INSTITUTE OF MATHEMATICS of the Polish Academy of Sciences

Śniadeckich 8, P.O.B. 137, 00-950 Warszawa, Poland www.impan.gov.pl

January 2001 Preprint 613

Urszula Skórnik-Pokarowska Holomorphic Characterizations of Certain Classes of Distributions

Presented by Jaroslav Zemánek

Published as manuscript

Institute of Mathematics of the Polish Academy of Sciences

Holomorphic Characterizations of Certain Classes of Distributions

Urszula Skórnik-Pokarowska

Warsaw University of Agriculture Nowoursynowska 166 02-787 Warszawa, Poland e-mail: skorp@bri.kei.sggw.waw.pl

PhD THESIS

Supervisor: Prof. Dr. Hab. Jaroslav Zemánek

ABSTRACT

We give two holomorphic characterizations of the space D^′_Lp of distributions for 1 < p < ∞. Using the almost analytic continuation method we have found sufficient conditions for a function f holomorphic in C \ R or even in a smaller region, a stripe along the real line, to have its boundary values in the space D^′_Lp (R) for 1 < p < ∞. We will also give another characterization of holomorphic functions whose boundary values are in D^′_Lp for 1 < p < ∞.

We are also concerned with the holomorphic representation of integrable distributions. We present some applications of the holomorphic representation of distributions.

MSC: 46F20, 30E20.

Key words and phrases: Cauchy transform of distributions, analytic representation of distributions.

1

Contents

Introduction I. Preliminary notions and definitions

1. The Fourier transform. 2. The Hilbert transform. 3. The Cauchy transform. 4. Complex Stokes theorem.

5. Some spaces of distributions and their properties.

II. Elements of D^′_Lp (R) as boundary values of holomorphic functions 1. Introduction. 2. Examples.

3. The Cauchy transform of distributions belonging to D^′_Lp . 4. Boundary value characterization of D^′_Lp .

III. Integrable distributions

1. Introduction.

2. The Cauchy transform of integrable distributions.

IV. Applications of holomorphic representation

1. Application of the holomorphic representation of distributions to determining the integral of integrable distributions.

2. The integral of distributions with a compact support.

3. Application of the Cauchy transform to determining the Fourier transform of some distributions.

4. The Fourier transform of finite parts F p^1_{(·)k} .

5. Holomorphic representation and its application to the Hilbert problem.

References

List of Symbols

INTRODUCTION

The thesis consists of four chapters. In Chapter I we introduce some definitions and present well known facts that will prove useful in the next chapters. We discuss such integral transforms as the Cauchy, the Hilbert and the Fourier transforms. We also outline important facts concerning all these transforms. Next, we present the complex Stokes theorem which is an essential tool in one of the proofs in Chapter II. Moreover, we give definitions of the spaces D^′(R) and S^′(R) and state some important theorems for these spaces.

Chapter II contains main results of the thesis. We give two holomorphic characterizations of the space D^′_Lp of distributions for 1 < p < ∞ (see Theorem 2.5, p. 29 and Theorem 2.6, p. 32). The study of holomorphic characterization of distributions was inspired by the Cauchy transform. The Cauchy transform of a distribution is a generalization of the Cauchy integral of a function f holomorphic in a domain D, given by Cf(z) = 1 2πi ∫ ∂D f(s) s − z ds = { f(z), for z ∈ D; 0, for z ∉ D, where the function f is to be replaced by a distribution Λ, and the boundary ∂D of D by the real line.

In the thesis we discuss some classes of distributions for which the Cauchy transform can be defined. In cases when the Cauchy transform CΛ of a distribution Λ exists, it is a holomorphic function in C \ R. Moreover, this function CΛ(z) has got an important property. Namely, Λ = lim_{ε→0}[CΛ(· + iε) − CΛ(· − iε)],

in the sense of convergence in the appropriate space of distributions. In other words, for a distribution Λ we can find two holomorphic functions, such that Λ is a boundary value of their difference (see Theorem 2.4, p. 26 and Theorem 3.3, p. 39).

For example take the Dirac δ. This is an integrable distribution (the definition of the space of integrable distributions can be found in Chapter III). For each function φ ∈ D_L∞ we have δ(φ) = φ(0). Due to the Cauchy transform the distribution δ can be interpreted as:

δ = lim_{y→0} −1 2πi [ 1 · + iy − 1 · − iy ] (see p. 40).

The function f(z) =^{−1}_{2πiz} is a holomorphic function in C \ R.

This holomorphic representation, sometimes referred to as a boundary value representation, has got many applications, eg. to differential equations. The main advantage is that many operations on distributions can be replaced by operations on corresponding holomorphic functions. Some important applications of holomorphic representation can be found in Chapter IV.

In Chapter II we have characterized the Cauchy transform of distributions in D^′_Lp (R), where 1 < p < ∞. Namely, if Λ ∈ D^′_Lp (R), where 1 < p < ∞, then CΛ is a holomorphic function in C \ R and there exist constants m ∈ N_0 and M > 0 such that

‖ CΛ(· + iy) ‖_Lp ≤ M 1 |y|^k , where k = { 0, for |y| > 1, m, for 0 < |y| ≤ 1, (see Theorem 2.3, p. 22).

The Cauchy transform is an operator from the space D^′_Lp (R) into the space H(C \ R) of functions holomorphic in C \ R. In the thesis we have considered the inverse problem. We have tried to distinguish those holomorphic functions in C \ R that have their boundary values in the space D^′_Lp . We have found sufficient conditions for a function f holomorphic in C \ R or even in a smaller region, a stripe along the real line, to have its boundary values in the space D^′_Lp (R) for 1 < p < ∞. Namely, using the almost analytic continuation method (see [26]) we have arrived at the following characterization (see Theorem 2.5, p. 29).

Let f be a holomorphic function in Ψ_0 \ R, where Ψ_0 = {z : z ∈ C, ℑz < δ_0, }, δ_0 = δ_0(f) > 0 and ‖ f(· + iy) ‖_Lp ≤ M 1 |y|^k , where k = { 0, for |y| > 1, m, for 0 < |y| ≤ 1, p > 1 and M > 0. Then for each φ ∈ D_Lq , where^1_p +^1_q = 1 there exists the limit

⟨T f, φ⟩ = lim_{y→0} ∫ R [f(x + iy) − f(x − iy)]φ(x)dx,

in D^′_Lp and T f is a distribution in D^′_Lp .

We will also give another characterization of holomorphic functions whose boundary values are in D^′_Lp for 1 < p < ∞. By assuming a different condition on the growth of holomorphic functions we have obtained a condition for a function to be the Cauchy transform of a distribution in D^′_Lp for 1 < p < ∞. This result is a generalization of the theorem known for p = 2 (see [17]) and for 1 < p ≤ 2 (see [32]). We have the following theorem (see Theorem 2.6, p. 32):

A function F ∈ H(Π^+ ∪ Π^−), where Π^+ = {z : z ∈ C, ℑz > 0} and Π^− = {z : z ∈ C, ℑz < 0}, is the Cauchy transform of a distribution from D^′_Lp , 1 < p < ∞, if and only if

F (z) = m∑ n=0 d^n dz^n

F_n(z),

where F_n ∈ H(Π^+ ∪ Π^−) and sup_{y≠0} ∫ R |F_n(x + iy)|^pdx < ∞.

The holomorphic characterization of distributions has a long history.

The boundary value representation for distributions in D^′(R) was considered by H. J. Bremermann and L. Durand (see [2]), H. G. Tillmann (see [36], [37]), D. Vogt (see [39]) and M. Orton (see [23]) and was also examined in a different context by Z. Szmydt and B. Ziemian in [35].

The problem of holomorphic representation for distributions in D^′_Lp was tackled by Z. Łuszczki and Z. Zielezny in [21] and R. D. Carmichael in [4], [5] and [6]. The latter, however, assumed a different growth of holomorphic functions. Also J. N. Pandey in [24] assumed a different estimation for his boundary value representation (see Theorem 6, p. 104 and Theorem 7, p. 106). In fact we have succeeded in improving the results of J. N. Pandey. In comparison with the preceding results the Theorems 2.5 and 2.6 seem to be a natural characterization. Moreover, the proofs are not complicated and do not require using advanced tools.

Chapter III is devoted to integrable distributions and their holomorphic representations. We have characterized the Cauchy transform of an integrable distribution. The Cauchy transform of integrable distributions plays a similar role as it does for the distributions in D^′_Lp for 1 < p < ∞. Namely, an integrable distribution can be recovered from its Cauchy transform. Unfortunately, we have not been able to describe holomorphic functions which have their boundary values in D^′_{L1} (R).

In Chapter IV we present some applications of the holomorphic representation of distributions. We show that the holomorphic representation can be applied to obtain the integral of an integrable distribution (see Theorem 4.1, p. 43 and Theorem 4.4, p. 47). We also give an example of distributions that belong to the space D^′_Lp , namely, the Cauchy finite parts of an integral. We calculate the Cauchy transforms of these distributions (see formula (4.18), p. 49). Then we estimate their Cauchy transforms to illustrate the theorems obtained in Chapter II and Chapter III. Next we use the Cauchy transforms to obtain in an easy way the Fourier transforms of finite parts of an integral treated as distributions in D^′_Lp for p > 1 (see formula (4.19), p. 51). We also show that the holomorphic representation of distributions plays an important role in solving the Hilbert problem.

CHAPTER I

PRELIMINARY NOTIONS AND DEFINITIONS

This chapter is devoted to integral transforms such as the Cauchy transform, the Hilbert transform and the Fourier transform. The aim is to outline basic properties of these mappings acting on the spaces L^p(R) and to prove essential theorems required in the main results of the thesis. We will also introduce some spaces of distributions and show their properties which we will use later.

Let N_0 = N ∪ {0}. By ‖ · ‖_Lp we denote the norm in the space L^p(R).

1. The Fourier Transform.

Definition 1.1.

The Fourier transform Ff of a function f : R → C is a function f̂ defined by

(Ff)(w) = f̂(w) =

∫_∞ −∞ f(t)e^{iwt}dt

provided that the integral exists.

We are mainly interested in the Fourier transform on the spaces L^p(R). Let us recall the following properties of the Fourier transform on the space L^1(R).

Theorem 1.1. Let f ∈ L^1(R). Then i) Ff(w) =

∫_∞ −∞ f(t)e^{iwt}dt is well defined for all w ∈ R;

ii) Ff(w) is uniformly continuous and bounded on R; iii) Ff(w) → 0 as |w| → ∞.

The Fourier transform of functions belonging to L^2(R) does not necesserily exist in the pointwise sense. Because of that Plancherel defined the Fourier transform of functions in L^2(R) in the following way.

Definition 1.2 (see [29], p. 200 and [38], p. 29).

Let f ∈ L^2(R). Then there exists a function f̂(w) ∈ L^2(R) such that

‖ f̂(w) −

∫_a −a f(t)e^{iwt}dt ‖_L2 → 0, as a → ∞.

We write f̂(w) = l.i.m._{a→∞}

∫_a −a f(t)e^{iwt}dt

and say that f̂ is the Fourier-Plancherel transform of f .

Moreover,

‖ f(x) − 1 2π ∫_a −a f̂(w)e^{−iwx}dw ‖_{L2} → 0 as a → ∞.

The theory of the Fourier transform for L^p(R) functions, where 1 < p ≤ 2 was developed by Titchmarsh in [38].

Theorem 1.2 (see [38], p. 96 and [24], p. 7). Let f ∈ L^p(R), 1 < p ≤ 2. Then there exists a function f̂(ξ) ∈ L^q(R), where^1_p +^1_q = 1 such that

‖ f̂(ξ) −

∫_N −N f(t)e^{itξ}dt ‖_Lq → 0 as N → ∞.

Furthermore

‖ f(ξ) − 1 2π ∫_N −N f̂(t)e^{−itξ}dt ‖_{Lp} → 0 as N → ∞.

The Fourier reciprocity relation holds in the sense that

f̂(ξ) = d dξ ∫_∞ −∞ f(t) e^{iξt} − 1 it dt a.e.,

f(x) = d dx ∫_∞ −∞ f̂(ξ) e^{−iξx} − 1 −iξ dξ a.e.

Moreover, ‖ f̂ ‖_Lq ≤ K(p) (∫_∞ −∞ |f(x)|^pdx

) 1_{p−1} , where K(p) is a constant depending on p.

2. The Hilbert Transform.

Definition 1.3 (see [8], p. 341, [24]; p. 75 and [38], p. 120).

The Hilbert transform (Hf)(x) of a function f : R → C is a function Hf defined by (1.1) (Hf)(x) = 1 π ∫_∞ −∞ f(t) x − t dt, provided that the integral exists.

