T) C K(tg) follows from t& = T. We will
show the reverse inclusion.

By Hensel’s lemma and the fact that the residue field of Kg is alge-
braically closed, it follows that the Rth roots of 1 + 7! and their inverses
belong to Kg. Let z be the Rth root of 147! congruent to 1 modulo mg,,.
Thus, by the definition of tg, we have

(3.21) th =tz"' € Kp.

Take c1, co € Z such that gc; + Reo = 1. Then

(3.22) tp = (tH) ()2 = (tz~ 1) T € Kp.
By (3.21), we have

(3.23) t=1thz

By the definition of z and binomial expansion, we get (3.20)). =
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Let tgp : K — Kpg be the ring isomorphism defined by ¢ — tr and
u — ul/4 for any u € k. Since Kr/K is a separable extension, we can choose
a common separable closure for both fields so that Kgep = Kpggep. We then
take an extension tp : Kgep —+ KR sep = Ksep 0f tg to this separable closure.

LEMMA 3.6. Let L/L'/K be a tower of finite separable totally ramified
extensions and let Lr = tr(L) and L'y = 1r(L’). Let K3,/ Kg be a separable
extension. Suppose that the following conditions hold.

(a) LLp = L'LpK},.

(b) L1 is a singleton {1k (r)}.

(c) gmax(Up x) < R<(q—1)r.

Then

(3.24) maxUgr k., =qr — R.

Proof. By Lemma [3.1}(vi), we have
(3.25) maxUpy, /K, = max(Up iy, /i, UL, k) = MaX(Urn kg /K, UL K)-
By Lemma [3.2] we get

(3.26) maxUp g, /k, = qr — R
By Lemma [3.1[(iii)] and conditions [(b)| and we obtain
(3.27) maxUr, g =T

Therefore, we deduce that
(3.28) maxUpy, Kk, = max(r,qr — R) = qr — R.
On the other hand, we have
(3.29) maxUrr,, /k, = Max(Up gy /K VUL, KR Uk /kr)
= max(Up i /1, YUL K VUK 1)
= max(Up i /1 YUK K UA{T})

by condition @ and (3.27). By Lemma we have

R
(330) maXUL/KR/KR S ﬁ <.
Therefore, we get
(3.31) maxUpr,p,/x, = max(Ugr /i, U{r}).

Comparing (3.28]) and (3.31]), we get the assertion. m

4. Galois extensions with Galois group isomorphic to unitrian-
gular matrix group over [F,. Let K be a complete discrete valuation
field of equal characteristic p > 0 with algebraically closed residue field &
and L be a totally wildly ramified finite Galois extension of K such that
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Gal(L/K) ~ UT,(F,) for some n > 2. We identify the residue field of L
with k. Define Kg as in Definition for any positive integer R coprime
to p. Define Ly, /ns, and Upy, /pr, for any finite separable extension My /Ms
of complete discrete valuation fields as in Section

DEFINITION 4.1. Every © € K can be uniquely written in the form
x=>:2 z;t~" with x; € k for all 4. Define coefg; : K — k by

i=vk ()
(4.1) coef () = x;
for all 7 € Z.

LEMMA 4.2. There exists a matriv A = (ai ;)1<ij<n € UT,(K) satisfying
the following conditions.

(a) Foralll<i<j<mnandl e pZUZs>o,
(4.2) coefi(ai ;) = 0.

(b) The equation XM A = X defines L/K. In other words, if we take a
solution © = (0;;)1<ij<n € UT,(Ksep) of this equation, then L =
K(0;; (1<i<j<n)).

Proof. By the same argument as in [I25] Lemma 1.9(a)|, we see that there
exists a matrix A satisfying condition @ Since X® B AB~! = X for any
matrix B € UT,,(K) defines the same extension as L/K, we may replace A
with B AB1.
Let E; j be the matrix unit with a 1 at the (¢, j)th entry for 1 <i < j <n.
Let 1 <i<j<nandz € K. Denote the matrix (I +2FE; ;)P A(I+zE; ;)
by A'=(aj,,)i,m- Then

agm + 2P —x - ((I,m) = (i,)),
69 T im
am (otherwise).
This gives
(4.4) (Lm) # (i) Am—=1<j—i = a;,, = am.

Note that for any y € K, there exists x € K such that coefg ;(y+aP—2) =0
holds for all | € pZ U Z>g, since the residue field k is algebraically closed.
Hence, we can make A satisfy condition by repeatedly replacing A by
(I +xF; ;)P A(I + xE; j)~! for some appropriate x € K for each 1 < i <
j < n in ascending order of indices (7,j). m

Fix A = (a; ;)i ; satisfying the conditions of Lemma for the rest of
this paper. Denote the (i,j)th entry of A~! by aj; for any 1 < i,j < n.
Denote K (6, (i <1 <m <j)) by Li; forany 1 <i < j <n.
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LEMMA 4.3. For any 1 < ¢ < j < n, we have Ly, /1, . L
{maxLp, /x} andUyp, )k —Up,; 1,k = {maxUy, /k}

Proof. Let | = j —i. We prove this lemma by induction on I.

Suppose | = 1, then the assertion clearly holds, because L;;/K is an
Artin—Schreier extension and #U, .k = 1.

Suppose [ > 2. Let r = max EL ;/k and denote G = G, /. Note that
we have G = Gj, since L; j/K is totally wildly ramified. By [S62, TV, §2,
Corollaire 1 of Proposition 9], we get

(4.5) Gy, G] C Gpyy = {11.

Thus we have G, C Z(G). Note that G~ UTj_;41(Fp) and G, /1, 11,4,
= Z(G). Hence, Z(G) is isomorphic to Z/pZ. Thus it follows that G, =
GL;/Lij1Lis1,;- This yields

i+1,5

ﬁLi,j/Li,j_lLHl,j = {maXELm-/K}
and
ULi,j/K - uLi,jflLiJrl,j/K = {maxZ/lLi’j/K}. | ]

Let r;; = maxLlLi’j /i for any 1 <4 < j < n. For convenience, we set
r;; = —1forany 1 <i <n.

COROLLARY 4.4. We have rij > 11y, forany 1 <i: <l <m < j<n
satisfying (i, ) # (I, m).

