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Product representations of polynomials over finite fields

by

Hyunwoo Lee, Chi Hoi Yip and Semin Yoo

Abstract. Erdős, Sárközy, and Sós studied the asymptotics of the maximum size of
a subset of {1, . . . , N} such that it does not contain k distinct elements whose product is a
perfect square. More generally, Verstraëte proposed a conjecture regarding the asymptotic
behavior of the same quantity with the set of perfect squares replaced by the value set
of a polynomial in Z[x]. In this paper, we study a finite field analogue of Verstraëte’s
conjecture.

1. Introduction. Throughout the paper, let q be a prime power. Let Fq

be the finite field with q elements, and F∗
q be its multiplicative group. For a

positive integer n, we use Zn to denote the cyclic group Z/nZ.
In 1995, Erdős, Sárközy, and Sós [2] initiated the study of product rep-

resentations of squares. More precisely, for each integer k ≥ 2 and positive
integer N , let Fk(N) be the maximum size of a subset A of {1, . . . , N} such
that it does not contain k distinct elements in A whose product is a per-
fect square. They showed that the asymptotic behavior of Fk(N) strongly
depends on the parity of k. Moreover, they determined the asymptotics of
Fk(N) for k even and k = 3. There have been several refinements to the
bounds on Fk(N) for even k ≥ 4; see, for example, the work of Győri [6],
Naor–Verstraëte [8], Pach [9, 10], and Pach–Vizer [12].

Granville and Soundararajan [4] studied a variant of this problem: they
provided an asymptotic formula for the maximum size of a subset A of
{1, . . . , N} such that A does not contain an odd number of distinct ele-
ments whose product is a perfect square. Recently, Tao [15] made important
progress on Fk(N) for k ≥ 5 odd.

More generally, in 2006, Verstraëte [16] studied product representations
of polynomials. For a polynomial h ∈ Z[X], and positive integers k,N , let
Fk(N ;h) be the maximum size of a subset A of {1, . . . , N} such that it does
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not contain k distinct elements in A whose product is in the value set of h,
that is, there are no distinct a1, . . . , ak ∈ A such that a1 · · · ak = h(x) for
some x ∈ Z. He formulated the following conjecture:

Conjecture 1.1 ([16, Conjecture 3]). Let h ∈ Z[X] and let k be a
positive integer. Then, for some positive constant ρ = ρ(k, h) depending
only on k and h, either Fk(N ;h)/N → ρ or Fk(N ;h)/π(N) → ρ as N → ∞.

Verstraëte [16] made some partial progress towards Conjecture 1.1. In
particular, he confirmed the conjecture for a family of polynomials. Recently,
Fleiner, Juhász, Kövér, Pach, and Sándor [3] studied product representations
of perfect cubes, that is, they studied the asymptotics of Fk(N ;x3). In par-
ticular, they disproved Conjecture 1.1 by showing that

F6(N ;x3) = (1 + o(1))
N log logN

logN
.

Very recently, Pach and Sándor [11] studied a related variant in which one
requires that the product of every nonempty subset of the given set is not
a perfect d-th power. More precisely, let ρd(N) denote the maximum size of
a subset A ⊆ {1, . . . , N} such that no product of a nonempty collection of
distinct elements of A is a perfect d-th power. They proved that, for every
integer d ≥ 2,

ρd(N) =
d−1∑
j=1

π(N/j) +Od(π(
√
N)),

and moreover, when d is a prime power, they obtained the exact formula

ρd(N) =

d−1∑
j=1

π(N/j)

for all sufficiently large N .
Motivated by the results discussed above, in this paper, we study finite

field analogues of Conjecture 1.1. Before stating our main results, we first
introduce the finite field analogue of Fk(N ;h) and provide some additional
background.

Definition 1.2. For a positive integer k, a prime power q, and a non-
constant polynomial h ∈ Fq[x], define

Fk(q;h) := max {|A| : A ⊂ F∗
q and A satisfies (⋆)},

where (⋆) denotes that for all distinct a1, . . . , ak ∈ A and all x ∈ Fq,
a1 · · · ak ̸= h(x).