Let f ∈ L^1. Then the Hilbert transform Hf exists a.e. provided that the integral has to be understood in the sense of the principal value of Cauchy (P v), i.e.

(1.1’) (Hf)(x) = 1 π (P v)

∫_∞ −∞ f(t) x − t dt = 1 π lim_{ε→0+}

(∫_{x−ε} −∞ + ∫_∞ x+ε ) f(t) x − t dt. The expression on the right of (1.1’) is sometimes denoted by 1 π p.v.

∫_∞ −∞ f(t) x − t dt or by 1 π (P )

∫_∞ −∞ f(t) x − t dt and the function Hf is sometimes called the conjugate of f .

The theory of Hilbert transform was developed by Riesz, Titchmarsh, Zygmund, Calderon and many others in the study of singular integrals. We will briefly recall some of the important properties of the Hilbert transform of functions in L^p(R).

1. If f ∈ L^p(R), 1 < p < ∞, then (Hf)(x) exists a.e. on R and it belongs to L^p(R). The limit (1.1’) exists in L^p sense. There exists C_p > 0 independent of f such that

‖ Hf ‖_Lp ≤ C_p ‖ f ‖_Lp .

2. If f(t) and g(t) belong to L^p(R) and L^q(R) respectively, where 1 < p < ∞ and 1 p +^1_q = 1, then ∫_∞ −∞ (Hf)(x)g(x)dx = −

∫_∞ −∞ f(x)(Hg)(x)dx.

This relation can be written as ⟨Hf, g⟩ = ⟨f, −Hg⟩.

3. Let H be the operator on L^p, 1 < p < ∞, defined by (1.1’). Then

(H^2f)(x) = −f(x) a.e.

and in L^p sense. The above relation can be expressed as H^2 = −I on L^p(R), for 1 < p < ∞.

4. If f ∈ L^p(R), 1 < p < ∞, then we can define functions u(x, y) and v(x, y) by

(1.2) u(x, y) = 1 π ∫_∞ −∞ f(t)y (t − x)^2 + y^2 dt, v(x, y) = 1 π ∫_∞ −∞ f(t)(t − x) (t − x)^2 + y^2 dt. Both functions exist for y ≠ 0 and belong to L^p(R) when treated as functions of x for each fixed y ≠ 0. Functions u and v are also conjugate harmonic functions in the region y ≠ 0. Furthermore lim_{y→0+} u(x, y) = f(x)

lim_{y→0+} v(x, y) = −Hf(x)

where the limits hold in L^p sense and a.e. These facts can be found eg. in [20], pp 142-145, [24], pp 92-93 and [38], pp 122-141.

Note that if f ∈ L^1 then the Hilbert transform Hf is in general not a L^1-function.

3. The Cauchy Transform.

The Cauchy transform is a generalization of the Cauchy integral of a holomorphic function in a domain D, given by

Cf(z) = 1 2πi ∫ ∂D f(s) s − z ds = { f(z), for z ∈ D 0, for z ∉ D,

where the boundary ∂D of D, the contour of integration is to be replaced by the real line, and a holomorphic function by a function eg. of L^p(R) or by a distribution (see [3], p. 43, [8], p. 332, [13], p. 164). It is sometimes called a generalized Cauchy integral or a Cauchy representation.

Definition 1.4.

Let f ∈ L^p(R), where 1 < p < ∞. The function Cf : C \ R → C defined by

Cf(z) = 1 2πi ∫_∞ −∞ f(t) t − z dt, ℑz ≠ 0

is called the Cauchy transform of f .

The properties of the Cauchy transform of a function belonging to L^p are shown in the next theorem which can be derived from the results obtained by Riesz, Hille and Tamarkin (see [8], Theorems 2.1 and 3.1, [9], Theorem 2 and [20], pp 137-142). We give an elementary proof of this important theorem.

Theorem 1.3. Let f ∈ L^p(R), where 1 < p < ∞. Then the Cauchy transform Cf(z) of the function f exists and is a holomorphic function in C \ R. For the function Cf(z) we have d dz Cf(z) = 1 2πi ∫_∞ −∞ f(t) (t − z)^2 dt for each ℑz ≠ 0.

Moreover, Cf(x + iy) belongs to L^p(R) as a function in x for each fixed y ≠ 0 and

(1.3) sup_{y≠0} ‖ Cf(· + iy) ‖_Lp < ∞.

Proof.

Let us notice that the function

g(t) = 1 t − z is in L^p(R) for p > 1 and ℑz ≠ 0.

We will prove that

Cf(z + h) − Cf(z) h − 1 2πi ∫ R f(t) (t − z)^2 dt → 0 as h → 0, for ℑz ≠ 0.

We have

Cf(z + h) − Cf(z) h − 1 2πi ∫ R f(t) (t − z)^2 dt = h 2πi ∫ R f(t)dt (t − z − h)(t − z)^2 . Using the Hölder inequality we can estimate now | | | ∫ R f(t)dt (t − z − h)(t − z)^2 | | | ≤ (∫_∞ −∞ |f(t)|^pdt

) 1_p (∫_∞ −∞ | | | 1 (t − z − h)(t − z)^2 | | | q dt )^1_q

≤ C (∫_∞ −∞ | | | 1 (t − z − h)(t − z)^2 | | | q dt )^1_q . It suffices to estimate the integral ∫_∞ −∞ | 1 (t − z − h)(t − z)^2

|^qdt.

Take now z = x + iy and h = ξ + iη. By Hölder’s inequality we have ∫_∞ −∞ | | | | 1 (t − z − h)(t − z)^2 | | | | q dt ≤

≤ (∫_∞ −∞ ( 1 (t − x)^2 + y^2

)_q2 dt )^1_q (∫_∞ −∞ ( 1 (t − x − ξ)^2 + (y + η)^2

)^{pq}_2 dt ) 1_p . Take now h small such that |h| < δ < |y| and put d = y − δ if y > 0 and d = |y + δ| if y < 0. Then, since q^2 > 1 and^{pq}_2 >^1_2 we have (∫_∞ −∞ ( 1 (t − x)^2 + y^2

)_q2 dt )^1_q ≤ (∫_∞ −∞ ( 1 (t − x)^2 + d^2

)_q2 dt )^1_q = B < ∞, (∫_∞ −∞ ( 1 (t − x − ξ)^2 + (y + η)^2

)^{pq}_2 dt ) 1_p ≤ (∫_∞ −∞ ( 1 (t − x − ξ)^2 + d^2

)^{pq}_2 dt ) 1_p = D < ∞.

Hence | | | h 2πi ∫ R f(t)dt (t − z − h)(t − z)^2 | | | ≤ |h| 2π C · B^{1q} · D^{1q} → 0 as h → 0.

Therefore Cf(z) is a holomorphic function for ℑz ≠ 0 and its derivative is equal d dz Cf(z) = 1 2πi ∫_∞ −∞ f(t) (t − z)^2 dt for each ℑz ≠ 0.

Let us notice that for any function f ∈ L^p(R) the Cauchy transform Cf(z) can be expressed as a sum of two functions:

Cf(z) = 1 2πi ∫ R f(t)(t − x)dt (t − x)^2 + y^2 + 1 2π ∫ R f(t)ydt (t − x)^2 + y^2 . By (1.2) we obtain that

Cf(x + iy) = 1 2i v(x, y) + 1 2 u(x, y),

where both functions u(x, y) and v(x, y) belong to L^p(R) as functions in x ∈ R for each y ≠ 0. Hence, Cf(· + iy) ∈ L^p(R) for each y ≠ 0.

To show that sup_{y≠0} ‖ Cf(· + iy) ‖_Lp < ∞

we can refer to Theorem 2.1 in [8] and Theorem 2 in [9] or Corollary 1, p. 145 in [20].

4. Complex Stokes’ Theorem (see [10], p. 2).

Let D be a bounded open set in C, such that the boundary ∂D consists of a finite number of C^1 Jordan curves. If u ∈ C^1(D̄), then by Stokes’ formula ∫ ∂D udz = ∫ ∫ D du ∧ dz,

or if we note that du ∧ dz =^{∂u}_{∂z̄} dz̄ ∧ dz = 2i^{∂u}_{∂z̄} dx ∧ dy ∫ ∂D udz = 2i ∫ ∫ D ∂u ∂z̄ dz̄ ∧ dz.

5. Some Spaces of Distributions and their Properties. Let Ω be an open set in R. We shall denote by D(Ω) the set of all infinitely differentiable functions with compact supports contained in Ω. Obviously, D(Ω) is a vector space.

We introduce a convergence of sequences in D(Ω). Definition 1.5 (see [22], p. 15).

We say that a sequence (φ_ν )_{ν∈N}, φ_ν ∈ D(Ω) converges to φ ∈ D(Ω) in D if (i) there exists a compact set K ⊂ Ω such that supp φ_ν ⊂ K for each ν ∈ N and (ii) the sequence (φ^{(n)}_ν )_{ν∈N} converges to φ^{(n)} uniformly on K for each n ∈ N_0. Definition 1.6.

A linear complex form defined on D(Ω) continuous with respect to the above convergence is said to be a distribution. The set of all distributions will be denoted by D^′(Ω).

If Ω = R we write D instead of D(Ω) and D^′ instead of D^′(Ω). Theorem 1.4 (see [12], p. 313 and [11], p. 33). A linear form Λ defined on D(Ω) is continuous if and only if for every compact set K ⊂ Ω there exist a constant C > 0 and m ∈ N_0 such that for each φ ∈ D(Ω)

(1.4) |Λ(φ)| ≤ C ‖ φ ‖_{m,K},

where ‖ φ ‖_{m,K} = max_{n≤m} sup_{x∈K} |φ^{(n)}(x)| and supp φ ⊂ K.

Examples.

1. Regular distributions.

Let f ∈ L^1(R) and define Λ_f (φ) = ∫ R f(x)φ(x)dx. In fact, it is sufficient to take f ∈ L^1_{loc} because the supp φ is compact. Of course, |Λ_f (φ)| ≤‖ f ‖_L1_{loc} ‖ φ ‖_{m,K} ,

if supp φ ⊂ K. Therefore Λ_f is in D^′. The distribution Λ_f is called a regular distribution.

2. The Dirac delta distribution. Put δ(φ) = φ(0) for φ ∈ D. We have |δ(φ)| = |φ(0)| ≤ sup_{x∈K} ‖ φ ‖_{0,K}

where supp φ ⊂ K. Hence, δ is a distribution. The Dirac delta distribution is not a regular distribution. Any distribution that cannot be defined in terms of a locally integrable function f as in Example 1, is said to be singular.

We will show that δ is a singular distribution. Suppose by contradiction that δ is a regular distribution, i.e. there exists a function f ∈ L^1_{loc} such that for each function φ ∈ D δ(φ) = ∫ R f(x)φ(x)dx.

Take a function φ(x) := { exp(x^2 − 1)^{−1}, for |x| < 1, 0, for |x| ≥ 1.

Put φ_n(x) = φ(nx). Of course φ ∈ D. For each n ∈ N we have δ(φ_n) = φ(0) = e^{−1}. On the other hand

δ(φ) = ∫ R f(x)φ_n(x)dx = ∫ |x|<^1_n

f(x)exp((nx)^2 − 1)^{−1}dx ≤

≤ e^{−1} ∫ |x|<^1_n

|f(x)|dx → 0 as n → ∞.

Hence δ(φ_n) → 0 as n → ∞. This contradicts the fact that δ(φ_n) = e^{−1} for each n ∈ N.

3. The Cauchy Principal Value.

The function x^{−1} is not integrable at zero and so it does not define a regular distribution; for an arbitrary function φ ∈ D the integral ∫_∞ −∞ φ(x) x dx in general does not converge. Nevertheless we can use it to generate a singular distribution by taking the Cauchy Principal Value of the divergent integrals which arise. Writing this distribution as P v{x^{−1}}, to distinguish it from the ordinary function x^{−1}, we have

P v{x^{−1}}(φ) = P v

∫_∞ −∞ φ(x) x dx = lim_{ε→0} ∫ |x|>ε

φ(x) x dx = lim_{ε→0} [∫_∞ +ε φ(x) x dx +

∫_{−ε} −∞ φ(x) x dx ]

= lim_{ε→0}

∫_∞ +ε φ(x) − φ(−x) x dx. We will show that P v{x^{−1}} defines a distribution in D^′.

Let φ be in D and supp φ ⊂ [−a, a]. We can define a function

ψ(x) =

{_{φ(x)−φ(0)} x for x ≠ 0, φ^′(0) for x = 0.

Clearly, ψ is continuous and φ(x) = φ(0) + xψ(x) for x ∈ R. By the mean value theorem, we have ψ(x) = φ^′(θ_x · x), 0 < θ_x < 1 for x ≠ 0.