Proof. Tt follows immediately from Lemma[d.3|and the definition of 7; ;. =

Let my = —vg(A). Fix an integer N > logp(n(p”(”*l)/2 + 1)ma+p)+
n(n —1)/2 and let ¢ = pv for the rest of this paper. Let R be a positive

integer coprime to p. Define Kr = K(T') to be the extension of K defined
by t® = T9 4+ 7971 as in Definition

LEMMA 4.5. For any 1 <i < j <n such that j —i > 1, we have

(4.6) (¢ — 1)1 j — gmax(r; j—1,7i+1,5) > nma + p.
Proof. By the definition of upper ramification groups, we have
,1 _G=)(=it1)
(47> uLi,j/K = |Gal(L%J/K)’ Z=p 2
Thus r; j > max(r;;—1,7i+1,;) implies
_ (j*i)(é'*wl)

rij — max(rij—1,Tit1,5) = p

n(n—1) n(n—1)

Since ¢ >p~ 2z (n(p~ 2+ 1)my + p) by definition, we get

n(n—1)
(4.8) q(rij —max(rij-1,rit15)) >n(p~ 2 +1)ma+p.

By Lemmas and we have r; ; < 11,. By definition, we have
Yr,,/k(x) > x for any > —1. Thus we have r1, < maxLp, /. By
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Lemma [£.3] we have

ELl,n/Ll,n—lLQ,n = {maX ﬁLl,n/K}

Note that L1 5,/ L1 n—1L2,, is an extension defined by an Artin-Schreier poly-
nomial whose roots include 6 ,,. Therefore,

max Lp, k< —vL,, (O1.n).

Hence, by Lemma [2.5] we obtain

(4.9) rij < —vr,,(01,) < —(n—1)vg, ,(O)
n—1 n—1
== vp,,(A) = — 5 €L,/ kK (A)
n(n—l)_l n(n—1)

=(n—-1)p 2 ma<np 2 ma.

Therefore we have

(4.10) (q — l)Ti’j — qmax(mj_l, Ti—&—l,j)

= q(rij —max(rij—1,7i41;5)) = Tij

n(n n(n—1)

—1)
T 4+ 1)ma+p—np 2z myu

> n(p
=nmag—+p. =

DEFINITION 4.6. Take a common separable closure Ko, = KR gep of K
and Kg, and let 1g : Ksp — Kprsep = Ksep be an extension of the ring
isomorphism ¢ : K — Kp defined by ¢ — tp and u — u/? for any u € k
as in Section |3} Define P, ng : Ksep = KR sep = Ksep by P(x) = 2P — z and
nr(z) =« — tr(z)? for any z € Kgep.

For any X € M, (Ksyp), we denote by P(X), tg(X) and nr(X) the
matrices obtained by applying P, tr and ng respectively to each entry of X.
Denote Kr(tr(01,m) (1 <1 <m < j)) by Lr;.

DEFINITION 4.7. We define matrices QR = (QR,i,j)i,ja AR = (aR7,~7j)i7j,
WR,e = (wR,e,i,j>z‘,j, Ap = ((5R,i,j)z‘,j7 Dr = (dR,i,j)z',j as follows:

(4.11) Or =1r(0©) € UT,(LR),

(4.12) Ap = LR(A) S UTn(KR),

(4.13) Wgo =1,

(4.14) Whe =AY Wy € UT,(Kr) (1<e<N),
(4.15) AR:@R_@WR,N ENTn(LLR),

(4.16) Dr = P(AR) € NT,,(LLR).

Denote the (4, j)th entry of Az' by aj,j forany 1 <i,j <n.

The matrices Ar and Dpg are nilpotent and the others are unipotent.
Note that the matrices with subscript R depend on R.
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Note that we have

(4.17) 6P Ap = O,

(4.18) o) = oy, @) (i>0,0<j<N),
(4.19) Whe = ng,)z_lAR (1<e<N),
(4.20) Ar = —nr(©)WgrN.

REMARK 4.8. We have

(4.21)  LijKr(Orim (1 <l <m <j)) = Lpii0pim (i <l <m<j))

= LijLR,,;
by the definition of Ag, and the fact that 0;; € L;;, 0g;; € Lg;; and
Wrn € UT,(KRr). Thus the matrix Ar connects the extension L/K with
the extension Lr/Kpg. Note that D = P(AR) and that Dp is not expressed
in terms of the coefficients of the defining equation of L/K, since the defini-
tion of Dp includes © and Og.

We will now show that if we have an extension K%,/Kpg satisfying the
conditions of Lemma [3.6] we can extract the information of the ramification
breaks of L/K by investigating K,/Kpr. We will see that we can construct
this extension by approximating Dg by a matrix in NT,(Kg).

LEMMA 4.9. Let 1 < i < j < n and R be an integer coprime to p such
that gmax(r; j—1,7i+1,5) < R < (¢ — 1)r;j. Assume that we have x € Kg
satisfying drij — v € OL, ;Lp, ;- Then there exist y,z € Kg such that v =
y+ P(z) and vk, (y) = —qri; + R. Consequently, vi,(x) < —qrij + R <0
and the equality holds if p t vk, (z).

Proof. We prove this lemma by applying Lemma @ with L = L;;,
L' = L;j1Lit1j, and K = Kpg(§), where { € Kprgep = Kgop satisfies
P(&) = x. The conditions @ and are satisfied by assumption. Therefore

it suffices to show
(4.22) LijLpij= Lij-1Lit1LRjKRr(£).
First, we will show that dgr;; € L; j—1Li+1,;LR, ;. Since © satisfies © =
0@ A, we have
j—1
(4.23) Qi’j = 95)’3 + Qg j + Z Hglal,j = 92] (mod Li,j—lLi+1,j)-
I=i+1
Hence, we have P(0; ;) € L; j—1Lit+1 ;. By (4.15), we have

j—1
(4'24) 6R717.7 = eR/Lu] - 91/7] - wR7N7i’j - Z Hivle)Nvluj
I=i+1
= —0ij (mod Lij1Lit1,5LR,i;5)-
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Therefore, we get dr;; = P(0Rr,;) € Lij—1Lit1,jLR; ;. Furthermore, we
obtain dRﬂ',j - € OLi,jfle!kl,jLR,i,j‘

Since Lj j—1Li+1,jLR; /K is a separable extension, the residue field of
L;j_1Lit1;LR,; ; coincides with the residue field k of K. Hence, there exist

o €k and x1 €my, 1, ;Lg,, such that dg;; —x = xo + 1.