We remark that for some special polynomials h, the quantity Fk(q;h)
has been well-studied. For example, if q is an odd prime power, α is a non-
square in Fq, and h(x) = αx2 − 1, then Fk(q;h) is “essentially” the same as
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the maximum size of a k-Diophantine tuple over Fq [17]. See for example
[5, 14, 17] for further discussions. Recall that if q is an odd prime power, we
say A ⊂ F∗

q is a k-Diophantine tuple over Fq if a1a2 · · · ak+1 is a square in Fq

for any distinct a1, . . . , ak ∈ A. If A ⊂ F∗
q is a k-Diophantine tuple over Fq

with the additional property that a1 · · · ak ̸= −1 for any distinct a1, . . . , ak
∈ A, then A satisfies (⋆) in Definition 1.2. Conversely, if A satisfies (⋆) in
Definition 1.2, then for any distinct a1, . . . , ak ∈ A, we have a1 · · · ak /∈ h(Fq),
and thus a1 · · · ak+1 is a square in F∗

q ; thus A is necessarily a k-Diophantine
tuple over Fq.

In the spirit of Conjecture 1.1, our goal is to determine an asymptotic
formula for Fk(q;h), under the natural assumption that q is large compared
to k and the degree of h. To state our main theorem, we define one more
notion. Let k, n be positive integers with k ≥ 2. For a subset B ⊂ Zn, its
k-fold sumset is

kB := {b1 + · · ·+ bk : bi ∈ B for 1 ≤ i ≤ k}.
For each s ∈ Zn, we define

m(k, n; s) := max {|B| : B ⊂ Zn, s /∈ kB},
that is, m(k, n; s) is the maximum size of a subset B of Zn such that the k-fold
sumset kB avoids s. Observe that if λ is a unit in Zn, that is, gcd(λ, n) = 1,
then m(k, n; s) = m(k, n;λs). We now state our main theorem.

Theorem 1.3. Let k ≥ 2 be an integer, q be a prime power, and h ∈ Fq[x]
be a non-constant polynomial. Let ℓ be the largest positive integer such that
h = Cf ℓ for some C ∈ F∗

q and f ∈ Fq[x]. Let n = gcd(ℓ, q − 1) and let H
be the subgroup of F∗

q of index n. Let g be a generator of F∗
q and let s be the

unique integer in {0, 1, . . . , n− 1} such that C ∈ gsH. Then

Fk(q;h) =
m(k, n; s)

n
· q +O(

√
q),

where the implied constant of the error term depends only on k and the degree
of h.

The proof of our main theorem is given in Section 2. In fact, our proof
shows a stronger conclusion: if m(k, n; s) > 0, then extremal sets are essen-
tially unions of m(k, n; s) cosets of H. We refer to Remark 2.5 for a precise
statement.

We make a few remarks on the theorem below.

Remark 1.4. (1) The main term in Theorem 1.3 is independent of the
chosen factorization of h and of the chosen generator g.

Indeed, suppose we have two factorizations h = Cf ℓ = C̃f̃ ℓ, and two
generators g and g̃. Let s, s′ ∈ {0, 1, . . . , n − 1} such that C ∈ gsH and
C̃ ∈ g̃s̃H. Then C and C̃ are in the same coset of H, and thus gsH = g̃s̃H.
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Assume g̃ = gu, where gcd(u, q − 1) = 1. It follows that gs/g̃s̃ = gs−us̃ ∈ H,
that is, s ≡ us̃ (mod n). Since gcd(u, n) = 1, we have m(k, n; s) = m(k, n; s′)
by the observation before the theorem.

(2) When m(k, n; s) > 0, Theorem 1.3 yields

Fk(q;h) =
m(k, n; s)

n
· q +O(

√
q),

so in this case Fk(q;h) has a linear main term in q. In particular, this confirms
a finite-field analogue of Verstraëte’s conjecture (Conjecture 1.1).

