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f-ensemble

3-ensemble (a.k.a. log-gas system): (¢ > --- > {y) € RY random particles:

Ply > >Un) ~]]icicjen 1bi — 051° Hi\r:1 exp(—V(£;))

Example: =2,V (x) = %2 Gaussian Unitary Ensembles

H = (H; j)1<i,j<n - random Hermitian matrix, Hy ~ exp (—5 Tr(H)).
¢y > --- >N - eigenvalues of H
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f-ensemble

3-ensemble (a.k.a. log-gas system): (¢ > --- > {y) € RY random particles:

Ply > >Un) ~]]icicjen 1bi — 051° qu,il exp(—V(£;))

Example: =2,V (x) = %2 Gaussian Unitary Ensembles

H = (H; j)1<i,j<n - random Hermitian matrix, Hy ~ exp (—5 Tr(H)).

¢y > --- >N - eigenvalues of H

Theorem: g =2,V (x) = x—; [Tracy—-Widom '93],05(5)
B>0,V(x)= z [Ramirez—Rider—Virag '11]
B > 0 [Bourgade—ErdG6s—Yau '14]
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High temperature regime

More recently: SN — v as N — oc:



High temperature regime

More recently: SN — v as N — oc:

Theorem: V(x) = “3—22 [Allez—Bouchaud—Guionnet '12],

(LLN) s s,

which interpolates between the semi-circle law (v = o0) and the normal law
(v=0)

Theorem: V(z) = 5’3—22 [Nakano—Trinkh '18],

(CLT) VN (fR T :v’%(vﬁ)) — N(0,07%)



Random Young diagrams

Definition: A partition )\ of n is a finite, non-increasing sequence of positive
integers A = (A1, Aa,..., Ar) such that ) . \; = d (denote |A\| =d).

Example: A = (7,5,3,3,1), |\ =19,4(\) = 5.

T _
1617 19 >~
< 1012 13
6|8 |9]11
1[2]3 (471415

Standard Young tableau T € SYT'())



Random Young diagrams

Definition: A partition )\ of n is a finite, non-increasing sequence of positive
integers A = (A1, Aa,..., Ar) such that ) . \; = d (denote |A\| =d).

Example: A = (7,5,3,3,1), |\ =19,4(\) = 5.

Curious identities:

[Rep. Theo.] [Frame—Robinson—Thrall "53]
2 __ _ d!
Z)\I—d ‘SYT()\M = d! ‘SYT()\)‘ — TIgex hook(D)

hook(i,j) == (Ni—j)+(N;—i)+1 =16




Random Young diagrams

Definition: A partition )\ of n is a finite, non-increasing sequence of positive
integers A = (A1, Aa,..., Ar) such that ) . \; = d (denote |A\| =d).

Example: A = (7,5,3,3,1), |\ =19,4(\) = 5.
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Plancherel measure:

P(l) ) = .
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Logan—Schepp Vershik—Kerov phenomenon

Theorem: [Vershik—Kerov, Logan—Schepp '77]
A4 = d - random (Plancherel) Young diagram. Then

(LLN) @Aq = WA,
Theorem: [Kerov '93]

(CLT) V4 ([ 2wa, (z)dx — [ 2*wa_ (x)dz) — N(0,0?)
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Logan—Schepp Vershik—Kerov phenomenon
Theorem: [Vershik—Kerov, Logan—Schepp '77]
A4 = d - random (Plancherel) Young diagram. Then

(LLN) WAs = WA,
Theorem: [Kerov '93]

(CLT) V4 ([ 2wa, (z)dx — [ 2*wa_ (x)dz) — N(0,0?)

Theorem [Baik—Deift—Johansson '98]

e A4 _ Plancherel-sampled Young diagram of size d
e /1 > ---> (N eigenvalues of a random N x N Hermitian matrix (GUE)

A —2y/d ¢1—2VN
( —175 )N(ﬁvlm ) as d, N — o0

Conjecture [Baik—Deift—Johansson '98]
Vi (Agd)_zx/ﬁ . ,\§j>2\/3> N (e1—2\/N ek—zx/ﬁ) as d, N — oo

dl/6 YRR dl/6 N-—1/6 Tty N-—1/6
Proved in [Okounkov '00], [Borodin—Olshanski-Okounkov '01], [Johansson '01]



Discrete model of GSE by the Jack—Plancherel measure

Sugestion: [Kerov'00, Okounkov '03] Jack—Plancherel measure.