This implies that

|ψ(x)| ≤ sup_{x∈[−a,a]} |φ^′(x)| ≤‖ φ ‖_{1,[−a,a]}

for x ∈ R. Note that ∫ |x|>ε

φ(x) x dx = ∫ ε<|x|≤a

φ(x) x dx = ∫ ε<|x|≤a

ψ(x)dx.

By the Lebesgue theorem we have

Λ(φ) = lim_{ε→0} ∫ |x|>ε

φ(x) x dx = ∫ |x|≤a

ψ(x)dx.

Hence, |Λ(φ)| ≤ 2a ‖ φ ‖_{1,[−a,a]} .

By Theorem 1.4, Λ is a distribution.

The Cauchy Principal Value is also denoted by F p^1_x or by^1_{(·)} and is sometimes called the Cauchy finite part of an integral.

Let Λ_α, Λ be in D^′(Ω).

Definition 1.7 (see [22], p. 47).

We say that Λ_α distributionally converges to Λ as α → α_0 if for each φ ∈ D(Ω) lim_{α→α0} Λ_α(φ) = Λ(φ).

In particular, if ν ∈ N then we say that lim_{ν→∞} Λ_ν = lim 1_{ν →0} Λ_ν = Λ if for each φ ∈ D(Ω) we have lim_{ν→∞} Λ_ν (φ) = Λ(φ).

Example.

The following sequences 1 2 νe^{−ν|x|} (P icard), 1 π ν 1 + (νx)^2

(Cauchy), ν √ 2π e^{−12 (νx)2} (Gauss),

where ν = 1, 2, ..., are distributionally convergent to δ.

Let S denote the set of all C^∞(R) functions for which there exist constants C_{k,n} such that |x^kφ^{(n)}(x)| ≤ C_{k,n}, for x ∈ R and k, n ∈ N_0.

We introduce a family of norms in S by putting

‖ φ ‖_m= max

0≤k+n≤m

sup_{x∈R} |x^kφ^{(n)}(x)|.

Definition 1.8 (see [22], p. 60 and [34], p. 102).

A sequence (φ_ν )_{ν∈N} is said to be convergent to φ in S, if ‖ φ_ν − φ ‖_m tends to zero as ν → ∞ for each m = 0, 1, 2...

Obviously, (φ_ν )_{ν∈N} converges in S to φ as ν → ∞ if and only if (x^nφ^{(m)}_ν )_{ν∈N} converges uniformly to x^nφ^{(m)} in R for each n, m ∈ N_0 (see [22], p. 60). If φ_ν , φ ∈ D and (φ_ν )_{ν∈N} converges to φ as ν → ∞ in D then (φ_ν )_{ν∈N} converges to φ as ν → ∞ in S.

It is easy to show that D is dense in S (see [22], p. 60). Definition 1.9 (see [34], p. 111).

A linear form defined on S and continuous with respect to the convergence in S is called a tempered distribution. The set of all tempered distributions will be denoted by S^′.

Remark 1.1.

Not every distribution on D can be extended to a tempered distribution. Example.

Let δ_a(φ) = φ(a) and define Λ =

∑_∞

n=−∞ δne n^2 . Then Λ ∈ D′(R) but it does not

belong to S^′(R). We have

Λ(φ) = ∞∑ n=−∞

e^{n2} φ(n).

For each φ ∈ D with supp φ ⊂ K we have |Λ(φ)| ≤ C ‖ φ ‖_{0,K} . Hence Λ is a distribution in D^′ but the series diverges for φ(x) = e^{−x2} ∈ S.

Definition 1.10.

We say that a sequence (Λ_ν ) ∈ S^′ converges to Λ ∈ S^′ in S^′ if for each φ ∈ S the sequence (Λ_ν (φ)) converges to Λ(φ).

Definition 1.11 (see [34], p. 102). Let φ ∈ S. The function

(Fφ)(σ) = ∫ R e^{iσx}φ(x)dx

is called the Fourier transform of φ.

Theorem 1.5 (see [22], p. 61 and [34], p. 102). If φ ∈ S then its Fourier transform is also in S.

Definition 1.12 (see [22], p. 68 and [34], p. 135). Let T ∈ S^′. The Fourier transform of T is given by the relation

FT (φ) = T (Fφ)

for each function φ ∈ S.

Theorem 1.5 (see [22], p. 69; [34], p. 137). The Fourier transform is a continuous map on S^′.

CHAPTER II

ELEMENTS OF D^′_Lp (R) AS BOUNDARY VALUES OF HOLOMORPHIC FUNCTIONS

1. Introduction.

In this chapter we give a boundary value characterization of the space D^′_Lp (R) for 1 < p < ∞. Namely, we will show that every distribution that belongs to the space D^′_Lp (R) for 1 < p < ∞ can be represented by analytic functions. We will also show that analytic functions fulfilling certain growth conditions have their boundary values in the space D^′_Lp (R). We will give two different characterizations of holomorphic function spaces whose elements have boundary values in spaces of distributions. The first is based on the almost analytic continuation method used first by Petzsche for ultradistributions (see [26]) and it requires applying complex Stokes’ theorem. The second is obtained by assuming a different condition on the growth of a holomorphic function. This characterization is elementary and does not refer to the almost analytic continuation. Moreover, it improves results known for the space D^′_{L2} (R).

Definition 2.1.

We define spaces D_Lq (R) for q ≥ 1 as follows:

D_Lq (R) = {φ ∈ C^∞(R) : ‖φ^{(n)}‖_Lq < ∞ for all n ∈ N_0}

and introduce a collection of seminorms

‖φ‖_m := (∫ R |φ^{(m)}(x)|^qdx

) 1_q , m = 0, 1, 2...

We say that a sequence (φ_n)_{n∈N}, φ_n ∈ D_Lq (R), converges to zero in the space D_Lq (R) if for each m ∈ N_0 the sequence of norms (‖φ_n‖_m)_{n∈N} converges to zero as n tends to infinity.

We will write D_Lq instead of D_Lq (R).

It is obvious that D_Lq is a Fréchet space.

In contrast to the classical spaces L^q the functions that belong to D_Lq have the following properties.

Lemma 2.1 (see [1], p. 172). If f ∈ D_Lq (1 ≤ p ≤ q ≤ ∞) then f is bounded in R. Moreover, if 1 ≤ p < ∞ then f tends to zero at infinity.

Lemma 2.2 (see [1], p. 172). If 1 ≤ p ≤ q ≤ ∞, then D_Lp ⊂ D_Lq with continuous imbeddings.

Both Lemmas follow from the fact that a function in D_Lp has all its derivatives in L^p.

Definition 2.2 (see [1] p. 173).

Let 1 ≤ q < ∞ and let^1_p +^1_q = 1. The set of all linear functionals continuous on the space D_Lq (R) will be denoted by D^′_Lp (R). The elements of this set are called generalized functions or distributions of the class D^′_Lp (R).

We have got the following structure theorem for distributions in D^′_Lp , where 1 < p ≤ ∞. Theorem 2.1 (see [33], p. 200, [1], p. 173). Λ ∈ D^′_Lp (R), where 1 < p ≤ ∞, if and only if there exist an m ∈ N and functions f_n ∈ L^p(R) for n ∈ N_0 and n ≤ m such that for each function φ ∈ D_Lq (R)

(2.1) Λ(φ) = m∑ n=0 (−1)^n ∫ R φ^{(n)}(x)f_n(x)dx.

Proof. An easy proof of this theorem can be found in [30] and in [1], p. 174.

In this chapter we are concerned with distributions in D^′_Lp (R) for 1 < p < ∞. 2. Examples.

1. Regular Distributions.

Let f ∈ L^p, 1 < p < ∞. We can define

⟨f, φ⟩ =

∫_∞ −∞ f(x)φ(x)dx, ∀φ ∈ D_Lq .

The above functional is linear and continuous. Hence it defines a functional on D_Lq . Therefore it is an element of D^′_Lp .

2. The Cauchy Finite Part of an Integral.

For φ ∈ D_Lq , q > 1 we define F p 1 (·) (φ) :=

∫_∞ −∞ (φ(t) − φ(−t)) 2t dt. We will show that the above functional belongs to D^′_Lp .

Let ψ ∈ D(R) be a function such that ψ(x) = 1 for x ∈ [−1, 1], and suppψ ⊂ [−2, 2]. We have F p 1 (·) = ψF p 1 (·) + (1 − ψ)F p 1 (·) = Λ_1 + Λ_2,

where Λ_1 = ψF p^1_{(·)} , Λ_2 = (1 − ψ)F p^1_{(·)} .

Let us notice that Λ_1 is a distribution with a compact support (for the definition see Chapter IV). Therefore it belongs to D^′_Lp for p ≥ 1 (see Remark 3.1, p. 38).

We will show that Λ_2 = (1 − ψ)F p 1 (·) ∈ L^p

for p > 1 and as a result belongs to D^′_Lp .

Let us notice that 1−ψ is a smooth function. In particular it is smooth in (−2, −1)∪ (1, 2).

Moreover, 1 − ψ(x) = 0 for x ∈ [−1, 1], and 1 − ψ(x) = 1 for x ∈ (−∞, −2] ∪ [2, ∞).

Therefore we have ∫ R | | | 1 − ψ(x) x | | |^p dx = ∫ |x|≥2 1 |x|^p dx +

∫_{−1} −2 | | | 1 − ψ(x) x | | |^p dx +

∫_2 1 | | | 1 − ψ(x) x | | |^p dx ≤

≤ 2 1 − p

|x|^{−p+1} | | |^{−2}_{−∞} + sup

x∈[−2,−1] | | | | 1 − ψ(x) x | | | | p + sup_{x∈[1,2]} | | | | 1 − ψ(x) x | | | | p < ∞ if p > 1.

Hence Λ_2 ∈ L^p for p > 1. As a result, we have F p 1 (·) ∈ D^′_Lp for p > 1.

3. The Cauchy Transform of Distributions Belonging to D^′_Lp .

We will show that the function f_z(t) =^1_{t−z} belongs to D_Lq (R) for q > 1 and each z ∈ C \ R.

Note that ∂^n ∂t^n

(t − z)^{−1} = (−1)^nn!(t − z)^{−n−1}.

An easy computation shows that ∫ R |t − x − iy|^{−q(n+1)}dt ≤ |y|^{−q(n+1)} ∫ R (( t − x y )_2 + 1 )^{−q}_{2 (n+1)} dt = |y|^{−q(n+1)+1} ∫ R ( ω^2 + 1

)^{−q}_{2 (n+1)} dω = C|y|^{−q(n+1)+1},

where C = ∫ R ( ω^2 + 1

)^{−q}_{2 (n+1)} dω. Therefore^1_{·−z} ∈ D_Lq , 1 < q < ∞ if ℑz ≠ O.

This implies that the symbol CΛ(z) :=^1_{2πi} Λ_t

(_1 t−z ) is meaningful for Λ ∈ D^′_Lp ,

where Λ_t

(_1 t−z ) stands for the value Λ(f_z). In the sequel we shall denote by Λ_t the value of the distribution Λ on the function in variable t.

Definition 2.3.

Let Λ ∈ D^′_Lp (R), where 1 < p < ∞. The function

(2.2) CΛ(z) := 1 2πi Λ_t ( 1 t − z )

defined for each z ∈ C \ R is called the Cauchy transform of the distribution Λ.

Theorem 2.2. If Λ ∈ D^′_Lp (R), 1 < p < ∞, then the function CΛ(z) is a holomorphic function in C \ R and d dz CΛ(z) = 1 2πi Λ ( 1 (t − z)^2 ) = ( CΛ^{(1)} ) (z),

where Λ^{(1)} is called the distributional derivative of Λ.

Proof.

Fix z ∈ C \ R. Let us notice that

(CΛ(z + h) − CΛ(z)) h − 1 2πi Λ ( 1 (t − z)^2 ) = 1 2πi Λ_t((t − z)^{−2}(t − z − h)^{−1}h).

Since Λ belongs to D^′_Lp , it suffices to prove that

g_{h,z}(·) = (· − z)^{−2}(· − z − h)^{−1}h belongs to D_Lq and tends to zero as h → 0 in D_Lq , where^1_p +^1_q = 1.

By the Leibniz formula we get

∂^n ∂t^n g_{h,z}(t) = (−1)^nn!h n∑ ν=1 (ν + 1)(t − z)^{−(ν+2)}(t − z − h)^{−(n+1−ν)}.