The condition m(k, n; s) > 0 can be characterized by the following equiv-
alence:

n | k and s = 0 ⇐⇒ m(k, n; s) = 0.

Suppose that n | k and s = 0, B is nonempty, let b ∈ B. Then kb ∈ kB.
Since n | k, kb ≡ 0 (mod n), so 0 ∈ kB, a contradiction. Thus B = ∅, so
m(k, n; 0) = 0. Conversely, we prove the contrapositive. Assume that n ∤ k or
s ̸= 0. We claim that m(k, n; s) > 0. If s ̸= 0, take B = {0}. Then kB = {0},
so s /∈ kB, and hence m(k, n; s) ≥ 1. Now assume that s = 0 and n ∤ k. Take
B = {1}. Then kB = {k}, and since n ∤ k we have k ̸≡ 0 (mod n), so 0 /∈ kB.
Thus m(k, n; 0) ≥ 1. Therefore, in either case, we have m(k, n; s) > 0.

(3) When m(k, n; s) = 0, Theorem 1.3 implies that Fk(q;h) = O(
√
q). In

fact, the O(
√
q) bound can sometimes be sharp by considering the following

example.
Let q = p2 with p odd, and consider the quadratic polynomial h(x) =

αx2−1 ∈ Fq[x] for some nonsquare α ∈ F∗
q . Since ℓ = 1, n = gcd(ℓ, q−1) = 1.

Thus, m(k, 1; 0) = 0.
Let u be a generator of F∗

p, so that F∗
p = ⟨u⟩ has order p − 1 and −1 =

u(p−1)/2. Set

t :=

⌊
p− 1

2k

⌋
+ 1 and A := {1, u, . . . , ut−1} ⊂ F∗

p ⊂ F∗
p2 .

Then |A| = t = Θ(p) = Θ(
√
q). Moreover, for any k distinct elements

a1, . . . , ak ∈ A, denoting aj = ubj with bj ∈ {0, 1, . . . , t − 1}, we have
a1 · · · ak = ub1+···+bk . Since the exponents b1, . . . , bk are distinct and lie in
{0, 1, . . . , t− 1}, for k ≥ 2,

b1 + · · ·+ bk ≤ (t− 1) + · · ·+ (t− k) = k(t− 1)− k(k − 1)

2
<

p− 1

2
.

and so b1 + · · ·+ bk ̸≡ (p− 1)/2 (mod p− 1). Thus, we have a1 · · · ak ̸= −1.
Note that F∗

p ⊂ (F∗
p2)

2. Indeed, F∗
p = ⟨gp+1⟩ for some generator g of F∗

p2

since the order of gp+1 is p− 1. Since p+1 is even, the generator gp+1 of F∗
p

is a square in F∗
p2 . Moreover, since Fp is a subfield of Fp2 , for any distinct

a1, . . . , ak ∈ A we have a1 · · · ak+1 ∈ Fp ⊂ (F∗
p2)

2∪{0}. Thus, for any x ̸= 0,
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we have a1 · · · ak + 1 ̸= αx2. Together with a1 · · · ak ̸= −1, which rules out
the case x = 0, we conclude that a1 · · · ak ̸= h(x) for all x ∈ Fp2 . It follows
that Fk(q;h) = Θ(

√
q).

In general, it seems challenging to determine the asymptotic behavior of
Fk(q;h), and we believe that establishing the full analogue of Conjecture 1.1
over finite fields is completely out of reach. As an example, consider the
same h as above, where q is an odd prime power but not necessarily a square.
As discussed in the introduction, in this case, Fk(q;h) is upper bounded by
the maximum size of a k-Diophantine tuple over Fq. However, the best-known
general lower bound on the latter quantity is Ω(log q), while the best-known
upper bound is O(

√
q); see [17] and the references therein.

