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Ramification groups of Galois extensions over local fields of
positive characteristic with Galois group isomorphic to the

group of unitriangular matrices

by

Koto Imai

Abstract. We study the ramification groups of finite Galois extensions L/K of a
complete discrete valuation field K of equal characteristic p > 0 with perfect residue field
and Galois group isomorphic to the group of unitriangular matrices UTn(Fp) over Fp.
We show that the upper ramification breaks can be expressed as a linear function of the
valuation of the entries of a matrix directly constructed from the coefficients of a defining
equation of the extension. This allows us to compute the ramification groups without
using any elements of L−K.

1. Introduction. Let K be a complete discrete valuation field of equal
characteristic p > 0 with perfect residue field k. For any finite Galois ex-
tension of K, one can define the upper and lower ramification groups, or
filtrations. When the extension is abelian, the jumps in the upper ramifi-
cation filtration can be described in terms of the coefficients of a defining
equation of the extension. For example, if L/K is an Artin–Schreier exten-
sion defined by xp + a = x, where a ∈ K satisfies p ∤ vK(a) < 0, then
the unique upper ramification break of L/K is given by −vK(a). Kanesaka
and Sekiguchi [KS79] generalized this result to finite cyclic cases, using Witt
vectors. Since every finite abelian group can be decomposed into a direct
product of cyclic groups, this allows one to compute the upper ramification
breaks of any finite abelian extension L/K in terms of the coefficients of a
defining equation of the extension.

In the abelian case, the Hasse–Arf theorem asserts that the upper ram-
ification breaks are integers. On the other hand, in the non-abelian setting,
the situation is more complicated, and upper ramification breaks can be a
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fraction with a denominator of a divisor of the order of the Galois group.
Specifically, [I25] calculates the upper ramification breaks for some finite Ga-
lois extensions of maximal nilpotency class and shows that in some cases,
they belong to 1

pZ−Z. Furthermore, [E23] shows that if the Galois group is
non-abelian and of order p3, then the extension can have non-integer upper
ramification breaks, except for the case where the Galois group is isomorphic
to the dihedral group D8 of order 8.

In this paper, we study the ramification groups of totally wildly rami-
fied finite Galois extensions whose Galois group is isomorphic to the group
UTn(Fp) of n × n upper triangular unipotent matrices, or unitriangular
matrices, over Fp. We have proved in our main result, Theorem 6.3, that
when 3 ≤ n ≤ p + 2, the largest upper ramification break is given by a
linear expression of the valuation of the entries of a matrix explicitly con-
structed from the coefficients of a defining equation of the extension. This
result is an analogue of the previous findings by Kanesaka and Sekiguchi
[KS79] in the abelian case: they showed that the largest upper ramifica-
tion number of an Artin–Schreier–Witt extension of K defined by an equa-
tion (xp0, . . . , x

p
s) − (x0, . . . , xs) = (a0, . . . , as) of Witt vectors is given by

max0≤i≤s(−vK(ai)p
s−i), and the equation (1.1) proved in Theorem 6.3 of

this paper is a counterpart in the UTn(Fp) case. Note that in the Kane-
saka and Sekiguchi’s result, the ramification number is derived only from
the information of the elements ai of K. Similarly, the left-hand side of the
equation (1.1) consists of the valuation of the element sR,i,j ∈ KR, which
can be calculated without depending on any elements of L not in K. Since
every finite p-group can be embedded into UTn(Fp) for some n, findings in
these cases are expected to shed light on more general situations.

This paper consists of five sections:
In Section 2, we define a valuation on the subring FTn(M) of the ring

of upper triangular matrices over a discrete valuation field M of positive
characteristic, by extending the valuation on M . This valuation vM satisfies
vM (XY ) ≥ min(vM (X), vM (Y )) for any X,Y ∈ FTn(M), analogous to the
formula vM (x + y) ≥ min(vM (x), vM (y)) for any x, y ∈ M . This valuation
of matrices is a partial analogue to the filtration on Witt vectors in [KS79].

In Section 3, we recall some properties of ramification numbers of separa-
ble extensions over a complete discrete valuation field K of equal character-
istic p. We also define a totally wildly ramified separable extension KR/K of
degree q with a unique upper ramification break R

q−1 , where R is a positive
integer coprime to p and q is a power of p.

In Section 4, we introduce a totally wildly ramified Galois extension L/K
with Galois group GL/K isomorphic to the group of unitriangular matrices
UTn(Fp) over Fp. This extension has a defining equation of the form X(p)A
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= X with A ∈ UTn(K). This equation is analogous to the defining equation
xp + a = x for Artin–Schreier cases. We denote by Θ one of the solutions of
X(p)A = X, where X(p) denotes the matrix obtained by raising each entry
of X to the pth power. Specifically, the entries of Θ generate L over K. We
define an isomorphism ιR : K → KR and extend it to separable closures.
We also define the Galois extension LR/KR, where LR = ιR(L), and the
matrices ΘR = ιR(Θ) ∈ UTn(LR) and AR = ιR(A) ∈ UTn(KR). In order
to reduce the calculation of the ramification breaks to the Artin–Schreier
case, we introduce another matrix DR defined by A, AR, Θ, and ΘR, and
approximate it by a matrix SR constructed using only A and AR.

In Section 5, we study the relationship between the valuations of the
entries sR,i,j of SR and the upper ramification breaks of the extension L/K.
Specifically, our goal in this section is to prove that the formula

(1.1) vKR
(sR,i,j) = −qri,j +R

holds for 1 ≤ i < j ≤ n if vKR
(sR,l,m) < −qµl,m + pR for all i ≤ l < m ≤ j,

where ri,j is the largest upper ramification break of K(θl,m (i ≤ l < m
≤ j))/K, and µl,m is a number calculated directly from the valuations of the
entries of A. We also prove in Lemma 5.11 that if (1.1) holds for R = R′ for
some positive integer R′ coprime to p, then it holds for R > R′ as well. This
lemma is crucial for completing the proof of the main theorem in Section 6.

In Section 6, we complete the proof of the main theorem, which states
that the formula (1.1) holds for j− i ≤ p+1, by showing that vKR

(sR,l,m) <
−qµl,m+pR holds for all i ≤ l < m ≤ j in this case. As a direct consequence,
in Corollary 6.4, we also establish that µi,j , which is easier to compute than
sR,i,j , can be used as an upper estimate for the upper ramification break,
and provide a criterion for this estimate to be sharp.

Generalization of our result to any j − i ∈ Z≥1 or to Galois extensions
with different Galois group structures merits further investigation, but we
expect that the method of this paper may be adapted to such cases.

Our approach is inspired by that of [A95]. Abrashkin constructed a fil-
tration on some Lie algebra that corresponds to the ramification filtration of
a profinite Galois extension Kp/K. The upper ramification groups of Kp/K
are described in terms of a specific set of generators of the Galois group
Gal(Kp/K). This result allows one to deduce the ramification filtration of
any Galois subextension of Kp/K, provided that the Galois group of the
subextension can be expressed using the same set of generators. The field
KR and the matrices Θ, ΘR, A, AR, DR, and SR roughly correspond to K ′,
F , F ′, E, E′, A1, and A′

1 in [A95].
The unique aspect of our approach is the use of the valuation vM on the

ring FTn(M), which allows us to significantly simplify the calculation of the
valuations of the entries of the matrices SR and DR. Moreover, we show not
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only that the Artin–Schreier extension defined by xp+sR,i,j = x over KR has
a ramification break connected to the upper ramification breaks of L/K, but
also that we have an explicit formula (1.1) relating ri,j and sR,i,j in Sections 5
and 6. This formula essentially provides an algorithm to compute the largest
ramification break using only the entries of the matrices A and AR.

2. Valuation on upper triangular matrices. For any field F of
characteristic p > 0, let UTn(F ) (resp. NTn(F )) denote the groups of
n×n unipotent (resp. nilpotent) upper triangular matrices, or unitriangular
(resp. niltriangular) matrices, over F , respectively. We denote the identity
matrix and the zero matrix of size n × n by I and O, respectively. Let
FTn(F ) = {iI +X | i ∈ Fp, X ∈ NTn(F )}, where I denotes the identity
matrix. The set FTn(F ) is closed under matrix multiplication and subtrac-
tion, and contains the identity matrix. Thus, FTn(F ) is a subring of Mn(F ).
This ring FTn(F ) consists of upper triangular matrices whose diagonal en-
tries are the same element in Fp. Note that FTn(F )× = FTn(F )−NTn(F ),
where FTn(F )× denotes the group of invertible elements in FTn(F ). Denote
the algebraic (resp. separable) closure of F by F (resp. Fsep).

Note that if X = (xi,j)i,j , Y = (yi,j)i,j ∈ FTn(F ) and XY = (zi,j)i,j ,
then we have

(2.1) zi,j =

j∑
l=i

xi,lyl,j

for any 1 ≤ i < j ≤ n.

Definition 2.1. Let 1 ≤ i < j ≤ n. We define a partition of length s for
(i, j) as a sequence λ = {λu}u=0,...,s of integers satisfying
(2.2) i = λ0 < λ1 < · · · < λs−1 < λs = j.

We denote the length of a partition λ by |λ|. Let Λi,j be the set of all
partitions for (i, j).

Lemma 2.2. Let X = (xi,j)i,j ∈ UTn(M), and X−1 = (x∗i,j)i,j. Then

X−1 =

n−1∑
s=0

(−1)s(X − I)s,(2.3)

and

x∗i,j =
∑

λ∈Λi,j

(−1)|λ|
|λ|−1∏
u=0

xλu,λu+1 .(2.4)

Proof. Since X − I is a nilpotent upper triangular matrix of size n× n,
we have (X − I)n = O. By Taylor expansion, we have (2.3). Hence, we have
(2.4) by (2.1).
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For any discrete valuation fieldM of equal characteristic p > 0, we denote
the valuation, the ring of integers, and the maximal ideal of M by vM , OM ,
and mM , respectively. We also define OM and mM forM in the same manner.

Lemma 2.3. Let νi,j (1 ≤ i < j ≤ n) be rational numbers satisfying
νi,j ≥ νi,l + νl,j for all 1 ≤ i < l < j ≤ n. Define subsets H≤ν and H<ν of
UTn(M) as follows:

H≤ν = {X = (xi,j)i,j ∈ UTn(M) | ∀1≤ i < j ≤ n, −vM (xi,j)≤ νi,j},(2.5)
H<ν = {X = (xi,j)i,j ∈ UTn(M) | ∀1≤ i < j ≤ n, −vM (xi,j)< νi,j}.(2.6)

Then:

(i) The subset H≤ν is a subgroup of UTn(M).
(ii) The subset H<ν is a subgroup of UTn(M).
(iii) The subset H<ν is a normal subgroup of H≤ν .
(iv) Let X = (xi,j)i,j ∈ H≤ν , Y = (yi,j)i,j ∈ H<ν , XY = (zi,j)i,j, and

Y X = (z′i,j)i,j. Then

(2.7) zi,j ≡ xi,j ≡ z′i,j (mod m
−νi,j+1
M )

for all 1 ≤ i < j ≤ n.

Proof. (i) Let X = (xi,j)i,j , Y = (yi,j)i,j ∈ H≤ν , X−1 = (x∗i,j)i,j and
XY = (zi,j)i,j . By (2.1), we have
(2.8) vM (zi,j) ≥ min

i≤l<j
(vM (xi,l) + vM (yl,j))

for all 1 ≤ i < j ≤ n. Since X,Y ∈ H≤ν , we have vM (xi,l) ≥ −νi,l for all
1 ≤ i < l ≤ j ≤ n and vM (yl,j) ≥ −νl,j for all 1 ≤ i ≤ l < j ≤ n. Thus, we
obtain
(2.9) vM (xi,l) + vM (yl,j) ≥ −(νi,l + νl,j) ≥ −νi,j
for all 1 ≤ i < l < j ≤ n and

vM (xi,j) + vM (yj,j) ≥ −νi,j ,(2.10)
vM (xi,i) + vM (yi,j) ≥ −νi,j .(2.11)

Therefore
(2.12) vM (zi,j) ≥ −νi,j ,
for all 1 ≤ i < j ≤ n, and consequently XY ∈ H≤ν .

