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ON THE EXISTENCE OF SOLUTIONS FOR A NONLINEAR
COUPLED SYSTEM IN ORLICZ-SOBOLEYV SPACES

Abstract. This paper establishes the existence of a capacity solution for a
system of two elliptic PDEs with perturbations. These equations are relevant
to the stationary thermistor problem. Notably, we achieve this result without
imposing the As-condition on the N-function.

1. Introduction. In this paper, we prove the existence of solutions for
the coupled nonlinear elliptic system

Au + mﬁi’)u = p(u)|Ve|* in 02,
1.1 . .
1) —div(p(u)Ve) + o =g in £,
u=¢@=>0 on 0f2.

where {2 is an open bounded subset of RY satisfying the segment prop-

erty, Au = —div (a(z,u) M|(|VVU1|LD

W Lar(£2), u and ¢ represent the temperature and the electric potential, g is
a positive and bounded source term, and the function p € C(R) N L*>(£2),
which represents the electric conductivity, is supposed to be such that
p(s) > 0 for all s € R.

System is a mathematical model generalizing the so-called thermis-
tor problems [2} 5], 16,9, [14]. Here, we have p(s) > 0 for all s € R and p(s) — 0
as s — +o0o. Consequently, the second equation in is not uniformly el-
liptic so that no a priori estimate for Vi will be available. Therefore, the
search for weak solutions to system is not suitable in this context. In

Vu) is a Leray—Lions operator defined on
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order to avoid this difficulty, we consider the function ® = p(u)Ve as a
whole and then show that it belongs to L?(£2)"N. A new formulation of the
problem will lead us to the introduction of the concept of capacity so-
lution adapted to our setting. Furthermore, the fact that the function p is
unbounded is not the only obstacle we will encounter when resolving prob-
lem . Indeed, we work in the framework of Orlicz—Sobolev space without
assuming the As-condition on the N-functions.

Solvability of the thermistor problem. This has been considered by many
authors. In particular, Xu [16, 17, 18] studied a modified version of the
stationary and the evolution thermistor problem in classical Sobolev spaces
with p = 2. Gonzalez Montesinos and Ortegéon Gallego [5] generalized the
result obtained by Xu [16] to p > 2. Later on, Moussa et al. [IT] studied
the problem in Orlicz—Sobolev spaces. Recently, Ouyahya et al. [12] proved
the existence of a capacity solution of a coupled system governed by an
anisotropic nonlinear elliptic equation of the form A(u) = p(u)|Ve|? in 2
and ¢ = g on 92, where the operator A given by

d
i=1

maps the anisotropic Orlicz-Sobolev space WL aq(f2) onto its dual, with
M = (M;,...,My). Some other results on existence of a weak solution to a
perturbed thermistor problem in Sobolev spaces with p = 2 are given in [3].

In this framework, by considering the nonuniformly elliptic character of
the second equation of we prove, under the assumptions given below,
the existence of a capacity solution, in the sense of Definition [3.2] for system
in the classical Orlicz—Sobolev space. The proof is generally based on
Schauder’s fixed point theorem combined with a result on the existence and
uniqueness of a weak solution to a certain elliptic problem.

Qutline of the paper. In Section 2 we introduce some preliminaries and
some technical results sequel. Section 3 is devoted to specifying the as-
sumptions on data and presenting the concept of capacity solutions to sys-
tem . Section 4 deals with solvability in two theorems: we prove the
existence of a weak solution to system via Schauder’s fixed point the-
orem and we prove the existence of a capacity solution to .

2. Preliminaries. We begin by recalling some definitions, lemmas and
properties of Orlicz spaces [1I, [10], 13] and then we introduce Orlicz—Sobolev
spaces.

2.1. N-functions. The basic concept in an Orlicz normed space is that
of an N-function.
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DEFINITION 2.1. A function M: R — R is called an N-function if it
satisfies the following conditions:

(i) M is convex in R: M (As1+ (1 —X)s2) < AM(s1) + (1 — )M (s2) for all
1,82 € R and for all A € [0, 1].

An N-function M is said to satisfy the Asg-condition if, for some k > 0,
M(2s) < k M(s) for all s > 0.

An equivalent definition of an N-function [I0] is a function M that admits

the representation
Is]

M(s) = S m(o)do
0

for some nondecreasing and right-continuous function m: Rt — RT with
m(s) > 0 for all s > 0 and m(s) — +o0 as s — +oo. The N-function M,
complementary or conjugate to M, is defined by

Is|
M(s) = | m(0)do,

0
where m: Rt — RY is given by m(t) = sup {s | m(s) < t}.

We have Young’s inequality
[ts| < M(t) + M(s) forallt,s € R.

Furthermore, equality takes place if and only if s = m(t) or t = m(s). Now,
let 2 be an open set in RV, N € N. The Orlicz class Ly;(£2) (resp. the
Orlicz space Lp(§2)) is defined as the set of (resp. equivalence classes of)
real-valued Lebesgue measurable functions v in {2 such that

S M (u(z))dx < 400 (resp. S M(lL(/\x)> dzr < 400 for some A\ > 0).
Q Q
Notice that Ljs(f2) is a Banach space under the Luzemburg norm namely

[l ps = inf {/\ >0 ‘ | M(u@)/x) de < 1},
2

and Lys(§2) is a convex subset of Ly, ((2). Indeed, Lys(§2) is the linear hull
of L1(£2). The closure in Ly (£2) of the set of bounded measurable functions
with compact support in (2 is denoted by Ejs(£2). The equality Ep(2) =
Ly (£2) holds if and only if M satisfies the Ag-condition, for all s or for s large
according to whether (2 has infinite measure or not. The dual of Fj;({2) can
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be identified with Ly;(£2) by means of the duality pairing §, u(z)v(z) dz,
and the dual norm on L;({2) is equivalent to || - || z-
In Ly (82) we define the Orlicz norm |Jul|(ar) by

(2.1) lullary = sup § u(@)o(a) dz,
2
where the supremum is taken over all v € Ey; (g such that [jvf|;; < 1. It
turns out that the norms [ - [[a; and [| - [[(5) are equivalent. In fact,
(2.2) llullar < HUH(M) <2||lu|lar for all uw € Lys(92).