(4) The remarks above show that Fk(q;h) could be of the order Θ(q) or
Θ(

√
q), but cannot be of the order Θ(qθ) for 1/2 < θ < 1. A natural question

arises: is it possible to construct h and q such that Fk(q;h) is Θ(qθ) for some
0 < θ < 1/2? We conjecture that the answer is positive if θ = 1/m for each
positive integer m ≥ 3, but we are not able to prove it. Nevertheless, below,
we suggest a plausible construction.

Let m ≥ 3 be a positive integer. Let q = pm with p a prime such that
p ≡ 1 (mod m). Note that Fp is the largest subfield of Fq contained in (Fq)

m.
To see that, if Fpr is a subfield of Fq such that it is contained in (Fq)

m, then
we must have r |m and m | q−1

pr−1 ; however, since p ≡ 1 (mod m), we have

q − 1

pr − 1
=

m/r−1∑
j=0

pjr ≡ m

r
(mod m),

that is, r = 1.
Consider the polynomial h(x) = αxm−1 ∈ Fq[x] for some α ∈ Fq \(Fq)

m.
Since ℓ = 1, n = gcd(ℓ, q − 1) = 1. Thus, m(k, 1; 0) = 0. By a similar
argument to that in (3), we can pick A ⊂ Fp with |A| ≥ p/(2k) so that for
any distinct a1, . . . , ak ∈ A, we have a1a2 · · · ak ̸= h(x) for any x ∈ Fq. This
shows that Fk(q;h) = Ω(q1/m). We suspect that in this setting, we actually
have Fk(q;h) = Θ(q1/m).

Finally, in Section 3, we estimate m(k, n; s) for each s ∈ Zn, where k ≥ 2
and n are positive integers. In particular, when gcd(k, n) = 1, we determine
m(k, n; s) for every s ∈ Zn.

2. Proof of Theorem 1.3. In this section, we prove Theorem 1.3. We
first recall Weil’s bound for multiplicative character sums; see, for example
[7, Theorem 5.41].

Lemma 2.1 (Weil’s bound). Let χ be a multiplicative character of Fq of
order d > 1, and let f ∈ Fq[x] be a monic polynomial of positive degree that
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is not a d-th power of a polynomial. Let n be the number of distinct roots of
f in its splitting field over Fq. Then for any a ∈ Fq,∣∣∣ ∑

x∈Fq

χ(af(x))
∣∣∣ ≤ (n− 1)

√
q.

The following lemma is a generalization of [5, Theorem 10] proved by
Gyarmati, where she established a similar result over prime fields. We include
a short proof for the sake of completeness.

Lemma 2.2. Let f(x) ∈ Fq[x] be a polynomial of degree 1 < m < q.
Assume that for every integer d > 1 with d | (q − 1), the polynomial f is not
a constant multiple of a d-th power in Fq[x]. Let A,B ⊂ F∗

q and assume that

|A| |B| > q

(
q − 1

q −m

)2

(m− 1)2.

Then there exist a ∈ A, b ∈ B, and x ∈ Fq such that ab = f(x).

Proof. Define

N := #{(a, b, x) ∈ A×B × Fq : ab = f(x)}.

Let χ0 be the trivial character. We extend every (multiplicative) character
χ on F∗

q to Fq by setting χ(0) = 0. Note that, for y ∈ F∗
q ,

1{y=1} =
1

q − 1

∑
χ∈F̂∗

q

χ(y),

where F̂∗
q is the set of characters on F∗

q . Then

N =
∑
a∈A

∑
b∈B

∑
x∈Fq

1{ab=f(x)} =
1

q − 1

∑
a∈A

∑
b∈B

∑
x∈Fq

∑
χ∈F̂∗

q

χ(a−1b−1f(x)).

Let r be the number of distinct Fq-roots of f(x). Then

(2.1) (q − 1)N − (q − r)|A| |B| =
∑
a∈A

∑
b∈B

∑
x∈Fq

∑
χ ̸=χ0

χ(a−1b−1f(x)).