Since

(2.13) vM

(|λ|−1∏
u=0

xλu,λu+1

)
=

|λ|−1∑
u=0

vM (xλu,λu+1) ≥
|λ|−1∑
u=0

−νλu,λu+1 ≥ −νi,j

for all 1 ≤ i < j ≤ n and λ ∈ Λi,j , we deduce thatX−1 ∈ H≤ν by Lemma 2.2.
Therefore, H≤ν is a subgroup of UTn(M).

(ii) This follows from the same argument as (i).
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(iii) Let X = (xi,j)i,j ∈ H≤ν , Y = (yi,j)i,j ∈ H<ν and XYX−1 = (y′i,j)i,j .
By (2.1),

(2.14) y′i,j =
∑

i≤l≤m≤j

xi,lyl,mx
∗
m,j =

∑
i≤l<m≤j

xi,lyl,mx
∗
m,j +

j∑
l=i

xi,lx
∗
l,j .

Since XX−1 = I, we have

(2.15)
j∑

l=i

xi,lx
∗
l,j = 0

for all 1 ≤ i < j ≤ n by (2.1). Thus, we obtain

(2.16) y′i,j =
∑

i≤l<m≤j

xi,lyl,mx
∗
m,j .

Since

(2.17) vM (xi,lyl,mx
∗
m,j) = vM (xi,l) + vM (yl,m) + vM (x∗m,j)

> −νi,l − νl,m − νm,j ≥ −νi,j
for all 1 ≤ i ≤ l < m ≤ j ≤ n, we deduce that vM (y′i,j) > −νi,j for all
1 ≤ i < j ≤ n. Therefore, we have XYX−1 ∈ H<ν , and consequently H<ν

is a normal subgroup of H≤ν .
(iv) Since Y X = X(X−1Y X) and H<ν is a normal subgroup of H≤ν , it

suffices to show the assertion for XY . Since Y ∈ H<ν , the first inequality
in (2.9) for all 1 ≤ i < l < j ≤ n and the inequality in (2.11) are strict
inequalities. Thus, we obtain the assertion for XY by (2.1).

We will now generalize the valuation vM :M → Z∪{+∞} to FTn(M) →
Q ∪ {+∞}.

Definition 2.4. Define maps vM , ṽM : FTn(M) → Q ∪ {+∞} by

vM (X) = min
1≤i<j≤n

(
vM (xi,j)

j − i
),(2.18)

ṽM (X) = min
1≤i<j≤n
(i,j) ̸=(1,n)

(
vM (xi,j)

j − i
),(2.19)

for any X = (xi,j)i,j ∈ FTn(M).

From this definition, for any X = (xi,j)i,j ∈ FTn(M), we can assert that

vM (X) = sup {r ∈ Q | ∀i, j ∈ {1, . . . , n}, vM (xi,j) ≥ (j − i)r},(2.20)

ṽM (X) = sup

{
r ∈ Q

∣∣∣∣ ∀i, j ∈ {1, . . . , n},
(i, j) ̸= (1, n) ⇒ vM (xi,j) ≥ (j − i)r

}
,(2.21)

since vM (0) = +∞ and vM (xi,i) ≥ 0 for 1 ≤ i ≤ n.
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For any X = (xi,j)i,j ∈ FTn(M) and m ∈ Z≥0, we denote by X(pm) the
matrix obtained by raising each entry of X to the pmth power.

Lemma 2.5. Let X = (xi,j)i,j and Y = (yi,j)i,j be arbitrary elements of
FTn(M).

(i) vM (X) = +∞ if and only if X is diagonal.
(ii) ṽM (X) ≥ vM (X).
(iii) For any i, j ∈ Fp, we have vM (iX + jY ) ≥ min(vM (X), vM (Y )) and

ṽM (iX + jY ) ≥ min(ṽM (X), ṽM (Y )). In particular, adding integer
multiples of I does not affect vM and ṽM .

(iv) vM (X(p)) = pvM (X) and ṽM (X(p)) = pṽM (X).
(v) vM (XY )≥min(vM (X), vM (Y )) and ṽM (XY )≥min(ṽM (X), ṽM (Y )).
(vi) If X is nilpotent (i.e. not invertible), then we have vM (XY ) ≥

min(vM (X), ṽM (Y )) and vM (Y X) ≥ min(vM (X), ṽM (Y )).
(vii) If both X and Y are nilpotent, then vM (XY ) ≥ min(ṽM (X), ṽM (Y )).
(viii) If X is invertible and vM (X) > vM (Y ), then vM (XY ) = vM (Y X) =

vM (Y ).
(ix) If X is invertible and ṽM (X) > ṽM (Y ), then ṽM (XY ) = ṽM (Y X) =

ṽM (Y ).
(x) Suppose X is invertible. Then vM (X−1) = vM (X) and ṽM (X−1) =

ṽM (X).
(xi) Take an integer c and suppose X is nilpotent. Fix γ ∈ M satisfying

vM (γ) = c. Then

vM (γX) ≥ min

(
c

n− 1
, c

)
+ vM (X),(2.22)

ṽM (γX) ≥ min

(
c

n− 2
, c

)
+ ṽM (X).(2.23)

Proof. Let XY = (zi,j)i,j .
Assertions (i)–(iv) immediately follow from the properties of the valua-

tion of M and the definitions of vM and ṽM . We will prove the remaining
assertions.

(v) By (2.1), we have

(2.24) vM (zi,j) ≥ min
i≤l≤j

(vM (xi,l) + vM (yl,j))

≥ min
i≤l≤j

((l − i)vM (X) + (j − l)vM (Y ))

= (j − i)min(vM (X), vM (Y )).

Thus we get
vM (XY ) ≥ min(vM (X), vM (Y ))

and
ṽM (XY ) ≥ min(ṽM (X), ṽM (Y )).
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(vi) Since X is nilpotent, we have xi,i = 0 for all 1 ≤ i ≤ n. Therefore,

(2.25) vM (zi,j) ≥ min
i+1≤l≤j

(vM (xi,l) + vM (yl,j))

≥ min
i+1≤l≤j

((l − i)vM (X) + (j − l)ṽM (Y ))

= vM (X) + (j − i− 1)min(vM (X), ṽM (Y ))

≥ (j − i)min(vM (X), ṽM (Y )).

We thus obtain vM (XY ) ≥ min(vM (X), ṽM (Y )). The assertion for Y X fol-
lows from a similar argument.

(vii) Since X and Y are nilpotent, we have xi,i = yj,j = 0 for all 1 ≤ i <
j ≤ n. Thus,

(2.26) vM (zi,j) ≥ min
i+1≤l≤j−1

(vM (xi,l) + vM (yl,j))

≥ min
i+1≤l≤j−1

((l − i)ṽM (X) + (j − l)ṽM (Y ))

= vM (X) + vM (Y ) + (j − i− 2)min(ṽM (X), ṽM (Y ))

≥ (j − i)min(ṽM (X), ṽM (Y ))

for all 1 ≤ i < j ≤ n with j − i > 1. We have zi,i+1 = 0, so we also have
vM (zi,j) ≥ (j − i)min(ṽM (X), ṽM (Y )) for 1 ≤ i < j ≤ n with j − i = 1.
Thus vM (XY ) ≥ min(ṽM (X), ṽM (Y )).

(viii) Let (i, j) be one of the indices where vM (yi,j) = (j−i)vM (Y ). Then
for all i+ 1 ≤ l ≤ j, we get

(2.27) vM (xi,lyl,j) = vM (xi,l) + vM (yl,j)

≥ (l − i)vM (X) + (j − l)vM (Y )

> (j − i)vM (Y ) = vM (yi,j)

= vM (xi,iyi,j).

The last equality is due to xi,i ̸= 0, deduced from the assumption that X is
invertible. Therefore, by (2.1), we obtain

(2.28) vM (zi,j) = vM (xi,iyi,j) = (j − i)vM (Y ).

This gives vM (XY ) ≤ vM (Y ) by the definition of vM . Combining this in-
equality with (v), we get vM (XY ) = vM (Y ). The assertion for Y X follows
from a similar argument.

(ix) This can be proved in the same way as (viii).
(x) Since X is invertible, x1,1 ̸= 0 and I − x−1

1,1X is nilpotent. Then we
have (I − x−1

1,1X)n = O, because the size of the matrix is n × n. Hence, by
Taylor expansion, it follows that

(2.29) X−1 = x−1
1,1

n−1∑
l=0

(I − x−1
1,1X)l.
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Applying (iii) and (v), we conclude that vM (X−1) ≥ vM (X). Applying this
inequality to X−1 gives vM (X) ≥ vM (X−1), and hence vM (X) = vM (X−1).
A similar argument shows that ṽM (X−1) = ṽM (X).

(xi) By the definition of vM , we have

(2.30) vM (γX) = min
1≤l<m≤n

(
vM (γxl,m)

m− l

)
= min

1≤l<m≤n

(
c

m− l
+
vM (xl,m)

m− l

)
≥ min

1≤l<m≤n

(
c

m− l

)
+ min

1≤l<m≤n

(
vM (xl,m)

m− l

)
= min

(
c

n− 1
, c

)
+ vM (X).

The assertion for ṽM can be proved in the same manner.

3. On ramification numbers. Let K be a complete discrete valuation
field with algebraically closed residue field k of characteristic p > 0.

For any finite separable extension L/K, we denote by GL/K the set of
the embeddings of L into Ksep over K. Note that this set coincides with
the Galois group when L/K is Galois. We define the upper (resp. lower)
ramification numbering {Ri

L/K}i∈Q≥−1
(resp. {RL/K,i}i∈Q≥−1

) on the data
of equivalence relations over GL/K , the function ϕL/K translating the lower
ramification numbering to the upper ramification numbering, and the inverse
ψL/K of ϕL/K as in [D84, Appendice]. Note that the equivalence relation
Ri

L/K (resp. RL/K,i) gets finer as i increases. When a rational number i ≥ −1

satisfies Ri
L/K ̸= Ri′

L/K (resp. RL/K,i ̸= RL/K,i′) for all i′ > i, we call i an
upper (resp. lower) ramification break of L/K. We denote the set of the
upper (resp. lower) ramification breaks by UL/K (resp. LL/K). Specifically,

(3.1) UL/K = {i ∈ Q | ∀i′ > i,Ri
L/K ̸= Ri′

L/K},

(3.2) LL/K = {i ∈ Q | ∀i′ > i,RL/K,i ̸= RL/K,i′}.
Denote by eL/K the ramification index of L/K. We extend vK : K →

Z ∪ {+∞} to L→ Q ∪ {+∞} by defining vK(x) = vL(x)
eL/K

for any x ∈ L. We
similarly extend vK , ṽK : FTn(K) → Q ∪ {+∞} to FTn(L) → Q ∪ {+∞}
by defining vK(X) = vL(X)

eL/K
and ṽK(X) = ṽL(X)

eL/K
for any X ∈ FTn(L).

When L/K is Galois, we denote the ith upper (resp. lower) ramification
group of GL/K = Gal(L/K) by Gi

L/K (resp. GL/K,i).
Let us now cite from [D84] the properties of ramification numbers which

we will use in this paper.
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Lemma 3.1 ([D84, Appendice]). For any separable extensions M/K and
L/K of complete discrete valuation fields, we have the following assertions.

(i) Suppose M ⊃ L and fix an embedding τL of L into Ksep = Lsep. Then
for any τ1, τ2 : M → Ksep ∈ GM/K such that τ1|L = τ2|L = τL and
i ∈ Q≥−1, we have

(3.3) τ1 ≡ τ2 (mod RM/L,i) ⇐⇒ τ1 ≡ τ2 (mod RM/K,i).