p () . d! _ p(sa)-p(sx)
M) [T, 5ex ((Ai_j)+(>‘;’_i)+1) ((Ai_j)Jr()‘;'_i)Jrl) = Ad!p A (pi)=0
p(pi)=0:1



Discrete model of GSE by the Jack—Plancherel measure

Sugestion: [Kerov'00, Okounkov '03] Jack—Plancherel measure.

a (N Tigen (i) FO=0+1) (i =)+ —i)+1) =" Ud!p( : p(pi)=9;
IP’(a) ) a®d! (T p (Tl
P\Pi)=04,1
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Discrete model of GSE by the Jack—Plancherel measure
Sugestion: [Kerov'00, Okounkov '03] Jack—Plancherel measure.
Theorem: [D.—Féray '16]
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Discrete model of GSE by the Jack—Plancherel measure

Sugestion: [Kerov'00, Okounkov '03] Jack—Plancherel measure.

Theorem: [D.—Féray '16]

(I_I_N) wAéoé) —7 WA,

(1) Vi ( f ¥, o () — fy ahwn (2)de) — N(0,0?)

Theorem: [Guionnet—Huang '19]

e \(@) _ Jack—Plancherel-sampled Young diagram of size d

a=2
e, > --->xn - GOE B

o —2v/da ol —2/da _ _
Vk ( (ad)3/6 oee T ) ~ (@J@B)gﬁlgﬂ,,.., V(ikaﬁ)%vljgﬁ) as d, N — 00

Question: What is the right discrete analog of 3-ensambles with general potential?
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Idea 1: [Borodin—Gorin—Guionnet '17]
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oxa: Ya—=C  exa=3 PN e (w) =Cu,a)p]J

_>

Prob. space: Y, - Young diagrams with d boxes

(AFP) yq(k,197F) . d" = —s v,

Xa(pUv) ~ xa(p) - xa(v),

(LLN) + (CLT),



Different models

Idea 1: [Borodin—Gorin—Guionnet '17]

—»  Prob. space: YV) - Young diagrams with N rows (LLN) + (CLT), N — oo
Idea 2: [D.-Sniady '19] (inspired by rep. th. [Biane '98, Sniady '06])

exa: Ya—=C  exa=3, BN X\ exi (1) =C(ua) [pu) 3"
Prob. space: Y, - Young diagrams with d boxes
(AFP) xa(k,197%) - d"= — vx,  xa(pUv) ~ xa(p) - xa(v),| (LLN) + (CLT),
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Use the Cauchy identity: p1, po: Sym — C
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Idea 1: [Borodin—Gorin—Guionnet '17]

—»  Prob. space: YV) - Young diagrams with N rows (LLN) + (CLT), N — oo
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Prob. space: Y, - Young diagrams with d boxes
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Different models

Idea 1: [Borodin—Gorin—Guionnet '17]

—»  Prob. space: YV) - Young diagrams with N rows (LLN) + (CLT), N — oo
High/Low Temp.

Idea 2: (fD.~Sniady @(inspired by rep. th. [Biane '98, Sniady '06])

oxa: Ya—=C  exa=3 PN e (w) =Cu,a)p]J

™ Prob. space: Y, - Young diagrams with d boxes

(AFP) xa(k,197%) - d"> — v, xa(pUv) ~ xa(p) - xa(v), | (LLN) + (CLT),
Idea 3: suggested in [Borodin—Olshanski '05] High/Low Temp
Use the Cauchy identity: p1,p2: Sym — C  p; = po; (LLN) + (CLT) [Moll "23]

o 21@1 pl(pk)kPQ(pk) < oo, o o1 (Jia)) 0o (Jia)) >0, VA

J(a) J(a)
—®  Prob. space: Y - all Young diagrams, Mp(f‘,)m()\) ~ pl( « )(5)2( « )
I




Jack measures of Plancherel type

Theorem: [Kerov—Okounkov—Olshanski '98]

p: Sym — C: a-Jack positive specialization =~ <€——®  Thoma simplex:

Q:{(a,b,C)EROOXROOXR‘CL:(CIQ,CLQ,'“), b:(bl,bg,“'),
ar >ag>--->0, by >by>--->0, Y7 (a;+0b)<c}

weQ *— p,(p1) = ¢, pu(pr) = Doy af +(—a) TF 377 bk > 2

=1 Y17



Jack measures of Plancherel type

Theorem: [Kerov—Okounkov—Olshanski '98]

p: Sym — C: a-Jack positive specialization =~ <€——®  Thoma simplex:

Q:{(a,b,C)EROOXROOXR‘CL:(CIQ,CLQ,'“), b:(bl,bg,“'),
ar >ag>--->0, by >by>--->0, Y7 (a;+0b)<c}

weQ *— p,(p1) = ¢, pu(pr) = Doy af +(—a) TF 377 bk > 2

Jack measure of Plancherel type:
p1(pr) = u-vg; p2(pg) =u- 01

Mz(fv (A) ~ J§O‘>(u(.;;)).u|M v = (v1,v2,...) € R® u e Ryy.
) j)\




Jack measures of Plancherel type

Theorem: [Kerov—Okounkov—Olshanski '98]

p: Sym — C: a-Jack positive specialization =~ <€——®  Thoma simplex:

Q:{(a,b,C)EROOXROOXR‘CL:(CIQ,CLQ,'“), b:(bl,bz,“'),
a1 >ag>-->0, by >by>--->0, > 2 (a;+0b)<c}

weQ *— p,(p1) = ¢, pu(pr) = Doy af +(—a) TF 377 bk > 2

Jack measure of Plancherel type:
p1(pr) = u-vg; p2(pg) =u- 01

MEN () ~ By = (0, ) € RS, w € R,

Examples:

B . (a) . u2 u2|>\| .
ov=(1,0,0,...); Myv(\) =exp (_ o ) (a) Poissonized Jack—Plancherel measure

o u2 ue) )
*V = (17 C, 627 tee )7 qu,\z ()\) — €XPp (_E) ( (<)x) H(z,j)EA ( _|_ Oé(] R 1) (Z - 1))
%6221 or —%EZ21

Poissonized Jack—Schur—Weyl measure



Main results

Assumptions: limg .., % =0, limg_yoo &t =g € R, Mg, (A) >0
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Main results

Assumptions: limg .., % =0, limg_yoo &t =g € R, Mg, (A) >0

u? U

Theorem: [Cuenca—D.—Moll '23]

(LLN) M 2 rn)

(CLT) G (fo 2wa,., (x)dz — [ 2Fwa, (z)dz) — N(0,07)

a— —— /
Assumptions: \/_\/E\/a =g+ \% + 0 (d_%) , as d — o0,

Theorem: [Cuenca—D.-Moll ’23]
Xd: Ygq — C - sequence of Jack characters with the (AFP)

(LLN) WA asu % Universal object

(CLT) Vd ([p 2Fwa,., (x)dz — [ 2Fws . (z)dz) — N(0,07)



Low/High Temperature Limit

Example: Low-temperature limit (g = —1) of the Jack—Plancherel measure

1.3364697243163 ...



Low/High Temperature Limit

Example: Low-temperature limit (g = —1) of the Jack—Plancherel measure
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Low/High Temperature Limit

0 1.3364697243163 ...
Theorem: [Cuenca-D.-Moll '23]
o M\ | d - Jack-Plancherel distributed
e J.(y) - Bessel function
o ¢ <0, n%g) <77§g) <L - —zerosofJ_Z(—ﬁ) —
Then e
ALD) .
= — g2 (i = m?)
in probability as d — oo, Vad — —g— 1. 03

In [84]: 1/4%(1-find_root(f(x),=5,-4))
Out[84]: 1.3364697243163097



Markov—Krein correspondence

Vershik—Kerov—Logan—Shepp —> Wigner's semicircle law (1
CUIVEe Weo



Markov—Krein correspondence

Markov—Krein

Continuous Young diagrams: Probability measures (on R)

W < » Lhe

/
wA(x)—|x du,, (x
Lexp [ 7 (29711) do - J et



Markov—Krein correspondence

Continuous Young diagrams: Markov—Krein Probability measures (on R)
4>

W Lhe

2 XD Jp 7 (MA(xz)_m)/ da Jp

Z—X

wg:A uniquely characterized by the moments:

My = [, ztdpg,,. , ()
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Moments via tukasiewicz paths

Steps of the form: (1,1) / ,(1,0) e—a ,(1,—1) \

(i+1,7+Fk) (i,7+1)

Counting with weights: Wt = Uk Wt e——o _:j 9 wt

A (i, )

Theorem: [Cuenca—D.—Moll '23] My(Hwyn) = 2 _rer ey wHT)
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Moments via tukasiewicz paths

Examples:

e ¢g=0,v=(1,0,0,...)

1 (2k -
My =3 _ i) i =0=2k
4 I'e Dyck(¢) 0 otherwise.

o g=0,v=(v1,v,...)

Theorem: [Biane '98] o =0
vy = Rpv1(phw, ) - free cumulant

Moment—Free cumulant formula: M, = ZWQNC(@ I 5e- BB

Example: ¢/ =4
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Moments via tukasiewicz paths
Examples:

e ¢g=0,v=(1,0,0,...)

