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β-ensemble

β-ensemble (a.k.a. log-gas system): (ℓ1 > · · · > ℓN ) ∈ RN random particles:

Example: β = 2, V (x) = x2

2 Gaussian Unitary Ensembles

H = (Hi,j)1≤i,j≤N - random Hermitian matrix, HN ∼ exp
(
−N

2 Tr(H)
)
.

ℓ1 > · · · > ℓN - eigenvalues of H

P(ℓ1 > · · · > ℓN ) ∼
∏

1≤i<j≤N |ℓi − ℓj |β
∏N

i=1 exp(−V (ℓi))
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(Nβ)−1/6
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β > 0, V (x) = x2

2 [Ramírez–Rider–Virág ’11]
β > 0 [Bourgade–Erdős–Yau ’14]
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High temperature regime

More recently: βN → γ as N → ∞:

Theorem: V (x) = x2

2 [Allez–Bouchaud–Guionnet ’12],

(LLN) µ
(β)
V → µγ ,

which interpolates between the semi-circle law (γ = ∞) and the normal law
(γ = 0)

Theorem: V (x) = x2

2 [Nakano–Trinkh ’18],
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Random Young diagrams

Definition: A partition λ of n is a finite, non-increasing sequence of positive
integers λ = (λ1, λ2, . . . , λℓ) such that

∑
i λi = d (denote |λ| = d).

Example: λ = (7, 5, 3, 3, 1), |λ| = 19, ℓ(λ) = 5.

1 2 3 4 7 14 15

5 6 8 9 11

10 12 13

16 17 19

18

Standard Young tableau T ∈ SY T (λ)

<

<
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Curious identities:

∑
λ⊢d |SY T (λ)|2 = d!

[Frame–Robinson–Thrall ’53]

|SY T (λ)| = d!∏
□∈λ hook(□)

[Rep. Theo.]

hook(i, j) := (λi−j)+(λ′
j−i)+1 = 6
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Theorem: [Vershik–Kerov, Logan–Schepp ’77]
λ(d) ⊢ d - random (Plancherel) Young diagram. Then

(LLN) ωΛd
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ρ(pi)=δi,1



Discrete model of GβE by the Jack–Plancherel measure

Sugestion: [Kerov’00, Okounkov ’03] Jack–Plancherel measure.

P(α)
d (λ) := αdd!∏

(i,j)∈λ

(
α(λi−j)+(λ′

j−i)+1
)(

α(λi−j)+(λ′
j−i)+α

)
=

ρ
(
J

(α)
λ

)
·ρ
(
J

(α)
λ

)
j
(α)
λ d!

∣∣∣∣
ρ(pi)=δi,1

P(1)
d (λ) := d!∏

(i,j)∈λ

(
(λi−j)+(λ′

j−i)+1
)(

(λi−j)+(λ′
j−i)+1

)
= ρ(sλ)·ρ(sλ)

d!

∣∣∣∣
ρ(pi)=δi,1



Discrete model of GβE by the Jack–Plancherel measure

Sugestion: [Kerov’00, Okounkov ’03] Jack–Plancherel measure.



Discrete model of GβE by the Jack–Plancherel measure

Sugestion: [Kerov’00, Okounkov ’03] Jack–Plancherel measure.

√
α

√
α
−1



Discrete model of GβE by the Jack–Plancherel measure

Sugestion: [Kerov’00, Okounkov ’03] Jack–Plancherel measure.



Discrete model of GβE by the Jack–Plancherel measure

Sugestion: [Kerov’00, Okounkov ’03] Jack–Plancherel measure.

Theorem: [D.–Féray ’16]

(LLN) ω
Λ

(α)
d

→ ωΛ∞ ,

√
d
(∫

R xkω
Λ

(α)
d

(x)dx−
∫
R xkωΛ∞(x)dx

)
→ N (0, σ2)(CLT)

• λ(d) - Jack–Plancherel-sampled Young diagram of size d
• x1 > · · · > xN - GβE

∀k
(

αλ
(d)
1 −2

√
dα

(αd)1/6
, . . . ,

αλ
(d)
k −2

√
dα

(αd)1/6

)
∼

(√
2ℓ1−2

√
Nβ

(Nβ)−1/6 , . . . ,
√
2ℓk−2

√
Nβ

(Nβ)−1/6

)
as d,N → ∞

α = 2
β

Conjecture: [D.–Féray ’16]



Discrete model of GβE by the Jack–Plancherel measure

Sugestion: [Kerov’00, Okounkov ’03] Jack–Plancherel measure.