Consequently, LM/K ⊃ LM/L.
(ii) Suppose M ⊃ L. Then for any τ1, τ2 : M → Ksep ∈ GM/K and i ∈

Q≥−1, we have

(3.4) τ1|L ≡ τ2|L (mod Ri
L/K)

⇐⇒ ∃τ ′1, τ ′2 ∈ GM/K such that


τ ′1|L = τ1|L,
τ ′2|L = τ2|L,
τ ′1 ≡ τ ′2 (mod Ri

M/K).

Consequently, UM/K ⊃ UL/K .
(iii) Suppose M ⊃ L. Then for any τ1, τ2 : M → Ksep ∈ GM/K and i ∈

Q≥−1, we have

(3.5) τ1|L ≡ τ2|L (mod RL/K,ϕM/L(i))

⇐⇒ ∃τ ′1, τ ′2 ∈ GM/K such that


τ ′1|L = τ1|L,
τ ′2|L = τ2|L,
τ ′1 ≡ τ ′2 (mod RM/K,i).

Consequently, ϕM/L(LM/K) ⊃ LL/K .
(iv) Suppose M ⊃ L. Then

ϕM/K = ϕL/K ◦ ϕM/L,(3.6)

ψM/K = ψM/L ◦ ψL/K .(3.7)

(v) We have

LL/K = {l ∈ Q>−1 | ϕL/K(x) is non-differentiable at x = l},(3.8)

UL/K = {r ∈ Q>−1 | ψL/K(x) is non-differentiable at x = r}(3.9)

(vi) We have

(3.10) maxULM/K = max(UL/K ∪ UM/K).

Proof. (i)–(iv) See [D84, Appendice, Section A.4].
(v) This follows from [D84, Appendice, Proposition A.4.2], (iv), and the

definitions of LL/K and UL/K .
(vi) This follows from (ii).
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Lemma 3.2. Let M/L/K be a tower of finite totally ramified separable
extensions and let K ′/K be a finite totally ramified separable extension of
degree e. Suppose that the following conditions hold.

(a) UK′/K is a singleton {r′}.
(b) LM/L is a singleton {ψM/K(r)}
(c) max(UL/K) < r′ < r.

Then

maxULK′/K′ ≤ r′,(3.11)

maxUMK′/K′ = er − (e− 1)r′.(3.12)

Proof. Note that

(3.13) ψK′/K(x) =

{
x (−1 ≤ x < r′),

ex− (e− 1)r′ (x ≥ r′).

By Lemma 3.1(v), condition (b) and the definition that ψM/L is the inverse
of ϕM/L, we see that ψM/L(x) has a unique non-differentiable point at x =
ϕM/L(ψM/K(r)). By Lemma 3.1(vi), we have ϕM/L ◦ ψM/K = ψL/K , and
hence ψM/L(x) has a unique non-differentiable point at x = ψL/K(r). This
implies

(3.14) UM/K = {r} ∪ UL/K

by Lemma 3.1(v). Therefore, by Lemma 3.1(vi), we have

(3.15) maxUMK′/K = max(UM/K ∪ UK′/K) = max({r, r′} ∪ UL/K) = r.

By condition (c) and Lemma 3.1(iv), we get

(3.16) ψMK′/K(x) =

{
ψMK′/K′(x) (−1 ≤ x < r′),

ψMK′/K′(ex− (e− 1)r′) (x ≥ r′).

Therefore by Lemma 3.1(v) and condition (c), we get (3.12). By the same
argument, we obtain (3.11).

Suppose that K is of equal characteristic p > 0 and fix t ∈ K such that
vK(t) = −1 for the rest of this paper. We will now introduce a separable
extension KR/K of K. Using this extension, we will show in Lemma 3.6
that the calculation of the ramification numbers of finite non-abelian Galois
extensions of K can be reduced to the case of Artin–Schreier extensions.

Definition 3.3. Let R be a positive integer coprime to p. Let KR =
K(T ) be the extension of K defined by

(3.17) T q + T q−1 = tR,

where q is a power of p.
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Equation (3.17) yields

(3.18)
(
t

R
q−1

T

)q

− t
R

q−1

T
= t

R
q−1

in K. Therefore, KR(t
1

q−1 ) is an Artin–Schreier extension of K(t
1

q−1 ), and
consequently a separable extension of K.

We have v
K(t

1
q−1 )

(t
R

q−1 ) = −R. Since −R is coprime to p and negative,

by (3.18), we have

[KR : K] = [KR(t
1

q−1 ) : K(t
1

q−1 )] = q.

Lemma 3.4. We have UKR/K =
{

R
q−1

}
.

Proof. It follows from (3.18) and the fact that K(t
1

q−1 )/K is totally
tamely ramified.

Let tR ∈ K be the (qR)-th root of tR(1 + T−1)−1 congruent to t1/q

modulo t1/qmK , where mK denotes the maximal ideal of K. Then we have
tRR = T , since

(3.19) tR(1 + T−1)−1 = T q

by the definition of T .

Lemma 3.5. We have KR = K(tR) and

(3.20) tl = tqlR

(
1 +

∞∑
i=1

(
l/R

i

)
t−iR
R

)
for l ∈ Z.

Proof. The inclusion KR = K(T ) ⊂ K(tR) follows from tRR = T . We will
show the reverse inclusion.

By Hensel’s lemma and the fact that the residue field of KR is alge-
braically closed, it follows that the Rth roots of 1 + T−1 and their inverses
belong to KR. Let z be the Rth root of 1+T−1 congruent to 1 modulo mKR

.
Thus, by the definition of tR, we have

(3.21) tqR = tz−1 ∈ KR.

Take c1, c2 ∈ Z such that qc1 +Rc2 = 1. Then

(3.22) tR = (tqR)
c1(tRR)

c2 = (tz−1)c1T c2 ∈ KR.

By (3.21), we have

(3.23) t = tqRz.

By the definition of z and binomial expansion, we get (3.20).
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Let ιR : K → KR be the ring isomorphism defined by t 7→ tR and
u 7→ u1/q for any u ∈ k. Since KR/K is a separable extension, we can choose
a common separable closure for both fields so that Ksep = KR,sep. We then
take an extension ιR : Ksep → KR,sep = Ksep of ιR to this separable closure.

Lemma 3.6. Let L/L′/K be a tower of finite separable totally ramified
extensions and let LR = ιR(L) and L′

R = ιR(L
′). Let K ′

R/KR be a separable
extension. Suppose that the following conditions hold.

(a) LLR = L′LRK
′
R.

(b) LL/L′ is a singleton {ψL/K(r)}.
(c) qmax(UL′/K) < R < (q − 1)r.

Then

(3.24) maxUK′
R/KR

= qr −R.

Proof. By Lemma 3.1(vi), we have

(3.25) maxULLR/KR
= max(ULKR/KR

∪ULR/KR
) = max(ULKR/KR

∪UL/K).

By Lemma 3.2, we get

(3.26) maxULKR/KR
= qr −R

By Lemma 3.1(iii) and conditions (b) and (c), we obtain

(3.27) maxUL/K = r.

Therefore, we deduce that

(3.28) maxULLR/KR
= max(r, qr −R) = qr −R.

On the other hand, we have

(3.29) maxULLR/KR
= max(UL′KR/KR

∪ ULR/KR
∪ UK′

R/KR
)

= max(UL′KR/KR
∪ UL/K ∪ UK′

R/KR
)

= max(UL′KR/KR
∪ UK′

R/KR
∪ {r})

by condition (a) and (3.27). By Lemma 3.2, we have

(3.30) maxUL′KR/KR
≤ R

q − 1
< r.

Therefore, we get

(3.31) maxULLR/KR
= max(UK′

R/KR
∪ {r}).

Comparing (3.28) and (3.31), we get the assertion.

4. Galois extensions with Galois group isomorphic to unitrian-
gular matrix group over Fp. Let K be a complete discrete valuation
field of equal characteristic p > 0 with algebraically closed residue field k
and L be a totally wildly ramified finite Galois extension of K such that
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Gal(L/K) ≃ UTn(Fp) for some n ≥ 2. We identify the residue field of L
with k. Define KR as in Definition 3.3 for any positive integer R coprime
to p. Define LM1/M2

and UM1/M2
for any finite separable extension M1/M2

of complete discrete valuation fields as in Section 3.

Definition 4.1. Every x ∈ K can be uniquely written in the form
x =

∑∞
i=vK(x) xit

−i with xi ∈ k for all i. Define coefK,i : K → k by

(4.1) coefK,i(x) = xi

for all i ∈ Z.

Lemma 4.2. There exists a matrix A = (ai,j)1≤i,j≤n ∈ UTn(K) satisfying
the following conditions.

(a) For all 1 ≤ i < j ≤ n and l ∈ pZ ∪ Z≥0,

(4.2) coefK,l(ai,j) = 0.

(b) The equation X(p)A = X defines L/K. In other words, if we take a
solution Θ = (θi,j)1≤i,j≤n ∈ UTn(Ksep) of this equation, then L =
K(θi,j (1 ≤ i < j ≤ n)).

Proof. By the same argument as in [I25, Lemma 1.9(a)], we see that there
exists a matrix A satisfying condition (b). Since X(p)B(p)AB−1 = X for any
matrix B ∈ UTn(K) defines the same extension as L/K, we may replace A
with B(p)AB−1.

Let Ei,j be the matrix unit with a 1 at the (i, j)th entry for 1 ≤ i < j ≤ n.
Let 1≤ i<j≤n and x∈K. Denote the matrix (I+xEi,j)

(p)A(I+xEi,j)
−1

by A′=(a′l,m)l,m. Then

(4.3) a′l,m =


al,m + xp − x ((l,m) = (i, j)),

al,m + xpaj,m (l = i,m > j),

al,m − xal,i (l < i,m = j),

al,m (otherwise).

This gives

(4.4) (l,m) ̸= (i, j) ∧m− l ≤ j − i =⇒ a′l,m = al,m.

Note that for any y ∈ K, there exists x ∈ K such that coefK,l(y+x
p−x) = 0

holds for all l ∈ pZ ∪ Z≥0, since the residue field k is algebraically closed.
Hence, we can make A satisfy condition (a) by repeatedly replacing A by
(I + xEi,j)

(p)A(I + xEi,j)
−1 for some appropriate x ∈ K for each 1 ≤ i <

j ≤ n in ascending order of indices (i, j).

Fix A = (ai,j)i,j satisfying the conditions of Lemma 4.2 for the rest of
this paper. Denote the (i, j)th entry of A−1 by a∗i,j for any 1 ≤ i, j ≤ n.
Denote K(θl,m (i ≤ l < m ≤ j)) by Li,j for any 1 ≤ i < j ≤ n.
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Lemma 4.3. For any 1 ≤ i < j ≤ n, we have LLi,j/Li,j−1Li+1,j
=

{maxLLi,j/K} and ULi,j/K − ULi,j−1Li+1,j/K = {maxULi,j/K}.
Proof. Let l = j − i. We prove this lemma by induction on l.
Suppose l = 1, then the assertion clearly holds, because Li,j/K is an

Artin–Schreier extension and #ULi,j/K = 1.
Suppose l ≥ 2. Let r = maxLLi,j/K and denote G = GLi,j/K . Note that

we have G = G1, since Li,j/K is totally wildly ramified. By [S62, IV, §2,
Corollaire 1 of Proposition 9], we get

(4.5) [Gr, G] ⊂ Gr+1 = {1}.
Thus we have Gr ⊂ Z(G). Note that G ≃ UTj−i+1(Fp) and GLi,j/Li,j−1Li+1,j

= Z(G). Hence, Z(G) is isomorphic to Z/pZ. Thus it follows that Gr =
GLi,j/Li,j−1Li+1,j

. This yields

LLi,j/Li,j−1Li+1,j
= {maxLLi,j/K}

and
ULi,j/K − ULi,j−1Li+1,j/K = {maxULi,j/K}.

Let ri,j = maxULi,j/K for any 1 ≤ i < j ≤ n. For convenience, we set
ri,i = −1 for any 1 ≤ i ≤ n.

Corollary 4.4. We have ri,j > rl,m for any 1 ≤ i ≤ l < m ≤ j ≤ n
satisfying (i, j) ̸= (l,m).

