MULTIFRACTAL ANALYSIS FOR EXPANDING
INTERVAL MAPS WITH INFINITELY MANY
BRANCHES
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ABSTRACT. In this paper we investigate multifractal decomposi-
tions based on values of Birkhoff averages of functions from a class
of symbolically continuous functions. This will be done for an ex-
panding interval map with infinitely many branches and is a gen-
eralisation of previous work for expanding maps with finitely many
branches. We show that there are substantial differences between
this case and the setting where the expanding map has only finitely
many branches.

1. SETTING

Let (X, d) be a metric space and T': X — X be a piecewise contin-
uous transformation. Let ¢ : X — R be a real-valued function (called
a potential). The Birkhoff average of ¢ is defined by

n—1

¢(T7x).
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With respect to an ergodic measure, for a measurable potential ¢, the
Birkhoff averages A,¢(x) almost surely converge to the integral of ¢.
However, since for an expanding map there is a large family of ergodic
measures, the Birkhoff averages can take a wide variety of values. From
the point of view of multifractal analysis, one considers the size (Haus-
dorff dimension) of the level sets of the limit of the Birkhoff averages.
That is, for a given level a € R, the Hausdorff dimension of the set

{m € X: nh—>r§o Anp(x) = a}.

There has been a substantial amount of works on this multifrac-
tal analysis, especially for expanding interval maps with finitely many
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branches. The first example we know where a problem of this type was
studied is the work of Besicovitch in [B] on the Hausdorff dimension
of sets determined by the frequency of the digits in dyadic expansions.
This can be viewed as a multifractal analysis of the Birkhoff averages
of the indicator functions for the doubling map. This work was subse-
quently extended by Eggleston [E]. For a continuous potential, the case
of mixing subshift of finite type is studied in several papers including,
[BS, BSS, BSS2, FF, FFW, FLW, 01, Olil, OW, PW, T]. In [FLW]|
Feng, Lau and Wu then proved a conditional variational principle for
continuous potentials in the setting of general conformal expanding
maps and in [BS] Barreira and Saussol showed that this conditional
variational principle varies analytically for Holder potentials. In [TV]
Takens and Verbitzkiy considered systems with specification property
and calculated the topological entropy of the level sets. In [H], Hofbauer
studied the entropy of the level set of Birkhoff averages for piecewise
monotone interval maps. It is also possible to study a countable family
of piecewise continuous potentials. This case was investigated by Olsen
[O1], Olsen and Winter [OW] for subshifts of finite type and confor-
mal iterated function systems and by Fan, Liao and Peyriere [FLP],
in terms of topological entropy, for systems satisfying the specification
property.

In particular in [O1], the following situation is considered. Let T :
[0,1] — [0, 1] be a C! expanding map and for i € N let ¢; : [0,1] — R
be continuous functions. For a vector o € RN let

n—1

1 )
Xy = J1] 0 lim — (T7x) = ; for all t € N .
o {xe[() ] nl_{gonjgogb( r)=q; forall i e }

It is shown that if X, # () there exists a T-invariant measure u such
that [ ¢;du = a; for all i € N and

h
dim X, = sup{% : /gbidu =q,; for all ¢ € N}.
= t

Here h(u) denotes the measure theoretic entropy of p and A(p) =
[log(|T"(x)|)dp is the Lyapunov exponent of .

The aim of this paper is to look at expanding maps 7" on a non-
compact space where T has a countable number of inverse branches.
While much of the same theory still holds there are also substantial
differences.

In the setting of expanding maps with a countable number of branches,
there have been several papers looking at multifractal analysis. Most
of these papers concentrate on the local dimension of Gibbs’ measures
or specific examples of continuous potentials, for example log|7”| con-
cerning the Lyapunov exponent. Of particular relevance to our work
are the papers [FLM] and [FLMW] which consider the frequency of
digits for certain maps with a countable number of branches. This can
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be viewed as an example of multifractal analysis for Birkhoff averages
of a specific family of potentials. A notable feature of these papers
is that frequencies of digits which sum to less than 1 still yield posi-
tive dimension. However such sets cannot be related to an invariant
measure. There is also a preprint [IJ], which considers the case of one
piecewise continuous potential with certain properties. Our main aim
is to generalize these results to more general families of potentials and
more general countable expanding maps with a countable number of
branches. There is also a paper which looks at related questions in
certain non-conformal settings [R].

Let {1;}2°, be a countable collection of disjoint subintervals of [0, 1].
Let T; : I; — [0,1] be a bijective C! map such that |T/(z)| > & > 1.
By this we will mean that T} can be extended to a C* diffeomorphism
from an open neighbourhood of I; to an open neighbourhood of [0, 1]
which maps I; to [0,1]. We define the map T : UI; — [0,1] as follows.
If x is not a common end point of two intervals, define

T(x) =Ti(z) ifx €T,

Otherwise we simply set T'(x) = T;(x) where | = min{j : x € I;}.
Consider the full shift (3, ) with ¥ = NY and the natural projection
IT:¥ — [0, 1] defined by
(i) = lim T;7 o+ o T3 ([0, 1]).

Let
A =TI(%).

Then (A, T) defines a dynamical system. We remark that the space A
is not necessarily compact and it could also be a Cantor type set. We
will denote

E:={zeA:#IIY2)>2}

and note that this set is at most countable and so for any set {2 C A
we have that dimQ = dim Q\E. To avoid confusion with the notion
of the derivative of T" we will adopt the convention that for x € A
T'(x) = T)/(x) where | = min{j : z € I;}. We will also assume that
the variations of log |T"| converge uniformly to 0 (defined precisely in
Section 2, see Definition 2.1).

Let M(T) be the set of T-invariant probability measures on A and
note that they must assign 0 measure to E. Thus II gives a bijection
between the set of shift invariant probability measures and T-invariant
probability measures. To avoid complications when we refer to weak*
limits of a sequence of measures we will always mean weak™* limits of
the measures in the symbolic space.

Given a sequence of functions ¢; : A — R (i € N), which satisfy that
the variations tend uniformly to 0 (again see Definition 2.1), we will
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denote the Birkhoff averages

i
L

Apdi(z) = ¢i(x).