Putting z = x + iy and h = ξ + iη we get ∫ R | | |(t − z)^{−(ν+2)}(t − z − h)^{−(n+1−ν)} | | |^q dt

≤ ∫ R ( (t − x)^2 + y^2

)_−^{(ν+2)q}_2 (

(t − x − ξ)^2 + (y + η)^2

)_−^{(n+1−ν)q}_2 dt := A_ν ,

As h → 0 we can now put d = y − δ if y > 0 and d = |y + δ| if y < 0. Then, for |h| < δ < |y|, by the Hölder inequality, we get:

A_ν ≤ (∫ R ( (t − x)^2 + d^2

)_−^{(ν+2)q2}_2 dt )^1_q (∫ R ( (t − x − ξ)^2 + d^2

)_−^{(n+1−ν)pq}_2 dt ) 1_p , where^1_p +^1_q = 1 and ν = 0, 1, 2,....

Note that^{(ν+2)q2}_2 > 1 and^{(n+1−ν)pq}_2 >^1_2 for ν = 0, 1, 2, ... Hence, we get ∫ R ( (t − x)^2 + d^2

)_−^{(ν+2)q2}_2 dt = B_ν

and ∫ R ( (t − x − ξ)^2 + d^2

)_−^{(n+1−ν)pq}_2 dt = C_ν .

Therefore A_ν ≤ B_ν^{1q} C 1 p ν . Finally, we have

‖ ∂^ng_{h,z}(·) ‖_Lq ≤ n!|h| n∑ ν=0 (ν + 1)B^{1q}ν C^{1p}ν .

This implies that ‖ ∂^ng_{h,z}(·) ‖_Lq tends to zero as h → 0. We have shown that d dz CΛ(z) = 1 2πi Λ ( 1 (· − z)^2 ) . The equality^1_{2πi} Λ

(_1

(·−z)^2 ) = Λ^{(1)}(z) is obvious. This finishes the proof.

Theorem 2.3 (see [21], [31]). Let z=x+iy. The Cauchy transform CΛ(z) of the distribution Λ ∈ D^′_Lp (R), where 1 < p < ∞, is in L^p(R) as the function of x for ℑz ≠ 0. Moreover, there exist constants M > 0 and m ∈ N_0 such that

(2.3) ‖CΛ(· + iy)‖_Lp ≤ M |y|^k , where k = { 0, for |y| > 1; m, for 0 < |y| ≤ 1.

Proof.

Let Λ ∈ D^′_Lp (R).

According to Theorem 2.1 (see p. 18) and Definition 2.3 (see p. 20) we have the following representation

CΛ(z) = 1 2πi m∑ n=0 (−1)^n ∫ R ∂^n ∂t^n ( 1 t − z ) f_n(t)dt.

It is sufficient to estimate the integral ∫ R 1 (t − z)^{n+1} f_n(t)dt for a fixed n.

By the Young inequality (see [28], p. 45), for n ≥ 1 there exists a constant c > 0 such that | | | | | | | | ∫ R 1 (t − x − iy)^{n+1} f_n(t)dt | | | | | | | |_{Lp}

≤ ‖g‖_L1 ‖f_n‖_Lp ≤ ≤ c ∫_∞ −∞ dt (t^2 + y^2)^{n+12} ≤ c ∫_∞ −∞ dt ( y^2

(_{t2}

y^2 + 1

)) n+1_2

≤ c 1 |y|^n

∫_∞ −∞ ds (s^2 + 1)^{n+12} ≤ c 1 |y|^n

∫_∞ −∞ ds (s^2 + 1) ≤ c π |y|^n , where g(x) = 1 (x^2 + y^2)^{n+1}2 belongs to L^1(R) for n ≥ 1.

It remains to estimate the integral ∫ R 1 (t − x − iy) f_0(t)dt.

Let us notice that ∫ R 1 (t − x − iy) f_0(t)dt = Cf_0(z),

where Cf_0 denotes the Cauchy transform of f_0.

Hence, by Theorem 1.3 (see p. 10), Cf_o(· + iy) ∈ L^p and fulfils (1.3). Therefore, there exists a constant B > 0 such that (∫ R | | ∫ R 1 t − x − iy f_0(t)dt | |^pdx

) 1_p ≤ B and we obtain (2.3). This finishes the proof.

4. Boundary Value Characterization of D^′_Lp (R) for 1 < p < ∞. The Cauchy transform assigns to each generalized function Λ ∈ D^′_Lp (R) the function CΛ(z), which is holomorphic in C\R . This function has an important property. Namely, each Λ ∈ D^′_Lp (R) may be reproduced by means of its Cauchy transform. In order to get this result we shall need the following Lemmas.

Lemma 2.3.

If φ ∈ D_Lq , 1 ≤ q ≤ ∞ and ψ ∈ L^1(R), then φ ∗ ψ is a smooth function and (φ ∗ ψ)^{(n)} = φ^{(n)} ∗ ψ for all n ∈ N.

Proof.

By Lemma 2.2 (see p. 18), D_Lq ⊂ D_Lp if 1 ≤ q ≤ p ≤ ∞. In particular D_Lp ⊂ D_L∞ if p ≥ 1.

Note that 1 h (φ ∗ ψ(x + h) − φ ∗ ψ(x)) = 1 h (∫ R φ(x + h − y)ψ(y)dy − ∫ R φ(x − y)ψ(y)dy )

= ∫ R φ(x + h − y) − φ(x − y) h ψ(y)dy.

The function φ is in C^∞. By the mean value theorem we can express the differential quotient in the form

φ(x + h − y) − φ(x − y) h = ∂ ∂x φ(x + θh − y),

where 0 < θ < 1 (see [22], p. 43). By the Hölder inequality | | ∫ R ∂ ∂x φ(x + θh − y)ψ(y)dy | | < ∞.

Hence, by the Lebesgue theorem we obtain that

lim_{h→0} ∫ R ( φ(x + h − y) − φ(x − y) h − ∂ ∂x φ(x − y) ) ψ(y)dy = 0.

Now we can apply mathematical induction for higher derivatives.

Lemma 2.4.

If Λ ∈ D^′_Lp (R), 1 < p < ∞, g ∈ D_L1 and ∫ R g(x)dx = 1 then

lim_{ε→0} ∫ R Λ_{gε} (x)φ(x)dx = Λ(φ)

for each φ ∈ D_Lq ,^1_p +^1_q = 1, where g_ε(x) = ε^{−1}g(^x_ε ) and Λ_{gε} (x) := Λ_t ( ε^{−1}g(^{t−x}_ε ) ) . Proof.

First of all we have to show that Λ_{gε} is in D_Lp . By Lemma 2.2 (see p. 18), g_ε ∈ D_Lq for 1 ≤ q ≤ ∞. Hence, in view of Theorem 2.1 (see p. 18), we have:

Λ_{gε} (x) = m∑ n=0 (−1)^n ∫ R ∂^n ∂y^n g_ε(x − y)f_n(y)dy,

where f_n is a fixed element of L^p for n = 0, 1, ..m.

We will estimate Λ_{gε} (x) and its derivatives in the L^p norm. Let us notice that

∂^n ∂x^n g_ε(x − y) = (−1)^n

∂^n ∂y^n g_ε(x − y).

By Lemma 2.3 (see p. 23), we have

d^k dx^k

Λ_{gε} (x) = m∑ n=0 (−1)^n ∫ R ∂^k ∂x^k

∂^n ∂y^n g_ε(x − y)f_n(y)dy

= m∑ n=0 ∫ R ∂^{k+n} ∂x^{k+n} g_ε(x − y)f_n(y)dy.

By the assumption g_ε ∈ D_L1 and f_n ∈ L^p. Hence, by the Young inequality (see [28], p. 45 or [11], p.117) ‖ d^k dx^k

Λ_{gε} ‖_Lp ≤ m∑ n=0 ‖ ∂^{k+n} ∂x^{k+n} g_ε(x) ‖_L1 ‖ f_n ‖_Lp < ∞.

Hence, Λ_{gε} ∈ D_Lp for ε > 0. Therefore we have: ∫ R Λ_{gε} (x)φ(x)dx = ∫ R φ(x)

(_m ∑ n=0 (−1)^n ∫ R ∂^n ∂y^n g_ε(x − y)f_n(y)dy ) dx

= m∑ n=0 (−1)^n ∫ R φ(x) (∫ R ∂^n ∂y^n g_ε(x − y)f_n(y)dy ) dx.

By Lemma 2.3 (see p. 23), the last integral can be written as follows ∫ R φ(x) ( ∂^n ∂x^n ∫ R g_ε(x − y)f_n(y)dy ) dx. Integrating by parts we obtain ∫ R φ(x) ( ∂^n ∂x^n ∫ R g_ε(x − y)f_n(y)dy ) dx

= (−1)^n ∫ R ∂^n ∂x^n φ(x) (∫ R g_ε(x − y)f_n(y)dy ) dx. On the other hand we have

Λ(φ) = m∑ n=0 (−1)^n ∫ R f_n(x)

∂^n ∂x^n φ(x)dx.

Hence we have got the following equality: ∫ R Λ_{gε} (x)φ(x)dx − Λ(φ)

= m∑ n=0 (−1)^n ∫ R (∫ R g_ε(x − y)f_n(y)dy − f_n(x) ) ∂^n ∂x^n φ(x)dx.

It is easy to check that the change of variable in the integral gives ∫ R g_ε(x − y)f_n(y)dy − f_n(x) = ∫ R (f_n(x − εy) − f_n(x))g(y)dy.

This implies that | | | ∫ R Λ_{gε} (x)φ(x)dx − Λ(φ) | | | ≤ | | | | | m∑ n=0 ∫ R (∫ R (f_n(x − εy) − f_n(x))g(y)dy ) ∂^n ∂x^n φ(x)dx | | | | | ≤ m∑ n=0 (∫ R (∫ R |f_n(x − εy) − f_n(x)||g(y)|dy

)_p dx ) 1_p (∫ R | | | ∂^n ∂x^n φ(x) | | |^q dx

) 1_q . It remains to prove that the expression (∫ R (∫ R |f_n(x − εy) − f_n(x)||g(y)|dy

)_p dx ) 1_p

tends to zero as ε → 0. Using Minkowski’s inequality we get (∫ R (∫ R |f_n(x − εy) − f_n(x)||g(y)|dy

)_p dx ) 1_p

≤ ∫ R |g(y)| (∫ R |f_n(x − εy) − f_n(x)|^pdx

) 1_p dy. Let us notice that for each n = 0, 1, 2...

‖ f_n(· − εy) − f_n ‖_Lp ≤ 2 ‖ f_n ‖_Lp for y ∈ R and

‖ f_n(· − εy) − f_n ‖_Lp → 0 as ε → 0 for each y ∈ R, (see [22], p. 77).

Hence, by the Lebesgue theorem the last integral tends to zero as ε → 0. This finishes the proof.

In the next theorem we shall show that a distribution Λ ∈ D^′_Lp (R) for 1 < p < ∞ can be recovered from its Cauchy transform.

Theorem 2.4 (see [15], [30]). Let Λ ∈ D^′_Lp (R), where 1 < p < ∞. Then for each φ ∈ D_Lq (R), where^1_p +^1_q = 1, we have

lim_{y→0} ∫ R [CΛ(x + iy) − CΛ(x − iy)] φ(x)dx = Λ(φ).

Proof.

Let Λ ∈ D^′_Lp (R). We know that

CΛ(x + iy) − CΛ(x − iy) = Λ_t ( 1 π y (t − x)^2 + y^2 ) . It is now sufficient to apply Lemma 2.4 (see p. 24) with ε = y to g(x) =^1_π^1_{x2+1} ∈ D_L1 .

Remark 2.1.

In the case when Λ is a function in L^p, where 1 < p < ∞, Theorem 2.4 coincides with the well-known theorem for functions. Namely, we have

Cf(x + iy) − Cf(x − iy) = 1 2πi ∫ R f(t) t − x − iy dt − 1 2πi ∫ R f(t) t − x + iy dt

= 1 π ∫ R f(t)y (t − x)^2 + y^2 dt. The function K_y(x) = 1 π y x^2 + y^2 is called the Poisson kernel. It is well known (see Chapter I) that

lim_{y→0}(K_y ∗ f)(x) = lim_{y→0} 1 π ∫ R f(t)y (t − x)^2 + y^2 dt = f(x) in the L^p sense and a.e.

Hence we can recover a function f ∈ L^p from its Cauchy transform.

For the functions in D_Lp , where 1 ≤ p < ∞, we have the following property Lemma 2.5.

Let ψ ∈ L^1 be such that ∫ R ψ(x)dx = 1 and let φ ∈ D_Lp , where 1 ≤ p < ∞. Put ψ_ε(x) = ε^{−1}ψ(^x_ε ). Then φ ∗ ψ_ε tends to φ as ε → 0 in D_Lp .

Proof.

We will show that for each n ∈ N_0

‖ (φ ∗ ψ_ε)^{(n)} − φ^{(n)} ‖_Lp converges to 0 as ε → 0.