Since k is algebraically closed by assumption, there exists & € k such
that P(fo) = xg. Let

(4.25) ==Y a
=0

Then we have §&; € my, 1, and P(&1) = x1. Thus,

i+1,5LR,i,5
P+ &) =drij—x and §+& €O0L,,; \Liy Ln,
Hence, we obtain
dRri,j =& (mod OLi,j—lLH—l,]’LR,z‘,j)‘
Combining with , we get
(4.26)  LijLri; = Lri;(6pim (i <1<m < j))
= LRij-10rm (i <l <m < j—1))
“LRit1,;0rim (1 +1<1<m <)) Lrij(0Rr,;)
= Lij1Lrij-1-Liv1jLRriv1,5 - LRrij(OR;i ;)
= Lij-1Lit1,;LRij(0R, ) = Lij—1Li+1,;LR;ij(§)-
Since Kpg is a subfield of Lg;;, we get , and hence the lemma is

proved. =

DEFINITION 4.10. We now define matrices Sp = (Spim)im: 2r =
(OR1m)1,m as follows:

(4.27) Sr=(WiN) (AW,
= (W) LAWY, — I € NT, (KR),
(4.28) P(Xr)=Sg, Xr€ NTn(KR,sep)-

We will prove that Sk and X' serve as the approximations of Dg and Ag
respectively, for some appropriate R. Then the calculation of the ramification
breaks of L/K is reduced to Artin—Schreier theory by Lemma

There exist multiple choices for matrix Y'g that satisfy , but they
are equivalent modulo NT},(F,) and we may arbitrarily choose one of them
to be X R-

Denote the (4, j)th entry of W5 by wi e
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By Lemma [2.5(v)}, [(vi)} |(viii)} |(ix), and we get

(4.29)  wr,(Wro) = +00, vi,(Wre) = —p“ 'ma (I1<e<N),
(4.30) O, (Wro) = +00, Or,(Wre) = p“ ok, (Ar) (1 <e<N),
(4.31)  vi,(O) = p oy (A) = —gp~'ma,

(432)  Ukx(0) = p oxy(A) = ap Ok (AR),

(4.33)  wKy(Or) = —p~'ma,

(4.34)  Ox,(OR) = p tiK,(AR).

Note that for any X € F'T, (L), we have vi,(X) = quk, (tr(X)).

By the definition of Sg, we have WI(%ZJ%VSR = nR(A)Wz(ngv_y Therefore,
we get

j—1 Jj—1
(4.35) SRy, T Z w%’N’i,ZSR,l,j = nr(ai;) + Z UR(ai,l)w%,Nq,l,j
I=i+1 I=i+1

for any 1 <14 < j < n, since Sg and ngr(A) are nilpotent.
LEMMA 4.11. We have

(4.36) Dr—Skr = AP (1= (Sgp+1)AR)+ (O — )P SpAR+Sp(Ap—1).
Proof. We will first show

(4.37) Ap = (AP (Sp+1) -6V sk AR,

By the definition of Ag, we have

(4.38) AP (Sp+1)— 600 Sk =60 — 0PIWTP\(Sk +1).
By (4.27) and the definition of ©, we have

(4.39) OPWL\ (Sg+1) =W AW\ _ =Wl .
Hence we have

(4.40) AP (Sp+1)— 6% Sp=0F —owl)_,.

By (4.17)) and (4.19) and the definition of Ag, we have
(4.41) (AP (Sp+1) — O Sp) AR = O — OWr y = Ap,
which is precisely (4.37)).

By , we have
(4.42) Dr=A — Ap = AV(I — (Sp+1)Ar) + 0¥ SpAR.
Since
(4.43) 6P S AR — Sp = (Or — )P SpAR + Sr(Ag — I),
we obtain . u




20 K. Imai

PROPOSITION 4.12. Let Ry = qmax(ri n—1,72,)+(n—1)ma and R > Ry
be an integer coprime to p. Let ¢ = R — qmax(r1,-1,72,n). Suppose that the
following conditions hold.

(a) Org(tRSR) > —ma
(b) ’LNJKR(L%DR) > —ma
Then we have
Vigp(drin — SR1n) > c— (n—1)ma >0 and vk, (Dr — Sr) > 0.

Proof. We will prove this proposition by evaluating the valuations of the

three terms of the right-hand side of (4.36)).
Applying Lemma 2.5(xi)| to conditions [(a)] and [(D)], we get

(4.44) Ui, (SR) > <ni2 - mA> >0,
(4.45) ik, (DR) > < f2 - mA) > 0.
Hence, we obtain
(4.46) VKp (dR,i,j) = UKR((SR,i,j) >0
for all 1 <14 < j <n except for (i,7) = (1,n). Therefore, we have
(4.47) UkR(DR) = Uk (AR),
(4.48) Uk, (tRDR) = Uk, (tRAR) > —ma

by condition @
It follows by and Lemma and that
(4.49) vk, ((Sr+I)ARr) > min(k,(Sr), 0k (AR)) = Uk, (AR) > —ma4.
Therefore, by Lemma we obtain
(4.50)  vkg (AR (I = (Sk+1)AR))
= v (15" (5 AR) P — (Sr + 1) AR))

> (p_ll)c + vk, (( #AR) V(I = (Sk + 1)AR)).

e
By Lemma [2.5(v)|, we deduce that
(451)  org((15AR) V(I = (Sr+ 1)AR))

> min(v, ((t5A8) %), v, (I — (Sk + I)AR)).
Applying Lemma [2.5(iii)| and |(iv), we get

(4.52) vk (13 AR) 7)) = ok, (154R),
(4.53) UKR(I_ (SR+I)AR) ZUKR((SR+I)AR)
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By (4.48)) and (4.49), it follows that
(4.54) min (v, ((t5AR)P), vi,, (I — (S + 1)AR)) > min(—pma, —ma)

= —pma.
Combining , , and , we get
(W55) g URAP U~ (S5 + DAR) 2 LTV
Since ¢ > (n — 1)m4 by definition, we have
(4.56) (];__11)6 —pma > ((p—1) —p)ma = —ma.
Hence we see that
(4.57) iy (155 AR (I — (S + 1) AR)) > —ma.

By Lemma [2.5(vi)| and we have
(4.58) v, (t5(Or — 1)V SRAR)
= min<vKR((9R - I)(p))7 ﬁKR(t%SRAR))
> min(vKR((@R - I)(p))a Ukp (tﬁ%SR)a ’EKR(AR))‘
By condition [(a)] and Lemma (iv), we get
(459)  min(vi, ((Or — 1)P)), 1, (155R), Ui, (AR))
> min(vaR(QR)a —MA,VKg (AR)>

> min(pvg,(Or), —ma).

By (4.33), we obtain

(4.60) min(pvg,(Or), —ma) = —ma.
Hence, we get
(4.61) Vi (t5(Or — )PV SrAR) > —ma.

By condition [(a), Lemma [2.5(iii)| and [(vii)| we get
(4.62) Vs (t5SR(I — AR)) > min(dx, (t5SR), Oxgy (I — Ar™Y))

= vk, (AR) = —ma.