Proof. It follows immediately from Lemma 4.3 and the definition of ri,j .

Let mA = −vK(A). Fix an integer N > logp(n(p
n(n−1)/2 + 1)mA + p) +

n(n− 1)/2 and let q = pN for the rest of this paper. Let R be a positive
integer coprime to p. Define KR = K(T ) to be the extension of K defined
by tR = T q + T q−1 as in Definition 3.3.

Lemma 4.5. For any 1 ≤ i < j ≤ n such that j − i > 1, we have

(4.6) (q − 1)ri,j − qmax(ri,j−1, ri+1,j) > nmA + p.

Proof. By the definition of upper ramification groups, we have

(4.7) ULi,j/K ∈ |Gal(Li,j/K)|−1Z = p−
(j−i)(j−i+1)

2 Z.
Thus ri,j > max(ri,j−1, ri+1,j) implies

ri,j −max(ri,j−1, ri+1,j) ≥ p−
(j−i)(j−i+1)

2 .

Since q > p
n(n−1)

2 (n(p
n(n−1)

2 + 1)mA + p) by definition, we get

(4.8) q(ri,j −max(ri,j−1, ri+1,j)) > n(p
n(n−1)

2 + 1)mA + p.

By Lemmas 3.1(ii) and 4.3, we have ri,j ≤ r1,n. By definition, we have
ψLi,j/K(x) ≥ x for any x ≥ −1. Thus we have r1,n ≤ maxLL1,n/K . By
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Lemma 4.3, we have

LL1,n/L1,n−1L2,n
= {maxLL1,n/K}.

Note that L1,n/L1,n−1L2,n is an extension defined by an Artin–Schreier poly-
nomial whose roots include θ1,n. Therefore,

maxLL1,n/K ≤ −vL1,n(θ1,n).

Hence, by Lemma 2.5, we obtain

(4.9) ri,j ≤ −vL1,n(θ1,n) ≤ −(n− 1)vL1,n(Θ)

= −n− 1

p
vL1,n(A) = −n− 1

p
eL1,n/KvK(A)

= (n− 1)p
n(n−1)

2
−1mA < np

n(n−1)
2 mA.

Therefore we have

(4.10) (q − 1)ri,j − qmax(ri,j−1, ri+1,j)

= q(ri,j −max(ri,j−1, ri+1,j))− ri,j

> n(p
n(n−1)

2 + 1)mA + p− np
n(n−1)

2 mA

= nmA + p.

Definition 4.6. Take a common separable closure Ksep = KR,sep of K
and KR, and let ιR : Ksep → KR,sep = Ksep be an extension of the ring
isomorphism ιR : K → KR defined by t 7→ tR and u 7→ u1/q for any u ∈ k
as in Section 3. Define P, ηR : Ksep → KR,sep = Ksep by P (x) = xp − x and
ηR(x) = x− ιR(x)

q for any x ∈ Ksep.
For any X ∈ Mn(Ksep), we denote by P (X), ιR(X) and ηR(X) the

matrices obtained by applying P , ιR and ηR respectively to each entry of X.
Denote KR(ιR(θl,m) (i ≤ l < m ≤ j)) by LR,i,j .

Definition 4.7. We define matrices ΘR = (θR,i,j)i,j , AR = (aR,i,j)i,j ,
WR,e = (wR,e,i,j)i,j , ∆R = (δR,i,j)i,j , DR = (dR,i,j)i,j as follows:

ΘR = ιR(Θ) ∈ UTn(LR),(4.11)
AR = ιR(A) ∈ UTn(KR),(4.12)
WR,0 = I,(4.13)
WR,e = A

(pe−1)
R WR,e−1 ∈ UTn(KR) (1 ≤ e ≤ N),(4.14)

∆R = ΘR −ΘWR,N ∈ NTn(LLR),(4.15)
DR = P (∆R) ∈ NTn(LLR).(4.16)

Denote the (i, j)th entry of A−1
R by a∗R,i,j for any 1 ≤ i, j ≤ n.

The matrices ∆R and DR are nilpotent and the others are unipotent.
Note that the matrices with subscript R depend on R.
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Note that we have

Θ
(p)
R AR = ΘR,(4.17)

Θ
(pi)
R = Θ

(pi+j)
R WR,j

(pi) (i ≥ 0, 0 ≤ j ≤ N),(4.18)

WR,e =W
(p)
R,e−1AR (1 ≤ e ≤ N),(4.19)

∆R = −ηR(Θ)WR,N .(4.20)

Remark 4.8. We have

(4.21) Li,jKR(δR,l,m (i ≤ l < m ≤ j)) = LR,i,j(δR,l,m (i ≤ l < m ≤ j))

= Li,jLR,i,j

by the definition of ∆R, and the fact that θi,j ∈ Li,j , θR,i,j ∈ LR,i,j and
WR,N ∈ UTn(KR). Thus the matrix ∆R connects the extension L/K with
the extension LR/KR. Note that DR = P (∆R) and that DR is not expressed
in terms of the coefficients of the defining equation of L/K, since the defini-
tion of DR includes Θ and ΘR.

We will now show that if we have an extension K ′
R/KR satisfying the

conditions of Lemma 3.6, we can extract the information of the ramification
breaks of L/K by investigating K ′

R/KR. We will see that we can construct
this extension by approximating DR by a matrix in NTn(KR).

Lemma 4.9. Let 1 ≤ i < j ≤ n and R be an integer coprime to p such
that qmax(ri,j−1, ri+1,j) < R < (q − 1)ri,j. Assume that we have x ∈ KR

satisfying dR,i,j − x ∈ OLi,jLR,i,j
. Then there exist y, z ∈ KR such that x =

y + P (z) and vKR
(y) = −qri,j +R. Consequently, vKR

(x) ≤ −qri,j +R < 0
and the equality holds if p ∤ vKR

(x).

Proof. We prove this lemma by applying Lemma 3.6 with L = Li,j ,
L′ = Li,j−1Li+1,j , and K ′

R = KR(ξ), where ξ ∈ KR,sep = Ksep satisfies
P (ξ) = x. The conditions (b) and (c) are satisfied by assumption. Therefore
it suffices to show

(4.22) Li,jLR,i,j = Li,j−1Li+1,jLR,i,jKR(ξ).

First, we will show that dR,i,j ∈ Li,j−1Li+1,jLR,i,j . Since Θ satisfies Θ =

Θ(p)A, we have

(4.23) θi,j = θpi,j + ai,j +

j−1∑
l=i+1

θpi,lal,j ≡ θpi,j (mod Li,j−1Li+1,j).

Hence, we have P (θi,j) ∈ Li,j−1Li+1,j . By (4.15), we have

(4.24) δR,i,j = θR,i,j − θi,j − wR,N,i,j −
j−1∑

l=i+1

θi,lwR,N,l,j

≡ −θi,j (mod Li,j−1Li+1,jLR,i,j).
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Therefore, we get dR,i,j = P (δR,i,j) ∈ Li,j−1Li+1,jLR,i,j . Furthermore, we
obtain dR,i,j − x ∈ OLi,j−1Li+1,jLR,i,j

.
Since Li,j−1Li+1,jLR,i,j/K is a separable extension, the residue field of

Li,j−1Li+1,jLR,i,j coincides with the residue field k of K. Hence, there exist
x0 ∈ k and x1 ∈ mLi,j−1Li+1,jLR,i,j

such that dR,i,j − x = x0 + x1.
Since k is algebraically closed by assumption, there exists ξ0 ∈ k such

that P (ξ0) = x0. Let

(4.25) ξ1 = −
∞∑
l=0

xp
l

1 .

Then we have ξ1 ∈ mLi,j−1Li+1,jLR,i,j
and P (ξ1) = x1. Thus,

P (ξ0 + ξ1) = dR,i,j − x and ξ0 + ξ1 ∈ OLi,j−1Li+1,jLR,i,j
.

Hence, we obtain

δR,i,j ≡ ξ (mod OLi,j−1Li+1,jLR,i,j
).

Combining with (4.21), we get

(4.26) Li,jLR,i,j = LR,i,j(δR,l,m (i ≤ l < m ≤ j))

= LR,i,j−1(δR,l,m (i ≤ l < m ≤ j − 1))

· LR,i+1,j(δR,l,m (i+ 1 ≤ l < m ≤ j)) · LR,i,j(δR,i,j)

= Li,j−1LR,i,j−1 · Li+1,jLR,i+1,j · LR,i,j(δR,i,j)

= Li,j−1Li+1,jLR,i,j(δR,i,j) = Li,j−1Li+1,jLR,i,j(ξ).

Since KR is a subfield of LR,i,j , we get (4.22), and hence the lemma is
proved.

Definition 4.10. We now define matrices SR = (sR,l,m)l,m, ΣR =
(σR,l,m)l,m as follows:

(4.27) SR = (W
(p)
R,N )−1ηR(A)W

(p)
R,N−1

= (W
(p)
R,N )−1AW

(p)
R,N−1 − I ∈ NTn(KR),

(4.28) P (ΣR) = SR, ΣR ∈ NTn(KR,sep).

We will prove that SR and ΣR serve as the approximations of DR and ∆R

respectively, for some appropriate R. Then the calculation of the ramification
breaks of L/K is reduced to Artin–Schreier theory by Lemma 4.9.

There exist multiple choices for matrix ΣR that satisfy (4.28), but they
are equivalent modulo NTn(Fp) and we may arbitrarily choose one of them
to be ΣR.

Denote the (i, j)th entry of W−1
R,e by w∗

R,e,i,j .
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By Lemma 2.5(v), (vi), (viii), (ix), and (x), we get

vKR
(WR,0) = +∞, vKR

(WR,e) = −pe−1mA (1 ≤ e ≤ N),(4.29)

ṽKR
(WR,0) = +∞, ṽKR

(WR,e) = pe−1ṽKR
(AR) (1 ≤ e ≤ N),(4.30)

vKR
(Θ) = p−1vKR

(A) = −qp−1mA,(4.31)

ṽKR
(Θ) = p−1ṽKR

(A) = qp−1ṽKR
(AR),(4.32)

vKR
(ΘR) = −p−1mA,(4.33)

ṽKR
(ΘR) = p−1ṽKR

(AR).(4.34)

Note that for any X ∈ FTn(L), we have vKR
(X) = qvKR

(ιR(X)).
By the definition of SR, we have W (p)

R,NSR = ηR(A)W
(p)
R,N−1. Therefore,

we get

(4.35) sR,i,j +

j−1∑
l=i+1

wp
R,N,i,lsR,l,j = ηR(ai,j) +

j−1∑
l=i+1

ηR(ai,l)w
p
R,N−1,l,j

for any 1 ≤ i < j ≤ n, since SR and ηR(A) are nilpotent.

Lemma 4.11. We have

(4.36) DR−SR = ∆
(p)
R (I− (SR+ I)AR)+(ΘR − I)(p)SRAR+SR(AR− I).

Proof. We will first show

(4.37) ∆R = (∆
(p)
R (SR + I)−Θ

(p)
R SR)AR.

By the definition of ∆R, we have

(4.38) ∆
(p)
R (SR + I)−Θ

(p)
R SR = Θ

(p)
R −Θ(p)W

(p)
R,N (SR + I).

By (4.27) and the definition of Θ, we have

(4.39) Θ(p)W
(p)
R,N (SR + I) = Θ(p)AW

(p)
R,N−1 = ΘW

(p)
R,N−1.

Hence we have

(4.40) ∆
(p)
R (SR + I)−Θ

(p)
R SR = Θ

(p)
R −ΘW

(p)
R,N−1.

By (4.17) and (4.19) and the definition of ∆R, we have

(4.41) (∆
(p)
R (SR + I)−Θ

(p)
R SR)AR = ΘR −ΘWR,N = ∆R,

which is precisely (4.37).
By (4.37), we have

(4.42) DR = ∆
(p)
R −∆R = ∆

(p)
R (I − (SR + I)AR) +Θ

(p)
R SRAR.