By Lemma 2.3 (see p.23), we have

(φ ∗ ψ_ε)^{(n)} − φ^{(n)} = φ^{(n)} ∗ ψ_ε − φ^{(n)}.

Hence, ‖ (φ ∗ ψ_ε)^{(n)} − φ^{(n)} ‖_Lp =‖ φ^{(n)} ∗ ψ_ε − φ^{(n)} ‖_Lp =‖ ∫ R ∂^n ∂x^n

(φ(x − y)ψ_ε(y)dy −

∂^n ∂x^n φ(x) ‖_Lp

=‖ ∫ R ∂^n ∂x^n

(φ(x − εy) − φ(x)) ψ(y)dy ‖_Lp .

Hence, by Minkowski’s inequality we get (∫ R | | | | ∫ R ∂^n ∂x^n

(φ(x − εy) − φ(x)) ψ(y)dy | | | | p dx ) 1_p

≤ ∫ R (∫ R | | | ∂^n ∂x^n

(φ(x − εy) − φ(x)) ψ(y) | | |^p dx

)^1_p dy

≤‖ ψ ‖_L1 ∫ R (∫ R | | | ∂^n ∂x^n

(φ(x − εy) − φ(x)) | | | p dx )^1_p dy. By the same reasoning as at the end of the proof of Lemma 2.4 (see p. 24) we obtain that the last integral tends to 0 as ε → 0. This finishes the proof. For the proof of a similar fact in the case φ ∈ D_L∞ see Lemma 3.1 (see p. 36).

Let us return to distributions. It turns out that not only the Cauchy transform allows us to reproduce distributions. We can find necessary and sufficient conditions for a function ϕ holomorphic in the region Ψ_0 \ R, where

Ψ_0 = {z : z ∈ C, |ℑz| < δ_0, δ_0 > 0}, δ_0 = δ_0(ϕ),

to have its boundary values in D^′_Lp (R), where 1 < p < ∞.

First, we will introduce one more definition.

Definition 2.4 (see [26], [27]).

Let f be a holomorphic function in Ψ_0 \ R, where Ψ_0 = {z : z ∈ C, |ℑz| < δ_0}, δ_0 = δ_0(f) > 0.

If for every φ ∈ D_Lq (R) there exists the limit

⟨T f, φ⟩ := lim_{y→0} ∫ R [f(x + iy) − f(x − iy)] φ(x)dx

then we call T f the boundary value of f in D^′_Lp (R).

Denote by H_Lp the space of all functions f holomorphic in Ψ_0 \ R, which satisfy the estimate

(2.3’) ‖f(· + iy)‖_Lp ≤ M |y|^k , where k = { 0, for |y| > 1; m, for 0 < |y| ≤ 1.

for some M > 0, some m ∈ N_0 and 1 < p < ∞.

For the functions in H_Lp the following Lemma is valid in an appropriate region:

Lemma 2.6 (see [38], p. 125). Let Φ(z) be analytic, and let ∫_∞ −∞ |Φ(x + iy)|^pdx < ∞ (p > 1)

exist and be bounded for y_1 ≤ y ≤ y_2. Then, as |x| → ∞, Φ(x + iy) → 0, uniformly for y_1 + δ ≤ y ≤ y_2 − δ.

For the next theorem we need the following notations.

Let Ψ = {z : z ∈ C, |ℑz| < δ, δ ∈ (0, δ_0) }, where δ_0 = δ_0(f); Γ_δ+ = {z : z ∈ C, ℑz = δ}; Γ_δ− = {z : z ∈ C, ℑz = −δ}.

Theorem 2.5. Let f ∈ H_Lp . Then the boundary value T f exists and for each function φ ∈ D_Lq (R)

(2.4) ⟨T f, φ⟩ = ∫ ∫ Ψ f(z) ∂ ∂z̄ Φ(z)dz ∧ dz̄ − ∫ Γ_δ−

f(z)Φ(z)dz + ∫ Γ_δ+

f(z)Φ(z)dz,

where Φ ∈ C^1(C) is such a function that Φ|_R = φ, ”∧” denotes the exterior multiplication, and

(2.5) sup_{0<|y|<δ0} { 1 |y|^k ‖ ‖ ‖ ∂ ∂z̄ Φ(· + iy) ‖ ‖ ‖_{Lq} , 1 |y|^k

‖Φ(· + iy)‖_Lq } ≤ c‖φ‖_{DLq} ,

where k = k(f) and ‖φ‖_{DLq} = sup_{0≤m≤k} ‖ φ ‖_m. Moreover, T f ∈ D^′_Lp (R).

Proof.

One can construct a function Φ fulfilling the condition (2.5). For example the function obtained by Petzsche in [26] satisfies (2.5).

Take a > 0 and δ ∈ (0, δ_0) and define the segments:

Ψ_{a+} = {z : z ∈ C, ℑz ∈ (0, δ), |ℜz| < a}, Ψ_{a−} = {z : z ∈ C, ℑz ∈ (−δ, 0), |ℜ z| < a}, γ_{a,+} = {z : z ∈ C, z = a + it, 0 < t < δ}, γ_{a,−} = {z : z ∈ C, z = −a + it, 0 < t < δ}, Γ_{a,δ+ε} = {z : z ∈ C, z = t + i(δ + ε), |t| < a}, Γ_{a,ε} = {z : z ∈ C, z = t + iε, |t| < a}.

Let ε <^{(δo−δ)}_2 . Using the complex Stokes theorem, we get ∫ ∫ Ψ_{a+}

f(x + i(y + ε)) ∂ ∂z̄ Φ(z)dz̄ ∧ dz = ∫ ∂Ψ_{a+}

f(x + i(y + ε))Φ(z)dz = − ∫ Γ_{a,δ+ε}

f(x + i(y + ε))Φ(z)dz + ∫ Γ_{a,ε}

f(x + i(y + ε))Φ(z)dz + ∫ γ_{a+}

f(x + i(y + ε))Φ(z)dz − ∫ γ_{a−}

f(x + i(y + ε))Φ(z)dz.

We will estimate the integrals along the segments γ_a+ and γ_a− .

Since y + ε ∈ (ε, ε + δ) for y ∈ (0, δ) and f ∈ H_Lp , we get

‖f(· + i(y + ε))‖_Lp < M (y + ε)^m

, for some m ∈ N_0 and M > 0.

Lemma 2.6 implies that lim |x|→∞

f(x + i(y + ε)) = 0.

Thus, by the assumption (2.5), the integrals over γ_a+ and γ_a− tend to zero as a → ∞. As a result the integral over Ψ_a+ becomes the integral over Ψ_+ and we have: ∫ ∫ Ψ_+

f(x + i(y + ε)) ∂ ∂z̄ Φ(z)dz̄ ∧ dz = = ∫_{+∞} −∞ f(x + iε)Φ(x)dx −

∫_{+∞} −∞ f(x + i(ε + δ))Φ(x + iδ)dx, and

∫ ∫ Ψ_−

f(x − i(y + ε)) ∂ ∂z̄ Φ(z)dz̄ ∧ dz = = ∫_{+∞} −∞ f(x − i(ε + δ))Φ(x − iδ)dx −

∫_{+∞} −∞ f(x − iε)Φ(x)dx.

Now, using the Hölder inequality we obtain | | | ∫ ∫ Ψ_+

f(x + i(y + ε)) ∂ ∂z̄ Φ(z)dz̄ ∧ dz | | | = 2 | | | | ∫_δ 0 (∫_{+∞} −∞ f(x + i(y + ε)) ∂ ∂z̄ Φ(x + iy)dx ) dy | | | | ≤ 2 ∫_δ 0 (∫_{+∞} −∞ | | |f(x + i(y + ε)) | | |^pdx

)^1_p (∫_{+∞} −∞ | | | | ∂ ∂z̄ Φ(x + iy) | | | | q dx )^1_q dy ≤

≤ 2δ‖φ‖_{DLq} < ∞ .

Since the integrands converge pointwise to the corresponding integrable functions as ε → 0 we obtain the formula (2.4).

We will now prove that the formula (2.4) defines a functional T f ∈ D^′_Lp (R). By a well-known property of locally convex spaces (see Proposition 1.1 in [18]) it is sufficient to show that there exists a constant C such that for each φ ∈ D_Lq (R) |⟨T f, φ⟩| ≤ C‖φ‖_{DLq} .

Using the Hölder inequality, (2.3’) and (2.5), we get

|⟨T f, φ⟩| ≤2

∫_δ 0 (∫_{+∞} −∞ |f(x + iy)|^pdx

)^1_p (∫_{+∞} −∞ | ∂ ∂z̄ Φ(x + iy)| q dx )^1_q dy + ∫_{+∞} −∞ |f(x + iδ)Φ(x + iδ)|dx +

∫_{+∞} −∞ |f(x − iδ)Φ(x − iδ)|dx ≤ 2 ∫_δ 0 M |y|^k ‖ ∂ ∂z̄ Φ(· + iy)‖_Lp dy

+ (∫_{+∞} −∞ |f(x + iδ)|^pdx

)^1_p (∫_{+∞} −∞ |Φ(x + iδ)|^qdx

)^1_q

+ (∫_{+∞} −∞ |f(x − iδ)|^pdx

)^1_p (∫_{+∞} −∞ |Φ(x − iδ)|^qdx

)^1_q

≤ 2M

∫_δ 0 ‖φ‖_{DLq} dy + M |δ|^k

‖Φ(· + iδ)‖_Lq + M |δ|^k

‖Φ(· − iδ)‖_Lq ≤

≤ 2Mδ‖φ‖_{DLq} + Mc‖φ‖_{DLq} + Mc‖φ‖_{DLq} ≤ C‖φ‖_{DLq} .

This finishes the proof.

We will now show one more characterization of distributions as boundary values of holomorphic functions. This characterization does not refer to the almost analytic continuation of the real function φ to C as the previous theorem. We will extend results obtained in [17] for p = 2 and in [32] for 1 < p ≤ 2 to 1 < p < ∞.

Let Π^+ = {z : z ∈ C, ℑz > 0} and Π^− = {z : z ∈ C, ℑz < 0}. Denote by H(Π^+ ∪ Π^−) the set of all holomorphic functions in Π^+ ∪ Π^−.

Theorem 2.6. A function F ∈ H(Π^+ ∪ Π^−) is the Cauchy transform of a distribution Λ from D^′_Lp , 1 < p < ∞, if and only if

F (z) = m∑ n=0 d^n dz^n

F_n(z),

where F_n ∈ H(Π^+ ∪ Π^−) and

(2.6) sup_{y≠0} ∫ R |F_n(x + iy)|^pdx < ∞.

Proof. Necessity.

Let Λ ∈ D^′_Lp (R). Then

CΛ(z) := 1 2πi Λ_t ( 1 t − z ) . By Theorem 2.1 (see p. 18),

CΛ(z) = 1 2πi m∑ n=0 (−1)^n ∫ R ∂^n ∂t^n ( 1 t − z ) f_n(t)dt,

where f_n ∈ L^p(R).

This means that CΛ(z) =

∑_m

n=0 CD^nf_n(z), where D^n indicates the distributional derivative of f_n. By Theorem 2.2 (see p. 20), we obtain

CΛ(z) = m∑ n=0 d^n dz^n

Cf_n(z).

Put F_n(z) = Cf_n(z). By Theorem 1.3 (see p. 10), the functions F_n fulfil (2.6).

Sufficiency. Suppose that F (z) = m∑ n=0 d^n dz^n

F_n(z),

where the functions F_n fulfil (2.6) for each n = 0, 1, 2...

By Theorem 2.1 in [8], there exist functions f_n ∈ L^p(R) such that F_n = Cf_n for each n = 0, 1, 2..., m.

Therefore F (z) = m∑ n=0 d^n dz^n

Cf_n(z) = m∑ n=0 C(D^nf)(z).

This means that F = CΛ, where Λ =

∑_m

n=0 D^nf_n, and f_n ∈ L^p(R).

Hence, by Theorem 2.1 (see p. 18), Λ is in D^′_Lp (R). This finishes the proof. Remark 2.2.

If Λ is a regular distribution in D^′_Lp , where 1 < p < ∞, then Theorem 2.6 holds with m = 0.

Proof.

Let Λ be a regular distribution in D^′_Lp , where 1 < p < ∞. Then for each φ ∈ D_Lq , where^1_p +^1_q = 1 Λ(φ) =

∫_∞ −∞ φ(x)f(x)dx,

where f is a fixed element of L^p. Hence

CΛ(z) = 1 2πi ∫_∞ −∞ f(t) t − z dt = Cf(z).