S|

<.
Il
=)

We wish to study the possible limit points in RY of the Birkhoff average
sequences { A, ¢;(x) },en by investigating the sets of the form

Ay={reA: lim A,¢;(z) =~ foralli e N}, 7€ RY,

The following sets will describe the possible limits of the Birkhoff
averages. Let

Zoz{XERN:EI/LEM(T),ViEN,/d)Z-du:%}.

We will denote by Z the closure of Zj in the pointwise limit topology.
That is to say, v € Z means that for any € > 0 and any k € N there
exists a T-invariant probability measure p such that

V1<i<k, ‘/@'du—%’ <e.

For a T-invariant probability measure p let h(u) and A(u) denote
the measure theoretic entropy and the Lyapunov exponent of p respec-
tively. See Section 2 for formal definitions.

Our aim is to find the Hausdorff dimension of A, and consider how
the dimension varies with «v. The known results for dynamical systems
of finite branches suggest three natural candidates in the infinite case.
Given v € Z, let

a1(y) = lim lim  sup {%;’/@dﬂ_%

e—0 k—o0 HEM(T)

<eVi<k, h(p)<oo}.

Let as be a similar function, the difference being that the supremum
is taken over ergodic measures (Mg (T)):

az(y) = lim lim  sup {% : ‘/¢idﬂ — %

Ok peMe (1)

<eVi<k, h(u)<oo}.

Finally, for v € Zy we will define

h
asz(y) = sup {M : /d)idu =y VieN, hip) < oo}.

= pem(r) LA(W)
We can now state our main theorems.

Theorem 1.1. Fory & Z, we have A, = (0. For all v € Z, we have

dim A, = a1 () = az2(y).
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We would like to state the spectrum using the function ag, too
(hence, without the awkward limits in k& and €). However, as shown
in [FLM] and [FLMW], the spectrum is not necessarily equal to as(7).
One particular problem is that there might be points in Z \ Z, that
are limits of the Birkhoff averages of ¢; for some = € A (while, not be-
longing to Zj, they are not averages of potentials ¢; for any invariant
measure). Another problem is that even for points in Z, the spectrum
needs not to be the supremum of h/\ over invariant measures with
given averages of ¢;.

We are only able to present the “exact” type statement for bounded
potentials, and the proof involves more steps than for the “approxi-
mate” type statements of Theorem 1.1. We also need to introduce the
quantity,

Soo = inf {5 >0: Zdiam(]i)s < oo}
ieN
Observe that 0 < s, < 1. The exponent s,, will play an important
role.

Theorem 1.2. If the potentials ¢; are all bounded then for all v € Z
we have
dim A, = max {5, @3(7)},

while for all v € Z \ Zy we have

dim Al = S00-

The rest of the paper is structured in the following way. In section
2 we give some results based on the distortion of the functions and
the topological pressure. Next we use section 3 to introduce the main
tools we will use to prove Theorems 1.1 and 1.2. Section 4 gives the
proof of Theorem 1.1 and the proof of Theorem 1.2 is given in sections
5 and 6. Finally in section 7 we give some examples of our results,
including frequency of digits, harmonic averages for continued fractions
and multifractal spectra with flat regions.

At the end of this section, we would like to give a list of the notation
which will be used in this paper.

e > = NV: the full shift with the shift transformation o.

o>, ={1,...,q}" : the symbolic space of ¢ symbols.

e [wi, - ,w,] : nth level cylinder set in X.

o Ch(w) =Chz) = Ch(wr -+ wy) with 2 = llw,w € [wy, -+ ,wy]
: nth level basic interval in A.

e ¢, ¢; : functions on A; f = ¢oll, f; = ¢; oIl : the corresponding
functions on .

o A,¢i(x) = %Z;:é ¢i(T7z) : Birkhoff averages of ¢;.

® [, t; : measures on A; v,v;,1,7; 1 Measures on .

e )\, : the maximal contraction ratio of map 7.

® Yi(7) = § SUDyecy () log |(T7) (y)].
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o &) = [rdp.

e dim A : Hausdorff dimension of a set A.

e h(u) : entropy of p.

e \(u) : Lyapunov exponent of p.

e For (wy,...,w,) € N (wy,...,w,) denotes the periodic point
7 € X such that for any a € Nand 1 < b < n 74,04 = wp.

2. TOPOLOGICAL PRESSURE AND DISTORTION

We first introduce several useful quantities (including entropy, Lya-
punov exponent, pressure) and a variational condition on potentials
which ensures a distortion result.

We start by defining cylinders and basic intervals in our setting. Let
w € 3. Denote by [wi, -+ ,w,] the nth level cylinder. The nth level
basic interval determined by w is

Cn(w) = Cp(wr, ... ,wy,) =T, oo T, N[0, 1))\ E.

w1

Sometimes, we also write this basic interval by C,,(x) with x = Ilw.
Two key concepts for this paper will be the measure theoretic entropy
and the Lyapunov exponent of an invariant measure. For a T-invariant
probability measure p we define its entropy ([MU], pages 292-293) by

Bp)=lim = p(Culwr, - wn)) - log p(Calwrs - w)

n—oo N
(w1 ...,wn )ENT

and its Lyapunov exponent by

M) = / log |T" ()| du(z).

It is well known that h(u) < A(u). However it is possible that they
could both be infinite.

We now consider the regularity conditions we will need our potential
functions ¢; to satisfy. For ¢ : A — R define its nth variation by

var,(6) = sup{|(x) — ()] : 7,y € Culw),w = (wr,...,wa) € N},

It is clear that var, (¢) decreases as n tends to 400 and that lim,, var,,(¢) =
0 means f := ¢ oIl is uniformly continuous on ¥ when ¥ is equipped
with the usual metric.

Definition 2.1. Let ¢ : A — R. We say that ¢ has variations uni-
formly converging to 0 if var;(¢) < oo and lim,, . var,(¢) = 0.