Therefore, by (4.36), (4.57), (4.61)), (4.62), and Lemma 2.5iii)| we get
(4.63) Vi, (tR(Dr — SR)) > —ma.
By Lemma [2.5(xi)|, we get
(4.64) iy (Dp — SR) > ﬁ —my > 0.

Consequently, we have

(4.65) VKp(dRin —SR1n) > Cc—(n—1)mag > 0. »
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Define MmA,;j and RiJ’ by

. . UK(al,m)
(4.66) Mma; = igng)r;gj( p— >,
(4.67) R;; = qmax(r;j_1,7i41,5) + (7 —)mas

for 1 <i < j < n. Note that —m 4, ; is the valuation of the (j —i + 1) x
(j — i+ 1) submatrix of A consisting of the ith to jth columns and the ith
to jth rows.

LEMMA 4.13. Let1 <1i < j < n. Let R > R;; be an integer coprime to p.
Suppose we have vi,(5Rr;j) = Vip(dRim) = —qrim + R fori <l <m < j
except for (I,m) = (i,j). Then vk, (dr;j — Srij) > R— Rij > —qrij + R.

Proof. Let ¢ = R — gmax(r; j—1,ri+1,j). Note that by Corollary we
have R; ; > Ry, fori <1 <m < jsuch that j—¢ > m—I. By the assumption
that vk, (srim) = Vg (dRim) = —qrim + R for all i <1 <m < j except
for (I,m) = (i, j) and Corollary [1.4] we get

(4.68) ViR (tRSRIm) = VK (tRAR1m) = —qrim + R —c¢
20> —(m—1ma,,

for all i <1 < m < j except for (I, m) = (i,j). We apply Proposition to
the (j —i+1) x (j —i+ 1) submatrix of A consisting of ith to jth columns
and ith to jth rows, setting R in the proposition to be our current R. Note
that Ry in the proposition equals R; ; in this setting, and the conditions of
the proposition follow from . We get

(4.69) 'UKR(dR,i,j — SRJ"]‘) > Cc— (] — i)mAi’j =R-— Ri,j-

It follows from Lemma that ¢r; j > gmax(r; j_1,7i41,;) +nma +p. Since
we have my > ma; ; by definition, we get

(4.70) R;j = qmax(rij—1,7i+1,5) + (J —1)mai;
< qmax(riyj,l, ’r‘i+17j) +nma +p < qrij,
and we obtain R — R; ; > —qr; j + R. =

5. Calculation of the valuations of the matrices and the ramifi-
cation breaks. Let K be a complete discrete valuation field of equal char-
acteristic p > 0 with algebraically closed residue field k and L be a totally
wildly ramified finite Galois extension of K such that Gal(L/K) ~ UT, (F)
for some n > 2. Fix an integer N and g = p as in Section |4} and define K
as in Definition [3.3] for any positive integer R coprime to p. Define ¢g as in
Definition [1.6] Fix A satisfying the conditions of Lemma [£.2] and define Ag,
Whr.i, Dr, Sg as in Definition @ and Definition Define L; j, r;;, and
R; j as in Section [} Define coeff; : K — k as in Definition [f.1]for any I € Z.
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In this section, we will relate the ramification breaks with the valuations
of the entries of Sg. By the definition of Sk, we can express sg;; for 1 <
i < 7 <nin terms of the coefficients of the defining equation of L/K.

Recall the definition of the partitions in Definition 2.1}

DEFINITION 5.1. Define my; j, my, p; 5 for 1 <i < j<mnand A € 4;; as
follows:

(5.1) m;; = —vk(aij),
[Al-1

(5.2) my = Z MAy Ayt
u=0

(5.3) Hij = A My

Note that we have
(5.4) v (ag ;) > —pi

by Lemma for v; ; = p; j forall 1 <i < j <mn.
By definition, we have

(5.5) Mig = pig + pa g
forany 1 <i<l<j<nand
(5.6) fij = i

for any 1 < i < j < n. By the definition of A, we have m;; = 0 for all
1<i<n,andpf{m;; >0o0rm;;=—ooforalll <i<j<n.

LEMMA 5.2. We have p{m;it1 =1i541 >0 for alll1 <i<n-—1.

Proof. Since Gal(L/K) =~ UT,(F,), we have [L : K] = p"(®~1)/2_ On the
other hand, L; ;/L; j—1Lit1; is an Artin-Schreier extension for all 1 < i <
J < n. Comparing the degrees of the extensions, we see that L; j/L; j—1Lit1
is of degree p for all 1 < i < j < n. Therefore, K(0;;4+1)/K is not trivial,
and consequently, a; ;41 = —P(6;4+1) # 0. By the definition of A, we have
p1{miir1 = —vk(ai;+1) > 0. Hence, we obtain r;j41 = m; 1. =

LEMMA 5.3. Let 1 <e< N and1 <1< j<n. We have

(5.7) WRe,ij = a’]’;;; (mod m[_(film’jﬂ),
(5.8) Vg (WReij) > =D iy

Equality in holds if and only if m; j = p; ;. We also have
(5.9) Whess = als " (mod md T,
(5.10) Ui (Whe i) = =1 i

Equality in (5.10) holds if and only if equality in (5.4) holds for the pair (i, j).
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Proof. This lemma follows from the definition of Wg . and Lemma
andmfor vij=p° u” forall 1 <i<j<n. =

For all 1 <17 < j < n, we have

i l/R
(5.11) nr(a; ;) = Z coef i 1(a; ;) thl Z ( ) I—%mR
l=—my ;
by (3.20]). Thus,
(5.12) v g (MR(0i)) = —gmi; + R.
DEFINITION 5.4. Define a,[ ™ and SE‘%} for 1 <i<j<mnandme Zx
by
oo
—Il/R\ _q—
(5.13) a[zl] Z CO@fK,l(ai,j)< n/z )thl "
l=—my ;
[m] _ m]
(514) 5}?17] Z wR N,'L,z’a’ /wRN 1,55
1<i'<j’'<j

Define a; ; for 1 <i < j <n by
(0.9}
(5.15) a; ;= Z Lcoef ey (a; )t
l=—my ;

We define coef,, ; for Kp in the same manner as in Definition .

[m]  [m]

LEMMA 5.5. Take any 1 < i < j < n and m € Zx>. Thena”,sR”,

and am- satisfy the following properties:

(i)
(5.16) = Yl
m=0
(il
(5.17) aiy = s
(iif)
(5.18) mm(aiy) = 3 al”)
m=1
(iv)
(5.19) SRij = i sl



(5.20)
(vi)
(5.21)
(vii)
(5.22)
(viii)
(5.23)
(ix)
(5.24)

(%)
(5.25)

(xi)
(5.26)
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(1] tr
!
a;; = ——5-tr(a; ;)

coefKR,l(aR?]) #0 = [ =mR (mod q).