Moreover, CΛ(z) fulfils the condition (1.3) of Theorem 1.3 (see p. 10), hence (2.6) holds with m = 0.

Remark 2.3.

In general the Cauchy transform CΛ of a distribution Λ ∈ D^′_Lp does not fulfil (1.3). We shall give a corresponding example in Chapter IV.

Remark 2.4.

Denote by L^p_σ, 1 ≤ p < ∞, the space of all entire functions of exponential type ≤ σ which belong to L^p(R) (see [20], p. 149).

We have found sufficient conditions for a function holomorphic in a stripe along the real line to have its boundary values in the space D^′_Lp for 1 < p < ∞. In fact we can distinguish the whole family of functions which have their boundary values in D^′_Lp . Namely, the following statement is true.

Proposition.

Let F (z) ∈ L^p_σ and let Λ ∈ D^′_Lp , (1 < p < ∞). Then

Λ = lim_{ε→0} [(CΛ(· + iε) + F (· + iε)) − (CΛ(· − iε) + F (· − iε))] .

Proof.

It is sufficient to show that for each φ ∈ D_Lq , where^1_p +^1_q = 1,

lim_{ε→0}

∫_∞ −∞ [F (x + iε) − F (x − iε))] φ(x)dx = 0.

This follows directly from the Hölder inequality.

In this chapter we have shown that one distribution can be reproduced by several holomorphic functions, more precisely by a whole family of functions. Hence, the Cauchy transform of the distribution Λ need not coincide with the generating function. Therefore we can venture a question what is the difference of the Cauchy transform of Λ and an arbitrary other generating function. Our conjecture is that the difference is a function holomorphic in a stripe around the real line.

We have not discussed the space D^′_L∞ and the holomorphic representation of the distributions in D^′_L∞ because the function f(t) =^1_{t−z} is not in L^1. Therefore we have not been able to consider the Cauchy transform of these distributions and the methods used in Chapter II could not be applied.

In Chapter III we will be concerned with the case D^′_{L1} .

In Chapter IV we will give one more example of a distribution in D^′_Lp and we will calculate its Cauchy transform. This example will illustrate the theorems that we have obtained in Chapter II.

CHAPTER III

INTEGRABLE DISTRIBUTIONS

1. Introduction.

A natural generalization of integrable functions with respect to the Lebesgue measure are integrable distributions. In this chapter we will describe the Cauchy transform of integrable distributions. We will also show that an integrable distribution can be recovered from its Cauchy transform.

The vector space D_L∞ is the set of all smooth functions φ defined on R such that their derivatives φ^{(k)} are bounded on R for k = 0, 1, 2, ...

Definition 3.1.

We say that a sequence (φ_ν )_{ν∈N} converges to zero in the space D_L∞ if it satisfies the following two conditions:

(β)

(i) there exist positive numbers A_k

such that |φ^{(k)}_ν (x)| < A_k for all x ∈ R, ν ∈ N and for fixed k = 0, 1, 2, ..., (ii) the sequence (φ^{(k)}_ν )_{ν∈N} converges almost uniformly (i.e. uniformly on compact subsets) to zero on R for each fixed k = 0, 1, 2, ....

Definition 3.2.

A linear form defined on D_L∞ (R) continuous with respect to (β)-convergence is said to be an integrable distribution. The space of all integrable distributions will be denoted by D^′_{L1} (R).

For Λ ∈ D^′_{L1} (R) we have the following theorem (see [12], p. 347)

Theorem 3.1 (Representation Theorem for Integrable Distributions). Let Λ ∈ D^′_{L1} (R). Then there exist m ∈ N and complex Borel measures μ_n for n ⩽ m such that for each function φ ∈ D_L∞ (R)

(3.1) Λ(φ) = m∑ n=0 (−1)^n ∫ R φ^{(n)}(x)dμ_n(x),

where μ_n = h_n|μ_n|, the symbol |μ_n| denotes the total variation of μ_n and |h_n(x)| = 1 for x ∈ R.

Remark 3.1 (see [1], p. 173).

Let D^′_Lp be the dual of D_Lp′ , where^1_p +^1_{p′} = 1 and denote by D^′_{L1} the dual of D_L∞ . Then D^′_Lp ⊂ D^′_Lq ∀p ≤ q.

2. The Cauchy Transform of Integrable Distributions.

Remark 3.2.

The function f(t) =^1_{2πi}^1_{t−z} is in D_L∞ for ℑz ≠ 0.

Definition 3.3.

Let Λ ∈ D^′_{L1} (R). The function

(3.2) CΛ(z) := 1 2πi Λ_t ( 1 t − z )

defined for z ∈ C \ R is called the Cauchy transform of the distribution Λ.

Theorem 3.2. If Λ ∈ D^′_{L1} , then CΛ is a holomorphic function in C \ R and d dz CΛ(z) = 1 2πi Λ ( 1 (t − z)^2 ) = (CΛ^{(1)})(z),

where Λ^{(1)} is the distributional derivative of Λ.

Moreover, there exist a positive constant A and m ∈ N_0 such that

sup_{x∈R} |CΛ(x + iy)| ≤ A |y|^k , with k = { m + 1, if 0 < |y| < 1, 0, if |y| ≥ 1, where m comes from Theorem 3.1.

Proof.

We will first show that CΛ(z) is holomorphic in C \ R. The method follows that of Theorem 2.2 (see p. 20). We have to show that

lim_{h→0} 1 2πi Λ_t [ h^{−1}((t − z − h)^{−1} − (t − z)^{−1}) − (t − z)^{−2} ] = 0.

It is sufficient to verify that for fixed z ∈ C \ R and n ∈ N_0,

∂^n ∂t^n [ h(t − z)^{−2}(t − z − h)^{−1} ]

tends uniformly to zero on R as h → 0.

Put now g_{h,z}(t) = h(t − z)^{−2}(t − z − h)^{−1}.

By Leibniz formula, we get

∂^n ∂t^n g_{h,z}(t) = (−1)^nn!h n∑ ν=0 (ν + 1)(t − z)^{−(ν+2)}(t − z − h)^{−(n+1−ν)}.

Taking z = x + iy and h = ξ + iη we obtain

∂^n ∂t^n g_{h,z}(t) = (−1)^nn!h n∑ ν=0 (ν+1)((t−x)^2+y^2)^{− (ν+2)2} ((t−x−ξ)^2 +(y+η)^2)^{− (n+1−ν)2} .

As h → 0 we can put now d = y − δ for y > 0 and d = |y + δ| for y < 0.

Then for |h| < δ < |y| and t ∈ R we have

((t − x)^2 + y^2)^{− (ν+2)2} ((t − x − ξ)^2 + (y + η)^2)^{− (n+1−ν)2} ≤ d^{−n−3}.

Finally we obtain the following estimate | | | | ∂^n ∂t^n g_{h,z}(t) | | | | ≤ C|h|d^{−n−3}, where C = n! n∑ ν=0 (ν + 1).

Thus we have proved that^{∂n}_{∂tn} g_{h,z}(t) converges uniformly to zero with respect to t ∈ R as h → 0.

Hence, it follows that d dz CΛ(z) = 1 2πi Λ ( 1 (t − z)^2 ) . We will now estimate the function CΛ(z).

By Theorem 3.1 (see p. 36), there exist m ∈ N and complex Borel measures μ_n for n ≤ m such that

CΛ(z) = m∑ n=0 (−1)^n 1 2πi ∫ R ∂^n ∂t^n ( 1 t − z ) dμ_n(t).

Hence, by Leibniz’ formula, we get

CΛ(z) = m∑ n=0 n! 2πi ∫ R ( 1 (t − z)^{n+1} ) dμ_n(t).

Therefore,

|CΛ(z)| ≤ m∑ n=0 n! 2π ∫ R ( 1 (t − x)^2 + y^2

) n+1_2 |μ_n|(t)dt.

For each 0 ≤ n ≤ m, |μ_n|(R) < ∞. Therefore, we have the following estimate

sup_{x∈R} |CΛ(x + iy)| ≤ m∑ n=0 n! 2π sup_{x∈R} | | | | 1 [(t − x)^2 + y^2]^{n+12} | | | | |μ_n|(R).

Hence, there exists a positive constant A such that

sup_{x∈R} |CΛ(x + iy)| ≤ A 1 |y|^{m+1} . This finishes the proof.

The Cauchy transform of integrable distributions plays a similar role as it does for distributions in D^′_Lp , where 1 < p < ∞. Namely, an integrable distribution is a boundary value of its Cauchy transform. Before we state this fact as a theorem for integrable distributions we have to prove the following Lemma

Lemma 3.1.

Let ψ ∈ L^1 be such that ∫ R ψ(x)dx = 1. If φ ∈ D_L∞ then φ ∗ ψ_ε tends to φ as ε → 0 in D_L∞ , where ψ_ε = ε^{−1}ψ(^x_ε ).

Proof.

Notice that by the Young inequality the condition i) of Definition 3.1 (see p. 35) is satisfied. We will show that for each compact set V and n ∈ N, (φ ∗ ψ_ε)^{(n)} tends uniformly on V to φ^{(n)} as ε → 0. Fix δ > 0 and choose a compact set W ⊂ R such that ∫ R\W |ψ(x)|dx < δ. By Lemma 2.3 (see p. 23), we have

(φ ∗ ψ_ε)^{(n)} = ∫ R ∂^n ∂x^n

(φ(x − y))ψ_ε(y)dy = ∫ R ∂^n ∂x^n

(φ(x − εy)) ψ(y)dy.

Hence, we can estimate sup_{x∈V} |(φ ∗ ψ_ε)^{(n)} − φ^{(n)}| ≤

≤ sup_{x∈V} | | | ∫ W ∂^n ∂x^n

(φ(x − εy) − φ(x)) ψ(y)dy | | | + sup_{x∈V} | | ∫ R\W ∂^n ∂x^n

(φ(x − εy) − φ(x)) ψ(y)dy | | ≤ sup_{x∈V} ∫ W | | ∂^n ∂x^n

(φ(x − εy) − φ(x)) | ||ψ(y)|dy

+ sup_{x∈V} ∫ R\W | | | ∂^n ∂x^n

(φ(x − εy) − φ(x)) | | ||ψ(y)|dy ≤ η ∫ R |ψ(y)|dy + 2δ ‖ φ^{(n)} ‖_L∞ .

Note that η coming from the uniform continuity on V is sufficiently small for small ε. This finishes the proof.

Theorem 3.3. If Λ belongs to D^′_{L1} then for each φ in D_L∞

lim_{ε→0} ∫ R [CΛ(x + iε) − CΛ(x − iε)] φ(x)dx = Λ(φ).

Proof.

Let Λ be in D^′_{L1} . By Theorem 3.1 (see p. 36), there exist m ∈ N and complex Borel measures μ_n for n ≤ m such that for each φ ∈ D_L∞

Λ(φ) = m∑ n=0 (−1)^n ∫ R φ^{(n)}(x)dμ_n(x).

We have to show that ∫ R [CΛ(x + iε) − CΛ(x − iε)] φ(x)dx → m∑ n=0 (−1)^n ∫ R φ^{(n)}(x)dμ_n(x) as ε → 0.

Let us notice that by Theorem 3.1 (see p. 36), ∫ R [CΛ(x + iε) − CΛ(x − iε)] φ(x)dx = m∑ n=0 (−1)^n ∫ R (∫ R ∂^n ∂t^n ψ_ε(t − x)dμ_n(t) ) φ(x)dx,

where ψ_ε(t) =^1_π^ε_{t2+ε2} .

By the Fubini theorem and Lemma 2.3 (see p. 23), m∑ n=0 (−1)^n ∫ R (∫ R ∂^n ∂t^n ψ_ε(t − x)dμ_n(t) ) φ(x)dx =

= m∑ n=0 (−1)^n ∫ R (∫ R ∂^n ∂t^n ψ_ε(t − x)φ(x)dx ) dμ_n(t)

= m∑ n=0 (−1)^n ∫ R ( ∂^n ∂t^n ∫ R ψ_ε(t − x)φ(x)dx ) dμ_n(t)

= m∑ n=0 (−1)^n ∫ R (∫ R ψ_ε(t − x)

∂^n ∂x^n φ(x)dx ) dμ_n(t).

Hence, by Lemma 3.1 (see p. 38) and the Lebesgue theorem,

lim_{ε→0} m∑ n=0 (−1)^n ∫ R (∫ R ψ_ε(t − x)

∂^n ∂x^n φ(x)dx ) dμ_n(t)

= m∑ n=0 (−1)^n ∫ R ∂^n ∂t^n φ(t)dμ_n(t).

This finishes the proof.

Example.

Take the Dirac δ defined for each function φ ∈ D_L∞ by

δ(φ) = φ(0).