Given a basic interval C),(wy, ... ,w,) we define
M*p(wr,. .., wy) = sup Ano(x)
2€CH (w1,...,wn)
M.p(wr, ... ,wy) = inf Apo(x).

2€CH (w1,...,wn)
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Lemma 2.2. Let ¢ : A — R have variations uniformly tending to 0.
Then

lim sup M o(wi,...,wn) — Mup(wr,...,w,) =0.

N0 (w1...,wn )ENT

Proof. The result immediately follows from the following estimation:
for fixed n € N we have

|\ M* (w1, ..., wn) — Mup(wr, ... wy)| < %Zlvarj »=o(1).

g

Since we are assuming that log |7"(x)| has variations uniformly tend-
ing to 0, this lemma has an immediate consequence on the size of basic
intervals.

Lemma 2.3. For any w € X
| log(diam(C,,(w))) — nA,(—log |T" o Il(w)])| = o(n).

Proof. This can be proved straightforwardly since by the mean value
theorem we have

log(diam(C,,(w)) = nA,(—log|T" o II(7)|)

for some 7 € ¥ such that (ry,...,7,) = (w1,...,w,). We can then
apply Lemma 2.2 to ¢ = log |T”| which was assumed to have variations
tending uniformly to 0. U

Now it is time to refer to the notion of pressure of a potential. If
¢ : A — R is a function with variations uniformly tending to 0 then we
define its pressure by

P(¢) = sup {h(u)—i—/(bdu : /gzﬁdu> —oo}.
pEM(T)
This can be alternatively stated as (see [MU], p.7)
1 _
(2.1) P(¢) = lim — log Z ¢Sn (¢011(@))

n—oo M,
|w|=n

Notice that it is possible that P(¢) = occ.

Finally we prove some important results regarding the relationship
between the topological pressure and s.,. Observe that ¢t — P(—tlog|T"|)
is decreasing because log |T"(x)| > 0.

Lemma 2.4.

Soo = 1nf{t > 0: P(—tlog|T'|) < oo}.
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Proof. For convenience we will let
Y(x) = —log|T(x)], G(x)=logdiam(I;) where | = min{j: z € [;}.

To complete the proof simply note that if P(tG) < oo or P(ty) < oo
then by (2.1) we have

|P(tG) — P(ty)| < tvari(¢).
O

Lemma 2.5. There exists a sequence of T-invariant probability mea-
sures {n }nen such that
h(pn)

lim A(u,) = o0, lim = Seo-

Proof. We suppose s, > 0 and leave the easy case s,, = 0 to readers.
We start by ﬁxing e > 0 and noting that for any T-invariant measure
w1 such that ) > Seo + 2€ we have

P(— (500 +€)10g|T"]) > h(p) = (800 +€)A (1)
> eA(w)

and so A(p) < < P(=(scote) log|T"])
£
We now take two sequences {t, }nen and {k, }nen such that for each
n, tn < Seo, liM,_ o0 t, = Ss and lim,, .. k, = 0o. Since for all n we
have that P(—t,log|T’|) = oo we can find a sequence of T-invariant
measures i, such that % > t, and A(u,) > k,. However for any

: P(—(sccte)log|T"|) h(pn) hpn) _
e>0,if k, > - then o) < 800 +2e. So lim,, o o) 5

Soo-

3. TooLs

It will be useful for us to describe in some details the main tools
we are going to use. They are already used in the literature in the
finite symbolic case, but in this paper we are working with infinitely
many symbols and this introduces some minor changes. We remind the
reader that (X, o) is the full shift on one-sided symbolic space over an
infinite alphabet.

3.1. Bernoulli approximation. In this section we will present a pro-
cess of using sets of cylinders to define Bernoulli type ergodic measures.
This is a similar idea to the Misurewicz’s proof of the variational prin-
ciple but here we also exploit the structure of the symbolic space. Since
we are in a non-compact setting, an added complication is that weak*
limits of measures will not always exist.

Let ¢ : ¥ — R have variations uniformly tending to 0. Let f = ¢oll.
We prove the following result.
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Proposition 3.1. Let € > 0 and n € N be fixed. Suppose that
var, (A,¢) <e, var,(A,log|T'|) <e.

For any set J C N" and any probability vector {p;}jes (0 < p; < 1,
Zjejpj = 1), we can find an ergodic T-invariant measure p such that

(1) foduc (n—zm +2)
(2) A(p) € (2 — 8,72 +¢).
(3) h(U) = 1/” Zje]pj log p;

where

=S nS 0, = S pylogdiam(II().

j€J jeJ
Proof. For convenience define ¥ : 3 — R by
U (w) = log [(T7)'(Ilw)].

Each j in J defines a cylinder. We start by defining a o"-invariant
Bernoulli measure v, on ¥ by assigning each cylinder j € J the weight
p;. This measure will satisfy

(1) 2 [S.fdv, € (m —e,m +e)
(2) %fSn(logT’ oll)dv, € (72 —&,72 +¢)
(3) h(vy,0") = — ZjeJ p;logp;.

Then define a o-invariant measure

Since the measure v, is o"-ergodic, v is o-ergodic. By straightforward
calculations and Abramov’s formula for entropy (see [PU], Theorem
2.4.6 page 32), the above three formulas can be written for v as
(1) ffdl/ € (71 —&mM +€>7
(2) [logT"olldv € (12 —£,72 +¢),
(3) hr,0) = — 3, pjlogp;.
To finish the proof we simply let
p=voll™"
0
We will use this proposition in two ways. One is to construct mea-
sures from sets of cylinders where the Birkhoff averages for certain
potentials will be the same. The other is to approximate invariant

measures with ergodic measures.
Denote by %() the following set of cylinders in X

{[Wla s 7("}71] : Angbl(nw) S (%‘—5>%+5)7vw S [wh s awn]7V1 <i1< k}
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Corollary 3.2. Firk € N, v = (v1,...,7) € R¥ and n € N. If there
exists s such that

Z diam([wy, . ..,w,])* =1,
=)

and

K :=— Z diam([wy, ..., wy])" logdiam([wy, ..., wy,]|) < oo.
()

Then there exists a T-invariant ergodic measure p such that

h(p) £
idp € (v — &, ; —— — S| < :
/¢ pe(y—enite) ) 8’ T
Proof. We simply apply Proposition 3.1 with J = 3(v) and with
diam([wy, . ..,w,])® as probabilities. O

Corollary 3.3. If there exists a T-invariant measure p and a vector

v € R¥ (k € N) such that

A(p) < oc; wgigk,/@du:%

then there exist strictly increasing sequences of integers {qi},{n¢}, and
a sequence of T™ -invariant Bernoulli measures {p¢} supported on 3,
such that

(2) limy oo h(pe, T™) = h(p),

(3) limpoo Ape, T) = A(n).