Also, the Hélder inequality holds:
S lu(z)v(@)|dz < |lullaml[v][iyy  for all w € La(£2) and v € Ly (£2),

2
and by (2.2),

S lu(z)v(z)|de < 2||ulla||v]i;  for all w € Ly(£2) and v € Ly;(12).
(9}
In particular, if {2 has finite measure, Holder’s inequality yields the contin-
uous inclusion Ly (£2) € LY(£2).
An important inequality in Lp;(§2) is the following:
(2.3) S M(u(z))dz < ||ull(ary  for all uw € Ly (£2) such that [ul[ar < 1,
[0
from which we readily deduce

(2.4) | M( ulz) ) dz <1 forall u € Ly(2)\ {0}.
VM Fallan

DEFINITION 2.2. We say that (u,) C Ly(f2) converges to u € Lys(£2)
for modular convergence in Lys(S2) if, for some A > 0,

éM(M)dan as n — 00.

Modular convergence is weaker than convergence in the norm of L/ (f2).
However, it is enough for our purposes. The next result tells us that modular
convergence in Ljs implies convergence in the weak-* topology o(Las, Ly;).

LEMMA 2.3 ([4,[1]). Let (un) C Lar(£2), u € Lp(£2) and v € Ly;($2) be
such that u, — w with respect to modular convergence. Then the following
hold:

(1) unv — uv strongly in L*(£2). In particular, §,unv — §,uv.
(2) If (vn) C Ly;(£2) is such that v, — v with respect to modular conver-
gence, then w,v, — uv strongly in L'(£2).
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2.2. Orlicz—Sobolev space. We now turn to Orlicz—Sobolev spaces.
WLy (92) (resp. WEE)(£2)) is the space of all functions u such that v and
its distributional derivatives up to order 1 lie in Lz (£2) (resp. Epar($2)). This
is a Banach space under the norm

(2.5) lulliar = IIV*ulr.
jal<1

The spaces WLy (£2) and WLEy(£2) can be identified with subspaces of
the product of N + 1 copies of Ly (§2). Denoting this product by [] Las(£2),
we will use the weak topologies o([[ Las, [[ Lyz) and o([] Las, [[ Ejiz)- The
space Wi Epr(£2) is defined as the (norm) closure of D(§2) in W!Ey(£2) and
the space Wi Ly (£2) as the o([] Las, [[ Ejp)-closure of D(£2) in WLy (£2).
The following spaces of distributions will also be used:
W Ly(2) = {f e D(@) | £ =3 (-1)PID" fa with fo € Lyy(2)},

a<1
WLE L (92) = {f e D(9) } £ =Y (~DlIDg, with fo € EM(Q)}.
a<1
LEMMA 2.4 ([T1]). Let £2 be a bounded and open set in RN . Assume that
m(t) >t for all t > 0. Then, the following continuous embeddings hold:
Laf(02) — L*(2) — Eg — Ly ().
In particular,
HY Q) = W'Ly(2) and HY(02) = W EL(Q)— W L;(2).
REMARK 2.5. Assume that m(t) > ¢ for all ¢ > 0. Then
(2.6) SUle‘SQS M(v)dz for all v € Ly(12).
9] 9]

THEOREM 2.6 ([I5]). Let £2 C RY be an open and bounded set with locally
Lipschitz boundary. Then the embedding WLy (2) — En(82) is compact.
Furthermore, the compact embedding Wi Ly (£2) < En(£2) holds without
the locally Lipschitz boundary assumption.

3. Essential assumptions and main result. We assume that 2 ¢ R
is an open and bounded set satisfying the segment property. We now state
the assumptions on the differential operator in divergence form

A: WLy (2) = WL (02),
ur— A(u) = div a(:c,u)MVu .
[V
(A7) The function a: 2 x R = R, a = a(x, s), is a Carathéodory function
(measurable in x for all s and continuous in s for almost every = € (2)
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such that
(3.1) p1 < a(zx,s) < P,

where 0 < 81 < B2 are two real numbers.
(A2) p € C(R) and there exists p € R such that for all s € R,
(3.2) 0 < p(s) <p.

REMARK 3.1. Assume that (A;) is true. It is straightforward to show
that for a bounded set B C R, for a.e. z € £2, and all s € B and (,(’ € RY,
m([¢]) m(|¢'])

(3.3) a(x,s)T —a(z,s) ]

as |(| — +o00, uniformly in s.

(€ =) = +o0

Now we are ready to state the definition of a capacity solution to prob-
lem (L1).

DEFINITION 3.2. A triplet (u,, ®) is called a capacity solution to prob-
lem (1.1)) if the following conditions are fulfilled:

(C1) uw € WLLy(R2), ¢ € L®(2) and & € L*(2)N.
(C2) (u,p,P) satisfies the following system of differential equations in the
sense of distributions:

—div (a(x, u)m|(|vvqr|)Vu) + Mu = div(p®) — ¢* + g in 12,
u

Jul
dive+p=g in (2.

(C3) For every S € CL(R) (that is, S € C*(R) and has compact support in
R), one has S(u)p € H}(£2), and

S = p(u)[V(S(u)p) — pVS(u)].

REMARK 3.3. Notice that the concept of capacity solution involves a
third component, namely, @ € L2(§2)V. The original problem only has two
unknowns so that there must be a relationship between @ and the couple
(u, ¢); this relationship has been expressed by (Cs). In fact, assume that u €
L>®(£2) and take S € C§(R) such that S =1 in the interval [—||u||so, ||t/|oo]-
Then we deduce that ¢ € H(£2), @ = p(u)Vy and p(u)|Ve|? = div(e®) —
©? + ¢g. Consequently, bounded capacity solutions are weak solutions. In
the general case where u ¢ L*°(f2) the expression given in (C3) allows us to
define the gradient of ¢ pointwise almost everywhere as

DX {juj<k}y = P(W)VPX{u <k} for any K > 0.

4. An existence result. In this section we establish the main result of
this article.
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THEOREM 4.1. Let g > 0 be a function in L>°(§2). Under the assumptions
(A1) and (A2), system (L.1) admits a capacity solution.