Since

(4.43) Θ
(p)
R SRAR − SR = (ΘR − I)(p)SRAR + SR(AR − I),

we obtain (4.36).
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Proposition 4.12. Let R0 = qmax(r1,n−1, r2,n)+(n−1)mA and R > R0

be an integer coprime to p. Let c = R− qmax(r1,n−1, r2,n). Suppose that the
following conditions hold.

(a) ṽKR
(tcRSR) > −mA

(b) ṽKR
(tcRDR) > −mA

Then we have
vKR

(dR,1,n − sR,1,n) > c− (n− 1)mA > 0 and vKR
(DR − SR) > 0.

Proof. We will prove this proposition by evaluating the valuations of the
three terms of the right-hand side of (4.36).

Applying Lemma 2.5(xi) to conditions (a) and (b), we get

ṽKR
(SR) ≥

(
c

n− 2
−mA

)
> 0,(4.44)

ṽKR
(DR) ≥

(
c

n− 2
−mA

)
> 0.(4.45)

Hence, we obtain

(4.46) vKR
(dR,i,j) = vKR

(δR,i,j) > 0

for all 1 ≤ i < j ≤ n except for (i, j) = (1, n). Therefore, we have

ṽKR
(DR) = ṽKR

(∆R),(4.47)
ṽKR

(tcRDR) = ṽKR
(tcR∆R) > −mA(4.48)

by condition (b).
It follows by (4.44) and Lemma 2.5(iii) and (v) that

(4.49) ṽKR
((SR + I)AR) ≥ min(ṽKR

(SR), ṽKR
(AR)) = ṽKR

(AR) ≥ −mA.

Therefore, by Lemma 2.5(xi), we obtain

(4.50) vKR
(tcR∆

(p)
R (I − (SR + I)AR))

= vKR
(t

−(p−1)c
R (tcR∆R)

(p)(I − (SR + I)AR))

≥ (p− 1)c

n− 1
+ vKR

((tcR∆R)
(p)(I − (SR + I)AR)).

By Lemma 2.5(v), we deduce that

(4.51) vKR
((tcR∆R)

(p)(I − (SR + I)AR))

≥ min(vKR
((tcR∆R)

(p)), vKR
(I − (SR + I)AR)).

Applying Lemma 2.5(iii) and (iv), we get

vKR
((tcR∆R)

(p)) = pvKR
(tcR∆R),(4.52)

vKR
(I − (SR + I)AR) = vKR

((SR + I)AR)(4.53)
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By (4.48) and (4.49), it follows that

(4.54) min (vKR
((tcR∆R)

(p)), vKR
(I − (SR + I)AR)) ≥ min(−pmA,−mA)

= −pmA.

Combining (4.50), (4.51), and (4.54), we get

(4.55) vKR
(tcR∆

(p)
R (I − (SR + I)AR)) ≥

(p− 1)c

n− 1
− pmA.

Since c > (n− 1)mA by definition, we have

(4.56)
(p− 1)c

n− 1
− pmA > ((p− 1)− p)mA = −mA.

Hence we see that

(4.57) vKR
(tcR∆

(p)
R (I − (SR + I)AR)) > −mA.

By Lemma 2.5(vi) and (v), we have

(4.58) vKR
(tcR(ΘR − I)(p)SRAR)

≥ min(vKR
((ΘR − I)(p)), ṽKR

(tcRSRAR))

≥ min(vKR
((ΘR − I)(p)), ṽKR

(tcRSR), ṽKR
(AR)).

By condition (a), and Lemma 2.5(ii)–(iv), we get

(4.59) min(vKR
((ΘR − I)(p)), ṽKR

(tcRSR), ṽKR
(AR))

≥ min(pvKR
(ΘR),−mA, vKR

(AR))

≥ min(pvKR
(ΘR),−mA).

By (4.33), we obtain

(4.60) min(pvKR
(ΘR),−mA) = −mA.

Hence, we get

(4.61) vKR
(tcR(ΘR − I)(p)SRAR) ≥ −mA.

By condition (a), Lemma 2.5(iii), and (vii), we get

(4.62) vKR
(tcRSR(I −AR)) ≥ min(ṽKR

(tcRSR), ṽKR
(I −AR

−1))

= vKR
(AR) = −mA.

Therefore, by (4.36), (4.57), (4.61), (4.62), and Lemma 2.5(iii), we get

(4.63) vKR
(tcR(DR − SR)) ≥ −mA.

By Lemma 2.5(xi), we get

(4.64) vKR
(DR − SR) ≥

c

n− 1
−mA > 0.

Consequently, we have

(4.65) vKR
(dR,1,n − sR,1,n) ≥ c− (n− 1)mA > 0.
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Define mA,i,j and Ri,j by

mA,i,j = − min
i≤l<m≤j

(
vK(al,m)

m− l

)
,(4.66)

Ri,j = qmax(ri,j−1, ri+1,j) + (j − i)mA,i,j(4.67)

for 1 ≤ i < j ≤ n. Note that −mA,i,j is the valuation of the (j − i + 1) ×
(j − i+ 1) submatrix of A consisting of the ith to jth columns and the ith
to jth rows.

Lemma 4.13. Let 1 ≤ i < j ≤ n. Let R > Ri,j be an integer coprime to p.
Suppose we have vKR

(sR,i,j) = vKR
(dR,l,m) = −qrl,m +R for i ≤ l < m ≤ j

except for (l,m) = (i, j). Then vKR
(dR,i,j − sR,i,j) > R−Ri,j > −qri,j +R.

Proof. Let c = R − qmax(ri,j−1, ri+1,j). Note that by Corollary 4.4, we
have Ri,j > Rl,m for i ≤ l < m ≤ j such that j−i > m−l. By the assumption
that vKR

(sR,l,m) = vKR
(dR,l,m) = −qrl,m + R for all i ≤ l < m ≤ j except

for (l,m) = (i, j) and Corollary 4.4, we get

(4.68) vKR
(tcRsR,l,m) = vKR

(tcRdR,l,m) = −qrl,m +R− c

≥ 0 > −(m− l)mA,i,j

for all i ≤ l < m ≤ j except for (l,m) = (i, j). We apply Proposition 4.12 to
the (j − i+ 1)× (j − i+ 1) submatrix of A consisting of ith to jth columns
and ith to jth rows, setting R in the proposition to be our current R. Note
that R0 in the proposition equals Ri,j in this setting, and the conditions of
the proposition follow from (4.68). We get

(4.69) vKR
(dR,i,j − sR,i,j) > c− (j − i)mA,i,j = R−Ri,j .

It follows from Lemma 4.5 that qri,j > qmax(ri,j−1, ri+1,j)+nmA+p. Since
we have mA ≥ mA,i,j by definition, we get

(4.70) Ri,j = qmax(ri,j−1, ri+1,j) + (j − i)mA,i,j

< qmax(ri,j−1, ri+1,j) + nmA + p < qri,j ,

and we obtain R−Ri,j > −qri,j +R.

5. Calculation of the valuations of the matrices and the ramifi-
cation breaks. Let K be a complete discrete valuation field of equal char-
acteristic p > 0 with algebraically closed residue field k and L be a totally
wildly ramified finite Galois extension of K such that Gal(L/K) ≃ UTn(Fp)
for some n ≥ 2. Fix an integer N and q = pN as in Section 4, and define KR

as in Definition 3.3 for any positive integer R coprime to p. Define ιR as in
Definition 4.6. Fix A satisfying the conditions of Lemma 4.2 and define AR,
WR,i, DR, SR as in Definition 4.7 and Definition 4.10. Define Li,j , ri,j , and
Ri,j as in Section 4. Define coefK,l : K → k as in Definition 4.1 for any l ∈ Z.
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In this section, we will relate the ramification breaks with the valuations
of the entries of SR. By the definition of SR, we can express sR,i,j for 1 ≤
i < j ≤ n in terms of the coefficients of the defining equation of L/K.

Recall the definition of the partitions in Definition 2.1.

Definition 5.1. Define mi,j , mλ, µi,j for 1 ≤ i < j ≤ n and λ ∈ Λi,j as
follows:

mi,j = −vK(ai,j),(5.1)

mλ =

|λ|−1∑
u=0

mλu,λu+1 ,(5.2)

µi,j = max
λ∈Λi,j

mλ.(5.3)

Note that we have

(5.4) vK(a∗i,j) ≥ −µi,j
by Lemma 2.3(i) for νi,j = µi,j for all 1 ≤ i < j ≤ n.

By definition, we have

(5.5) µi,j ≥ µi,l + µl,j

for any 1 ≤ i < l < j ≤ n and

(5.6) µi,j ≥ mi,j

for any 1 ≤ i < j ≤ n. By the definition of A, we have mi,i = 0 for all
1 ≤ i ≤ n, and p ∤ mi,j > 0 or mi,j = −∞ for all 1 ≤ i < j ≤ n.

Lemma 5.2. We have p ∤ mi,i+1 = ri,i+1 > 0 for all 1 ≤ i ≤ n− 1.

Proof. Since Gal(L/K) ≃ UTn(Fp), we have [L : K] = pn(n−1)/2. On the
other hand, Li,j/Li,j−1Li+1,j is an Artin–Schreier extension for all 1 ≤ i <
j ≤ n. Comparing the degrees of the extensions, we see that Li,j/Li,j−1Li+1,j

is of degree p for all 1 ≤ i < j ≤ n. Therefore, K(θi,i+1)/K is not trivial,
and consequently, ai,i+1 = −P (θi,i+1) ̸= 0. By the definition of A, we have
p ∤ mi,i+1 = −vK(ai,i+1) > 0. Hence, we obtain ri,i+1 = mi,i+1.

Lemma 5.3. Let 1 ≤ e ≤ N and 1 ≤ i < j ≤ n. We have

wR,e,i,j ≡ ap
e−1

R,i,j (mod m
−pe−1µi,j+1
KR

),(5.7)

vKR
(wR,e,i,j) ≥ −pe−1µi,j .(5.8)

Equality in (5.8) holds if and only if mi,j = µi,j. We also have

w∗
R,e,i,j ≡ a∗p

e−1

R,i,j (mod m
−pe−1µi,j+1
KR

),(5.9)

vKR
(w∗

R,e,i,j) ≥ −pe−1µi,j .(5.10)

Equality in (5.10) holds if and only if equality in (5.4) holds for the pair (i, j).



24 K. Imai

Proof. This lemma follows from the definition of WR,e and Lemma 2.3(i)
and (iv) for νi,j = pe−1µi,j for all 1 ≤ i < j ≤ n.

For all 1 ≤ i < j ≤ n, we have

(5.11) ηR(ai,j) =
∞∑

l=−mi,j

coefK,l(ai,j)t
−ql
R

∞∑
m=1

(
−l/R
m

)
t−mR
R

by (3.20). Thus,

(5.12) vKR
(ηR(ai,j)) = −qmi,j +R.

Definition 5.4. Define a[m]
i,j and s

[m]
R,i,j for 1 ≤ i < j ≤ n and m ∈ Z≥0

by

a
[m]
i,j =

∞∑
l=−mi,j

coefK,l(ai,j)

(
−l/R
m

)
t−ql−mR
R ,(5.13)

s
[m]
R,i,j =

∑
i≤i′<j′≤j

w∗p
R,N,i,i′a

[m]
i′,j′w

p
R,N−1,j′,j .(5.14)

Define a′i,j for 1 ≤ i < j ≤ n by

(5.15) a′i,j =
∞∑

l=−mi,j

l coefK,l(ai,j)t
−l.

We define coefKR,i for KR in the same manner as in Definition 4.1.

Lemma 5.5. Take any 1 ≤ i < j ≤ n and m ∈ Z≥0. Then a
[m]
i,j , s[m]

R,i,j,
and a′i,j satisfy the following properties:

(i)

(5.16) ai,j =
∞∑

m=0

a
[m]
i,j .

(ii)

(5.17) a
[0]
i,j = aqR,i,j .

(iii)

(5.18) ηR(ai,j) =

∞∑
m=1

a
[m]
i,j .