Proof. Take such an invariant measure pu. For any ¢ > 0 we can find
N € N and ¢g € N such that for any n > N

(1) var,{A,(logT" o II)} < g,

(2) For each 1 <i < k, max;{var,(A,¢;)} < e,

(3) For each 1 <i <k,

> aMwr, . wa)) A (@ @) — | < e,
(4) ‘Zwl w, B([wr, ..o wy]) log diam([wy, . . ., wy,]) — n)\(u)‘ < neg,

Wiy -y wn)) log p(Mwy, . .. wy]) — nh(,u)‘ < ne,

where in points (3)-(5) the sums are taken over all words w; ...w, €
{1,...,¢}" and

wn]) = p(Mwy, ... wn))
Y P[wr, )

We can now apply the first part of the proof of Proposition 3.1 to
construct our sequence of measures. We could go on to get a sequence

Aa(wy, . ..
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of T-ergodic measures. However, these T"-ergodic measures u, will
actually be more useful for our purposes. O

3.2. W-measures. The main tool to prove the lower bound of our
Theorems will be to use the technique of w-measures used in [GR]. This
involves using a sequence of ergodic measures to define a new measure
which we will use to calculate the lower bound for the dimension.

Theorem 3.4. Let {y;}32, be a sequence of T-invariant measures of
finite entropy such that the following limits exist

Yi = lim [ ¢;dp;.

J]—00

Then for v = (7i)ien we have

h(u;)

dim A, > limsup ——=.
2= AW
Proof. This statement is analogous to the one proven in [GR, Proposi-
tion 9, Theorem 3] in the special case: it was a finite iterated function
system, the measures ji; were Gibbs and there was only one potential
¢ = log |T"|. The proof of the general statement is analogous, but there
are some changes so we rewrite it.
By choosing a subsequence we can freely assume that h(p;)/A(1;)
have a limit.
To begin, we are not going to use the measures p; directly. Fix a
sequence £; — 0, by Corollary 3.3, for each j, there exist an integer n;
and a Gibbs (even Bernoulli) T™/-invariant measure g such that

(1) | [ Angudpt; — yi| < ej/2 for 1 <i < j,
(2) [Pp5 T70) = hlps)| < €5/2,
(3) [AGuG, T™9) = Apy)| < &5/2.

Then let
1 n;—1

(3.1) nj:—ZM;oHoafl.
i =

The family {n;}52, has the following properties:

- hy) = Ll o),

— each measure 7; is supported on a symbolic space %, with
only finitely many symbols, the sequence {g;} is in general un-
bounded. Note that %, is compact, hence each f; = ¢; oIl is
bounded on 3,

: ‘h(m) h(p;)
Ami) AMuy)

nga
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—forall1<i<yg

‘/fidnj —/ﬁbz‘dﬂj

Let {m;} be a fast increasing sequence of integers (in the following
we will provide further conditions). We will construct a probability
measure 7 supported on ¥ by defining it on a family of cylinders, which
has a product structure.

First, on all cylinders of level m; we define

n(lwr, - wm]) = m[wrs .- wm, ).
Then, in an inductive step, having the measure defined on cylinders
of level m;_;, we subdivide it on their subcylinders of level m; by the
following formula:
N(wis -y wmy]) = n([wi, - w1 ]) - 0 ([Wiy 415 -+ Wiy ])-

We assume that

S Ej-

mq > ny, (mj — mj,1) > nj.
Note that at each step of construction the measure is defined on a
symbolic space with finitely many symbols. Denote

Ly(w) = %log (T (w)| and M, (w) = —%logn([wl, e ywh)).

We claim the following: we can choose {m;} such that
(3.2) —log A
where )\; is the maximal contraction ratio of map 7; and that the
following properties are satisfied for any j and for all points w in a

positive n-measure set A C X: for all 1 <7 < j and m; < n < m;qn
we have

g1 < Ej+1MM

(33) M*fi(wl,...,wn)—M*fi(wh...,wn) ng,
(3.4) ’Anfi(w) — %/fidnj _n _nmj /fz‘dnj-H < e,
(3.5) Lo(w) = L) = =LA is0)| < 251
(3.6) Mo (@) = L h(n;) — "= h()| < e

Let us prove the last four expressions. The formula (3.3) follows
from Lemma 2.2 provided all m; are big enough. The other three
expressions are the main part. Note that (3.5) and (3.6) are actually
special cases of (3.4). L,(w) is (by bounded distortion) approximately
a partial Cesaro average of the function log |7”|. Similarly, while 7; is
not a Gibbs measure, y; is (for 7). Hence, +(nMy(w) — m;Mp, (w))
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is (by Gibbs property) approximately a partial Cesaro average of the
potential of the Gibbs measure p;, (average under iterations of 77+1).
For this reason, we will provide a detailed proof of the formula (3.4)
only and the formulas (3.5) and (3.6) can be proved analogously.

Applying Birkhoff Ergodic Theorem to the measure 7, and the func-
tion f;, we get that

(3.7)

A () — / frdm,

on a set of n;-measure 1 — d;, where d; can be chosen arbitrarily small
if m; is sufficiently big. The next statement we will need is that

(3.8)

n[ Ao @) - [ fn

for all n > 1 for a set of w of 7y-measure 1 — 0, (more precisely, we will
only need this statement for 1 < n < msy —my, but it is important that
we can choose arbitrarily big ms and the statement will still be true).
It follows from the Central Limit Theorem (see [PU, Thm 5.7.1]) for
measure 7, that for any continuous f and for big n

—/de]g <e

for all w except a subset of measure approximately exp(—cne?). Hence,
4, can be chosen arbitrarily small, provided mje; is big enough (how
big is big enough will depend on &,).