It is easy to show that δ is an integrable distribution. We can easily calculate the Cauchy transform of this distribution. We have

Cδ(z) = −1 2πi 1 z for each z ∈ C \ R.

Hence Cδ(x + iy) − Cδ(x − iy) =^1_π^y_{x2+y2} . By Theorem 3.3 (see p. 39),^1_π^y_{x2+y2} tends to δ as y → 0 in D^′_{L1} .

Unfortunately, the methods used in the proofs of Theorem 2.5 (see p. 29) and Theorem 2.6 (see p. 32) cannot be applied to integrable distributions. Moreover, the function f(t) =^1_{t−z} is not in L^1(R) for ℑz ≠ 0. That is the reason why we have not been able to distinguish functions holomorphic in C \ R which have their boundary values in D^′_{L1} .

CHAPTER IV

APPLICATIONS OF HOLOMORPHIC REPRESENTATION

1. Application of the Holomorphic Representation of Distributions to Determining the Integral of Integrable Distributions.

A natural generalization of integrable functions with respect to the Lebesgue measure are integrable distributions, (see [33], p. 203). In this paragraph we will give a method of determining ”the integral” of an integrable distribution.

If Λ = f , where f ∈ L^1(R), then

(4.1) Λ(1) = ∫ f1dx

is the Lebesgue integral of f .

It is natural to take (4.1) for the definition of the integral of Λ i.e. ∫ Λ = Λ(1).

It is easily seen, that

(4.2) Λ(1) = μ_0(R).

According to Theorem 3.1 (see p. 36) we have the following formula

(4.3) CΛ(z) = m∑ n=0 (−1)^n 1 2πi ∫ R ∂^n ∂t^n ( 1 t − z ) dμ_n(t), for the Cauchy transform of Λ. If Λ = f and f is in L^1(R), then

Cf(z) = 1 2πi ∫ R 1 t − z f(t)dt.

It is easy to verify that

(4.4) ∫ R [Cf(x + iy) − Cf(x − iy)] dx =

∫_{+∞} −∞ f(x)dx,

for y > 0.

One can ask whether for each integrable distribution the equality

(4.5) ∫ R [CΛ(x + iy) − CΛ(x − iy)] dx = Λ(1)

holds.

The answer to this question is affirmative.

Theorem 4.1. If Λ ∈ D^′_{L1} , then ∫ Λ = ∫ R [CΛ(x + iy) − CΛ(x − iy)]dx, where y > 0.

Proof.

Let Λ be in D^′_{L1} and y > 0. Then we have

(4.6) ∫ R [CΛ(x + iy) − CΛ(x − iy)] dx = m∑ n=0 (−1)^n 1 2πi ∫ R [ ∫ R ∂^n ∂t^n ( 1 t − x − iy − 1 t − x + iy ) dμ_n(t) ] dx.

In view of (4.2) it is enough to show that

(4.7) 1 2πi ∫ R [ ∫ R ( 1 t − x − iy − 1 t − x + iy ) dμ_0(t) ] dx = μ_0(R),

(4.8) 1 2πi ∫ R [ ∫ R ∂^n ∂t^n ( 1 t − x − iy − 1 t − x + iy ) dμ_n(t) ] dx = 0 for n > 0.

Proof of (4.7) and (4.8).

The integral (4.7) can be written as follows

(4.9) ∫ R [ 1 π ∫ R y (t − x)^2 + y^2 h_0(t)d|μ_0|(t) ] dx. Applying the Fubini theorem to the above integral we get ∫ R [ 1 π ∫ R y (t − x)^2 + y^2 h_0(t)d|μ_0|(t) ] dx = ∫ R h_0(t) [ 1 π ∫ R y (t − x)^2 + y^2 dx ] d|μ_0|(t) = ∫ R h_o(t)d|μ_0|(t) = μ_0(R).

Now we go on to showing that (4.8) holds.

The integral (4.8) can be written in the form ∫ R (−1)^n 1 π [ ∫ R ∂^n ∂t^n ( y (t − x)^2 + y^2 ) h_n(t)d|μ_n|(t) ] dx. It is easy to check that

(4.10)

∂^n ∂t^n ( y (t − ·)^2 + y^2 ) ∈ L^1(R) for t ∈ R, y > 0 and n = 0, 1, 2, ....

In view of the Fubini theorem we obtain ∫ R (−1)^n 1 π [ ∫ R ∂^n ∂t^n y (t − x)^2 + y^2 h_n(t)d|μ_n|(t) ] dx =

(4.11) ∫ R (−1)^nh_n(t) 1 π ∫ R [ ∂n ∂t^n y (t − x)^2 + y^2 dx ] d|μ_n|(t).

It is well known that

lim_{h→0} ∫ R |f(· + h) − f| = 0 if f ∈ L^1.

Taking into account (4.10) and the above statement, it is easy to verify that

(4.12) ∫ R ∂^n ∂t^n y (t − x)^2 + y^2 dx =

∂^n ∂t^n ∫ R y (t − x)^2 + y^2 dx. Hence we get 1 π ∫ R ∂^n ∂t^n y (t − x)^2 + y^2 dx = 0 for t ∈ R and y > 0.

This finishes the proof.

2. The Integral of Distributions with Compact Support.

If we want to speak of a support of a distribution we first have to explain what is a restriction of a distribution.

Definition 4.1 ([11], p. 41).

Let Ω be an open subset of R and U its open subset. Every function belonging to D(U) can be considered as a function belonging to D(Ω). If Λ ∈ D^′(Ω), then its restriction to D(U) is the distribution Λ_U ∈ D^′(U) defined by Λ_U (φ) = Λ(φ) for every φ ∈ D(U).

We shall call Λ_U the restriction of Λ to U , or the distribution induced on U by Λ. If Λ|U = 0 we say that Λ is zero in U .

Theorem 4.2. If Λ ∈ D^′(U) and for each x ∈ U there exists an open neighbourhood U_x such that Λ|U_x = 0, then Λ is zero in U .

Definition 4.2 ([12], p. 318).

Let Λ ∈ D^′(Ω). If U is the largest open subset of Ω in which Λ is zero, then the complement of U in Ω is called the support of Λ and is denoted by supp Λ.

The set supp Λ is closed by definition. A point x ∈ Ω belongs to supp Λ if and only if for every neighbourhood V of x there exists φ ∈ D(Ω) with supp φ ⊂ V and such that Λ(φ) ≠ 0.

Examples. 1. supp δ = {0}. 2. supp^1_{(·)} = R.

We will now characterize distributions with compact support (see also [3], p. 27; [12] p. 320).

First we will introduce one more space of functions.

Definition 4.3.

A sequence (φ_n), φ_n ∈ C^∞, is said to be convergent in C^∞(Ω) if the sequences (φ^{(m)}_n ) converge uniformly on every compact set K ⊂ Ω for each m ∈ N_0. The space C^∞ with this convergence will be denoted by E(Ω).

The dual E^′(Ω) of E(Ω) is a space of distributions. The next theorem characterizes the distributions belonging to E^′(Ω).

Theorem 4.3 (see [11], p. 44 and [12], p. 320). Let Ω be an open subset of R. A distribution Λ ∈ D^′(Ω) belongs to E^′(Ω) if and only if supp Λ is a compact subset of Ω.

The elements of E^′(Ω) are called distributions with compact support in Ω. Example. Λ = ∑_m n=0 δ^{(n)} is a distribution with a point support {0}.

Remark 4.1 (see [12], p. 347).

Every distribution with a compact support is integrable.

H. J. Bremermann and L. Durand have shown in [2] that the Cauchy transform of any distribution Λ with a compact support is a function holomorphic in the whole complex plane minus the support of Λ and tending to zero at infinity. More precisely, CΛ(z) vanishes at least as A|z|^{−1} for some A > 0.

In accordance with the above statement the integrals

∫_{−x+iη}

−x−iη

CΛ(z)dz and

∫_{x+iη}

x−iη

CΛ(z)dz

tend to zero as x tends to infinity. Since the function CΛ is holomorphic outside the support of Λ, we have ∫_∞ −∞ [CΛ(x + iη) − CΛ(x − iη)]dx = ∫ Γ CΛ(z)dz.

By Theorem 4.1 (see p. 43) and these conditions we get the following

Theorem 4.4 (see [2]). If Λ is a distribution with a compact support, then ∫ Λ = ∫ Γ CΛ(z)dz,

where Γ is any closed curve surrounding the support of Λ clockwise.

3. Application of the Cauchy Transform to Determining the Fourier Transform of some Distributions.

We will use the Cauchy transform to obtain in an easy way the Fourier transforms of finite parts F p^1_{(·)k} , k ∈ N, treated as distributions belonging to D^′_Lp .

For brevity we will write^1_{(·)k} for F p^1_{(·)k} . We define the Cauchy finite part of the integral in the following way:

Let φ ∈ D_L∞ . Then we define (see also [7], p. 77)

(4.13) 1 (·)^{2m}

(φ) : = ∫ R x^{−2m} [ 1 2 (φ(x) + φ(−x)) − ( φ(0) + 1 2! φ^{(2)}(0)x^2+

... + 1 (2m − 2)!

φ^{(2m−2)}(0)x^{2m−2} )] dx and (4.14) 1 (·)^{2m+1}

(φ) : = ∫ R x^{−(2m+1)} [ 1 2 (φ(x) + φ(−x)) − ( 1 1! φ^′(0)x + 1 3! φ^{(3)}(0)x^3+

... + 1 (2m − 1)!

φ^{(2m−1)}(0)x^{2m−1} )] dx, for m = 1, 2, ...

For m = 0 we take

(4.15) 1 (·) (φ) := ∫ R 1 2x [ φ(x) − φ(−x) ] dx. This definition coincides with the definition on the page 19.

Now, we will show that the above integrals exist for φ ∈ D_L∞ and determine distributions.

We will restrict ourselves to estimating (4.13). We have 1 (·)^{2m}

(φ) := ∫ |x|<1

x^{−2m} [ 1 2 (φ(x) + φ(−x)) − ( φ(0) + 1 2! φ^{(2)}(0)x^2

+ ... + 1 (2m − 2)!

φ^{(2m−2)}(0)x^{2m−2} )] dx + ∫ |x|≥1

x^{−2m} 1 2 [ φ(x) + φ(−x) ] dx

− ∫ |x|≥1

m−1∑ ν=0 φ^{(2ν)}(0) (2ν)!

x^{−2(m−ν)}dx.

It is easy to verify that the above integrals exist for φ ∈ D_L∞ . Moreover, these integrals determine linear continuous forms on D_L∞ with respect to β-convergence.

Therefore^1_{(·)2m} is in D^′_{L1} .

By Remark 3.1 (see p. 36),^1_{(·)k} is in D^′_Lp for p ≥ 1 and k > 1. In Chapter II we have shown that^1_{(·)} belongs to D^′_Lp , for 1 < p < ∞. In fact using a similar method one can show that^1_{(·)k} is in D^′_Lp for k ≥ 1.

Now, we determine the Cauchy transform of^1_{(·)} . Putting φ(x) =^1_{2πi}^1_{x−z} , ℑz ≠ 0 in (4.15) we obtain C 1 (·) (x) = 1 2πi ∫ R 1 x^2 − z^2 dx. The computation of residues gives us

(4.16) 1 2πi ∫ R 1 x^2 − z^2 dx =

{_{12z} , if ℑz > 0, −^1_{2z} , if ℑz < 0.

Now we will prove that

(4.17) C 1 (·)^{k+1}

(z) = 1 z C 1 (·)^k (z) for k = 1, 2, ... and ℑz ≠ 0.

The integrals (4.13) and (4.14) for φ(x) =^1_{2πi}^1_{x−z} can be written as follows

C 1 (·)^{2m}

(z) = 1 2πi ∫ R x^{−2m} ( z x^2 − z^2 + 1 z + x^2 z^3

+ ... + x^{2(m−1)} z^{2m−1} ) dx and C 1 (·)^{2m+1}

(z) = 1 2πi ∫ R x^{−(2m+1)} ( x x^2 − z^2 + x z^2 + x^3 z^4

+ ... + x^{2m−1} z^{2m} ) dx. Let us notice that C 1 (·)^{2m}

(z) = 1 2πi 1 z ∫ R x^{−2m} ( z^2 x^2 − z^2

+ 1 + x^2 z^2

+ ... + x^{2(m−1)} z^{2(m−1)} ) dx

= 1 2πi 1 z ∫ R x^{−2m+1} ( x x^2 − z^2 + x z^2

+ .. + x^{2(m−1)−1} z^{2(m−1)} ) dx = 1 z C 1 (·)^{2m−1} (z) for m = 1, 2, ... In the same way we obtain that C 1 (·)^{2m+1}

(z) = 1 z C 1 (·)^{2m} (z) for m = 1, 2, ...