Theorem: [D.–Féray ’16]

(LLN) ω
Λ

(α)
d

→ ωΛ∞ ,

√
d
(∫

R xkω
Λ

(α)
d

(x)dx−
∫
R xkωΛ∞(x)dx

)
→ N (0, σ2)(CLT)

• λ(d) - Jack–Plancherel-sampled Young diagram of size d
• x1 > · · · > xN - GβE

∀k
(

αλ
(d)
1 −2

√
dα

(αd)1/6
, . . . ,

αλ
(d)
k −2

√
dα

(αd)1/6

)
∼

(√
2ℓ1−2

√
Nβ

(Nβ)−1/6 , . . . ,
√
2ℓk−2

√
Nβ

(Nβ)−1/6

)
as d,N → ∞

α = 2
β

Theorem: [Guionnet–Huang ’19]



Discrete model of GβE by the Jack–Plancherel measure

Sugestion: [Kerov’00, Okounkov ’03] Jack–Plancherel measure.

Theorem: [D.–Féray ’16]

(LLN) ω
Λ

(α)
d

→ ωΛ∞ ,

√
d
(∫

R xkω
Λ

(α)
d

(x)dx−
∫
R xkωΛ∞(x)dx

)
→ N (0, σ2)(CLT)

• λ(d) - Jack–Plancherel-sampled Young diagram of size d
• x1 > · · · > xN - GβE

∀k
(

αλ
(d)
1 −2

√
dα

(αd)1/6
, . . . ,

αλ
(d)
k −2

√
dα

(αd)1/6

)
∼

(√
2ℓ1−2

√
Nβ

(Nβ)−1/6 , . . . ,
√
2ℓk−2

√
Nβ

(Nβ)−1/6

)
as d,N → ∞

α = 2
β

Theorem: [Guionnet–Huang ’19]

Question: What is the right discrete analog of β-ensambles with general potential?
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Jack measures of Plancherel type

Theorem: [Kerov–Okounkov–Olshanski ’98]

Ω = {(a, b, c) ∈ R∞ × R∞ × R | a = (a1, a2, · · · ), b = (b1, b2, · · · ),
a1 ≥ a2 ≥ · · · ≥ 0, b1 ≥ b2 ≥ · · · ≥ 0,

∑∞
i=1 (ai + bi) ≤ c}.

ρ : Sym → C: α-Jack positive specialization Thoma simplex:

ρω(p1) = c, ρω(pk) =
∑∞

i=1 a
k
i + (−α)1−k

∑∞
i=1 b

k
i , k ≥ 2ω ∈ Ω
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(α)
u;v (λ) ∼ J

(α)
λ (u·v)·u|λ|

j
(α)
λ

ρ1(pk) = u · vk; ρ2(pk) = u · δk,1

Theorem: [Kerov–Okounkov–Olshanski ’98]

Ω = {(a, b, c) ∈ R∞ × R∞ × R | a = (a1, a2, · · · ), b = (b1, b2, · · · ),
a1 ≥ a2 ≥ · · · ≥ 0, b1 ≥ b2 ≥ · · · ≥ 0,

∑∞
i=1 (ai + bi) ≤ c}.

ρ : Sym → C: α-Jack positive specialization Thoma simplex:

ρω(p1) = c, ρω(pk) =
∑∞

i=1 a
k
i + (−α)1−k

∑∞
i=1 b

k
i , k ≥ 2ω ∈ Ω

Jack measure of Plancherel type:



Jack measures of Plancherel type

v = (v1, v2, . . . ) ∈ R∞, u ∈ R>0.M
(α)
u;v (λ) ∼ J

(α)
λ (u·v)·u|λ|

j
(α)
λ

ρ1(pk) = u · vk; ρ2(pk) = u · δk,1

Theorem: [Kerov–Okounkov–Olshanski ’98]

Ω = {(a, b, c) ∈ R∞ × R∞ × R | a = (a1, a2, · · · ), b = (b1, b2, · · · ),
a1 ≥ a2 ≥ · · · ≥ 0, b1 ≥ b2 ≥ · · · ≥ 0,

∑∞
i=1 (ai + bi) ≤ c}.