By the orthogonality relation,∑
χ∈F̂∗

q

∣∣∣∑
a∈A

χ(a−1)
∣∣∣2 = ∑

χ∈F̂∗
q

∑
a,ã∈A

χ(a−1)χ(ã−1) =
∑
a,ã∈A

∑
χ∈F̂∗

q

χ(a−1ã)

= (q − 1)|A|,

and similarly for B. This, together with the Cauchy–Schwarz inequality and
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Weil’s bound, implies that∣∣∣∑
a∈A

∑
b∈B

∑
x∈Fq

∑
χ ̸=χ0

χ(a−1b−1f(x))
∣∣∣

≤
∑
χ ̸=χ0

∣∣∣∑
a∈A

χ(a−1)
∑
b∈B

χ(b−1)
∣∣∣ ∣∣∣∑

x∈Fq

χ(f(x))
∣∣∣

≤
√ ∑

χ ̸=χ0

∣∣∣∑
a∈A

χ(a−1)
∣∣∣2√ ∑

χ ̸=χ0

∣∣∣∑
b∈B

χ(b−1)
∣∣∣2(m− 1)

√
q

≤ (m− 1)(q − 1)
√

q|A| |B|.
Thus (2.1) implies that∣∣(q − 1)N − (q − r)|A| |B|

∣∣ ≤ (m− 1)(q − 1)
√
q|A| |B|.

Since q − r ≥ q −m, we have
(q − 1)N ≥ (q −m)|A| |B| − (m− 1)(q − 1)

√
q|A| |B|.

Since

|A| |B| > q

(
q − 1

q −m

)2

(m− 1)2,

we have N > 0, as required.

Using Lemma 2.2, we have the following corollary.

Corollary 2.3. Let f(x) ∈ Fq[x] be a polynomial of degree 1 ≤ m < q.
Assume that f(x) ∈ Fq[x] is not a constant multiple of a d-th power of a
polynomial in Fq[x] for any divisor d of q − 1 with d ≥ 2. Let A1, . . . , Ak be
subsets of F∗

q (not necessarily distinct). If |Ai| ≥ 8Cm
√
q + 2k + 2 for each

1 ≤ i ≤ k, where

Cm := (m− 1)
q − 1

q −m
,

then there exist distinct elements a1, . . . , ak such that ai ∈ Ai for 1 ≤ i ≤ k,
and

a1 · · · ak = f(x0)

for some x0 ∈ Fq.

Proof. If m = 1, then f is a bijection on Fq, thus f(Fq) = Fq. We choose
a1 ∈ A1 arbitrarily, and for 2 ≤ j ≤ k choose aj ∈ Aj \ {a1, . . . , aj−1},
which is possible since at step j we exclude at most j − 1 ≤ k − 1 elements.
Set y := a1 · · · ak ∈ F∗

q . Since f(Fq) = Fq, there exists x0 ∈ Fq such that
f(x0) = y, as required.

Next, assume that m ≥ 2. We consider two cases.

Case 1: k = 2. Choose disjoint subsets X ′ ⊂ A1 and Y ′ ⊂ A2 with
|X ′| ≥ ⌊|A1|/2⌋ and |Y ′| ≥ ⌈|A2|/2⌉.
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Then X ′ ∩ Y ′ = ∅, and

|X ′| |Y ′| ≥
⌊
|A1|
2

⌋
·
⌈
|A2|
2

⌉
≥ |A1| − 1

2
· |A2|

2

≥
(8Cm

√
q + 2k + 1)(8Cm

√
q + 2k + 2)

4
.

In particular, since k ≥ 2, the right-hand side is at least 16C2
mq, and so

|X ′| |Y ′| > 16C2
mq ≥ q

(
q − 1

q −m

)2

(m− 1)2.

By applying Lemma 2.2 to f and (X ′, Y ′), we have a1 ∈ X ′, a2 ∈ Y ′, and
x0 ∈ Fq such that a1a2 = f(x0). In particular, a1 ̸= a2 since X ′ ∩ Y ′ = ∅.