In order to prove Theorem [4.1] we will first prove the existence of a weak
solution to problem (|1.1)) under the following assumption:

(Az) p € C(R) and there exist p; and p2 € R such that for all s € R,
(4.1) 0 <p1 <p(s) < po
THEOREM 4.2. Let g > 0 be a function in L*(§2). Assume (A;)

and (As). Then there ezists a weak solution (u,y) to problem (1.1)), that
is, u € WLy (2), o € HY(2) N L>®(82), and

m(|Vul)
[V

m(Jul)

VuVuv + S
2

wo = | p(w)|Vel*v
for all v € Wi Ly (92),

Vo) Vevy + | oo =\ gv  for all yp € Hj(2).
2 % (%

REMARK 4.3. The second integral on the left-hand side in (4.2)) is well
defined. Indeed, let u € WLy (£2). Then there exists A9 > 0 such that
§o M(Jul/Ao) < co. From Young’s inequality we have, for ¢ > 0,

M(m(t)) < tm(t),

(4.2) S a(x,u)

) ul

hence
Am(t) 2t/ A 2t/ A
= | m(syds < | m(s)ds < AM(2t/X) < 220 M (/No),
t/\ 0

where A = 2)g. Consequently, by using Young’s inequality, we get

| 2o < Dom(fu o] de < 0( § 50n(ju)) da -+ | M1(1] /) )

< A(220 § M(Jul/20) + | M(ol/A) da)
n 0]

< 00.

REMARK 4.4. In the sequel, the constants may differ from one occurrence
to another.

Proof of Theorem [{.2 We use Schauder’s fixed point theorem to prove
the existence of a weak solution to (4.2)).

Let w € Ep(£2) and consider the elliptic problem
{mwmmvw+¢=g in 2,

(4.3)
=0 on 0f2.
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Using (¢ — k)" as a test function in [4.3), with k = ||g|| e (), we get

| p(w) VeV (e — k)T da+ | oo — k)" dz = | g(o — k)* da,
2 9] 9}
< gl (o —k)* de <k § (o — k)" da
2 2
Thus,
| p(@) VeV (e — k) dz+ [ (o= k) (0 — k)" dz <0,
0 0
From this inequality, we deduce that (¢—k)* = 0. This means that, recalling
the definition of &,
(4.4) ol oo (2) < NlgllLoe )

Taking ¢ as a test function in (4.3)) we obtain
S p(w)|Ve|? dz + S ©?da = S gpdx.

Q Q Q
Then
o1V Vel de < lgll7 <o) 192,
Q
hence
(4.5) [ [Ve|? dz < C(p1,9) = C.
Q

This means that p(w)|Ve|? € L1(£2).
Now we consider the elliptic problem

—div (a(x,w)m|(|vvul|t|)Vu> + m’(uTDu = p(w)|Vp[* in £,

u=0 on 0f2.
LEMMA 4.5. The second member of ([£.6)1 belongs to WLE;(£2).
Proof. Take v = ¢ as a test function in (4.3]). Then

| p()IVelPgds + | p(u)VeVepds + | 0?¢ = | goe da.
(9 (9] (% 2

(4.6)

Hence

} @)Vl pda = = | p(u)VeVopda — | ¢*6 + | gpdda.
Q Q Q 2
Thus
p(u)|Vepl? = div(p(u)pV ) — ¢* + go.
Since p(u)pVep € L2(Q) and —p? + gp € L?(02), we get div(p(u)pVe) —
0% + gp € H1(£2). Hence, using Lemma we get the result. m
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The new variational formulation of (4.6]) is

u€ Wy Ly (92),
Sa(:v w)m(\V VuVodz —i—S uvdx
() 3Tl )
=— S p(w)eVeVu d:):—S © v—l—g gevdz  for all ve Wi Ly (92).
\ 2 n n

By Lemmald.5 we have p(w)|V|? = div(p(u)pVe)—¢p*+gp € WLE;(9).
The proof of the existence and uniqueness of solution to is a straight-
forward application of the result in [§].

Now, we are going to prove the estimates

(4.8) | M(|Vul)dz < C,

n
(49) ot ™ S Tl < .
(4.10) ‘1‘;“'" ” <C.

To do so, we first prove that |Vu| € L3/(£2). Indeed, let A > 0 be such
that \Vu]/)\ € Ly(92). Since ¢ € HY(N2) € WL ;(02), there exists u > 0
such that nggngLoo YV € L7(£2). By taking v = u as a test function

in . from . ., and Young’s inequality we obtain

1
%SM(Vu)dng—S w) “vV“Dv Vudz +—§ |“’
[ Q [V "o
1 1
= S @V@Vudac—)\—ngu )\—Sggoud$
"o ’uQ
<+ g w)pVeVu|de + Hmuwm J lul
Ha Q

1 1
< o S w)eVeVu|dz + o é]u\

Using the Young and Pomcare inequalities, we get
o

o | M(Vu)da < § Mpalgl e Vi /) da + | M (/) dr +C |

[Vl
A

(% 0 0 P
02
S (/02Hg”Loo V(p/,u) dx + S M(Vu/\)dz + 7‘9‘
£ Q
+ 1 S Vul?
2 A ’
0
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where we denote by |2| the Lebesgue measure of 2. In view of ([2.6)),

« v 02
3V M(Vu) de < | M(palglloe o) Vie/ ) da + | M(Vu/X) do + =12
9] 2 ?