[m]

UKR(CLZ-J- ) = —qm; j + mR.
vk (aj ;) = —mi;.

j—1
UK (Z a;’izaﬁ]) > —qpij +mR.

l=i

7j—1
/
UK(E af,zaz,j) > — i j-
=1

[m]

VKR(SR, ;) = —ami; +mR.

Equality in (5.26) holds if and only if equality in (5.24)) holds.

’UKR(S[;?Z]J) =mR (mod p).
viy (R(ai;)) = —qmij + R.

VKR (SR,j) = —quij + R.

Equality in (5.29) holds if and only if equality in (5.25|) holds.

(xv)
(5.30)

VKR (SR4i+1) = —qmiir1 + R.

Proof.

(viii)| follow from (3.20), (5.11), and the definitions of ag?;],

[m] /
SR jo and ;e

(ix) This follows from [(vii)] @ , (5.5) and (5.6).
(x) This follows from |(viii)} (]E , (5.5) and ([5.6]).
(xi) Combining Lemma [5.3) and [(vii)| with (5.14)), we get the inequality.

N
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Since

* Ky g
(531) VUKpg (wRI?N,i,i’ag],l]}"wllj%,N—l,jﬁj) > —q (Ni,i’ + my + ;]> +mR

> —qu;; +mR
for all 1 <4/ < j’ < j, we obtain

qﬂz‘]“l’mR“”l
(5.32) st ZwRN”,a, (mod m ).

=i
By (5.9) and |(vii)| we get

(533) prsz/a£]]:aquz £

Y

] (mod migh R
for all : < i’ < j' < j, since pi; 5 +my j < pi ;. We have
(5.34) coefrep —qm, (a*Rq,i,i’) = coefxp —qm, , (tr(aiy)?)
= CoefKR,—qmi,i/ (a;(,i’)
by the definition of tg and tr. Hence, we get the assertion.
(xii) By we obtain

(5.35) coef .. l(xpa ) #0 = [ =mR (mod p)
for any x € Kg. Thus, by -, we have
(5.36) coefKR’l(s[gij) #0 = [ =mR (mod p).

This gives the assertion.

(xiii) By and we get the assertion.

(xiv) By and we get the inequality. Furthermore, we deduce
that equality holds if and only if

1

(5.37) VK (Shig) = Uiy (S ;) = —aqpij + R.
The first equality of ( - holds if the second equality holds, since SEQ]@ j is
the only term in the right-hand 51de of ( - whose valuation in K can be

equal to —qu; ; + R. Thus, by - ) holds if and only if the equality in
(5.24) for m = 1 holds. By |(v)}, it follows that

-1 =R i1 J—1
(5.38) Zam =~ (Y ety — > aimalai))-
=i =i

By the same argument as (5.12)), we get vic, (nr(aj ;) = —gm; ; + R. There-
fore, we have

= RJ—1
(5.39) VK < R Zasz al])> > —qui; + 2R.
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This implies that the equality in ( for m = 1 holds if and only if

—RJ 1
(540) < Zaz lal,]) = —ql5j + R.

Equation (5 is equ1valent to the equality in .

(xv) By , we get sgiit1 = Nr(Giit1)- We get the assertion by m
and m ]

REMARK 5.6. Let d : K — Q}< Ik be the canonical derivation of the
Kahler differential. Then

> dt
(5.41) dajj = Y —lcoef(ai )t " "dt = —af j— =

l:—mi g

Thus the element a;} ; € K corresponds to da; ; in [I25]. We will see that
the results of this paper are consistent with the results of [I25] in Example[6.6]

LEMMA 5.7. Let 1 <i < j <mn and suppose j —i > 1 and the inequality

(5.42) fhij = Mij > iy +
holds for all i <1 < j. Then
(5.43) Vip(SRi4,j) = Vkr(MR(asj)) = —qm;j + R.

Proof. By Lemma [5.3| and Lemma |[5.5(xii1)| and |(xiv), we get
(5.44)

j—1
“KR( > (rlai)wh 15— W%,N,i,zSR,z,j)) > —q max (uig + ) + R
l=i+1
Combining (4.35)), (5.42)), (5.44)), and Lemma [5.5(xiii), we obtain (5.43). =

LEMMA 5.8. Let 1 <1i < j < n, and suppose A € A; ; is one of the longest
partitions satisfying

(5.45) jis = .
Then
[A|—1
VK (S R
(5.46) pj=— 3 Kr(SRAuNur1)
u=0 q

Proof. We have

(547) II'LAuyAu+1 = m)\u,Au-&-l > ,U/)\u,m + IU/vau-&-l

for all 0 < u < |A| =1 and Ay, < m < Ayy1. Indeed, if gy, ny = Mre,m +
Hm gy, fOr some Ay < m < Ayy1, then there exists a partition N e Axi st
satisfying

(5.48) My At = FAwdurr = Bagm T Bmdgpr = M-
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Then we can make a partition satisfying ([5.45)) longer than A by substituting
the part A\, < Ay+1 of XA by \. This contradicts the maximality of the length
of A, and therefore we get the assertion by Lemma and (5.47). m

Lemma shows that there exists at least one partition satisfying (5.46)).
LEMMA 5.9. Let 1 <i < j<n and R> R;; be an integer coprime to p.
Let X\ be the longest partition in A; j, i.e. X satisfies |\| = j—i and A\, = i+u
for 0 < u < j —1i. Suppose that \ is the only partition for (i,j) satisfying

(5.46)) in Lemmal[5.8] Then

-1
(5-49) Him = Mym = Z my 41
U=l

foralli <l <m<j.
Proof. By Lemma [5.5(xv)l we get

j—1
(5.50) Pig =Y M.
£

For any ¢ <l < m < j, we have

(5.51) Mij = it + fim +

-1 m—1 j-1 Jj—1
2 Zml’,l’-H + Z my g1+ Z my g1 = Zml’,l’—f—l

=i U=l I'=m V=i
by definition. By ([5.50|), we see that the inequalities in ((5.51)) are equalities.
Thus, by Lemma [5.5(xv)l we have

m—1

m—1
(5.52) —qpm =—q Y mrysr =Y (VKp(spu 1) — R)
= =

for all i <1 < m < j. By Lemma [5.5(xiv)| and (5.52)), we get

m—1

(5.53) vip(8Rim) = B> (vkg(spypa1) — R)

U=l
for all i <1 < m < j. If the equality holds in (5.53) for some i <[l <m < j
with m — [ > 1, then

-1
(5.54) —quij =Y _(kp(srrr1) — R) + (kg (spim) — R)
U'=3
7j—1
+ > (vkp(srpp41) = R).

