
Young diagrams and tableaux - a curious identity...

Definition: A partition λ of n is a finite, non-increasing sequence of positive
integers λ = (λ1, λ2, . . . , λℓ) such that

∑
i λi = n (denote |λ| = n).

Example: λ = (7, 5, 3, 3, 1), |λ| = 19, ℓ(λ) = 5.
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Young diagrams and tableaux - a curious identity...

Definition: A partition λ of n is a finite, non-increasing sequence of positive
integers λ = (λ1, λ2, . . . , λℓ) such that

∑
i λi = n (denote |λ| = n).

Example: λ = (7, 5, 3, 3, 1), |λ| = 19, ℓ(λ) = 5.

Remark Standard Young tableaux of size n ↔ seuqnces of Young dirgrams
λ1 ⊂ λ2 ⊂ · · · ⊂ λn s.t. |λi| = i.
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Young diagrams and tableaux - a curious identity...

Definition: A partition λ of n is a finite, non-increasing sequence of positive
integers λ = (λ1, λ2, . . . , λℓ) such that

∑
i λi = n (denote |λ| = n).

Example: λ = (7, 5, 3, 3, 1), |λ| = 19, ℓ(λ) = 5.

Curious identity: (consequence of the representation theory of symmetric groups)

∑
λ⊢n |SY T (λ)|2 = n!

Problem: Find a combinatorial explanation of this identity ≡ find a bijection:

F : Sn →
⋃

|λ|=n SY T (λ)× SY T (λ).
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Input:
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w = (23, 53, 74, 16, 99, 70, 82, 37, 41, 17)

• RSK: Nn
+ →

⋃
|λ|=n SSY T (λ)× SY T (λ) is a bijection

• ℓ(σ) = λ1 for a permutation σ.

Theorem: [Robinson–Schensted–Knuth ’38 + ’61+’70]
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random Young diagram of size n
sampled proportionally to |SY T (λ)|2.
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Plancherel measure
Problem: How to count |SY T (λ)|?
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|SY T ((2, 2, 1))| = 5!
1·1·2·3·4 = 5.

The distribution of ℓ(σn) when
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The distribution of λ1 when λ is a
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sampled proportionally to |SY T (λ)|2.
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Suppose that λ(n) ⊢ n is random Young diagram sampled w.r.t the Plancherel
measure. Then its global shape concentrates around ωΛ∞ when n → ∞.
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Idea: Instead of studying λ1 try to look at the global shape of λ.

Theorem: [Vershik–Kerov, Logan–Schepp ’77]
Suppose that λ(n) ⊢ n is random Young diagram sampled w.r.t the Plancherel
measure. Then its global shape concentrates around ωΛ∞ when n → ∞.

Main ideas:
• Hook formula gives:

PPlanch(λ) :=
|SY T (λ)|2

n! = exp

(
− n

(
1 + 2I(ωλ) +O( logn√

n
)
))

, where

I - some functional on the space of generalized Young diagrams

• Large deviation theory: a typical shape = the minimizer of the functional I

• Variational calculus



Logan–Schepp Vershik–Kerov phenomenon

Idea: Instead of studying λ1 try to look at the global shape of λ.

Theorem: [Vershik–Kerov, Logan–Schepp ’77]
Suppose that λ(n) ⊢ n is random Young diagram sampled w.r.t the Plancherel
measure. Then its global shape concentrates around ωΛ∞ when n → ∞.

Main ideas:
• Hook formula gives:

PPlanch(λ) :=
|SY T (λ)|2

n! = exp

(
− n

(
1 + 2I(ωλ) +O( logn√

n
)
))

, where

I - some functional on the space of generalized Young diagrams

• Large deviation theory: a typical shape = the minimizer of the functional I

• Variational calculus

Corollary: ℓ(σn)√
n

→ 2 with high probability as n → ∞.



more to come...
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