(iv)

(5.19) sR,i,j =

∞∑
m=1

s
[m]
R,i,j .
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(v)

(5.20) a
[1]
i,j = −

t−R
R

R
ιR(a

′
i,j)

q

(vi)

(5.21) coefKR,l(a
[m]
i,j ) ̸= 0 =⇒ l ≡ mR (mod q).

(vii)

(5.22) vKR
(a

[m]
i,j ) = −qmi,j +mR.

(viii)

(5.23) vK(a′i,j) = −mi,j .

(ix)

(5.24) vKR

(j−1∑
l=i

a∗i,la
[m]
l,j

)
≥ −qµi,j +mR.

(x)

(5.25) vK

(j−1∑
l=i

a∗i,la
′
l,j

)
≥ −µi,j .

(xi)

(5.26) vKR
(s

[m]
R,i,j) ≥ −qµi,j +mR.

Equality in (5.26) holds if and only if equality in (5.24) holds.
(xii)

(5.27) vKR
(s

[m]
R,i,j) ≡ mR (mod p).

(xiii)

(5.28) vKR
(ηR(ai,j)) = −qmi,j +R.

(xiv)

(5.29) vKR
(sR,i,j) ≥ −qµi,j +R.

Equality in (5.29) holds if and only if equality in (5.25) holds.
(xv)

(5.30) vKR
(sR,i,i+1) = −qmi,i+1 +R.

Proof. (i)–(viii) follow from (3.20), (5.11), and the definitions of a[m]
i,j ,

s
[m]
R,i,j , and a′i,j .

(ix) This follows from (vii), (5.4), (5.5) and (5.6).
(x) This follows from (viii), (5.4), (5.5) and (5.6).
(xi) Combining Lemma 5.3 and (vii) with (5.14), we get the inequality.
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Since

(5.31) vKR
(w∗p

R,N,i,i′a
[m]
i′,j′w

p
R,N−1,j′,j) ≥ −q

(
µi,i′ +mi′,j′ +

µj′,j
p

)
+mR

> −qµi,j +mR

for all i ≤ i′ < j′ < j, we obtain

(5.32) s
[m]
R,i,j ≡

j−1∑
i′=i

w∗p
R,N,i,i′a

[m]
i′,j (mod m

−qµi,j+mR+1
KR

).

By (5.9) and (vii), we get

(5.33) w∗p
R,N,i,i′a

[m]
i′,j ≡ a∗qR,i,i′a

[m]
i′,j (mod m

−qµi,j+mR+1
KR

),

for all i ≤ i′ < j′ < j, since µi,i′ +mi′,j ≤ µi,j . We have

(5.34) coefKR,−qmi,i′ (a
∗q
R,i,i′) = coefKR,−qmi,i′ (ιR(a

∗
i,i′)

q)

= coefKR,−qmi,i′ (a
∗
i,i′)

by the definition of ιR and tR. Hence, we get the assertion.
(xii) By (vi), we obtain

(5.35) coefKR,l(x
pa

[m]
i,j ) ̸= 0 =⇒ l ≡ mR (mod p)

for any x ∈ KR. Thus, by (5.14), we have

(5.36) coefKR,l(s
[m]
R,i,j) ̸= 0 =⇒ l ≡ mR (mod p).

This gives the assertion.
(xiii) By (iii) and (vii), we get the assertion.
(xiv) By (iv) and (xi), we get the inequality. Furthermore, we deduce

that equality holds if and only if

(5.37) vKR
(sR,i,j) = vKR

(s
[1]
R,i,j) = −qµi,j +R.

The first equality of (5.37) holds if the second equality holds, since s[1]R,i,j is
the only term in the right-hand side of (5.19) whose valuation in K can be
equal to −qµi,j +R. Thus, by (xi), (5.37) holds if and only if the equality in
(5.24) for m = 1 holds. By (v), it follows that

(5.38)
j−1∑
l=i

a∗i,la
[1]
l,j = −

t−R
R

R

(j−1∑
l=i

a∗i,la
′
l,j −

j−1∑
l=i

a∗i,lηR(a
′
l,j)

)
.

By the same argument as (5.12), we get vKR
(ηR(a

′
l,j)) = −qmi,j +R. There-

fore, we have

(5.39) vKR

(
t−R
R

R

j−1∑
l=i

a∗i,lηR(a
′
l,j)

)
≥ −qµi,j + 2R.
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This implies that the equality in (5.24) for m = 1 holds if and only if

(5.40) vKR

(
−
t−R
R

R

j−1∑
l=i

a∗i,la
′
l,j

)
= −qµi,j +R.

Equation (5.40) is equivalent to the equality in (5.25).
(xv) By (4.35), we get sR,i,i+1 = ηR(ai,i+1). We get the assertion by (iii)

and (vii).

Remark 5.6. Let d : K → Ω1
K/k be the canonical derivation of the

Kähler differential. Then

(5.41) dai,j =
∞∑

l=−mi,j

−l coefK,l(ai,j)t
−l−1dt = −a′i,j

dt

t
.

Thus the element a′i,j ∈ K corresponds to dai,j in [I25]. We will see that
the results of this paper are consistent with the results of [I25] in Example 6.6.

Lemma 5.7. Let 1 ≤ i < j ≤ n and suppose j − i > 1 and the inequality

(5.42) µi,j = mi,j > µi,l + µl,j

holds for all i < l < j. Then

(5.43) vKR
(sR,i,j) = vKR

(ηR(ai,j)) = −qmi,j +R.

Proof. By Lemma 5.3 and Lemma 5.5(xiii) and (xiv), we get
(5.44)

vKR

( j−1∑
l=i+1

(ηR(ai,l)w
p
R,N−1,l,j − wp

R,N,i,lsR,l,j)
)
≥ −q max

i<l<j
(µi,l + µl,j) +R

Combining (4.35), (5.42), (5.44), and Lemma 5.5(xiii), we obtain (5.43).

Lemma 5.8. Let 1 ≤ i < j ≤ n, and suppose λ ∈ Λi,j is one of the longest
partitions satisfying

(5.45) µi,j = mλ.

Then

(5.46) µi,j = −
|λ|−1∑
u=0

vKR
(sR,λu,λu+1)−R

q

Proof. We have

(5.47) µλu,λu+1 = mλu,λu+1 > µλu,m + µm,λu+1

for all 0 ≤ u ≤ |λ| − 1 and λu < m < λu+1. Indeed, if µλu,λu+1 = µλu,m +
µm,λu+1 for some λu < m < λu+1, then there exists a partition λ′ ∈ Λλu,λu+1

satisfying

(5.48) mλu,λu+1 = µλu,λu+1 = µλu,m + µm,λu+1 = mλ′ .
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Then we can make a partition satisfying (5.45) longer than λ by substituting
the part λu < λu+1 of λ by λ′. This contradicts the maximality of the length
of λ, and therefore we get the assertion by Lemma 5.7 and (5.47).

Lemma 5.8 shows that there exists at least one partition satisfying (5.46).

Lemma 5.9. Let 1 ≤ i < j ≤ n and R > Ri,j be an integer coprime to p.
Let λ be the longest partition in Λi,j, i.e. λ satisfies |λ| = j−i and λu = i+u
for 0 ≤ u ≤ j − i. Suppose that λ is the only partition for (i, j) satisfying
(5.46) in Lemma 5.8. Then

(5.49) µl,m = ml,m =
m−1∑
l′=l

ml′,l′+1

for all i ≤ l < m ≤ j.

Proof. By Lemma 5.5(xv), we get

(5.50) µi,j =

j−1∑
l=i

ml,l+1.

For any i ≤ l < m ≤ j, we have

(5.51) µi,j ≥ µi,l + µl,m + µm,j

≥
l−1∑
l′=i

ml′,l′+1 +

m−1∑
l′=l

ml′,l′+1 +

j−1∑
l′=m

ml′,l′+1 =

j−1∑
l′=i

ml′,l′+1

by definition. By (5.50), we see that the inequalities in (5.51) are equalities.
Thus, by Lemma 5.5(xv), we have

(5.52) −qµl,m = −q
m−1∑
l′=l

ml′,l′+1 =

m−1∑
l′=l

(vKR
(sR,l′,l′+1)−R)

for all i ≤ l < m ≤ j. By Lemma 5.5(xiv) and (5.52), we get

(5.53) vKR
(sR,l,m)−R ≥

m−1∑
l′=l

(vKR
(sR,l′,l′+1)−R)

for all i ≤ l < m ≤ j. If the equality holds in (5.53) for some i ≤ l < m ≤ j
with m− l > 1, then

(5.54) −qµi,j =
l−1∑
l′=i

(vKR
(sR,l′,l′+1)−R) + (vKR

(sR,l,m)−R)

+

j−1∑
l′=m

(vKR
(sR,l′,l′+1)−R).
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This implies that there exists a partition shorter than λ satisfying (5.46),
which contradicts the assumption. Therefore the equality does not hold in
(5.53) for all i ≤ l < m ≤ j with m − l > 1. Hence, combining with (5.52),
we deduce that equality in

(5.55) vKR
(sR,l,m) ≥ −qµl,m +R

holds if and only if m− l = 1.
We will now show that ml,m = µl,m for i ≤ l < m ≤ j by induction on

m− l.

〈1〉 Case m− l = 1. This is immediate from the definition of µl,m.

〈2〉 Casem−l > 1. We will evaluate the valuation of each term in (4.35).
By the induction hypothesis, we have ml,l′ = µl,l′ and ml′,m = µl′,m for all
l < l′ < m. By Lemma 5.3, we deduce that

vKR
(wp

R,N,l,l′) = −qµl,l′ ,(5.56)

vKR
(wp

R,N−1,l′,m) = −qp−1µl′,m.(5.57)

Thus

(5.58) vKR
(ηR(al,l′)w

p
R,N−1,l′,m) = −q

(
ml,l′ +

µl,m
p

)
+R > −qµl,m +R

for all i ≤ l < l′ < m ≤ j, and

(5.59) vKR
(wp

R,N,l,l′sR,l′,m) ≥ −q(µl,l′ + µl′,m) +R = −qµl,m +R

for all i ≤ l < l′ < m ≤ j by (5.55) and (5.56). Since equality in (5.55) holds
if and only if l = m−1, equality in (5.59) also holds if and only if l′ = m−1.

We now evaluate the valuation of each term of (4.35) for (i, j) = (l,m)
by (5.55), (5.58), and (5.59). Taking into account that equality in (5.55) does
not hold for l < m−1 and that equality in (5.59) does not hold for l′ < m−1,
we deduce that vKR

(wp
R,N,l,m−1sR,m−1,m − ηR(al,m)) > −qµl,m + R. Hence,

we must have

(5.60) vKR
(wp

R,N,l,m−1sR,m−1,m) = vKR
(ηR(al,m)),

since equality holds in (5.59) if l′ = m − 1. This gives −qµl,m + R =
−qml,m+R by Lemma 5.5(xiii), and consequently, µl,m = ml,m. Combining
with (5.52), we obtain the assertion.

Lemma 5.10. If vKR
(sR,i,j) < −qµi,j + pR, then p ∤ vKR

(sR,i,j).

Proof. Since

(5.61) vKR
(s

[m]
R,i,j) ≥ −qµi,j +mR ≥ −qµi,j + pR > vKR

(sR,i,j)
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for m ≥ p, we have

(5.62) vKR
(sR,i,j) ≥ min

1≤m<p
(vKR

(s
[m]
R,i,j)).

By (5.27), vKR
(s

[m]
R,i,j) (1 ≤ m < p) are different from each other. Therefore

the equality holds in (5.62), and we get p ∤ vKR
(sR,i,j).

Lemma 5.11. Let R′ be a positive integer coprime to p and suppose we
have vKR′ (sR′,i,j) = −qri,j+R′ < −qµi,j+pR′. Then vKR

(sR,i,j) = −qri,j+R
for any integer R > R′ congruent to R′ modulo p.