'=m
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This implies that there exists a partition shorter than A satisfying ,
which contradicts the assumption. Therefore the equality does not hold in
for all i <1 < m < j with m — [ > 1. Hence, combining with ,
we deduce that equality in

(555) VKR <3R,l,m) > —qp,m + R
holds if and only if m — [ = 1.

We will now show that m;,, = pm, for i« <1 < m < j by induction on
m — .

(1) CASE m — [ = 1. This is immediate from the definition of p; .

(2) CASE m—1 > 1. We will evaluate the valuation of each term in (4.35)).
By the induction hypothesis, we have m;; = py and my ,, = py y, for all
| <I' <m. By Lemma we deduce that

(556) UKR(w%,N,l,l’) = —quy,
(5.57) VKR (Wi n—1 ) = — P HE
Thus

M,
(558) VK g (nR(alvl')w%,N—l,l’,m) = —q(mu/ + pm> + R > —qUm + R

foralli <l <l <m<j, and

(5'59) VKR (w%,NJ,l’SR,l’,m) > _Q(Hl,l’ + Nl’,m) +R= —qum + R
foralli <l <1 <m < jby (5.55) and (5.56]). Since equality in (5.55) holds
if and only if [ = m — 1, equality in (5.59)) also holds if and only if I’ = m — 1.

We now evaluate the valuation of each term of (4.35)) for (7,7) = (I,m)

by , , and . Taking into account that equality in does
not hold for [ < m—1 and that equality in does not hold for I’ < m—1,
we deduce that UKR(W%,N,l,m—ﬁR,mem — nr(am)) > —qu,m + R. Hence,
we must have

(5.60) UKR(QU%’NJ’m_lSR,m—l,m) = v, (Mr(a1m)),

since equality holds in (5.59) if ! = m — 1. This gives —qu;m + R =
—qmym + R by Lemma and consequently, 14, = My . Combining
with (5.52)), we obtain the assertion. =

LEMMA 5.10. If vg,(sRr,j) < —quij + pR, then pt vk, (sRrj)-
Proof. Since

(5.61) ’UKR(SEQTZ]»,]-) > —quij +mR > —qui; + pR > vk, (SR,i;)
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for m > p, we have

(5.62) v (smig) 2 min (o (5573 5))-

By (5.27)), vk, ( S[Rnﬁ;] ;) (1 <m < p) are different from each other. Therefore
the equality holds in (5.62), and we get p { vk, (sR,i;) =

LEMMA 5.11. Let R’ be a positive integer coprime to p and suppose we
have vic,, (Srr ;) = —qrij+R < —qu; j+pR'. Then vk, (spij) = —qrij+R
for any integer R > R’ congruent to R’ modulo p.

Proof. Combining Lemma with v, (sp ;) = R (mod p), we get
UKR’(SB}{}’,’i,j) = —qr;j + R and vKR,(sEZfLJ) > —qr;j + R for all m > 2.

Since R = R’ (mod p), we have (7%}2) = (7ln/1R/) (mod p) for any integer [
and 1 < m < p. Therefore, by (5.14), we have coefKthHmR/(s[}?]ij) =
coefKR,pHmR(s%ngj) for any integer [ and 1 < m < p. This implies UKR(SB;Z]J-)
= VUK, (sgg,l]ij) +m(R — R') for 1 < m < p. Therefore we have

(5.63) vk, (sl ) = vk, (s ) +m(R— R)

>—qrij + R +m(R—R')>—qri;+R
for 2 < m < p and
(5.64) UKR(SB;LJJ-) > —quij +pR> —qrij + R

for m > p. Thus we have vi,(Sr;;) = ’UKR(S%}Z]) —qrij+R. =

PROPOSITION 5.12. Let 1 < ¢ < j < n. Fix an integer R > R; ; coprime
to p, where R;; is defined as in (4.67). Suppose we have vip,(Srim) <
—qpum + pR fori <1 <m < j. Then we have vk, (sRr;j) = Vky(dRrij) =
—qrij + R.

Proof. We will prove the claim by induction on j — 4.

(1) CASE j—i=1. We have sg;i+1 = nr(aii+1). By (0.12) and Lemma
we have

UKR(SR,i,i—I—l) = —qmjit1 +R=—qriiy1 + R.
By (4.20) and the definition of Dg, we have
drii+1 = —Pr(bii+1)) = nr(aiit1)-
Hence
(5.65) VKR (dRiit1) = VKR (SRiit1)-
(2) CASE j —i > 1. Note that by Corollary , we have R; ; > Ry, for

1 <1 < m < jsuch that j—i > m—I. Therefore by the induction hypothesis,
we get Vi, (Srim) = VK (drim) = —qrim + R for all i <1 < m < j except
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for (I,m) = (i,7). Hence, by Lemma we get vk, (drij — SRij) >
R — R;; > —qr;j + R. Thus, it remains to show vk, (sr: ;) = —qrij + R.

<2—1> CASE RZ'J‘ < R< (q— 1)"'i,j~ Since UKR(dR,i,j —SR,i,j) > R—Ri,j >
0, by Lemma and Lemma we have vk, (SR, ;) = —qrij + R.

(2-2) CASE R > (¢—1)r5 5. By Lemma, we have R; j < (¢—1)r;ij —p.
We can take an integer R < R such that R' = R (mod p) and R;; < R’ <

(¢ = Drij.
Therefore by Case (2-1)and Lemma we get

UKR(SR,i,j) = —qrij; + R. =

PROPOSITION 5.13. Let 1 < ¢ < j < n and R > R;; be an integer
coprime to p. Suppose we have vk, (Srim) = Vkgp(dRim) = —qrim + R
for i <1 <m < j except for (I,m) = (i,7) and vk, (sri;) < —qri; + R.
Let X\ be a partition for (i,j) satisfying (5.46]) in Lemma . Then we have
VKR (SR,i,j) < —qiij + | AR and the equality holds if and only if |\| = 1.