Applying (4.16) to (4.17) we get

(4.18) C 1 (·)^k

(z) =

{_{12zk}

, if ℑz > 0; −^1_{2zk} , if ℑz < 0,

for k = 1, 2, ...

Let us notice that by Remark 3.1 (see p. 36) the distributions^1_{(·)k} for k > 1 belong to D^′_Lp with p ≥ 1. Hence we can estimate the Cauchy transforms of^1_{(·)k} in the L^p norm for p > 1. In order to do this we have to recall an important fact that has been used in the proofs of Theorem 1.3 (see p. 10) and Theorem 2.2 (see p. 20). Namely, ∫ R ( 1 x^2 + 1

)_p

dx < ∞ if p > 1 2 .

We have ∫ R | | | 1 2(x + iy)^k | | | p dx = 1 2^p ∫ R ( 1 (x^2 + y^2)

)^{pk}_2 dx

= 1 2^p

|y|^{−kp} ∫ R (( x y )_2 + 1 )_−^{pk}_2 dx

= 1 2^p

|y|^{−pk+1} ∫ R ( (s^2 + 1)

)_−^{pk}_2 ds ≤ M|y|^{−kp+1}

if pk > 1. But for k = 1 the distribution^1_{(·)} is in D^′_Lp with p > 1. Hence pk > 1.

Let us notice that if 0 < |y| < 1 then

|y|^{−k+ 1p} < 1 |y|^k . Therefore, we obtain ‖ C 1 (·) (· + iy) ‖_Lp ≤ M 1 |y|^m , where m = { k, for 0 < |y| < 1, 0, for |y| ≥ 1.

In the same way we can estimate the Cauchy transforms of integrable distributions^1_{(·)k} for k > 1 in the L^∞ norm. We have

sup_{x∈R} |C 1 (·)^k

(x + iy)| ≤ M 1 |y|^m , where m = { k, for 0 < |y| < 1, 0, for |y| ≥ 1.

4. The Fourier Transform of Finite Parts F p^1_{(·)k} .

The Cauchy transform allows us to find the Fourier transform of the finite parts^1_{(·)k} . Since S ⊂ D_Lp (see [22], p. 66), Theorem 2.4 (see p. 26) will be valid for any function φ ∈S. The following convergence takes place 1 2 ∫ R ( 1 (x + iε)^k + 1 (x − iε)^k ) φ(x)dx → ( 1 (·)^k , φ )

as ε → 0, for each function φ ∈S.

Applying the theory of residues we obtain the following results F ( 1 (x + iε)^k ) (t) = −2πi

(it)^{k−1} (k − 1)!

e^{εt}H(−t),

F ( 1 (x − iε)^k ) (t) = 2πi

(it)^{k−1} (k − 1)!

e^{εt}H(t),

where H is the Heaviside function. Hence we obtain F [ C 1 (·)^k

(x + iε) − C 1 (·)^k

(x − iε) ] (t)

= 1 2 2πi (it)^{k−1} (k − 1)!

e^{εt}sgn t → πi

(it)^{k−1} (k − 1)!

sgn t, as ε → 0.

Therefore for each φ ∈ S we have ∫ R F [ C 1 (·)^k

(x + iε) − C 1 (·)^k

(x − iε) ] (t)φ(t)dt

→ πi ∫ R (it)^{k−1} (k − 1)!

sgn tφ(t)dt, as ε → 0.

Hence by continuity of F in S^′ the following formula holds

(4.19) F ( 1 (·)^k ) (t) = πi

(it)^{k−1} (k − 1)!

sgn t,

for k ≥ 1.

In particular, for k = 1 we have F^1_{(·)} (t) = iπsgn t.

5. Holomorphic representation and its application to the Hilbert problem.

We will describe the Hilbert problem as in [24].

Let g(x) be a function defined on the real line. We wish to find a holomorphic function G(z) analytic on the complex plane cut along the real line, such that

lim_{y→0+} G(x + iy) + lim_{y→0−} G(x + iy) = g(x).

Denoting the two limit functions by γ_+ and γ_−, respectively, we have

γ_+ + γ_− = g(x).

In many problems of mathematical physics more difficult problems appear. Given functions g(x) and k(x) defined on the real line, we wish to find a function G(z) analytic on the complex plane cut along the real line such that

γ_+ + k(x)γ_− = g(x),

where γ_+ and γ_− are the limits of G(z) as described above. The latter problem can be reduced to the first, simpler form by using the factorization technique. We are however interested in its D^′_Lp counterpart.

Let Λ ∈ D^′_Lp , 1 < p < ∞. We want to find an analytic function G(z) in the region ℑz ≠ 0 such that γ_+ + γ_− = Λ, where γ_+ = lim_{y→0+} G(x + iy) in D^′_Lp weakly,

γ_− = lim_{y→0−} G(x + iy) in D^′_Lp weakly.

In the thesis we have shown that G(z) = CΛ(z) is the solution to that problem.

It is worth mentioning that the Hilbert problem as described above appears in the so called Griffith crack problem, in aerofoil theories and has also some other applications.

References

[1] J. Barros-Neto, An Introduction to the Theory of Distributions Marcel Dekker, INC, New York, 1973;

[2] H. J. Bremermann & L.Durand, On Analytic Continuation, Multiplication, and Fourier Transformations of Schwartz Distributions, J. Math. Phys., Vol. 2 (1961), 240-258;

[3] H. J. Bremermann, Distributions, Complex Variables and Fourier Transforms, Addison-Wesley, Reading, MA, 1965;

[4] R. D. Carmichael, Distributional Boundary Values in D^′_Lp , Rend. Sem. Mat. Univ.

Padova, Vol. 43 (1970), 35-53;

[5] R. D. Carmichael, Distributional Boundary Values in D^′_Lp .II, Rend. Sem. Mat.

Univ. Padova, Vol. 45 (1971), 249-277;

[6] R. D. Carmichael, Distributional Boundary Values in D^′_Lp .III, Rend. Sem. Mat.

Univ. Padova, Vol. 48 (1973), 167-158;

[7] I. M. Gelfand & G. E. Shilov, Obobszczennyje funkcje i diejstwija nad nimi, Fizmatgiz, Moskwa, 1958;

[8] E. Hille & J. D. Tamarkin, On the absolute integrability of Fourier transforms, Fund.

Math.(25), (1935), 329-352;

[9] E. Hille & J. D. Tamarkin, On a Theorem of Paley and Wiener, Ann. of Math.(2) 34, (1933), 606-614;

[10] L. Hörmander, An Introduction to Complex Analysis in Several Variables, North- Holland, Amsterdam, New York, Oxford, Tokyo, 1990;

[11] L. Hörmander, The Analysis of Linear Partial Differential Operators I, Distribution Theory and Fourier Analysis, Springer-Verlag, 1983;

[12] J. Horváth, Topological Vector Spaces and Distributions, Volume 1, Addison-Vesley Publishing Company, Reading, Massachusetts, 1966;

[13] R. F. Hoskins & J. Sousa Pinto, Distributions, Ultradistributions and Other Generalized Functions, Ellis Harwood, New York - London - Toronto - Sydney, 1994;

[14] A. Kaneko, Introduction to Hyperfunctions, Kluwer Academic Publishers, 1988;

[15] W. Kierat & U. Skórnik, On Some Relation Between the Cauchy and Fourier Transforms of Distributions, Integral Transforms and Special Functions, Vol. 3, No. 4 (1995), 269–278;

[16] W. Kierat & U. Skórnik, A Remark on the Integral of Integrable Distributions, Integral Transforms and Special Functions, Vol. 10, No. 1-2, (2000), 1–6;

[17] W. Kierat & U. Sztaba, Distributions, Integral Transforms and Applications, Gordon and Breach, to appear;

[18] H. Komatsu, An Introduction to the Theory of Generalized Functions, Department of Mathematics Science University of Tokyo, 1999;

[19] G. Köthe, Die Randverteilungen analytischer Funktionen, Math. Z. 57 (1952), 13–33; [20] B. Ya. Levin, Lectures on Entire Functions, Translations of Mathematical Monographs, American Mathematical Society, Vol. 150(1996);

[21] Z. Łuszczki & Z. Zielezny, Distributionen der Raume D^′_Lp als Randverteilungen analytischer Funktionen,Colloq. Math. Vol. 8 (1961), 125–131;

[22] H. Marcinkowska, Dystrybucje, przestrzenie Sobolewa, równania różniczkowe, PWN Warszawa 1993;

[23] M. Orton, Hilbert transforms, Plemelj Relations, and Fourier Transforms of Distributions, SIAM J. Math. Anal., Vol. 4, No. 4, November 1973, 656–670;

[24] J. N. Pandey , The Hilbert Transform of Schwartz Distributions and Applications, John Wiley & Sons, INC(1996);

[25] D. Przeworska-Rolewicz, Sur l’intégrale de Cauchy pour un arc fermé à l’infini, Ann.

Polon. Math. VIII(1960), 155–171;

[26] H.-J. Petzsche, Generalized functions and the boundary values of holomorphic functions, J. Fac. Sci. Univ. Tokyo Sect. IA Math. 31(1984), 391–431;

[27] S. Pilipović, Elements of D^′_{LS}^{(Mp)} and D^′_{LS}^{{Mp}} as Boundary Values of Holomorphic Functions, J. Math. Anal. Appl. 203, (1996) 719–737;

[28] M. Reed & B. Simon, Methods of modern mathematical physics, Vol.2. Fourier analysis, self-adjointness, New York Academic Press, 1975;

[29] W. Rudin, Real and Complex Analysis, McGraw-Hill, New York, London, 1966; [30] U. Skórnik, Transformaty Fouriera wybranych klas dystrybucji, Praca Magisterska, Uniwersytet Śla̧ski, 1995;

[31] U. Skórnik, Elements of D^′_Lq (R) as boundary values of holomorphic functions, Demonstratio Math. No 3, Vol. 33 (2000), to appear;

[32] U. Skórnik, A Remark on Elements of D^′_Lp (R) as Boundary Values of Holomorphic Functions Fractional Calculus & Applied Analysis, Vol. 3, No.2 (2000), 173-176;

[33] L. Schwartz, Théorie des distributions, Hermann, Paris, 1966;

[34] Z. Szmydt, Transformacja Fouriera i równania różniczkowe liniowe, PWN, Warszawa, 1972;

[35] Z. Szmydt & B. Ziemian, Topological imbedding of Laplace distributions in Laplace hyperfunctions, Dissertationes Math., Warszawa, 1998;

[36] H. G. Tillmann, Distributionen als Randverteilungen analytischer Funktionen, Math.

Z. 76(1961), 5–21;

[37] H. G. Tillmann, Darstellung der Schwartzschen Distributionen durch analytische Funktionen, Math. Z. 77(1961), 106–124;

[38] E. C. Titchmarsh, Introduction to the Theory of Fourier Integrals, Oxford Univ.

Press, Oxford, 1967;

[39] D. Vogt, Randverteilungen holomorpher Funktionen und die Topologie von D^′, Math.

Ann., 196(1972), 282–292.

List of Symbols

N denotes the set of positive integers. N_0 = N ∪ {0}.

Ω denotes an open set Ω ⊂ R.

C^1(Ω) denotes the space of continuously differentiable complex valued functions in Ω.

C^∞ denotes the space of infinitely differentiable (smooth) functions. suppf denotes the support of f .

D(Ω) is the space of smooth functions with compact supports

contained in Ω (see p. 12).

D^′(Ω) is the space of Schwartz distributions in Ω (see p. 12). S is the space of rapidly decreasing functions (see p. 15). S^′ is the space of tempered distributions (see p. 16). E is the space of smooth functions with convergence defined on p. 45. E^′ is the space of distributions with compact supports (see p. 46). D_Lq (R) (see p. 17). D^′_Lp (R) (see p. 18).

D_L∞ (R) is the space of smooth functions with bounded

derivatives (see p. 35).

D^′_{L1} (R) is the space of integrable distributions (see p. 35). H_Lp (see p. 29) Π^+, Π^− (see p. 32 ) H(Π^+ ∪ Π^−) denotes the set of all holomorphic functions in Π^+ ∪ Π^− (see p. 32). Ff , f̂ denote the Fourier transform of f (see p. 6). Hf denotes the Hilbert transform of f (see p. 8). Cf denotes the Cauchy transform of f (see p. 9). ∧ denotes exterior multiplication (see [10], pp. 2, 24).

P v, F p(^1_x ),^1_{(·)} denote the Cauchy finite part of an integral (see p. 14 ).

Inclusion relations among some function spaces introduced in the thesis.

D ⊂ S ⊂ D_L1 ⊂ D_Lp ⊂ E, where p ≥ 1.