We continue in an inductive way. By the Birkhoff Ergodic Theorem
we have

(3.9) <

A fi) = [ fidny| <2

for all 1 <+¢ < j on a set of n-measure 1 — d;, where d; can be chosen
arbitrarily small provided m; is sufficiently big and sufficiently big in
comparison with m;_;. By the Central Limit Theorem

B10) 0|l @)~ [ fden

m;e;
< 5 + NEjq1

forall 1 < ¢ < jandn > 1 for a set of w of 7;;-measure 1 — 5j,
where Sj can be chosen arbitrarily small, provided me; is big enough.
Combining (3.7), (3.8), (3.9) and (3.10) we get (3.4) true on a set A
of -measure at least 1 —> 0, — > gj, which can be chosen arbitrarily
close to 1.

Let 14 be the restriction of n to A. By (3.3) and (3.4), we have

ACAl.
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On the other hand, for all m; < n < mj;1, A is contained in a union
of nth level cylinders, each of size at least
T 1= exp (=myA(1;) — (n = my)A(n;41) — nej)
(by (3.5)) and of p-measure at most
Cn i= exp (=m;h(n;) — (n —m;)h(nj41) + nej)
(by (3.6)). According to (3.2), we have
|log 141 — logry,| < e;|logr,|/n.

For any w € A, the ball B, (w) intersects A at most two nth level
cylinders. Hence

na(By, (w)) < 2¢,
By Frostman’s Lemma,

dim II(A) > lim inf hlny) = lim inf M
A(n;) Alu;)

Recall that at the beginning, we assume that h(s;)/A(x;) have a limit.
The proof is then completed. U

4. PROOF OF THEOREM 1.1

The proof is decomposed into the following three propositions. Recall
that
Ay ={r e A: lim A,¢;(x) =, for all i € N}.

Proposition 4.1. If v ¢ Z then A, = (.

Proof. Given v, assume that there exists z € A such that for all i € N
lim,, oo Apdi(x) = ;. Let w € X satisfy [lw = z. If we fix & > 0 and
k € N then we can find N such that for all n > N we have

sup [Anoi(w) — vl <¢e/2,

1<i<k
sup  sup [Angi(x) — Andi(y)| < g/2.
1<i<k z,yell([wi,...,wn])

We then let v be the shift invariant measure on Y defined on the pe-

riodic orbit (wy,...,w,). If we let u = v oIl then we have that v
is T-invariant and that |f oidp — %} < ¢ for each 1 < ¢ < k. This
completes the proof. O

In what follows, we will restrict ourself to the case y € Z.
Proposition 4.2. Ify € Z then dim A, > a1 (7).
Proof. Tt follows immediately from Theorem 3.4. U
Proposition 4.3. Ify € Z then dim A, < ax(y).
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Proof. Let 5 = dim A, = dim(A,\E). Given € > 0, for any covering of
A \E with intervals Ej; of lengths |E;| < 0 we will have

SB[ > N()

with N(§) — oo as 0 — 0. In particular, if we choose a covering of A,
with nth level basic intervals, the corresponding sum >_ |T[wy, . . ., w,]|* ¢
will be greater than 1 provided n being big enough. If this summand
is infinite, we can choose a finite subfamily of nth level basic intervals
intersecting A, such that sum of their diameters in power 5§ — ¢ is still
greater than 1. We can then choose a different exponent s > 5 — ¢ for
which this sum is equal to 1.

By Lemma 2.2, for any k for sufficiently big n if a nth level cylinder
intersects A, then

[Andi(w) — vl <e
for all ¢ < k and for all w in this cylinder.

We can now apply Proposition 3.1 and Corollary 3.2 to construct an
ergodic measure v with respect to the shift acting on finitely many sym-
bols (hence, of finite entropy), and then a T-invariant ergodic measure

) 2
- K—2¢

1 satisfying
Pidpp — i
‘/ 8 )

for all 1 <7 < k. By the formula dim u = h(u)/A(x) the proof of the
upper bound in Theorem 1.1 is completed.

< 2¢,

g

5. PROOF OF THEOREM 1.2

From now on we will assume that each function ¢; is bounded above
and below. Recall that

ai(y) = lim lim  sup {M : ’/(ﬁid,u — i

<5W§k,h(u)<oo}.

==0k=o0 uep(ry (A1)
h .
az(y) = sup {(—M) : /qbidﬂ =Vi € N h(p) < oo} :
pem(ry L A(1)

We will first show that for all v € Z we have (see Lemma 5.1)
1(7) > Sco-
As Theorem 1.1 is already proven, we then have
dim A, = max {s., a1(7)} -
Then we will show that (see Proposition 5.2)
041(1) > 5o = 041(1) = Oég(l)

It will follow that dim A, = max {s., as(7)}.
Let us first prove the following Lemma.
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Lemma 5.1. Lety € Z, k€N, ¢ >0 and p € M(T) such that

[ o=,

There then ezists a measure v € M(T) such that
h(v
) / Pidp — i

— 2 Se0 — &, su
Av) — 1<ick

Proof. Let A = sup;<;<; Sup,c, [¢:(2)|. By Lemma 2.5 we can find a

sequence of T-invariant measures y, such that lim, ., A(u,) = oo and

% > S0 — 5 for each n. Consider the measure

A(p) < oo, sup <e.

1<i<k

< 2e.

13 13
=(1-—= .
Vp = ( A)u+Aun

Then we have that for each 1 <7 < k

‘/@dl/n—%‘ < ‘/@dﬂ—% +‘/¢idﬂ_/¢idl/n < 2e.
Furthermore
lim inf hlvn) = liminf (1 = e/A)hlp) + e/ Ahpn)
S A e (1= e /AIA) + £/ AN(n)
= liminf Plpin)
n—oo A(fin)
€
> Soo — —-
- 2
This completes the proof. O

Thus we can conclude that for all v € Z, we have a1(7y) > 5o
Proposition 5.2. Lety € Z. If ay(7y) > 800, we have a1(y) = as(y).