+ | M(|Vul /) < o0

2
This proves that Vu € L/(£2).
For estimate (4.8)), using Young’s inequality we obtain

e S M(|Vul)dz < S a(m,w)m‘(‘vv| |)VuVudx + S m(|ul)|u| dz
2 2 9

< VIp(w)eVeVuldz + | @?|ul + | |ge| [u] da

9] 9] 2
1 o
<~ Blgl e § IVl + 5 {90l + 29l §
2 2 2
2, HgH%OO(Q))2 Qe 9
<ot 2 fwap s @l g 0 pype
Qe
.Q 9]
and from the Poincaré’s inequality and , we get
C’
a | M(Vul)de < C+ 5 §|v 24 2 gyw?
9] _Q (9}
@ aeC($2
§C+§§M(]Vu\) ( )SM(|Vu\).
2 2

Take € = 1/(2C(£2)) in the last inequality to obtain (4.8)).
Now, we show (4.9)). Notice that from the last inequality, we get

m(|Vul)
(4.11) a(r,w)——->=
Jae =gy

On the other hand, by monotonicity, for any ¢ € WgEy(§2) such that
IVl (ary = 1/(k + 1) for some & > 0, we have

m(|Vul) m(|Vel)
0<\|a(z,w)——=—="Vu—a(z,w)—=—=-Vo¢ |(Vu—V¢)dz
é( v o V)

It follows by (4.11])) and Young’s inequality that

fsza(ac,w)m‘(‘vvuquVqubdx < (Sza(:r,w)m’(’vvu‘ ‘)VuVud:U

o m(ve)
Velw)Tgy

VuVudz < aC.

Vé(Vu — V) dz
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< aC + B, | m(1V))|Vul dz + B | m(IVe])| V| de
(0]

<aC + 2521 [M(W) - M(|Vu|)} da

+28, | [M<m(|2v¢|)) + M(|V¢\)] da

2
<aC+68; | M(IVe]) + 28, | M(Vul) <C
2 2
for all ¢ € WolEM(Q) suCh that |[Vo|ay = 1/(k + 1), and by considering

the dual norm on L M , we get ([.9).

For - from , we deduce

1
(4.12) S m(Ju D upde < — | p(w)pVeVeda
Jul A
9] 9]
! Sgpqﬁdxt—k Sgcquda:
)\,UJQ Al
- S a(x,w) (|V |)Vuv¢dw
) V]
for all ¢ € Wl Ep(Q) such that ||V¢H =1/(k+1) for some k > 0. Hence,

by considering the dual norm on L;(Q), we get -

We define the operator T : EM(Q) 9 w s T(w) = u € WLy (£2), with
u being the unique solution to . We are going to show that T satisfies the
conditions of Schauder’s fixed point theorem. By Theorem we have the
compact embedding Wo L (2) — En(82). Therefore, T' maps Ej(§2) into
itself and, due to , T is a compact operator. Also, due to (4.8)), for R > 0
large enough we have T(Br) C Br where Bgr = {v € Ep(2) | ||v]|ar < R.}

Now, we prove that T is a continuous operator. Indeed, let (w,) C Bgr
be such that

(4.13) wp, — w  strongly in Ep(£2),

and consider the functions corresponding to w, and w, that is, u, = T'(wy),
“n, u = T(w), and ¢. From , up to a subsequence, we have w,, — w
a.e. in £2. Then we put H,, = p(wn)pn Ve, and H = p(w)pVe. We have to
show that H,, — H strongly in L?(£2)V. It remains to show that ¢, — ¢ in
H'(£2). To this end, we note that ¢, satisfies

(4.14) div(p(wn)Ven) +©n =9, @n =0 o0n 042,
while ¢ satisfies

(4.15) div(p(w)Ve)+ 9 =g, ¢ =0o0n 012
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Hence, using ¢, — ¢ as a test function in both (4.14) and (4.15)), we get
| p(wn)VeonV (on—0) + | on(on—0) = | pw) VeV (0n —0) + | olon— ).
(9} 0 e} 9]
Inserting —p(wn) VeV (on — @) in the last integral, we get

V p(wn)IV(en — @) + [ (n — )% = [ (p(w) = p(wn)) VeV (0n — ©).

Q Q Q
Then using (A4) and Holder’s inequality yields
(4.16)  [IV(pn = @)I” + [(on = 9)* < C [ lo(w) = p(wn) IVl

2 9] 2
Since p is continuous, p(w,) — p(w) — 0 a.e. in 2. Furthermore,
|p(w) = plwn)*|Vel* < V.

Due to (4.5)), we can apply the Lebesgue convergence theorem to obtain

(4.17) | Ip(w) = plwn) PVl = 0 asn — occ.
9]

Thus, using (4.16)) combined with (4.17]),

(4.18) on — @ in H'(02).

Then it is easy to check that
(4.19) H, — H strongly in L*(2)".
Now, we will show that
up, — u  strongly in E(£2).

Using the same argument as above we find that (u,) is bounded in W L (£2)
by some positive constant not depending on n. Consequently, in view of The-
orem there exist v € Ej/(£2) and a subsequence of (u,), not relabeled,
such that

(4.20) u, — v strongly in Ej(f2) and a.e. in £2.
We have to show that v = u. To do so, we will use the following result.
LEMMA 4.6. There exists a subsequence (not relabeled) such that

(4.21) Vu, = Vv a.e. in (2,

This result is a special case of Step 2 below. For the proof of Lemma, 4.6
one may repeat the arguments given in the proof of Step 2.
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The variational formulation of the equation corresponding to wu,, is

(4.22) S a(x,wn)nWVunV¢ dz + S m|(|u7r|) Ap.pdz
Q2 " Q "
~VH,Vode - [ plo + | gondda.
Q Q Q

In view of (4.18)) and (4.19 , we get

(4.23) S H,Vdz— S pro+\ gendde — | HV¢dz— | o?p+ | oo da.
n n n n n 0

On the other hand, since w, — w a.e. in {2 and using Lemma we get

a(x,wn)w.Vun — a(m,w)m’(’vvvl ’)Vv a.e. in {2.
Furthermore, from (4.9), up to a subsequence we get
(4.24) a(x,wn)WVun — a(:v,w)m’(’vvaDVv weak-+ in L (£2)V.
From (4.20)) and (4.10)), we also get
(4.25) m(|un|)un — m(|v|)v weakly in L;;(Q).

|| |v]

By using (4.24)), we obtain
(4.26) S a(x,wn)MV 2nVodr + S ngb dz

0 ‘vu”‘ 0 n

— Sa(m,w) |(|V ‘DV Védx + S m(lTDng)dx.
2 2

In view of (1-22), (E23) and (E26), we get

\Y
S a(z, w)m(’vv’)Vquﬁ dz+ S qub dz = S god dr— S HV¢dx— S 0.
(9} ’ ’U’ 9] "U’ 0 9] (9}