Case 2: k ≥ 3. We choose a1 ∈ A1 arbitrarily, and for 2 ≤ j ≤ k − 2
choose aj ∈ Aj \ {a1, . . . , aj−1}, which is possible since at step j we exclude
at most j − 1 ≤ k − 3 elements. Let c := (a1 · · · ak−2)

−1 ∈ F∗
q and define

X := Ak−1 \ {a1, . . . , ak−2}, Y := Ak \ {a1, . . . , ak−2}.
Then

|X| ≥ |Ak−1| − (k − 2) ≥ 8Cm
√
q + k + 2,

|Y | ≥ |Ak| − (k − 2) ≥ 8Cm
√
q + k + 2.

Choose disjoint subsets X0 ⊂ X and Y0 ⊂ Y such that

|X0| ≥ ⌊|X|/2⌋ and |Y0| ≥ ⌈|Y |/2⌉.
In particular, |X0| ≥ (|X| − 1)/2 > 4Cm

√
q and |Y0| ≥ |Y |/2 > 4Cm

√
q and

thus

|X0| |Y0| > 16C2
mq ≥ q

(
q − 1

q −m

)2

(m− 1)2.

Moreover, since c ∈ F∗
q , the polynomial cf is not a constant multiple of a

d-th power for any d | (q − 1) with d > 1. Thus, by applying Lemma 2.2 to
cf and (X0, Y0), there exist ak−1 ∈ X0, ak ∈ Y0, and x0 ∈ Fq such that
ak−1ak = cf(x0). Therefore, a1 · · · ak = f(x0) with a1, . . . , ak distinct, as
required.

Now we are ready to present the proof of Theorem 1.3.

Proof of Theorem 1.3. We first prove an upper bound for Fk(q;h). Let
A ⊂ F∗

q be such that a1 · · · ak ̸= Cf(x)ℓ for any distinct a1, . . . , ak ∈ A and
for any x ∈ Fq. Then we decompose

A =

n−1⋃
i=0

Ai,

where Ai = A ∩ giH for 0 ≤ i ≤ n− 1.
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Note that H = ⟨gn⟩ = ⟨gℓ⟩ = (F∗
q)

ℓ and |H| = (q − 1)/n. Therefore,
for each a ∈ Ai ⊂ giH, we may write a = gixℓ for some x ∈ F∗

q , and
choosing one such x for each a ∈ Ai gives a set Bi ⊂ F∗

q with |Bi| = |Ai|
and Ai = {gixℓ : x ∈ Bi}. Let M := M(k,m) be a constant such that
Corollary 2.3 applies whenever |Ai| ≥ M

√
q for all i (for example, one may

take M = 8Cm + 2k + 2). Define

B = {0 ≤ i ≤ n− 1: |Ai| ≥ M
√
q} ⊂ Zn.

Next, we prove the following key claim.

Claim 2.4. s /∈ kB.

Proof. Suppose that s ∈ kB. Then there exist indices i1, . . . , ik ∈ B (not
necessarily distinct) such that

i1 + · · ·+ ik ≡ s (mod n).

Let i1 + · · · + ik = tn + s for some t ∈ Z. Note that there exists an integer
t′ such that

(2.2) (gt
′
)ℓ =

gtn+s

C
.

Indeed, since C ∈ gsH, we may write C = gsh0 for some h0 ∈ H. Then
gtn+s

C
=

gtn

h0
∈ H.

Since the index of H is n, every element of H is an ℓ-th power in F∗
q . Thus,

there exists u ∈ F∗
q with uℓ = gtn+s/C, and write u = gt

′ . This gives the
required t′.