1 (2k -
— it =0 =2k,
M, = ZreDyck(@ — { . ( k)

0 otherwise.
o g=0,v=(v1,v,...)
Theorem: [Biane '98] o =0

vy = Rpv1(phw, ) - free cumulant

Moment—Free cumulant formula: M, = ZWQNC(@ I 5e- BB

Example: ¢/ =4

My = R} + 6RoR3 + 2R3 + 4R3R1 + Ry

PEL T T T I 1 i M
RY RyR? RyR? R.R? R.R? RoR? RoR?  R2

[T T Tl Tt ITTl
Rs Ry RsRy RsRy RsRy Ry




Moments via tukasiewicz paths

Examples:

e ¢g=0,v=(1,0,0,...)

1 (2k -
My =3 _ i) i =0=2k
4 I'e Dyck(¢) 0 otherwise.

o g=0,v=(v1,v,...)

Theorem: [Biane '98] o =0
vy = Rpv1(phw, ) - free cumulant

Moment—Free cumulant formula: M, = ZWQNC(@ I 5e- BB

NCO(#) & L(f)
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Examples:
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Examples:
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o g=0,v=(v1,v,...)
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Moments via tukasiewicz paths
Examples:

e ¢g=0,v=(1,0,0,...)

(3 if =0=2k,

B _ ) Er1\k
My = ZFeDyck(f) o {() otherwise.

o g=0,v=(v1,v,...)

Theorem: [Biane '98] o =0
vy = Rpv1(phw, ) - free cumulant

Moment—Free cumulant formula: M, = ZWQNC(@ I 5e- BB

Moment—Free cumulant formula: M, = ZFGL(@ wt(I') with Ry =0, R;11 = v;



Moments via tukasiewicz paths

Examples:

e ¢g=0,v=(1,0,0,...)

(3 if =0=2k,

B _ ) Er1\k
My = ZFeDyck(f) o {() otherwise.

o g=0,v=(v1,v,...)

Theorem: [Biane '98] o =0
vy = Rpv1(phw, ) - free cumulant

Moment—Free cumulant formula: M, = ZWQNC(@ I 5e- BB

Moment—Free cumulant formula: M, = ZFGL(@ wt(I') with Ry =0, R;11 = v;
o g#0,v=(v1,v,...)

vy - one-parameter deformation of the free cumulant R,



Curious combinatorial identity

My = 2 rep wi(I)

Theorem: [Sniady '19]

DY, Zf; v,(M)_>ZZ2(_9)£+1_|V(M)| 11

e M - rooted bipartite oriented maps with ¢ edges

¢ Zvev.(M) fv) =|V(M)
e WS ACVU(M) > caf(v)>][N(A)

veva (M) F2f(v)



Curious combinatorial identity

My = ZFGL(E) wi(I)

Theorem: [Sniady '19]

DY, Zf; V,(M)_>ZZ2(_9)€+1_|V(M)| 11

e M - rooted bipartite oriented maps with ¢ edges

¢ ZUEV.(M) fv) =|V(M)
o WWCACVUM) ) ,cqf(v)>][N(A)

Qérootings @
\{ \.‘{ x3 rootings
&rootings C@

vEVe (M) Rf('v)

Example: ¢/ =3



Curious combinatorial identity

My = 2 rep wi(I)

Theorem: [Sniady '19]
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e M - rooted bipartite oriented maps with ¢ edges

¢ Zvev,(M)f(U):’V(M)’
o V) CACVI(M) > ,caf(v)>]|N(A

veva (M) F2f(v)

Example: ¢/ =3
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Curious combinatorial identity

My = 2 rep wi(I)

Theorem: [Sniady '19]

=D Mg V.(M)—>ZZ2(—9)£+1_|V(M)I 11

e M - rooted bipartite oriented maps with ¢ edges

¢ Zvev,(M)f('U):’V(M)’
o V) CACVI(M) > ,caf(v)>]|N(A

veVa (M) 1 ()
Example: ¢/ =3

\{ x3 rootings
&rootings (@
3
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Curious combinatorial identity

My = 2 rep wi(I)

Theorem: [Sniady '19] I Problem: Deduce one from another.

DY, Zf; v,(M)_>ZZ2(_9)£+1_|V(M)| 11

e M - rooted bipartite oriented maps with ¢ edges

¢ ZUEV.(M) fv) =|V(M)
e WS ACVU(M) > caf(v)>][N(A)

veve (M) L2f(v)




Thank Youl!