Proof. Combining Lemma 5.10 with vKR′ (sR′,i,j) ≡ R′ (mod p), we get
vKR′ (s

[1]
R′,i,j) = −qri,j +R′ and vKR′ (s

[m]
R′,i,j) > −qri,j +R′ for all m ≥ 2.

Since R ≡ R′ (mod p), we have
(−l/R

m

)
≡

(−l/R′

m

)
(mod p) for any integer l

and 1 ≤ m < p. Therefore, by (5.14), we have coefKR′ ,pl+mR′(s
[m]
R′,i,j) =

coefKR,pl+mR(s
[m]
R,i,j) for any integer l and 1 ≤ m < p. This implies vKR

(s
[m]
R,i,j)

= vKR′ (s
[m]
R′,i,j) +m(R−R′) for 1 ≤ m < p. Therefore we have

(5.63) vKR
(s

[m]
R,i,j) = vKR′ (s

[m]
R′,i,j) +m(R−R′)

> −qri,j +R′ +m(R−R′) > −qri,j +R

for 2 ≤ m < p and

(5.64) vKR
(s

[m]
R,i,j) ≥ −qµi,j + pR > −qri,j +R

for m ≥ p. Thus we have vKR
(sR,i,j) = vKR

(s
[1]
R,i,j) = −qri,j +R.

Proposition 5.12. Let 1 ≤ i < j ≤ n. Fix an integer R > Ri,j coprime
to p, where Ri,j is defined as in (4.67). Suppose we have vKR

(sR,l,m) <
−qµl,m + pR for i ≤ l < m ≤ j. Then we have vKR

(sR,i,j) = vKR
(dR,i,j) =

−qri,j +R.

Proof. We will prove the claim by induction on j − i.

〈1〉 Case j− i = 1. We have sR,i,i+1 = ηR(ai,i+1). By (5.12) and Lemma
5.2, we have

vKR
(sR,i,i+1) = −qmi,i+1 +R = −qri,i+1 +R.

By (4.20) and the definition of DR, we have

dR,i,i+1 = −P (ηR(θi,i+1)) = ηR(ai,i+1).

Hence

(5.65) vKR
(dR,i,i+1) = vKR

(sR,i,i+1).

〈2〉 Case j − i > 1. Note that by Corollary 4.4, we have Ri,j > Rl,m for
i ≤ l < m ≤ j such that j−i > m−l. Therefore by the induction hypothesis,
we get vKR

(sR,l,m) = vKR
(dR,l,m) = −qrl,m +R for all i ≤ l < m ≤ j except



Ramification of unitriangular Galois extensions 31

for (l,m) = (i, j). Hence, by Lemma 4.13, we get vKR
(dR,i,j − sR,i,j) >

R−Ri,j > −qri,j +R. Thus, it remains to show vKR
(sR,i,j) = −qri,j +R.

〈2-1〉 Case Ri,j < R < (q−1)ri,j . Since vKR
(dR,i,j−sR,i,j) > R−Ri,j >

0, by Lemma 4.9 and Lemma 5.10, we have vKR
(sR,i,j) = −qri,j +R.

〈2-2〉 Case R ≥ (q−1)ri,j . By Lemma 4.5, we have Ri,j < (q−1)ri,j−p.
We can take an integer R′ ≤ R such that R′ ≡ R (mod p) and Ri,j ≤ R′ <
(q − 1)ri,j .

Therefore by Case 〈2-1〉and Lemma 5.11, we get

vKR
(sR,i,j) = −qri,j +R.

Proposition 5.13. Let 1 ≤ i < j ≤ n and R > Ri,j be an integer
coprime to p. Suppose we have vKR

(sR,l,m) = vKR
(dR,l,m) = −qrl,m + R

for i ≤ l < m ≤ j except for (l,m) = (i, j) and vKR
(sR,i,j) ≤ −qri,j + R.

Let λ be a partition for (i, j) satisfying (5.46) in Lemma 5.8. Then we have
vKR

(sR,i,j) ≤ −qµi,j + |λ|R and the equality holds if and only if |λ| = 1.

Proof. By (5.46), we have

(5.66) −qµi,j + |λ|R =

|λ|−1∑
u=0

vKR
(sR,λu,λu+1).

〈1〉 Case |λ| = 1. In this case, (5.66) becomes vKR
(sR,i,j) = −qµi,j +R.

〈2〉 Case |λ| > 1. By assumption and (5.66), we get

(5.67) −qµi,j + |λ|R =

|λ|−1∑
u=0

(−qrλu,λu+1 +R).

By Corollary 4.4, we have R > Ri,j > qrλu,λu+1 and ri,j > rλu,λu+1 for all
0 ≤ u ≤ |λ| − 1. Therefore,

−qrλu,λu+1 +R > −qrλu,λu+1 +Ri,j > 0,(5.68)
−qrλu,λu+1 +R > −qri,j +R.(5.69)

Therefore,

(5.70) −qµi,j + |λ|R > (|λ| − 1) · 0 + 1 · (−qri,j +R)

= −qri,j +R ≥ vKR
(sR,i,j).

6. Case j−i ≤ p+1. LetK be a complete discrete valuation field of equal
characteristic p > 0 with algebraically closed residue field k and L be a totally
wildly ramified finite Galois extension of K such that Gal(L/K) ≃ UTn(Fp)
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for some n ≥ 2. Fix an integer N > logp(n(p
n(n−1)

2 + 1)mA + p) + n(n−1)
2

and q = pN , and define KR as in Definition 3.3 for any positive integer R
coprime to p. Fix A satisfying the conditions of 4.2 and define AR, WR,i, DR,
SR as in Definitions 4.7 and 4.10. Define ri,j as in Section 4, mi,j and µi,j as
in Definition 5.1, and a

[m]
i,j and s

[m]
R,i,j as in Definition 5.4 for 1 ≤ i < j ≤ n

and m ∈ Z. Define coefK,l : K → k as in Definition 4.1 for any l ∈ Z.
We will show in this section that the premise of Proposition 5.12 holds

for 1 ≤ i < j ≤ n with j − i ≤ p+ 1.

Lemma 6.1. Let m > m′ ≥ 2 be integers. Let xi,j (1 ≤ i ≤ j ≤ m) be
integers satisfying xi,j + xj,l = xi,l for all 1 ≤ i ≤ j ≤ l ≤ m. Then there
exists 1 ≤ i < j ≤ m such that xi,j ≡ 0 (mod m′).

Proof. By the pigeonhole principle, there exists 1 ≤ i < j ≤ m such that
x1,i ≡ x1,j (mod m′). Then we have xi,j = x1,j − x1,i ≡ 0 (mod m′).

Lemma 6.2. Let 1 ≤ i < j ≤ n and R > Ri,j be an integer coprime to p.
Suppose that j − i ≤ p + 1 and vKR

(sR,l,m) = vKR
(dR,l,m) = −qrl,m + R <

−qµl,m+ pR for i ≤ l < m ≤ j except for (l,m) = (i, j). Then vKR
(sR,i,j) ≤

−qµi,j +min(p, j − i)R, and the equality holds if and only if j − i = 1.

Proof. Let λ ∈ Λi,j be one of the shortest partitions satisfying (5.46) in
Lemma 5.8.

〈1〉 Case |λ| ≤ p and Ri,j < R < (q − 1)ri,j . By Lemma 4.13, we get

(6.1) vKR
(dR,i,j − sR,i,j) > R−Ri,j > 0.

Hence, by Lemma 4.9, we get vKR
(sR,i,j) ≤ −qri,j + R. Then the assertion

follows from Proposition 5.13.

〈2〉 Case |λ| ≤ p and R ≥ (q − 1)ri,j . By Lemma 4.5, we have Ri,j <
(q−1)ri,j−p. We can take an integer R′ ≤ R such that R′ ≡ R (mod p) and
Ri,j ≤ R′ < (q − 1)ri,j . By Proposition 5.12 and 〈1〉, we get vKR′ (sR′,i,j) =
−qri,j+R′ < −qµi,j+pR′. By Lemma 5.11, we have vKR

(sR,i,j) = −qri,j+R.
Hence, the assertion follows from Proposition 5.13.

〈3〉 Case |λ| = p+1. We will prove by contradiction that this case does
not happen.

By assumption, we have |λ| = p+ 1 = j − i. By Lemma 5.9, we have

(6.2) ml,m =

m−1∑
l′=l

ml′,l′+1

for all i ≤ l < m ≤ j.
Then by Lemma 6.1, there exists i ≤ l < m ≤ j such that p | ml,m. This

contradicts the definition of ml,m.
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Theorem 6.3. Fix A satisfying the conditions of Lemma 4.2 and let
Θ = (θi,j)i,j be a solution of the equation X(p)A = X. Fix an integer N and
q = pN as in Section 4, and define KR as in Definition 3.3. Define SR as
in Definition 4.10 and ri,j as the largest upper ramification jump of Li,j/K,
where Li,j = K(θl,m (i ≤ l < m ≤ j)) for 1 ≤ i < j ≤ n, as in Section 4.

Let 1 ≤ i < j ≤ n and j − i ≤ p + 1. Then we have vKR
(sR,i,j) =

vKR
(s

[1]
R,i,j) = −qri,j +R for any integer R > Ri,j coprime to p.

Proof. By using Lemma 6.2 and Proposition 5.12 inductively, we get
vKR

(sR,i,j) = −qri,j + R < −qµi,j + pR. By the same argument as in the
proof of Lemma 5.10, we get vKR

(sR,i,j) = vKR
(s

[1]
R,i,j).

This implies that we can calculate ri,j for j − i ≤ p + 1 by calculating
sR,i,j ∈ KR for sufficiently large R.

Corollary 6.4. Let 1 ≤ i < j ≤ n and j − i ≤ p + 1. Then we have
ri,j ≤ µi,j, and equality holds if and only if equality in (5.25) holds.

Proof. This follows from Theorem 6.3 and Lemma 5.5(xiv).

Remark 6.5. Note that we have UL/K ⊃ {ri,j}1≤i<j≤n and maxUL/K

= r1,n, but we do not always have UL/K = {ri,j}1≤i<j≤n. For example, let
p > 2, n = 3 and suppose that L1,2/K is defined by P (x) = t2 and L2,3/K
is defined by P (x) = t2 + t. Then we have r1,2 = r2,3 = 2 < r1,3. However,
L1,2L2,3 includes the roots of P (x)− t, so 1 ∈ UL1,2L2,3/K ⊂ UL/K .

In general, UL/K = {ri,j}1≤i<j≤n if ri,j for 1 ≤ i < j ≤ n do not coincide
with each other at all, since |UL/K | ≤ n(n− 1)/2.

On the other hand, we have |{ri,j}| ≥ n−1, since r1,2 < r1,3 < · · · < r1,n
by Corollary 4.4.

Example 6.6. Consider the case n = 3. Suppose R is a sufficiently large
positive integer coprime to p.

By definition, we have

(6.3) sR,1,3 = a
[1]
1,3 + a

[1]
1,2w

p
R,N−1,2,3 − wp

R,N,1,2a
[1]
2,3.

By the definition of WR, we have

wR,N,1,2 =

N−1∑
e=0

ap
e

R,1,2,(6.4)

wR,N−1,2,3 =

N−2∑
e=0

ap
e

R,2,3.(6.5)

Therefore, we get

(6.6) s
[1]
R,1,3 = a

[1]
1,3 − aqR,1,2a

[1]
2,3 +

N−1∑
e=1

(a
[1]
1,2a

pe

R,2,3 − ap
e

R,1,2a
[1]
2,3).
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In addition, we have

vKR
(a

[1]
1,3) = −qm1,3 +R,(6.7)

vKR
(aqR,1,2a

[1]
2,3) = −q(m1,2 +m2,3) +R,(6.8)

vKR
(a

[1]
1,2a

pe

R,2,3) = −q
(
m1,2 +

m2,3

pN−e

)
+R ≥ −q(m1,2 +m2,3) +R(6.9)

(1 ≤ e ≤ N − 1),

vKR
(ap

e

R,1,2a
[1]
2,3) = −q

(
m1,2

pN−e
+m2,3

)
+R ≥ −q(m1,2 +m2,3) +R(6.10)

(1 ≤ e ≤ N − 1).