Thus, v = u and the operator T is continuous. Finally, according to the
Schauder fixed point theorem, T has at least one fixed point, which defines
a weak solution to our problem. This completes the proof of Theorem [£.2] =

Proof of Theorem[{.1l The proof is divided into several steps. We prove
first the existence of an approximate solution, deriving a priori estimates,
and we show the strong convergence in L!(£2), up to a subsequence, of both
un, and ¢y, where (ug,, ) is a weak solution to the approximate problem
of . Then we pass to the limit in the approximate solutions.
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STEP 1: Approximate problems and a priori estimates. We define the
truncation function at height K > 0, Tk, by

Tr(s)=s if |s| < K, TK(s):Kﬁ if |s| > K,
S

and we introduce the following regularization of the data for every n € N*:

1
(4.27) puls) = pls) +
The approximate problem is given as follows:

. m(|Vug|) m(|un|)
(4.28) —div (a(x, Up) —=—> VU | + Un,
V| ||
= pn(un)|V§0n’2 in Qa

(4'29) div(pn(un)Vgon) +¢p =g in 12,

(4.30) U, =0, @, =0 on 9.
In view of (3.2]), we have
(4.31) !l <pu(s)<p+1=p3 forallsecR.

Thus, from Theorem 4.2 we get the existence of a weak solution (uy, ¢y )

to system (4.28)—({4.30).
We use the same argument as in (4.4) to get

(4.32) lenllLe (@) < l9llzoc(2)-

Therefore, there exists a function ¢ € L>(f2) and a subsequence (not rela-
beled) such that

(4.33) ©n — @ weak-x in L>(£2).
Now, taking ¢, as a test function in (4.29)), we have

| pn (1) Vonl? dz + | pngn dz = | gy da.

2 2 2
Thus,
| on(un)|Veul® dz < | gpn dz < [lg[|7 o (921
[0 19
Hence
(4.34) S pn(un)|Von>de <C foralln > 1.
9

Consequently, the sequence (p,, (u,) V) is bounded in L2(£2)N. Thus, there
exists a function @ € L2(£2)™ and a subsequence (not relabeled) such that

(4.35) pn(un)Ven, = @ weakly in L?(2)V.

This weak limit function & € L2(£2)" is in fact the third component of the
triplet appearing in Definition of a capacity solution.
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By taking u,, as a test function in (4.28]), we get

(4.36) S a(zx, un)MVunVun dx + S m(|un|)unun dx
= - S pn(un)@nv‘pnvun dz — S 90121¢ + S g@n¢dx‘
2 (% (%

Since u, € Wi Ly (£2) and @, € HY(2) € WL (82), there exist A\, > 0
such that Vu,/\ € Ly(2) and ps3||glloe(2)Vin/n € Lyz(92). In virtue
of (| . - -, and the Young and Pomcare inequalities, we obtain

m(|Vun|)
[Vun|

Lom(lual), o
)\MS ] |un |© dx

o 1
— \M n < — s Un n n
3 S (Vuy,)dz < )\M(S)a(:ﬁ Up,) Vup,Vuy, dx

" g

+

1
< )\7 S n(Un)lenl [Von| [Vu,| dz

b

—iﬂwzu +isgsou
n-n n“n
)\ug )\M_Q

M (p3|gll oo (2)Vipn /1) da + S M(|Vug|/N)) dz

<
9] 2
+

C\ M(|Vun|/X) < 00

Q
This implies that |Vu,| € L (£2). Moreover, by using the Young and
Poincaré inequalities with (2.6) we get

a(x un)iun‘)VunVun do + S W\un\2dx
0 n

2 9

VP3l9lloo v/ on (un) [V eon| [Vun| + | @7 lun| + | lgonunl
2 2
pallgllLoo oY
S pn Un, |v90n un)‘Q E S M(|Vun|)
(9}
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<O+ 2| M(IVun ) da + Cloli@) g, ac J fun*d
- 2 Unl) 2 Qe 4 Unl" CT
2 (0]
c(
<O+ % | M(Vug)) da + & 4( ) | 1Vun|? da
2 (9]
P
<C+ % | M(Vunl) de + 0‘602( ) | M(Vun)) da
Q )
Then, for e = 1/(2C(£2)), we get
(4.37) | M(Vun|)de < C.
(0]
We also get
(4.38) S a(x,un)MVunVun dr < C.

4 |V,

Due to ({.37), the sequence (uy) is bounded in W3 Ly (£2). Hence, there
exists a subsequence (not relabeled) and a function u € Wi Ly (£2) such
that

(4.39) Up —u  in WiLy(£2) for o(HLM,HEM).
Since the embedding Wi L/ (£2) < Ej(£2) is compact, we deduce
(4.40) u, — u  strongly in Fjp/(£2) and a.e. in 2.

Now let ¢ € Wy Ep(£2) be such that |Ve||(ay) = 1/(k + 1). From the
monotonicity of the operator A and (4.38]), we easily find that

(4.41)

m(|Vgl)
- ;Za(x,un)wwwun )
< C+ B | m(|Vo)|Vun — Vel da < C

2

for all n > 1 and ¢ € W Ear(£2) such that ||Vl = 1/(k +1). Thus, by
using the dual norm, it is easy to see that

(4.42) (a(a:, un)m‘“vvuTDVun) is bounded in L (2)V.
Un,
Then there exists § € Ly; ()" and a subsequence (not relabeled) such that

(4.43) a(x, up) Vi, — 6  weak-x in L;(2)V.

|Vu,|
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In view (4.41]), we may show that
(4.44) mlun) s bounded in Ly (02),

|un|
Thus, there exists 0’ € Ly;(£2) and a subsequence (not relabeled) such that

(4.45) Wun 8 weak-x in L (£2).

According to (4.40)), we get &' = m‘(JLT‘)u, thus

(w16) el _,

u  weak-x in Ly;(£2).
STEP 2: Almost everywhere convergence of the gradients. Let (v;) C
D(£2) be such that

e v; — u in W)Ly (£2) for modular convergence;
e v; = u and Vv; = Vu a.e. in (2.