The proof of the proposition is lengthy and it is presented in the
next section.

6. PROOF OF oy (7) = as(y)

The assertion of Proposition 5.2 will follow immediately from the
following statement.

Proposition 6.1. Given v € Z and a sequence of invariant measures
p; such that

— h(p) /A (1t5) > Soo + 0 for some 6 > 0,

— [ ¢idpj — i for all i € N,

there exists an invariant measure p satisfying
h(p) h(p;) / :
—— = limsup —= and ¢idp =v; Vi € N.
Aw) Alk;)
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To prove the statement we will consider the locally constant poten-
tials v, defined by

1
n(r) = - sup log |(T")'(y)].
y€Cy(x)

We then have the following straightforward lemma

Lemma 6.2. For any p € M(T) such that \(u) < oo we have

o o]

Proof. This follows simply because the variations of log |T"(z)| tend
uniformly to 0. U

We will first prove an analogous statement to Proposition 6.1 for
¥y (x) and then use Lemma 6.2 to deduce Proposition 6.1. For conve-
nience for p € M(T) we will let & (u) = [ ¢pdp.

Lemma 6.3. Fiz any k € N. Giveny € Z and a sequence of invariant
measures [1; such that

— h(p;)/Ek(ptj) > Soo + 0 for some 6 > 0,
— [ ¢idp; — ~y; for alli € N,

there exists an invariant measure p satisfying

M) _y Miy) e N,/@-dp = .

= limsup ;

&k (1) i Sk(py)

Note that to prove Lemma 6.3 it suffices to prove the statement

for k = 1 since the statement for general k can then be deduced by

considering the map T*. The proof of Lemma 6.3 will now follow by a
series of technical lemmas.

Lemma 6.4. For any ¢ > 0 there is K(§) > 0 such that if p is a

T-invariant measure and = & ( )) > S0 + 0 then h(p) < & (p) < K(9).

Proof. We fix t € R such that s,, <t < s, + 0. By the methods from
Lemma 2.4 we get P(—t1);) < oo. So by the variational principle we

get h(u) — t&(n) < P(—t1y). Since % > Seo + 0, We have

P(=th1) = (Soc + 6 = 1)&1 (1)
So,
P(—tlogT")
fl(ﬂ) < m
O

Therefore if the hypothesis of Lemma 6.3 holds then we can deduce
that the sequence of measures {y;} is tight and so will have at least one
limit point p which will be a T-invariant probability measure. Moreover
by the lower-semi continuity of & (y;) (see Lemma 1 in [JMU]), by the
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simple fact that h(p) < A(u) and the fact that A(p) < & (1) we know
that h(p) < & () < K. To finish the proof of Proposition 6.1 we would
only need an upper semicontinuity of entropy.

Unfortunately, the entropy is not upper semicontinuous on M (7).
We have, however, a limited form of semicontinuity when we consider
entropy divided by Lyapunov exponent, and this will be enough:

Lemma 6.5. Let {1 };en be a sequence of measures converging weakly
to p and satisfying that h(g;)/&1(1;) > Seo + 0 for some 6 > 0 and all
j € N. We have

P S i sup P4

&) &1 (1)

Proof. Denote by 7; the measure on X such that p; = n; o II71. We
start by choosing a subsequence of n; such that h(n;)/&(n;) converges
to the maximal possible limit.

Given ¢, consider the projection 7, : ¥ — >, obtained by replacing
in a sequence wy,ws, ... all symbols g+ 1,9+ 2,... by symbol ¢q. The
projection of a measure v under 7, will be denoted by v/,.

Let us denote
Cja = ZUJ([k])

k>q

Agi=[log inf {[T"(z)[}].

EU°° I

Note that c¢;, is uniformly (in j) converging to 0 as ¢ increases.
Consider the two partitions:

A:{[l],[?],...,[q—l],Uk, B= {U Ja+10g+2),.. )

We have
h(n;) = h(n;| AV B) < h(n;|A) + h(n;]B).

The former summand is h(n;|,). The latter can be bounded from above
by the entropy of the corresponding Bernoulli measure. It has one atom
with measure 1 — ¢;, and the other atoms are cylinders [k] (k > q).
Hence,

(1 —=cjq)llog(1 = cjq)| + ciqllogejql + cjgh(vig)
C h(VJ}q) + 80((])7

where v, , is the Bernoulli measure obtained by assigning on each sym-
bol k > ¢ probability n;([k])/c;,, and ¢(q) converges to 0 as ¢ — oo.
We know that

<
(6.1) p

&(vjq) 2 log_inf {|T'(2)[} = A,

J?EUOO Il
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which must tend to oo as ¢ goes to co. Thus by Lemma 6.4

(6.2) ?f(ij) < s +€1(9)

for some €1(q) converging to 0 as ¢ — co. At the same time,
(6:3) A(my) = > mp([(RD 1 (1(@) = Amslg) + €1 (M#30) = 1 (11()))-

As &(nj) < 00, ¢j¢1(I1(g)) must converge to 0, but this conver-
gence is not uniform. Still, from the sequence {n,;} we can choose a
subsequence 7, , a sequence ¢ and a sequence £5(¢;) — 0 such that for
each ¢; we have

limsup ¢, o1 (I@)) < €a(q).
Ik

Indeed, otherwise we would be able to choose a sequence 7;, such that
for some ¢ > 0 and for any sufficiently big ¢ we would have

hm inf Cjk,qwl (H(q)) >cC
Jk

and that would imply that & (n;) = oco.
So, finally we get by (6.1), (6.2) and (6.3) and Lemma 6.2 that given
[, for all k£ big enough we have

(64) h(njk) - h(njklln) < Soo K(]ka QZ) + 53(%? 5)
and
(6.5) &) — & Myila) > Kk @) — e3(a@, 0),

where K(7,q) = ¢;,61(vjq4) > 0.
Consider now the following diagram:

M. - n
njk“]l 7 77’111

By (6.4) and (6.5), given [, for k big enough

h(j|a) h(n;,) B
Elnla) ~ Gln) 0

The convergence of 7;,|, to 1|, takes place in space of invariant mea-
sures of (X,,,0), where entropy (and hence h/&;) is upper semicontin-
uous. Finally, h(n) = lim h(n),,). Taking u = no I, we have

h(p) .. h(ng)
alw ™ E )

—e(q)-
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As we can choose arbitrarily big ¢, e(g) is arbitrarily small. We are
done. U

The statement of Lemma 6.3 now follows.
To complete the proof of Proposition 6.1 choose a sequence of T-
invariant measures p; such that
— h(p;)/A(1t5) > Soo + 0 for some 6 > 0,
— [ ¢idp; — v; for all s € N.
We choose € > 0 sufficiently small such that h(p;)/(A(gj) +€) > S0 +
d/2. We then choose k sufficiently large such that vary(log |T"(z)|) < e
and so in particular &,(p;) — AM(p;) < e. Thus h(p;)/Ee(p;) > Seo +
d/2 and we may apply Lemma 6.3 to show that there exists a T-
invariant measure y such that h(u)/&(pn) = limsup;_ o h(p;) /&)
and [ ¢;dpu = ; for all i € N. Moreover

lirjrl sup iEZj 3 > h?l sup 5}; ((ﬁ)) = h(p)/&(1)

hlp) o hp) eh(p)

Ap)+e = Ap)  AMp)?+e(p)

and Proposition 6.1 now easily follows.
This completes the proof of Theorem 1.2.

7. EXAMPLES

We now look at some examples where our results can be applied.
We will consider an application to frequency of digits which applies
the fact that our level sets are defined using countably many functions.
We then consider two cases which look at possible behaviour when the
level set is just determined by one bounded function.

7.1. Frequency of digits. There have been many papers on the Haus-
dorff dimension of sets determined by the frequency of digits for various
types of expansion, see for example [B], [BSS2], [E], [FLM], [FLMW],
[O2]. Here we show how our results can be applied to give results in
this direction in the setting of expanding maps with countably many
branches. We take a partition {I;};cy and a map T as in the first sec-
tion. We define ¢; to be the characteristic function for the interval I;,

that is

o) = ={ g § 15T

For an infinite vector p = (py, pa,...) where 3%, p; <1 let
Ay ={z € A: lim A,¢;(z) = p; for all i € N}.

The assumptions of Theorem 1.2 are all satisfied and it is easy to see
that all such p belong to Z. Therefore

dim A, = max {8007 043(2)}
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where

as(p) = sup ){

HEM(T

h(p)
M)

We refer to these sets A, as “sets of digit frequency”. This is because
in the case where T is the Gauss map, T'(z) = 1/ mod 1, A,¢;(x)
gives the frequency of 7 in the first n terms of the continued fraction
expansion of x. In particular our work shows that the dimension of
such a set is always bounded below by s., even if the frequencies sum
to less than 1. Note that s, = 1/2 when T is the Gauss map. This
problem has already been studied in the setting of continued fractions
([FLM]), and in the countable state symbolic space ([FLMW]). Our
work shows that this phenomenon extends to more general countable
branch expanding maps. We should also point out that there was a
step missing from the proof in [FLM] where the argument of how to
go from the statement of Theorem 1.1 to Theorem 1.2 was not given.
The section on the proof of Theorem 1.2 shows how this can be done.

cp(L) =p VieN, h(p) < oo} .

7.2. Harmonic averages for continued fractions. For another ex-
ample we again let T be the Gauss map. If we just take one potential

¢ : [0,1\Q — R defined by ¢(x) = #(1) where a;(z) is the first digit

in the continued expansion of x then Theorem 1.2 is still applicable.
In particular if for a € [0, 1], let

1 1 1
. BT a1 (x) + az(x) ot an(x)
Ay =42 €[0,1\Q: lim =«

n—oo n

then we have

. B 1 h(u) B
dim A, = max {5’,1168/1\1/11()T) {m : /gbdp =, hip) < oo}} .

From this we can deduce that

dlmAO = A1 = %

For Ay, note that the Dirac measure on the point ‘/52_1 is the only T-

invariant measure v with f ¢dv = 1. However, despite the fact that

this measure clearly has dimension 0, the set A; still has dimension %

Furthermore, in this case we can show that the only points where
the dimension achieves the lower bound % are the endpoints of the

spectrum.

Proposition 7.1. For all a € (0,1) dim A, > 3.

Proof. Fix a € (0,1). Consider the set of irrationals = whose the con-
tinued fraction expansion a;(z), as(x), ... satisfies that for some N € N
a;(x) > N for all i € N. We will denote this set Ey and note that if
we consider the restriction of the Gauss map 7' to the union of the
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intervals I; (j > N), then Ey is its attractor and the corresponding
value of so is still 1. In [JK] it is shown that

1 N log log N

2 2logN ’

Since % < dim Ey, we can deduce that Fy admits an ergodic measure

of maximal dimension py with A(uy) < co. Note that for N sufficiently
large we have that A(uy) > log N.

dim EN ~

Take 6, to be the Dirac measure at @ Then 97 is ergodic and
[ ¢dé; = 1. Now consider measures of the form

Vp = pun + (1 — p)os.