Since A satisfies condition (a) of Lemma 4.2, by Lemma 5.5(vi), we have

(6.11) vKR
(a

[1]
1,2a

pe

R,2,3 − ap
e

R,1,2a
[1]
2,3) ∈

(
q

pe
Z+R

)
−
(

q

pe−1
Z+R

)
for 1 ≤ e ≤ N − 1, and consequently

(6.12) vKR

(N−1∑
e=1

(a
[1]
1,2a

pe

R,2,3 − ap
e

R,1,2a
[1]
2,3)

)
/∈ qZ+R.

By Lemma 5.5(vi), we have

(6.13) coefKR,l(a
[1]
1,3 − aqR,1,2a

[1]
2,3) ̸= 0 ⇒ l ∈ qZ+R,

and consequently

(6.14) vKR
(a

[1]
1,3 − aqR,1,2a

[1]
2,3) ∈ qZ+R.

Therefore, we have

(6.15) vKR
(s

[1]
R,1,3)

= min
(
vKR

(a
[1]
1,3 − aqR,1,2a

[1]
2,3), vKR

(N−1∑
e=1

(a
[1]
1,2a

pe

R,2,3 − ap
e

R,1,2a
[1]
2,3)

))
In [I25], it is shown that we may take A such that at least one of the following
conditions holds.

(a) m1,2 ̸= m2,3,
(b) m1,2 = m2,3 and

(6.16)
coefK,−m1,2(a1,2)

coefK,−m2,3(a2,3)
/∈ Fp.
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If one of these conditions holds, we have

(6.17) vKR
(a

[1]
1,2a

pN−1

R,2,3 − ap
N−1

R,1,2a
[1]
2,3)

= −qmax

(
m1,2 +

m2,3

p
,
m1,2

p
+m2,3

)
+R.

Since

(6.18) vKR
(a

[1]
1,2a

pe

R,2,3 − ap
e

R,1,2a
[1]
2,3)

≥ −qmax

(
m1,2 +

m2,3

pN−e
,
m1,2

pN−e
+m2,3

)
+R

> −qmax

(
m1,2 +

m2,3

p
,
m1,2

p
+m2,3

)
+R

for 1 ≤ e ≤ N − 2, we get

(6.19) vKR

(N−1∑
e=1

(a
[1]
1,2a

pe

R,2,3 − ap
e

R,1,2a
[1]
2,3)

)
= −qmax

(
m1,2 +

m2,3

p
,
m1,2

p
+m2,3

)
+R.

Therefore, by (6.15) and Theorem 6.3, we get

(6.20) r1,3 = max

(
−
vKR

(a
[1]
1,3 − aqR,1,2a

[1]
2,3)−R

q
,m1,2+

m2,3

p
,
m1,2

p
+m2,3

)
.

This result corresponds to the result given in [I25, Example 3.8.1].

Example 6.7. Consider the case n = 4. Suppose R is a sufficiently large
positive integer coprime to p.

Let

a′0 = a
[1]
1,4 − aqR,1,2a

[1]
2,4 − (aqR,1,3 − aqR,1,2a

q
R,2,3)a

[1]
3,4,(6.21)

a′′0 = 0(6.22)
µ′0 = max(m1,4,m1,2 +m2,4,m1,3 +m3,4,m1,2 +m2,3 +m3,4)(6.23)

= µ1,4,

and

a′e = a
[1]
1,3a

q
pe

R,3,4 + a
[1]
1,2a

q
pe

R,2,4 − a
q
pe

R,1,3a
[1]
3,4(6.24)

+ a
q
pe

R,1,2(a
q
R,2,3a

[1]
3,4 − a

[1]
2,4)− aqR,1,2a

[1]
2,3a

q
pe

R,3,4,

(6.25) a′′e = a
q
pe

R,1,2

e∑
e′=1

a

q

pe
′

R,2,3a
[1]
3,4−

e∑
e′=1

a

q

pe
′

R,1,2a
[1]
2,3a

q
pe

R,3,4−a
q
pe

R,1,2a
[1]
2,3

e−1∑
e′=1

a

q

pe
′

R,3,4,
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(6.26) µ′e = max

(
m1,2 +

m2,4

pe
,
m1,2

pe
+m2,4,m1,3 +

m3,4

pe
,
m1,3

pe
+m3,4,

m1,2

pe
+m2,3 +m3,4,m1,2 +m2,3 +

m3,4

pe

)
for 1 ≤ e ≤ N − 1. Note that

vKR
(a′e) ≥ −qµ′e +R,(6.27)

vKR
(a′′e) > −qµ′e +R(6.28)

for 0 ≤ e ≤ N − 1, and

(6.29) µ′e > µ′e′

for 0 ≤ e < e′ ≤ N − 1. We also have

coefKR,l(a
′
e) ̸= 0 =⇒ l ∈ (pN−eZ+R)− (pN−e+1Z+R),(6.30)

coefKR,l(a
′′
e) ̸= 0 =⇒ l ∈ pN−eZ+R(6.31)

for 0 ≤ e ≤ N − 1, by Lemma 5.5(vi).
By Lemma 2.2 and (5.14), we get

(6.32) s
[1]
R,1,4 = a

[1]
1,4 + a

[1]
1,3w

p
R,N−1,3,4 + a

[1]
1,2w

p
R,N−1,2,4

− (wp
R,N,1,3 − wp

R,N,1,2w
p
R,N,2,3)a

[1]
3,4

− wp
R,N,1,2(a

[1]
2,4 + a

[1]
2,3w

p
R,N−1,3,4).

By the definition of WR and (2.1), we get

(6.33) wp
R,e,i,i+1 =

N−1∑
u=N−e

a
q
pu

R,i,i+1 (i = 1, 2, 3, 1 ≤ e ≤ N),

(6.34) wp
R,e,i,i+2 =

N−1∑
u=N−e

a
q
pu

R,i,i+2

+
N−1∑

u=N−e

N−1∑
u′=u+1

a
q
pu

R,i,i+1a

q

pu
′

R,i+1,i+2 (i = 1, 2, 1 ≤ e ≤ N),

and consequently

(6.35) wp
R,N,i,i+2 − wp

R,N,i,i+1w
p
R,N,i+1,i+2

=
N−1∑
u=0

a
q
pu

R,i,i+2 −
N−1∑
u=0

u−1∑
u′=0

a
q
pu

R,i,i+1a

q

pu
′

R,i+1,i+2
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for i = 1, 2. By substituting (6.33) and (6.35) into (6.32), we get

(6.36) s
[1]
R,1,4 = a

[1]
1,4 + a

[1]
1,3

N−1∑
e=1

a
q
pe

R,3,4 + a
[1]
1,2

N−1∑
e=1

a
q
pe

R,2,4

−
N−1∑
e=0

a
q
pe

R,1,3a
[1]
3,4 +

N−1∑
e=0

a
q
pe

R,1,2

e∑
e′=0

a

q

pe
′

R,2,3a
[1]
3,4

−
N−1∑
e=0

a
q
pe

R,1,2a
[1]
2,4 −

N−1∑
e′=0

a

q

pe
′

R,1,2a
[1]
2,3

N−1∑
e=1

a
q
pe

R,3,4

= a
[1]
1,4 − aqR,1,2a

[1]
2,4 − (aqR,1,3 − aqR,1,2a

q
R,2,3)a

[1]
3,4

+
N−1∑
e=1

(a
[1]
1,3a

q
pe

R,3,4 + a
[1]
1,2a

q
pe

R,2,4 − a
q
pe

R,1,3a
[1]
3,4 − a

q
pe

R,1,2a
[1]
2,4)

+
N−1∑
e=1

a
q
pe

R,1,2

e∑
e′=0

a

q

pe
′

R,2,3a
[1]
3,4 −

N−1∑
e′=0

N−1∑
e=1

a

q

pe
′

R,1,2a
[1]
2,3a

q
pe

R,3,4.

By separating the terms and changing the order of the summations, we can
rewrite the last two terms as follows:

(6.37)
N−1∑
e=1

a
q
pe

R,1,2

e∑
e′=0

a

q

pe
′

R,2,3a
[1]
3,4 −

N−1∑
e′=0

N−1∑
e=1

a

q

pe
′

R,1,2a
[1]
2,3a

q
pe

R,3,4

=
N−1∑
e=1

a
q
pe

R,1,2a
q
R,2,3a

[1]
3,4 +

N−1∑
e=1

a′′e .

Therefore, we get

(6.38) s
[1]
R,1,4 =

N−1∑
e=0

a′e +

N−1∑
e=0

a′′e .

By (6.27)–(6.29), we obtain

(6.39) s
[1]
R,1,4 ≡

e′∑
e=0

a′e +
e′−1∑
e=0

a′′e (mod m
−qµ′

e′+R+1

KR
)

for 0 ≤ e′ ≤ N − 1.
Suppose equality holds in (6.27) for some e ∈ Z≥1 and let e0 be one of

such e. By (6.30) and (6.31), we have

vKR

(e0−1∑
e=0

a′e +

e0−1∑
e=0

a′′e

)
∈ pN−e0+1Z+R,(6.40)

vKR
(a′e0) = −qµ′e0 +R ∈ (pN−e0Z+R)− (pN−e0+1Z+R).(6.41)
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Therefore, combining these with (6.39), we deduce that

(6.42) vKR
(s

[1]
R,1,4) = min

(
vKR

(e0−1∑
e=0

a′e +

e0−1∑
e=0

a′′e

)
,−qµ′e0 +R

)
.

By Theorem 6.3, we deduce that

(6.43) r1,4 = max

(
−
vKR

(
∑e0−1

e=0 a′e +
∑e0−1

e=0 a′′e)−R

q
, µ′e0

)
.

Note that the result (6.20) in Example 6.6 has a similar form to (6.43).
To clarify the similarity, we make a similar argument in the case n = 3. Then
the condition that either (a) or (b) holds in Example 6.6 corresponds to the
condition that the equality in (6.27) holds for e = 1. This implies that we
have e0 = 1 in the case n = 3. Then we can deduce the equation (6.20) in
the same way as (6.43).

Acknowledgements. The author wishes to express her gratitude to
her supervisor Professor Takeshi Saito, who provided helpful suggestions
and comments throughout the research process and the preparation of this
paper.

References

[A95] V. A. Abrashkin, A ramification filtration of the Galois group of a local field, in:
Proceedings of the St. Petersburg Mathematical Society III, Amer. Math. Soc.
Transl. Ser. 2, 1995, 35–100.

[D84] P. Deligne, Les corps locaux de caractéristique p, limites de corps locaux de car-
actéristique 0, in: Representations of Reductive Groups Over a Local Field, 1984,
119–157.

[E23] G. G. Elder, Upper ramification sequences of nonabelian extensions of degree p3

in characteristic p, arXiv:2303.01984v1 (2023).
[I25] K. Imai, Ramification groups of some finite Galois extensions of maximal nilpo-

tency class over local fields of positive characteristic, Manuscripta Math. 176
(2025), art. 66, 23 pp.

[KS79] K. Kanesaka and K. Sekiguchi, Representation of Witt vectors by formal power
series and its applications, Tokyo J. Math. 2 (1979), 349–370.

[S62] J.-P. Serre, Corps Locaux, Hermann, Paris, 1962.

Koto Imai
Graduate School of Mathematical Sciences
The University of Tokyo
153-8914, Tokyo, Japan
E-mail: imai.koto.541@gmail.com

http://dx.doi.org/10.1090/trans2/166/02
http://arxiv.org/abs/2303.01984v1
http://dx.doi.org/10.1007/s00229-025-01664-5
http://dx.doi.org/10.3836/tjm/1270216329

	1. Introduction
	2. Valuation on upper triangular matrices
	3. On ramification numbers
	4. Galois extensions with Galois group isomorphic to unitriangular matrix group over Fp
	5. Calculation of the valuations of the matrices and the ramification breaks
	6. Case j-i<= p+1
	Acknowledgements
	References