We shall prove the following proposition.

PROPOSITION 4.7. Let (up,pn) be a solution of the approzimate prob-
lem (4.28)—(4.30). Then there ezists a subsequence (not relabeled) such that

(4.47) Vup, = Vu a.e in §2,
as n — 0o.

Proof. We denote by XZ and s, respectively, the characteristic functions
of the sets

W ={xeQ||VTk(vj)| <s}, 2={ze||VIk(u)| <s}
We will also denote by €(n, j) and €(n, j, s) any quantities such that

lim lim €(n,j) =0, lim lim lim ¢(n,j,s) = 0.
J—+00 N—>00 §—00 j—00 N—+00

For any v > 0 and j,n > 1, we use the test function ¢}, ; =T, (up — Tk (v)))

in - ) to obtain

m(|Vun|) Iunl v
(448) S a/(f, Un)WvUnVTy( TK ’Uj S SOnJ dl’
Q " 2 ta
= S (un)‘v90n| Qpn]

94

From (4.32) and (4.34]), we obtain

(4.49)
S a(x,up)

2

m(|Vuy|)
|V,

Vu, VT, (un — T (v)) da + |
2
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Using (4.46)), we have

(s50) 0D - Trew)) da

On the other hand,

§ o, un) 0D G 9 (1 — Tievy) da
s |V,
= S a(:c,un)MvunV(un _TK(Uj))dx
[V
{Jun—Ti (v;)|<v}
= S a(l’,un)wvunv(un — Tk (vj)) dz
{lun|>K}0{Jun—Tx (v;)|<v} "
Vuy,
+ \ a(m,un)wvunv(un — Tk (vj)) dz
{lun] K }0{Jun—Tx (v;)|<v} "
T (Un
_ 5 (e T () U T ()]}

VT (uy
{ITx (un)—Tk (vj)|<v} |VTk (un)|

- VTg (un) (VT (un) — VI, (v5)) dz

+ S a(zx, un)nWVunVun dz
{[un|> K} {Jun—Ti (v;)|<v} "
m(|Vuy,
- S a(zx, un)‘(‘vu“)VunVTK(vj) dz.

{lun]>K}N{|un—Tk (v;)|<v}

Then, we have

451)  |a(e, un)’rmvunvn(un — T (v;)) da
0 n
m(|VTk (un)|)
2 S a($7TK(Un))W

{7k (un) =Tk (vj)|<v}
- VTg (un)(VTk (un) — VI'k(v5)) dz
(IVun)

_ S a(z, un)mIV |
Uy,
{lun|>EK}0{|un =Tk (v;)|<v}

Also, in the set {|u, — Tk (v;)| < v}, we have
|un| < ‘Un - TK(Uj)’ + |TK(UJ')| <v+ K,

Vu,VTk(v;) de.
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and thus, we may write

m(|Vun|)

(4.52) S a(x, up) Y

{lun |>K30{|un =Tk (vj)|<v}

= S a(ijquK(Un))m
{lun|>E}N{|un—Txk (v;)|<v}

VunVTK(vj) dx

(‘VTV-&-K (un) D
‘VTV-&-K (un)’

. VTV+K(un)VTK (’Uj) dx.

By using (4.51)) and (4.52)) we get

4.53) | alz, ) PNV UD G S — Tx (v;)) da
> |V,
VT (,
> S a(m,TK(Un))W
{ITk (un)—Ti (v;)|<v} "
- VTg (un)(VTk (un) — VI'k(v5)) dz
VT, n
N T OO c AP
{Jun|> K 0] — T (v5)| <v} vhR AT
VT4 (un) VT (vj) de.
We denote
m(|VT, Unp
b !
{Jun|> K 0] un =T (v5)| <v} AT
VT4 k(un) VT (v5) da.

Since (a(z, TK+y(un))WVTy+K(un))n is bounded in L;;(2), we

get, for certain dx .y, € Ly;(§2), and a sequence uy,,

m(|VTy 4k (un)])

a(z, Tiyu(un)) VT, ik(up) = 0k weak-x in Ly (£2).

VT, i (un)
Consequently,
m(|VT, Up,
| ol T ) LA
{fun|> K} {lun~Tx (v;)|<v} v
VT, 4k (un) VT (vj) dz
— S (5K+,,VTK(U]') dz

{lul=K}N{|u—Tx (v;)|<v}
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as n — 0o. From Lemma [2.3] we obtain, as j — oo,

S 5K+,,VTK(UJ') — S 5K+1,VTK(1L) =0.
{lul=K}n{ju—Tk (vj)|<v} {lul= K} {|u—Tk (u)|<v}
Since VI'kx(u) = 0 in the set {|u| > K}, this implies
(4.54) Fi1 =¢€(n,j).

Set I' = (K, n, j,v) = {|Tic(un) — Tic(v)| < v}. By using (£39), (E50)
and (4.54) in (4.53) we get

m(| VT (un)l)

4.55 a(x, Tk (up)) —=—F——

VT (un) (Vg (un) — VTg(vj)) da

< Cv+e(n,j)+e(K).
On the other hand, notice that

m(| VT (un)l)

(4.56) S a(z, Tk (uy)) VT (un) (Vg (un) — VTg(vj)) da

I |VTk (un)]
= S a(x,TK(un))WVTK(Un)(VTK(Un) — VT (v;)X;)
e n
(VT (un)])

+ | a(e, Tic (un)) VT (un)(VTk (v5)X; — VT (v5))

VT (un)]
= F> + F3.