Since ℓ is chosen maximal in the representation h = Cf ℓ, the polyno-
mial f is not a constant multiple of a d-th power in Fq[x] for any integer
d | (q − 1) with d > 1. Also, since |Bi| = |Ai| ≥ M

√
q for each i, by Corol-

lary 2.3 applied to the polynomial f(x)/gt′ and sets Bi1 , . . . , Bik , there exist
distinct x1, . . . , xk, where xj ∈ Bij for 1 ≤ j ≤ k, such that

x1 · · ·xk =
f(x0)

gt′

for some x0 ∈ Fq. Thus, by (2.2),

gi1xℓ1g
i2xℓ2 · · · gikxℓk = gtn+s(x1 · · ·xk)ℓ = C(f(x0))

ℓ.

Note that gijxℓj ∈ Aij ⊂ A for each 1 ≤ j ≤ k. Moreover, these k elements
are distinct. Indeed, let 1 ≤ j1, j2 ≤ k with j1 ̸= j2. If ij1 ̸= ij2 , then gij1xℓj1
and gij2xℓj2 are in different cosets of H so they are different; if ij1 = ij2 , then
since xj1 ̸= xj2 by the construction of Bij1

, we know gij1xℓj1 ̸= gij2xℓj2 . This
contradicts the defining property of A. Thus, s /∈ kB.
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Thus, by the definition of m(k, n; s), we obtain |B| ≤ m(k, n; s). We
conclude that

|A| =
∑
i∈B

|Ai|+
∑
i/∈B

|Ai| ≤ |B| · q − 1

n
+O(

√
q) ≤ m(k, n; s)

n
· q +O(

√
q),

as required.
Now, we obtain a lower bound of Fk(q;h). Let B0 ⊂ Zn with |B0| =

m(k, n; s) and s /∈ kB0. Define

A0 :=
⋃
i∈B0

giH ⊂ F∗
q .

Then

|A0| = |B0| |H| = m(k, n; s) · q − 1

n
.

To finish our proof, we show that for any distinct a1, . . . , ak ∈ A0 and any
x ∈ Fq, we have a1 · · · ak ̸= h(x). For each 1 ≤ j ≤ k, choose ij ∈ B0 such
that aj ∈ gijH. Then a1 · · · ak ∈ gi1+···+ikH, so there exists t ∈ kB0 such
that a1 · · · ak ∈ gtH. Note that h(x) ∈ gsH for all x ∈ Fq. Since s /∈ kB0,
we have t ̸= s in Zn, and therefore gtH ̸= gsH. This implies a1 · · · ak ̸= h(x)
for all x ∈ Fq.

Remark 2.5. Our proof shows that if A ⊂ F∗
q satisfies (⋆) for h in

Definition 1.2 and satisfies

|A| ≥ m(k, n; s)

n
· q −O(

√
q),

then the set A consists of m(k, n; s) cosets of H, up to O(
√
q) exceptional

elements. More precisely, there exists a set B0 ⊂ Zn with |B0| = m(k, n; s)
and s /∈ kB0 such that ∣∣∣A △

⋃
i∈B0

giH
∣∣∣ = O(

√
q).

In other words, if m(k, n; s) > 0, then extremal sets are essentially unions of
m(k, n; s) cosets of H.

Remark 2.6. We finally remark that the natural k-set analogues of
Lemma 2.2 and Corollary 2.3 do not hold. More precisely, if one replaces
the hypotheses by

∏
i∈[k] |Ai| ≥ Ω(qmk) and |Ai| ≥ Ω(q1/k), respectively,

then the resulting statements fail in general. Here, the implicit constants
only depend on m = deg f and k. Assume for contradiction that these ana-
logues hold. Then, by following the proof of Theorem 1.3, one can deduce
that

Fk(q;h) =
m(k, n; s)

n
· q +O(q1/k).
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However, Remark 1.4(3) guarantees that there exists a polynomial h and
infinitely many prime powers q for which m(k, n; s) = 0, while Fk(q;h) =
Θ(

√
q) for each fixed k ≥ 2. Hence, taking k strictly larger than two yields

a contradiction.