If we choose p > bgﬁg# then we have
1  loglog N
h = ph >pl =4+ —=2"—1|\
(vp) = ph(un) =p (2 * o N ) (k)
P loglog N
= =\ ———
SAl) +p Tlog N (kn)
1 1
> A ) + (1= PAGY) = SAw).
Thus h(zzg > % Furthermore since limpy_, o0 % = 0 and
limy_oo [ ¢dpy = 0, we can choose ¢ such that E””; % for all p > ¢
and a = [ ¢dy, for some p > q. U

It is straightforward to adapt this argument to the case where T
is the Gauss map and where ¢ is a bounded function with varia-
tions uniformly tending to 0. This will show that the interior of the
spectrum is strictly greater than % . However this is not always the
case for alternative choices of T. A simple counter-example is when
P(—sx1og|T’|) < 0 and ¢ is any bounded potential. In this case
dim A, = s, for all

et { fon o {fond]

7.3. Locally flat spectrum. Here we look at single functions where
the multifractal spectrum will have interesting phase transitions. These
are examples where the function @ — dim A, has flat regions but for
which the whole spectrum is not flat. Let 7" be a piecewise linear
map defined using a partition (similar maps are studied in [KMS]) as
follows. We consider a set of disjoint closed intervals {I;}°,. Denote
Soo as before and let

K = diam([;)*>* and C = Zdiam([i)s‘”

1=2
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We will assume that C' < 1, K+C > 1 and define T to be the piecewise
linear map which maps each interval I; bijectively to the interval [0, 1].
These conditions will ensure that

dim A > s, P(—55010g|T"]) < .
We will take ¢ = xy,, that is the characteristic function for the interval
I;. We will prove the following result.

Theorem 7.2. There exist 0 < a, < o such that dim A, = s for
a € [0, U[a* 1] and dim A, > s for a € (a., a®).

Proof of Theroem 7.2. We will prove Theorem 7.2 by a series of
propositions and lemmas. We start with the following general propo-
sition.

Proposition 7.3. Let ¢ : A — R have variations uniformly converging
to 0. For any o € R if there exist q,0 such that

P(q(¢ — a) = dlog[T"]) <0,
then
hip) . =a an 00
sup {)\(M)./gbdu— dAp) < }35.

HEM(T)

Proof. Let u € M(T) such that [¢du = a and A(u) < oo. By the
variational principle, we have

W) + / (a6 — ) — §log [T'|)dyu < 0.

So,
h(p) = 0A(p) < 0.

Thus h(u)/A(p) < § which completes the proof. O

Therefore, for our specific choice of T" and ¢ if we can find ¢ > 0 and
a* € (0,1) such that P(g(¢ — a*) — se log|T”|) = 0 then dim A, = sw
for all & € (a*,1). Similarly if we can find ¢ < 0 and «, € (0, 1) such
that P(q(¢—au) — e log|T”|) = 0 then dim A, = s, for all & € (0, av,.).

We are going to show that we can indeed find such a,,a*. We can
calculate

P(q(¢ — a) — s log |T']) = log(Ke? 4+ C) — agq.
By solving the equation P(q(¢ — a) — s log |T7]) = 0, we have
_ log(Ke? + C)

a(q) -, ¢ # 0.

We then have the following lemma.
Lemma 7.4. Such o,,a* do exist.

Proof. The function a(q) has the following properties:
(1). The function a(q) is real analytic on both (—oo,0) and (0, co).
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(2). limyooa(g) =1 and lim,,_ a(g) =0.

(3). lim,o1 a(q) = 400 and lim, o a(q) = —occ.

(4). Under our conditions K +C > 1and C < 1, a(q) < 1forg <0
and a(q) > 0 for ¢ > 0 and the equation a(q) = 0 admits only
one solution

1-C
=q =1 <0
q4=4q 0g K
and the equation a(g) = 1 admits only one solution
=qy =1 > 0.
q =g+ =108 1K

From the above properties, one can see the minimum and maximum
of the following can be obtained:

* = infa(q) = inf d a,=infalq) = inf a(g).
o =infa(g) = inf a(g) and o, =infa(g) = inf afg)

These are what we want. O

Thus we have that for any a € [0, a,] U [a*, 1] there exists ¢ such
that P(q(¢ — ) — soolog |T']) < 0 and so by Proposition 7.3 we have

dimA, = Soo, Va €0, a,] and Va € [0, 1].
Now we need to show
Va € (ay, ), dimg Ay > Seo.
For t € [$e0, dim A], denote

K(t)=|nL]", and C(t) =) |L["
i=2
Let f(t,q) = P(q¢ — tlog|T"|). Then the dimension of the set A,

is the first component ¢(«) of the solution (¢(«), g(«)) to the following
system (see [FLWW]):

- g(;?,q) = qa,
' a_q<t’Q) =

whenever such a solution exists. By a simple calculation we have
f(t,q) = log(K(t)e + C(1)).

For a fixed t, let f;(q) = f(t,q).

Lemma 7.5. For a € (a., o) we have that P(q(¢—a) — so log [T']) >

0 for all ¢ and that P(q(¢ —a) — (dim A) -log |T"]) < 0 for some q € R.

Proof. The function ¢ — f;(q) has the following properties:

(1) For t € (S0, dim A), the function f;(q) has two asymptotic lines
y = log C(t) for ¢ — —oo and y = = + log K(t) for ¢ — oco. In
particular note that for any o € (0, 1) there exists ¢(a,t) such
that f/(g(a, 1)) = a.
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(2)
a*:inffs“;@<1 and a*:inffs"‘;@>().
q>0 q q<0 q

(3) If a € (au, a®) then f;__(¢) = aq has no solution.

By property (3) and property (2) we can thus deduce that for a €
(v, a*) and for any ¢ € R

P(q(¢ — @) — saolog [T']) = fs.(q) — ag >0,

which is the first part of the lemma.

By property (1) if we let s = dim A then there exists ¢(«, s) such
that f!(q(c,s)) = a. It then follows that there will be an equilibrium
state fiq,s such that [ ¢dpu,s = o and

fs(q(a, s)) = ag — sA(pg,s) + h(pgs) < aq.

Thus the second part of the lemma follows. O

Due to the fact that f(¢,q) depends analytically on t,q in the re-
gion t > So,q € R, we can now assert that for a € (a,,a*) there
exists t(a) € (Soo,dim A) which is the first coordinate of the solution
(t(a),q(a)) to (7.1) and thus dim A, = #(«). This completes the proof
of Theorem 7.2.

We can also deduce that if ugsrp is the equilibrium state for the
potential —(dim A) -log |T"| and & = [ ¢dusrp then the function ov —
dim A, is strictly increasing on (cv,, @) and strictly decreasing on (&, )
and by the implicit function theorem varies analytically in the region
(v, ).
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