The integral F3 tends to 0 as, first n, then j, and then s go to infinity. Indeed,
since

(IV Tk (un)])

m :
a(x, Tr (uy)) N Th () VT (un) — 6k weak- in Ly (2)N,

as n — 0o, and

(VTk (v5)X; — VT (05))X (1T (wn)~Tx (v;)| <0}
— (VT (v)x; — VI (V) X{|T5 (w)~ T ()| <0}
strongly in Ey(£2)V
lim F3 = S 0 (VTk (vj)x; — VIk(vs)) dz.
{ITk (w) =Tk (v)|<v}
Finally letting j, then s, go to infinity, we deduce that
(4.57) F5=¢(n,j,s).
Therefore, by using 7, we have
(4.58) F, <Cv+en,js, K).

as n — 00, then
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Consider

(Vi )
VT )|
VT o N or o o
o i) (VT )~ Vi)

and let 0 < § < 1 and denote I, , = S S? dzx. We have

Sp = |a(x, Tk (uy)) VTk (up)

—a(z, Tk (uy))

(4.59) L=\ Sixr+ | Shxre.
2 02y

By using Hoélder’s inequality we can bound the second term of the right-hand

side by
(é Sn dx)e‘ <(§ XIe dx)l_e.

T T

Observe that

é Spda = [é a(x,TK(un»”W.VTK(un)VTKmn)dm
(§ a(z, Tk (u W.VTKW”)VTK(U) da
4 Iga (@, T (u m.vm(u)vm(u) dz
!§ a(z, T (u W.VTK(U)VTK(un) d;p].
The sequence T
<a(x,TK(un))WVTK(un)>n

is bounded in L (£2)V, (VTk (un)), is bounded in Ly (£2)N and the se-
quence
m(|VTk(u
(ate Tictun) " S w3 0

is bounded in E;(£2,)". Then (S,) is bounded in L'(§2,). Thus there exists
a constant C3 > 0 such that

(4.60) S S9xre de < C3meas(I¢)'
2
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We use Hélder’s inequality to deduce

(4.61) | Six,dr < (S 1dx>179< | s dx>9§;64< { Sndx)e

02y 2y Ine, In$,
By the estimates and (| -, we get
0
(4.62) I, < Cj meas(Fc)l_e + 04( S Sn dx) .
n$,

Let s > r and r > 0. We have

| Spdz< | S,da
rng, Ings

= | lale, Ti(un))

I'ne2s

—a(x, T (uy))

m(| VT (un)l)
[VTk (un)]
m (VT (u)])
VT (u)]
m (VT (un)l)
VT (un)]
m(|VTx (u)])
VT (u)]
m(| VT (un)])
VT s (un)|

T (03] [T ) = VT (135 do

m(|VTk (un)])
VT (un)|

m(|VTk (v;)])
VT (v5)]

. VTK< ) s] . VTK(UTL) dx
_ S a<m7 TK(un))mOVTK(Uj)D

VTk (uy)

VTK(U)XS] : [VTK(un) - VTK(U)XS] dz

< {lale, Trc (un)

r

—a(z, Tk (uy))

VTK(un)

VTK(U)XS] : [VTK(un) - VTK(U)XS] dx

- [S[a(x,TKw)) YTk (un)

r

—a(z, Tk (uy))

—I—SaxTKun
r

VTk (un) - [VTk (v5)x; — VT (u)xs] dz

m(|VTk (u)])

+ {late, Tt VT (u)

VTK(U]')X? — a(x7 TK(UH))

nablaTK(vj)Xj . VTK(Uj)X}g' dx

) VT ()
m(|VTk (u)|)
+ ;a(:n, TK(un))mVTK(u)XS - VTk (u)xsde

:Il+IQ+I3+I4—|-I5.

According to the estimate proved as above, we get Iy — 0, Is — 0, I3 — 0,
Iy — 0, and I5s — 0, as n, j and s tend to infinity.
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Finally, we obtain

m(| VT (un)l)

V()] rn)

i § ([a@c,TK(un))

m(|VTk (u)])
VT (u)]

Consequently, there exist a subsequence (not relabeled) and a negligible sub-
set Z C {2 such that for all z € 2\ Z one has

m(|VTk (un)])
(4.63) [a(:ﬁ,TK(un)) Y Th ()]
m(| VT (u)])
[VTk (u)]
Fix z € 2\ Z. Then, according to (3.3)), the sequence (VTk (uy)(2)), C RY

is bounded. By extracting a convergent subsequence (not relabeled) we find
that VTx (uy)(z) — ¢ is for some ¢ € RV,

Passing to the limit in (4.63]) yields

(a(ac,TK(u)(:c))””L(’C’)c

q
[V Tk (w)]) B
~alr, TK<u><x>>WVTK<u>> (¢~ VT (u)(x)) =0,

which, according to (3.1)), it is only possible if ( = VTx (u)(x). Therefore, for
any K > 0, we have deduced that, up to a subsequence, VT'x (u,) — VT'k(u)
a.e. in {2. Since K is arbitrary, we finally obtain the desired result. m

0
—a(z, Tk (uy)) .VTK(u)] (VTk (un) — VTK(u))> dz = 0.

VTk (uy)

—a(z, Tk (un)) VTK(U)] (VIg(up) — VIg(u)) — 0 a.e. in £2.

REMARK 4.8. According to the almost everywhere convergence of

Vu, = Vu, u, = u and (A1) we have § = a(x, u) mf‘vvuTl)Vu, that is,

(4.64) a(z,uy) V| V|

STEP 3: Ll-convergence of (). In this step, we prove that ¢, — ¢
strongly in L' (£2) up to a subsequence. This generalizes Lemma 4 of Gonzalez
Montesinos and Ortegén Gallego [6], which in turn is an adaptation of the
original result due to Xu [16].

Vu, = a(x,u) Vu  weak-x in L (2)V.

LEMMA 4.9 ([11]). Let M be an N-function which admits the represen-
tation M(t) = Sgl m(s)ds and satisfies s < m(s) for all s > 0. Let (uy,) be a
bounded sequence in WLy (82) such that u, — u strongly in En(£2). Then
there exists a subsequence (un(k)) C (uy) such that, for every e > 0, there
exists a constant value M = M(e) and a function ¢» € WH(82) satisfying
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the following properties:

(4.65) 0<y <1,
(4.66) % = Ulp) + VYl o) <6
(4.67) [ul, [upy| < M on {¢p >0} for allk > 1.

LEMMA 4.10 ([6]). Let (un, ¢n) be a weak solution to system (4.28)—(4.30)),
u € Ey(£2) and ¢ € L®(82) the limit functions appearing, respectively,

in ([4.33) and [(@39). Then, for any S € C}(R), there exists a subsequence
(not relabeled) such that

(4.68) S(un)pn — S(u)e  weakly in H'(£).