Proof. By (5.46)), we have

=1
(5.66) —qig T INR =D vka(SRAAugs)-
u=0

(1) CASE |A| = 1. In this case, (5.66) becomes vk, (sr ;) = —qui; + R.
(2) CASE |A| > 1. By assumption and (5.66)), we get

[Al-1

u=0

By Corollary 1.4 we have R > R;; > qr,
0 <u < |A| — 1. Therefore,

wyr and 75 >y 8, for all

(5.68) —qra g TR > —aqra a + Rij >0,
(5.69) —qra A TR > —qrij + R

Therefore,

(5.70) —quij+ |AR> (N —=1)-0+1:(—gri; + R)

= —qrij + R > vicp(srij)-

6. Case j—i < p+1. Let K be a complete discrete valuation field of equal
characteristic p > 0 with algebraically closed residue field k and L be a totally
wildly ramified finite Galois extension of K such that Gal(L/K) ~ UT, (F)
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for some n > 2. Fix an integer N > logp(n(p@ + )ma +p) + %
and ¢ = p", and define Ky as in Definition for any positive integer R
coprime to p. Fix A satisfying the conditions of and define Ag, Wr, Dr,
Sg as in Definitions [£.7 and [ Define 7; ; as in Section [d, m; ; and p; ; as
in Deﬁnition and a[]} and SE%] - as in Deﬁnltlo for1<i<j<n
and m € Z. Define coefg; : K — k as in Definition m or any [ € Z.

We will show in this section that the premise of Proposition [5.12] holds
forl<i<j<nwithj—i<p+1.

LEMMA 6.1. Let m > m' > 2 be integers. Let x;j (1 <1 < j < m) be
integers satisfying x; ; +x;; = x;; for all 1 <1 < j <1 < m. Then there
exists 1 <i < j <m such that x; ; =0 (mod m').

Proof. By the pigeonhole principle, there exists 1 < i < 7 < m such that
z1,; = x1; (mod m’). Then we have z; j = 1 ; — 1, =0 (mod m’). =

LEMMA 6.2. Let 1 <i<j<n and R> R;; be an integer coprime to p.
Suppose that j —i < p+1 and vk, (Srim) = Vkg(dRim) = —qrm + R <
—qpum + DR fori <1 <m < j except for (I,m) = (i,7). Then vk, (sr,;) <
—quij +min(p, j — i) R, and the equality holds if and only if j —i = 1.

Proof. Let A € A; j be one of the shortest partitions satisfying (5.46]) in
Lemma [5.8

(1) CAsE |A| < pand R;j < R < (¢—1)r;;. By Lemma [£.13] we get
(6.1) UKR(dR,i,j — 3R,i,j) > R — R@' > 0.

Hence, by Lemma we get Vi, (Srij) < —qrij + R. Then the assertion
follows from Proposition [5.13

(2) CasE |A| < pand R > (¢ — 1)ry;. By Lemma [4.5, we have R;; <
(¢—1)r; j —p. We can take an integer R’ < R such that R’ = R (mod p) and
R, ; <R < (q—1)r;;. By Propositio and (1), we get vk, (S ;) =
—qri;j+R < —qu; j+pR'. By Lemmal5.11] we have vg, (sgr,i ;) = —qri;+R.
Hence, the assertion follows from Proposition [5.13

(3) CASE |A| = p+1. We will prove by contradiction that this case does
not happen.
By assumption, we have |\| = p+ 1 = j —i. By Lemma we have

m—1
(6.2) mym = Z my 4

=l
foralli <l<m <j.
Then by Lemma , there exists i <1 < m < j such that p | m;,. This
contradicts the definition of 1 ,,. =
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THEOREM 6.3. Fiz A satisfying the conditions of Lemma [£.2] and let
O = (0i)ij be a solution of the equation XP)A = X. Fiz an integer N and
q = p" as in Section 4, and define Kr as in Definition . Define Sr as
in Deﬁmtion and r;; as the largest upper ramification jump of L; j/ K,
where L j = K(01m (i <1 <m <)) for 1 <i<j<n, asin Section .

Let 1 < i< j<mnandj—i<p+1. Then we have vig,(Sr;:;) =

,UKR(SE:{],i,j) = —qr;j + R for any integer R > R; ; coprime to p.

Proof. By using Lemma and Proposition inductively, we get
VkR(SR4j) = —qrij + R < —qui; + pR. By the same argument as in the

proof of Lemma [5.10, we get vk, (SR, ;) = UKR(S%]Z-]-). "
This implies that we can calculate r; ; for j —7 < p + 1 by calculating
sR,,; € Kg for sufficiently large R.

COROLLARY 6.4. Let 1 <1< j<mnandj—1i<p+ 1. Then we have
rij < pij, and equality holds if and only if equality in (5.25)) holds.

Proof. This follows from Theorem and Lemma [5.5(xiv)| =

REMARK 6.5. Note that we have Uy, /x D {ri;j}1<i<j<n and maxUy, x
= 71,0, but we do not always have Uy, /x = {rij}i1<i<j<n. For example, let
p > 2,n = 3 and suppose that L;2/K is defined by P(z) = t? and La3/K
is defined by P(z) = t?> + t. Then we have ri,2 = T23 = 2 < 11,3. However,
Ly 2La,3 includes the roots of P(x) —t,s0 1 € Uy, ,1,,/k CUL K-

In general, Uy, /i = {rij}1<i<j<n if 735 for 1 < i < j < n do not coincide
with each other at all, since [Up, /x| < n(n —1)/2.

On the other hand, we have |{r; ;}| > n—1,sinceri o <r3<--- <71,
by Corollary [£.4]

ExXAaMPLE 6.6. Consider the case n = 3. Suppose R is a sufficiently large
positive integer coprime to p.
By definition, we have

_ ] (1. » P (1]
(6.3) SR1,3 =013t @1 o0Wp N_193 ~ Wr N12023
By the definition of Wg, we have
N-1
— p©
(6.4) WRN12= ) ARy
e=0
N-2
(6.5) WRN-123= )  GRos
e=0
Therefore, we get
N-1
. _ 1] q (1] (1] p° pe ]
(6.6) SR1,3 = 013 ~ (R 2023 T Z (01 20k 53 = GR12023)-

e=1
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In addition, we have
(6.7) vy (ay,
(6.8) UKR(QRl 2

(6.9) UKR(a[ll’]Qaggﬁ) = —q<

) =—gmi3+ R,
3) = —q(mi2+ma3) + R,

Ni) +R>—q(miz2+ma3) + R
(1 S € S N — 1)7

1 mi 2
(6.10) UKR(GR 1 za[2 ]3) CI(pN_e + m2,3> + R > —q(mi2+ma3) + R
(1<e< N-1).
Since A satisfies condition [(a)] of Lemma by Lemma [5.5(vi)|, we have

1] pe e 1 q q
(6.11) UKR(QE,]za%,z 3~ Ry 2‘1[2 ]3) <peZ + R) - <pe—1 Z+ R)

for 1 <e < N — 1, and consequently

N—
(6.12) UKR(Z(a[ll]QaRQS azl)%12a2 3)) ¢ qZ + R.
e=1

By Lemma |5.5(vi), we have

(6.13) coefKRJ(a[ll] — a?% 1 2c12 3) #0=>1€qZ+R,
and consequently

(6.14) vKR(a[l]3 aquza[2 ]3) € qZ + R.