ρ : Sym → C: α-Jack positive specialization Thoma simplex:

ρω(p1) = c, ρω(pk) =
∑∞

i=1 a
k
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Jack measure of Plancherel type:

Examples:

• v = (1, 0, 0, . . . ); M
(α)
u;v (λ) = exp

(
−u2

α

)
u2|λ|

j
(α)
λ

; Poissonized Jack–Plancherel measure

• v = (1, c, c2, . . . ); M
(α)
u;v (λ) = exp

(
−u2

α

)
· (uc)|λ|

j
(α)
λ

·
∏

(i,j)∈λ

(
u
c + α(j − 1)− (i− 1)

)
.

Poissonized Jack–Schur–Weyl measure
u
c ∈ Z≥1 or − u

c·α ∈ Z≥1



Main results

Assumptions: limd→∞
α
u2 = 0, limd→∞

α−1
u = g ∈ R, Mα

u;v(λ) ≥ 0

Theorem: [Cuenca–D.–Moll ’23]

(LLN) ωΛα;u → ωΛg;v ,

u√
α

(∫
R xkωΛα;u

(x)dx−
∫
R xkωΛg;v(x)dx

)
→ N (0, σ2)(CLT)
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(LLN)

(CLT)

χd : Yd → C - sequence of Jack characters with the (AFP)

Universal object

√
α− 1√

α√
d

= g + g′
√
d
+ o

(
d−

1
2

)
, as d → ∞,Assumptions:
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√
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Low/High Temperature Limit

Example: Low-temperature limit (g = − 1
4 ) of the Jack–Plancherel measure

Theorem: [Cuenca–D.–Moll ’23]

• λ(d) ⊢ d - Jack–Plancherel distributed
• Jx(y) - Bessel function

λ
(d)
i

d −→ g2 · (i− η
(g)
i )

Then

in probability as d → ∞,
√
αd → −g−1.

• g < 0, η
(g)
1 < η

(g)
2 < · · · - zeros of J−z(− 2

g )



Markov–Krein correspondence

Vershik–Kerov–Logan–Shepp
curve ω∞

Wigner’s semicircle law µ∞

?



Markov–Krein correspondence
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ωg;Λ uniquely characterized by the moments:

Mℓ :=
∫
R xℓdµωg;Λ(x)
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Moments via Łukasiewicz paths

Steps of the form:

Counting with weights:

(1, i) , (1, 0) , (1,−1)

wt = vk

(i, j)

(i+ 1, j + k)

Theorem: [Cuenca–D.–Moll ’23] Mℓ(µωg;Λ) =
∑

Γ∈L(ℓ) wt(Γ)

wt
(i, j)

= j · g
(i+ 1, j)

(i, j + 1)

(i+ 1, j)

wt = 1
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0 otherwise.
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Examples:

• g = 0,v = (1, 0, 0, . . . )

Mℓ =
∑

Γ∈Dyck(ℓ) =

{
1

k+1

(
2k
k

)
if = ℓ = 2k,

0 otherwise.

• g = 0,v = (v1, v2, . . . )

Theorem: [Biane ’98] α = 0

vℓ = Rℓ+1(µωv) - free cumulant

Moment–Free cumulant formula: Mℓ =
∑

π∈NC(ℓ)

∏
B∈π R|B|

Moment–Free cumulant formula: Mℓ =
∑

Γ∈L(ℓ) wt(Γ) with R1 = 0, Ri+1 = vi

• g ̸= 0,v = (v1, v2, . . . )

vℓ - one-parameter deformation of the free cumulant Rℓ+1
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∑

v∈V•(M) f(v) = |V (M)|
• ∀∅ ⊊ A ⊊ V•(M)

∑
v∈A f(v) > |N(A)|
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Curious combinatorial identity

Mℓ =
∑

Γ∈L(ℓ) wt(Γ)

Theorem: [Śniady ’19]

vℓ =
∑

M

∑
f : V•(M)→Z≥2

(−g)ℓ+1−|V (M)| ∏
v∈V•(M) Rf(v)

• M - rooted bipartite oriented maps with ℓ edges

•
∑

v∈V•(M) f(v) = |V (M)|
• ∀∅ ⊊ A ⊊ V•(M)

∑
v∈A f(v) > |N(A)|

Problem: Deduce one from another.



Thank You!