Moreover, if 0 < S < 1, then there exists a constant C' > 0, independent
of S, such that

(4.69)  Limsup | po (un)[V[S(un)pn = S(w)e]* < CJ[S oo (1 + |5 lo0)-

n—00
N

LEMMA 4.11. There exists a subsequence (pnx)) C (pn) such that
(4.70) Jim (S} |nge) — ¢l = 0.

Proof. The proof is almost identical to that of [II, Lemma 5.7]. =

STEP 4: Passage to the limit. Owing to (4.33)), (4.35)), (4.39)), (4.43) and
the condition (C1) of Definition [3.2]is fulfilled. The convergence (4.4
and Lemma yield (C3). In order to obtain (C3), using Lemma [4.11] and
Proposition and with , it is enough to let £k — oo in

S (Un(i)) Pr(k) (Un(k)) V On (k)
= Pr(k) Un (k) [V (S (Un(r)) Onr)) — Pr) VS (Un(r))]-
The proof of Theorem is complete.

Acknowledgements. The authors wish to express their thanks to the
reviewers for their valuable remarks and comments that contributed to im-
proving the quality of this paper.

References

[1] R. Adams, Sobolev Spaces, Academic Press, New York, 1975.

[2] S. N. Antontsev and M. Chipot, The thermistor problem: erxistence, smoothness,
uniqueness, blowup, STAM J. Math. Anal. 25 (1994), 1128-1156.

[3]| L. Boccardo and L. Orsina, An elliptic system related to the stationary thermistor
problem, STAM J. Math. Anal. 53 (2021), 6910-6931.

[4] A. Elmahi and D. Meskine, Strongly nonlinear parabolic equations with natural growth
terms in Orlicz spaces, Nonlinear Anal. 60 (2005), 1-35.


http://dx.doi.org/10.1137/S0036141092233482
http://dx.doi.org/10.1137/21M1420058

Solutions for a nonlinear coupled system 25

[5]| M. T. Gonzalez Montesinos and F. Ortegon Gallego, The evolution thermistor problem
with degenerate thermal conductivity, Commun. Pure Appl. Anal. 1 (2002), 313-325.

[6]] M. T. Gonzéalez Montesinos and F. Ortegon Gallego, Ezistence of a capacity solution
to a coupled nonlinear parabolic-elliptic system, Commun. Pure Appl. Anal. 6 (2007),
23-42.

[7]] J.-P. Gossez, Nonlinear elliptic boundary value problems for equations with rapidly or
slowly increasing coefficients, Trans. Amer. Math. Soc. 190 (1974), 163-205.

[8]| J.-P. Gossez and V. Mustonen, Variational inequalities in Orlicz—Spaces, Nonlinear
Anal. 11 (1987), 379-492.

[9]| S. D. Howinson, J. F. Rodrigues and M. Shillor, Stationary solutions to the thermistor
problem, J. Math. Anal. Appl. 174 (1993), 573-588.

[10] M. A. Krasnosel’skii and Ya. B. Rutickii, Conver Functions and Orlicz Spaces,
Noordhoff, Groningen, 1969.

[11]| H. Moussa, F. Ortegon Gallego and M. Rhoudaf, Capacity solution to a monlinear
elliptic coupled system in Orlicz—Sobolev spaces, Mediterr. J. Math. 17 (2020), 1-28.

[12]| F. Ortegon Gallego, H. Ouyahya and M. Rhoudaf, Existence of a solution and its nu-
merical approximation for a strongly nonlinear coupled system in anisotropic Orlicz—
Sobolev spaces, Electron. J. Differential Equations. 2022, art. 84, 32 pp.

[13] H. Ouyahya, B. Lahmi and R. Elarabi, On some nonlinear elliptic problems in aniso-
tropic Orlicz—Sobolev spaces, Adv. Oper. Theory 8 (2023), art. 24, 19 pp.

[14] H. Ouyahya, M. Rhoudaf and H. Talbi, On the ezistence of capacity solution for a per-
turbed thermistor problem in anisotropic Orlicz—Sobolev spaces, J. Elliptic Parabolic
Equations 10 (2024), 595-625.

[15] M. Tienari, A degree theory for a class of mappings of monotone type in Orlicz—
Sobolev spaces, Ann. Acad. Sci. Fenn. Ser. A I Math. Dissertations 97 (1994), 68 pp.

[16]| X. Xu, A strongly degenerate system involving an equation of parabolic type and an
equation of elliptic type, Comm. Partial Differential Equations 18 (1993), 199-213.

[17]| X. Xu, A degenerate Stefan-like problem with Joule’s heating, SIAM J. Math. Anal.
23 (1992), 1417-1438.

[18]| X. Xu, On the existence of bounded temperature in the thermistor problem with de-
generacy, Nonlinear Anal. 42 (2000), 199-213.

H. Ouyahya (corresponding author), H. Talbi, M. Rhoudaf

Equipe EDP et calcul scientifique

Laboratoire de mathématiques et leurs interactions

Faculté des Sciences

Moulay Ismail University

Meknes, Morocco

E-mail: hakima.ouyahya@edu.umi.ac.ma
hajar.talbi@edu.umi.ac.ma
rhoudafmohamed@gmail.com


http://dx.doi.org/10.3934/cpaa.2002.1.313
http://dx.doi.org/10.3934/cpaa.2007.6.23
http://dx.doi.org/10.1090/S0002-9947-1974-0342854-2
http://dx.doi.org/10.1016/0362-546X(87)90053-8
http://dx.doi.org/10.1006/jmaa.1993.1142
http://dx.doi.org/10.1007/s00009-020-1485-9
http://dx.doi.org/10.58997/ejde.2022.84
http://dx.doi.org/10.1080/03605309308820927
http://dx.doi.org/10.1137/0523081
http://dx.doi.org/10.1016/S0362-546X(98)00340-X

	1. Introduction
	2. Preliminaries
	2.1. N-functions
	2.2. Orlicz–Sobolev space

	3. Essential assumptions and main result
	4. An existence result
	Acknowledgements
	References