Therefore, we have

(6.15)  vip(shyys)

N—1
i 1 1 -
= mm(vKR( [1]3 a%71,2a[2,g), UKR< Z (a[l ]2‘132 , a;;%’ma[z }3)>>

e=

In [125], it is shown that we may take A such that at least one of the following
conditions holds.

(a) myi2 # mag,
(b) ml,g = m2’3 and

CoefK,*ml,z (aL?)

CoefK7—m2,3 (a2,3)

(6.16) ¢ F,.
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If one of these conditions holds, we have

1 N—-1 N—1 1
(6.17) UKR(a[l,]Qa%,Q,?; - a%,1,2a[2 }3)

:—qmax< , 23,m12+m23>+R-
p p

Since

1 pe e 1
(6.18) UKR(Q[l ]2a]10223 - C‘]102,1,2 [2]3)

m m
> —qmax<m1,2 + pN72_’367pN12 _|_m23> + R

ma3 m12

’ +m23>+R
p

> —q max<

for1 <e< N —2, we get

N-1
(6.19) vk, (Z (a[11]2aR 2,3 a% 1 2“[21]3))

e=1
:—qmax< i m23,m12+m23>+R-
p p
Therefore, by (6.15) and Theorem we get
1] q (1]
VEn(ai s —a a R
(6.20) 13 = max(— w( 1.3 ;1 272 3) ,my 2+m; = m;’2 +m2,3>.

This result corresponds to the result given in [I25, Example 3.8.1].

EXAMPLE 6.7. Consider the case n = 4. Suppose R is a sufficiently large
positive integer coprime to p.

Let
1 1 1
(6.21) ag = a[1}4 a% 1 2a[2]4 (a?m,s - a?z,maq}z,z,s)ag,]zp
(6.22) =0
(6.23)  po = max(mya,m12 + Mo, m13 + M3a,M12 + Mag+msa)
- #1747
and
_ [ ] e w1
(6.24) ag = ay 3aR34 +a15ap0,4 — aR,1,3%4

¢ [ _ [ g [ €
pe E
+aR,1,2(aR23a34 asy) — AR 1202308 3 4>

a %L 2 g
(6.25) a =ak g ¥, a[” g a® 7 ala?,  —a? al E ar
: e = AR12 R,2,3934 R12 23 haa— Rz 23 s
e/'=1
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m24 m12 m34 m13
) mi3

)

(6.26) . = maX<m1,2

34>
¢

for 1 <e < N — 1. Note that

(6.27) vip(ay) > —qu, + R,
(6.28) vicalal) > —qul + R
for0<e< N -1, and

(6.29) fe > He

for0<e<ée <N —1. We also have

(6.30) coefg,1(al) #0 = 1€ PV °Z+ R) — (p" “"'Z + R),
(6.31) coefrpi(al) #0 = 1€ p"N “Z+ R

for 0 <e < N —1, by Lemma |5.5(vi)]
By Lemma and (| m, we get

1 1
(6.32) 3%]14 = a[1]4 +a[ ]wRN 1,34 +‘1[1}2“’RN 1,24

(1]
- (wR N,1,3 wR N,1,2wR N2 3)a3 4
(1] (1]
_wRNIQ(a24 +a23wRN 13.4)-

By the definition of Wg and n, we get

N-1 g
(6.33) Wi = Y. ki (i=1,2,3,1<e<N),
u=N-—e
N-1 r
(634) w%757i:i+2 - Z Ezz—i—Q
u=N—e
N-1 N-1 s
+ Z CLE AR 1,542 (i:1,2,1§e§]\7)7
u=N—eu'=u+1

and consequently

p P p
(6.35)  wp Nite — WRNLi+1WR N,i+1,i42
N—1u—1

_ pY o pU pU
= Z ARii+2 E , E: AR i it10Ri+1,i+2
u=0

u=0 u/=0
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for i = 1,2. By substituting 1) and (]6.35[) into (6.32), we get

1 1] i
(6.36) 55?,},1,4 = a 14T a[1,3 Z aRB 4T al 2 Z aR,2,4

] o o [1]
- aR1,3%34 T AR12 E :CLR,Q,B&Z’; 4
e=0 e=0 e’=0
N-1 N-1 q N-1
_ . g ar gl ar’
R,1,2%24 R1,2923 R34
e=0 e/=0 e=1
_ 1] q (1] q q q (1]
=a14 — GR1 2024 (%3,1,3 - aR,1,2aR,2,3)a3,4
N-1
q q q
(1] (1] e e[ e[
+ (a1 3aR34 ta; 2“R24 aR,1,3a34 AR 12091)
e=1
N-1 N-1N-1 g .
p€ i ITE
+ a,1,2§:aR23 E:E:a AR3
e=1 =0 e=1

By separating the terms and changlng the order of the summations, we can
rewrite the last two terms as follows:

N-1N-1 4
o o 8
(6.37) E:aR12§:aR23a E:E:a}uz 23“334
=0 e=1

N-1 N—-1
® q (1] "
AR 120R 23034 1 Z Qg -

e=1 e=1

Therefore, we get

(6.38) SR’L4 = Z a, + Z a,
By - -, we obtain
e'—1
,+R
(6.39) 5R7174 = Za + Z ay (mod m q“ " +1)
for0<e <N —1.

Suppose equality holds in (6.27) for some e € Z>; and let eg be one of

such e. By (6.30) and (6.31]), we have

eo—1 ep—1
(6.40) ’UKR<Z a, + Z aZ) e pNeotlz 4 R,
e=0 e=0

(6.41) Vi (ag,) = —qug, + R € (pN N7 + R) — (pN O TZ + R).
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Therefore, combining these with (6.39), we deduce that

eg—1 eg—1

(6.42) ViR (S 4) = min(UKR(Z a,+ > a’e’), ~qpg, + R)-
e=0 e=0

By Theorem [6.3] we deduce that

eo—1 eo—1 i _R
(643) ’1“174 = max ( UKR(ZB:O A, —;Ze—o ae) ,N;()) )

Note that the result (6.20) in Example has a similar form to (6.43]).

To clarify the similarity, we make a similar argument in the case n = 3. Then
the condition that either or @ holds in Example corresponds to the
condition that the equality in holds for e = 1. This implies that we
have e¢g = 1 in the case n = 3. Then we can deduce the equation in

the same way as (6.43)).
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