3. An estimate for m(k, n; s). In this section, we estimate m(k, n; s)
for each s ∈ Zn, where k ≥ 2 and n are positive integers. We obtain an
upper bound from Bajnok’s work [1] and a lower bound by a proper explicit
construction.

Proposition 3.1. Let k ≥ 2 and n be positive integers. Then, for each
s ∈ Zn, we have

max
d|n

(⌊
d− 1− gcd(d, k)

k

⌋
+ 1

)
n

d
≤ m(k, n; s) ≤ max

d|n

(⌊
d− 2

k

⌋
+ 1

)
n

d
.

Proof. The upper bound is immediate from [1, Theorem 6]. Let χ(Zn, k)
be the minimum value of m, if exists, for which the k-fold sumset of every m-
subset of Zn equals Zn itself. Then, every subset B ⊂ Zn with |B| ≥ χ(Zn, k)
satisfies kB = Zn, so m(k, n; s) ≤ χ(Zn, k)− 1. The formula for χ(Zn, k)− 1
can be found in [1, Theorem 6], which coincides with the upper bound.

We now consider a lower bound of m(k, n; s). Fix a divisor d |n and let
K := dZn ≤ Zn be the subgroup of index d. Let π : Zn → Zn/K ∼= Zd be
the canonical projection. Set r := gcd(d, k) and define

t :=

⌊
d− 1− r

k

⌋
+ 1.

Choose a subset T ⊂ Zd of size t,

T = {a, a+ 1, . . . , a+ t− 1} ⊂ Zd,

for some a ∈ Zd. Let B := π−1(T ) ⊂ Zn. Then |B| = |T | |K| = tn/d.
We claim that s /∈ kB for a suitable choice of a. Indeed, since π is a

homomorphism, we have π(kB) = kT . In addition, since T is an interval of
length t, we have

kT = {ka, ka+ 1, . . . , ka+ k(t− 1)},

so |kT | = k(t− 1) + 1 ≤ d− r by the definition of t. Let

F := π(s)− {0, 1, . . . , k(t− 1)} ⊂ Zd.

Then π(s) /∈ kT is equivalent to ka /∈ F .
Now, the set of possible values of ka as a varies is exactly kZd = rZd.

Since rZd = {0, r, 2r, . . . , d − r}, any interval that contains all of rZd must
have length at least d − r + 1. Thus, F cannot contain all elements of rZd

since |F | = k(t − 1) + 1 ≤ d − r. So, we may choose y ∈ rZd \ F . Since
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y ∈ rZd = kZd, there exists a ∈ Zd such that ka = y. For this choice of a,
we have ka /∈ F , hence π(s) /∈ kT , and therefore s /∈ kB.

When gcd(k, n) = 1, we obtain the following corollary immediately.

Corollary 3.2. Let k ≥ 2 and n be positive integers. If gcd(k, n) = 1,
then for each s ∈ Zn, we have

(3.1) m(k, n; s) = max
d|n

(⌊
d− 2

k

⌋
+ 1

)
n

d
.

When s = 0, this quantity m(k, n; s) asks for the maximum size of a
k-zero-free subset of Zn. It was first studied by Sargsyan [13]. He was not
able to determine the exact values of m(k, n; 0) in general, although several
lower and upper bounds are given in [13, Section 3]. Instead, he determined
an exact formula for m(k, n; 0) when gcd(k, n) = 1. In this case, his result
can also yield the same formula for m(k, n; s), described in Corollary 3.2.

Indeed, for t ∈ Zn we have k(B + t) = kB + kt. Since gcd(k, n) = 1,
multiplication by k is a bijection on Zn, so for any s we can choose t ≡
−k−1s (mod n). Note that 0 /∈ k(B + t) is equivalent to −kt = s /∈ kB.
Since |B| = |B + t|, m(k, n; s) = m(k, n; 0) for all s ∈ Zn. When s = 0, [13,
Corollary in Section 3] gives an exact formula of m(k, n; 0), which coincides
with equation (3.1).
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